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Abstract

Based on the notion of an order function we construct and determine
the parameters of a class of error-correcting evaluation codes. This class
includes the one-point algebraic geometry codes as well as the general-
ized Reed-Muller codes, and the parameters are determined without using
heavy machinery from algebraic geometry.

1 Introduction

Suppose we have n points Py, ..., P, in the affine space AG(m, q) of dimension
m over some finite field Fy,, and a vector space of functions f : AG(m, q) — Fj.
We can then choose some of these functions fi, fa, ..., fi, say, and define a code
El by

El = span(fi(Pl), fi(P2)7 ey fz(Pn))77/ = 1, . ,l

and its dual code by
Cy=E‘.

In general nothing interesting can be said about the codes constructed in this
way, but in 1977 V. D. Goppa [1] showed that it is possible to determine the
parameters of such codes if the points are chosen on an algebraic curve and
the functions are from a certain space associated with the curve. The proof
of this uses some heavy machinery from algebraic geometry, in particular the
Riemann-Roch Theorem. The subject of algebraic geometry codes exploded
after Tsfasman-V1adut and Zink [2] showed that in this way it is possible to
get asymptotically good sequences of codes with parameters better than the
Varshamov-Gilbert bound in a certain range of the rate and for large enough
q. Since 1977 a lot of effort has gone into finding a more elementary way of
describing these codes [3]-[8]. In this paper we give such a description based
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on the so-called order functions. The paper came about when working on a
chapter on algebraic geometry codes which will appear in the Handbook on
Coding Theory [9].

In Section 2 we introduce the concept of an order function. Section 3 treats
evaluation codes and their duals and determines the parameters and Section 4
contains some concluding remarks.

2 Order Functions

Let R be a commutative ring with a unit which contains the finite field F, as
a unitary subring. We will call R an Fj-algebra. Let N denote the positive
integers and Ny the nonnegative integers.

Definition 2.1 A function p: R — NoU{—o0} is called an order function if it
satisfies

0.0 p(f)=-c0c<f=0

0.1 p(Af) = p(f) for all nonzero A € F,

0.2 p(f+g) <max{p(f),p(g)} with equality if p(f) # p(g)
0.3 If p(f) < p(g) and h € R\ {0} then p(hf) < p(hg)

(
0.4 If p(f) = p(g) then there exists a nonzero A € F; such that
p(f = Ag) < p(g)

for all f,g,h € R. Here —oo < n for all n € Ny.

Definition 2.2 Let R be an Fj-algebra. A weight function on R is an order
function that furthermore satisfies

0.5 p(fg) = p(f) + plg)
for all f,g € R. Here —oo +n = —oo for all n € Nj.

Example 2.3 Let R = F,[z] and p(f) = deg f. Then p is a weight function.
For multivariate polynomials the degree function does not satisfy O.4.

Example 2.4 Let R = F,[z1,22,...,2,]. We will use the multiindex nota-
tion for monomials. This means z* = [[/~, 5 if @ = (a1,..., o). The
lexicographic order on the monomials is defined by z¢ < z¢ if and only if
a1 = fP1,...,01-1 = F1—1 and og # B for some 1 <[ < m, and the graded lexico-
graphic order <p is defined by 2% <p 7 if and only if either deg(z®) < deg(z?)
or deg(z®) = deg(x®) and 2 <y, 2”. The graded lexicographic order is an ad-
missible order, and can be extended to an order function on R in the following
way. Let fi1, fa,... be an enumeration of the monomials such that f; <p fiy1
for all <. The monomials are a basis of R over Fy, so every nonzero polynomial
f can be written in a unique way as

J
F=Y_\fi
i=1



where \; € Fy for all 4 and A\; # 0. Define a function
p:R— NyU{—o0}

by p(0) = —oo and p(f) = j — 1 where j is the smallest integer such that f can
be written as a linear combination of the first j monomials. Then p is an order
function, but not a weight function.

Lemma 2.5 Let p be an order function on R. Then:

1) If p(f) = p(g), then p(fh) = p(gh) for all h € R.

2) p(1) < p(f) for all nonzero elements f € R.

3) F={feR|p(f)<p(1)}

4) If p(f) = p(g), then there exists a unique nonzero A € F such that p(f—\g) <
(

p(g)-

Proof.

1) If p(f) = p(g), then there exists a nonzero A € F' such that p(f — \g) <
p(g), by (0.4). So p(fh—Agh) < p(gh), by (0.3). Now fh = (fh— Agh)+ Agh.
Hence p(fh) = p(Agh) = p(gh), by (0.2) and (O.1), respectively.

2) Suppose that f is a nonzero element of R such that p(f) < p(1). Then
p(1) > p(f) > p(f?) > -+ is a strictly decreasing sequence, by Condition (O.3),
but this contradicts the fact that NogU{—oo} is a well-order. Hence p(1) < p(f)
for all nonzero elements f in R.

3) It is clear that F' is a subset of {f € R | p(f) < p(1)}, Conditions
(0.0) and (0O.1). If f is nonzero and p(f) < p(1), then p(f) = p( ) y 2) and
hence there exists a nonzero A € F such that p(f — A1) < p(1), by ( 4). So
f—A=0and feF.

4) If p(f) = p(g), then there exists a nonzero A € F such that p(f — A\g) <
p(g) by condition (0.4). If p(f — ng) < p(g), we get by (O.1) and (O.2) that
p(f —xg— (f — g)) < p(g) and therefore p((1 — A)g) < p(g). Condition (O.1)
gives p — A = 0.

Proposition 2.6 If there exists an order function on R, then R is an integral
domain.

Proof. Suppose that fg = 0 for some nonzero f,g € R. We may assume that
p(f) < plg). So p(f?) < p(fg) = p(0) = —o0. So p(f?) = —oo, and f* = 0.
Now f # 0, hence p(1) < p(f), by Lemma 2.5. So p(f) < p(f?) = p(0) = —c0.
Hence f = 0, which is a contradiction. Therefore R has no zero divisors.

Example 2.7 The F-algebra R = F[X1, X5]/(X1X2—1) is an integral domain.
We will show that it does not have an order function. Denote the coset of X;
modulo the ideal (X;Xs — 1) by z;. If p is an order function on R, then
p(1) < p(z1), so p(x2) < p(z1x2) = p(1), hence p(x2) = p(1) and in the same
way we get p(x1) = p(1). Therefore p(f) < p(1) for all f € R. Hence F = R by
Lemma 2.5, which is a contradiction since x1 ¢ F.



The following proposition and theorem show that if there exists an order func-
tion, then there exists a basis with certain properties; and conversely if such a
basis exists, then one can define an order function. Although the formulation is
technical, it is easy to apply. This will be shown in some examples.

Proposition 2.8 Let R be an F-algebra with order function p. Then there
exists a basis {f; | i € N} of R over I such that p(f;) < p(fi+1) for alli. Every
such basis has the property that if i is the smallest positive integer such that f
can be written as a linear combination of the first i elements of that basis, then
o(f) = p(fi). Furthermore, if 1(i,7) is the smallest positive integer 1l such that
p(fif;) = p(fi), then (i, j) < (i +1,j) for alli and j.

Proof. Let (p; | i € N) be the increasing sequence of all nonnegative integers
that appear as the order p(f) of a nonzero element f € R. By definition there
exists an f; € R such that p(f;) = p; for all i € N. Hence p(f;) < p(fi+1) for all
i, and for all nonzero f € R there exists an ¢ with p(f) = p(f;), by definition.
The fact that {f; | ¢ € N} is a basis is proved by induction and Lemma 2.5 (4),
and it has the required property by (0.2). That the function (i, 5) is strictly
increasing in its first argument is a consequence of condition (0O.3).

Theorem 2.9 Let R be an F-algebra. Let {f; | i € N} be a basis of R as
a vector space over F with fi = 1. Let L; be the vector space generated by
fi,.... fi- Let I(i,5) be the smallest positive integer | such that f;f; € L.
Suppose 1(i,7) < 1(i 4+ 1,5) for all i,5 € N. Let (p; | i € N) be a strictly
increasing sequence of nonnegative integers. Define p(0) = —oo, and p(f) = p;
if i is the smallest positive integer such that f € L;. Then p is an order function
on R. If moreover py; jy = pi + pj, then p is a weight function.

Proof. The conditions (0.0), (0.1), (0.2), and (O.4) are a direct consequence
of the definitions.

With every nonzero element f € R the smallest positive integer ¢(f) is
associated such that f € L,(s). Let f and g be nonzero elements of R. Then

F=Y Nfi,g= > vify and fg= > wfi,

i<u(f) i<u(g) I<u(f9)
with A\, 5y # 0, v,(g) # 0 and p, () # 0. There exist ;5 € F such that
fifi=Y ik
I<1(i,4)

and fi451(;,5) # 0. Hence
py = Z AiVj il
U(i,5)=l
The function I(7, j) is strictly increasing in both arguments, by assumption and
symmetry. So I(i,7) < 1(e(f),e(g)) if i < o(f) or j < i(g). Furthermore, if
i=1(f) and j=1(g), then

Aivjfijuig) 7 0,



This element is therefore equal to p,(sq), and we have proved that ((fg) =

(1) 1(9))-

If moreover py(; jy = pi + pj, then

P(f9) = Pusg) = Pi(h)ule)) = Pu(s) T+ Putg) = P(f) + p(g).

Example 2.10 Let w = (w1, ..., w,,) be an m-tuple of positive integers called
weights. The weighted degree of o € N{* and of the corresponding monomial
X is defined by

wdeg(X %) = wdeg(a) = Zalwl,
and of a nonzero polynomial F = > A, X by
wdeg(F) = max{ wdeg(X“) | Aa #0 }.

This gives a degree function wdeg on the ring F[Xy,...,X,,]. The weighted
graded lexicographic order <y, on N§* is defined by

a <w 0 if and only if wdeg(a) < wdeg(8) or wdeg(a) = wdeg(f) and « <y, 3,

and similarly for the monomials. For m = 2 with X = X3, Y = X5, wdeg(X) =
4 and wdeg(Y') = 5, the begining of this total graded lexicographic order looks
like:

1 <

X <Y =<

X2 < XYy < Y? =<

X < X% < XY? < vy3 =<

X* < X% < X?%Y? < XYy3 < v¢ =<

X5 < XY%Y < X3%? < X% < XYY < X8 < Y°®

Example 2.11 Let I be the ideal in F[X,Y] generated by a polynomial
X +Y"+G(X,Y)

with deg(G) < b < a and ged(a,b) = 1. Let R = F[X,Y]/I. Denote the cosets
of X and Y modulo I by z and y, respectively. Then 2 = —y* — g(z,) and
therefore 2% is a linear combination of elements of the form xayﬁ with0 < a < a,
since deg(G) < a. By recursion one shows that the set

{z*9y? | 0 < a < a}

is a basis for R. Suppose there exists a weight function p on R such that
ged(p(z), p(y)) = 1. We will show that p(z) = b and p(y) = a. Let 2y’ be the
monomial in g with the largest weight. Then p(g) < ip(z)+ jp(y) by (0.2) and
(0.5) and therefore either p(g) < (i+7)p(x) or p(g) < (i+7)p(y) from which we
get p(g) < ag(x) or p(g) < bp(y) since i +j < b < a. But p(x?) = p(y® + g) and
p(y®) = p(x®+g) by (0.1) so we conclude p(x®) = p(y®) using (0.2) and (O.5),
and therefore ap(x) = bp(y). Since ged(p(z), p(y)) = 1, the result follows.



In the following it is shown that indeed such a weight function exists.

Proposition 2.12 Let I be the ideal in F[X,Y] generated by a polynomial of
the form X+ Y + G(X,Y) with deg(G) < b < a and ged(a,b) = 1. Let
R = F[X,Y]/I. Then there exists a weight function p on R. The ring R is
an integral domain, I is a prime ideal and X + Y? + G(X,Y) is absolutely
irreducible.

Proof. Consider the total weighted degree lexicographic order <y, on the
monomials in X and Y with respect to the weights wdeg(X) = b and wdeg(Y') =
a. This weight function is injective on the set {X*Y”? | 0 < a < a}, since
ged(a,b) = 1. Let fi, fa,... be an enumeration of the elements 2%y” of the
basis of R, and let py1, p2,... be an enumeration of the nonnegative integers of
the form ab + Ba with 0 < o < a, in such a way that p; < p;41 and f; = 2%yP
if p =ab+ Pa and 0 < o < a, for all i. Let L; = (f1,..., fi).

It is proved by induction that p(; jy = pi +p;. The induction is with respect
to the well-order <y, on N2. Now f; = 1 and p; = 0. Sol(1,1) = 1 and the start
of the induction is satisfied. Suppose that the claim is proved for all (7', ') <
(i,4). Let fi = 2®y®, p; = ab+ Ba with 0 < o < a. Let fi= VY0, pj = b+ da
with 0 < < a. Then f;f; = 2"y and p; + pj = (a +7)b+ (8 + 6)a.

If a+v < a, then f; f; is a basis element. So f; jy = fif; and py j) = pi+p;j-

If a4+~ >a, then o +7v=a+ € with 0 < e < a. Hence

pi+pi=(a+y)b+(B+da=e+ (b+F+0d)a

and
fifi = —a Yt — ag(z,y).

The term z¢y*+A+9 is a basis element f;. We may assume by induction that
z°g(x,y) € Lj_1, since deg(G) < b < a. Hence f;f; = fi, (i,5) = | and
pr = eb+ (b+ B+ 6)a = p; + p;. This concludes the proof that py; jy = pi + pj.
Therefore I(7,7) < I(i+ 1, 7).

Hence there exists a weight function p on R such that p(z%y”) = ab+ Ba, by
Theorem 2.9. So R is an integral domain by Proposition 2.6 and I is therefore
a prime ideal.

The general question under what conditions on the ideal I it is possible to
find an order function on R = F[z1,...,%y]/] is difficult. Some results relating
this to the existence of Groebner bases for I with certain properties are given
by R. Pellikaan in [8].

3 Evaluation Codes and Their Duals

Let R be an F,-algebra with an order function p. Let (f; | ¢ € N) be a basis
of R over F, such that p(f;) < p(fi+1) for all i € N, and for all nonzero f € R
there exists a j with p(f) = p(f;). The existence of such a basis is guaranteed
by Proposition 2.8. Let L; be the vector space generated by fi,..., f;. Hence



for all nonzero f € R we have that p(f) = p(f1) if and only if [ is the smallest
integer such that f € L;. Let I(4,) be the smallest positive integer ! such that
fifj € Li. Sol(i,j) <l(i+1,5) for all 4,5 € N.

The coordinatewise multiplication on F" is defined by axb = (a1by,...,anby)
for a = (a1,...,a,) and b = (by,...,b,). The vector space F' becomes an Fy-
algebra with the multiplication *.

Definition 3.1 The map
p:R— F},

is called a morphism of F-algebras if ¢ is Fj-linear and

o(fg) = ¢(f) * ¢(9)-
Let h; = ¢(f;). Define the evaluation code E; and its dual C; by

El = @(Ll) = <h17 .. '7hl>7

Cr={cecF/|c-h;=0 forall i<I}.
We will consider only those algebra morphisms ¢ that are surjective. Hence

there exists a positive integer IV such that F; = F' and C; =0 for all I > N.

Let the set P consist of n distinct points Py,..., P, in F;". Consider the
evaluation map

evp : F[Xq,..., X — F7,

defined by evp(f) = (f(P1),...,f(Py)). This is a morphism of F,-algebras
from R to I, since FG(P) = F(P)G(P) for all polynomials /' and G, and all
points P.

Lemma 3.2 The map evp is surjective.

Proof. Let P; = (zj1,...,%jm). Let Ay ={z; | j=1,...,n}\{zy}. Define

the polynomial f; by
fi:H H (Xi — ).
=1 z€Ay
Then f;(P;) = 0 for all ¢ # j. Furthermore f;(P;) # 0, since the points
Py, ..., P, are mutually distinct. Let g; = f;/fi(P;). Then evp(g;) is the ith
standard basis element of F'. Hence evp is surjective.

Suppose that I is an ideal in the ring F[Xy,...,X,,]. Let Pi,..., P, be in
the zeroset of I with coordinates in F. Hence f(P;) = 0 for all f € I and all
j=1,...,n. Then the evaluation map induces a well-defined linear map

evp : F[Xy,...,X,]/T — F",

which is also a surjective morphism of F-algebras.



In the above setting the codes are very general and nothing specific can be said
about the minimum distance of the codes E; and C;. We will show that certain
order and weight functions on the affine ring R give a bound on the minimum
distance which is in many cases the actual minimum distance.

Suppose that p is a weight function. Condition (O.5) implies that the subset
S={p(f)| f€R, f#0} of Ny has the property that, 0 € S, and x +y € S
for all x,y € S.

Definition 3.3 A subset S of the nonnegative integers Ny is called a semigroup
if 0 € S and for all z,y € S also the sum =z +y € S. Elements of Ny \ S are
called gaps of S and elements of S are called nongaps of S. If all elements of
S are divisible by an integer d > 1, then there are infinitely many gaps. The
number of gaps is denoted by g = ¢(5). If g < oo, then [4(S) = I, is both the
largest gap of S and the gth gap.

Lemma 3.4 Let S be a semigroup with finitely many gaps and s € S. Then
the number of elements of S\ (s +.5) is equal to s.

Proof. Let s € S. Let [, be the largest gap of S. Let T = {t € Ny | t > s+1,}.
Then T is contained in S and in s+ 5. Let U ={u € S | u < s+1;}. Then
the number of elements of U is equal to s +1; +1 — g, and S is the disjoint
union of T and U. Let V={v e s+ 5| s <v <s+1[,}. Then the number of
elements of V' is equal to [, +1 — g, and s+ S is the disjoint union of V and T
Furthermore V' C U, since s € S and S is a semigroup. Hence

#HON(S+))=#HU —#V =(s+l;+1—-9g)—(z+1—-g)=s.

Lemma 3.5 Let f be a nonzero element of an Fy-algebra R with a weight func-
tion p. Then

dim(R/(f)) = p(f)-

Proof. Let S be the semigroup of the weight function p. Let s = p(f). Let
(pi | i € N) be the sequence of the elements of S in increasing order. The image
under p of the set of nonzero elements of the ideal (f) is equal to s + 5. So
for every p; € S there exists an f; € R such that p(f;) = p;, and f; € (f) if
pi € s+ S. Thesets {f; | i€ N} and {f; | i € N, p; € s+ S} are bases of the
algebra R and the ideal (f), respectively, by the same argument as 2.8. Hence
the classes of f; modulo (f) with i € N and p; € S\ (s+.5) form basis for R/(f).
So the dimension of R/(f) is equal to the number of elements of S\ (s + .5),
which is p(f) by Lemma 3.4.

Suppose that we have a weight function p on an affine Fj-algebra R =
Fy[X1,...,Xm]/I. Let P consist of n distinct points of F;" in the zero set of I,
and let evp : R — F' be the corresponding evaluation map.



Lemma 3.6 Let f be a nonzero element of R. Then the number of zeros of f
is at most p(f).

Proof. Let Q be the set of zeros of f and let t = |Q|. The map evg : R — F}
is linear and surjective by Lemma 3.2. Furthermore ¢g(Q) = 0 for all Q € Q and
g € (f). This induces a well-defined map evg : R/(f) — F} which is linear and
surjective. Hence the number of zeros of f is at most the dimension of R/(f)
which is equal to p(f) by Lemma 3.5.

Theorem 3.7 Let p be a weight function. Then the minimum distance of E;
is at least n — py. If pp < m, then dim(E;) = 1.

Proof. Let ¢ be a nonzero element of E;. Then there exists a nonzero element
f € R such that p(f) < p; and ¢ = evp(f). So ¢; = f(F;) for all i. The number
of zeros of f is at most p;, by Lemma 3.6. Hence wt(c) > n — p;.

Suppose moreover that p; < n. Ej is the image under the evaluation map of
the vector space L; of dimension . If f € L; and evp(f) = 0, then f has at least
n zeros. Hence f = 0 by Lemma 3.6, since p; < n. So the map evp : L; — E;
is a linear isomorphism, so dim(E;) = 1.

Corollary 3.8 Let p be a weight function with g gaps. If p < n, then Ej is
an [n,k,d] code such that k+d>n+1—g.

Proof. This follows from Theorem 3.7 and the fact that [ > p; +1 — g.

Remark 3.9 If p is an order function but not a weight function, then in general
R/(f) is not finite dimensional and there is not a straightforward bound on the
minimum distance for Ej.

We will now give a bound on the minimum distance of C; and repeat the main
definitions. Let R be an Fy-algebra with an order function p. Let {f; | i € N} be
a basis of R over Fy such that p(f;) < p(fiy1) foralli € N. Let ¢ : R — F* be
a surjective morphism of Fi-algebras. Let L; be the vector space with fi,..., fi
as a basis. The number [(, j) was defined as the smallest positive integer [ such
that f; f; € L;. The function (¢, j) is strictly increasing in both arguments. Let
h; = ¢o(f;). Let E; = o(L;) and C its dual. There exists a positive integer N
such that B, = F! for all { > N. So C; =0 for all [ > N. Let H be the N xn
matrix with h; on the i*" row for 1 <i < N.

Definition 3.10 Consider the syndromes
si(y)=y-h; and si;(y) =y (h;*h;).

Then S(y) = (si;(y) | 1 <, < N) is the matriz of syndromes of y.



Lemma 3.11 Lety € F}. Let D(y) be the diagonal matriz with y on the

diagonal. Then
S(y) = HD(y)H",

and
rank(S(y)) = wi(y).

Proof. The matrix of syndromes S(y) is equal to HD(y)H?, since
si(y) =y (b xhy) = yihahy,
1

where h;; is the I** entry of h;. The rank of the diagonal matrix D(y) is equal

to the number of nonzero entries of y, which is wt(y). The rows of H generate
Fy, since Eny = F7'. Hence the matrices H and H” both have full rank n.
Therefore rank(S(y)) = rank(D(y)) = wt(y).

Definition 3.12 Define
Ne={(,5) e N* | (i,j)=1+1}
Let v; be the number of elements of IV;.

Lemma 3.13
1) If y € Cy and (4, 7) <, then s;;(y) = 0.
2) Ify € Ci\ Ciy1 and U(3,5) =1+ 1, then s;5(y) # 0.

Proof.

1) Let y € Cp. If I(i,7) <. Then fif; € L;. So h; xh; = ¢(f;f;) is an
element of ¢(L;), which is the dual of C;. Hence s;;(y) =y - (h; *h;) = 0.

2) Let y € Cl\Cl+1- Ifl(Z,]) = l+1, then flf_] € Ll+1 \Ll So f’lfj = ,u’fl-i-l
modulo L; for some nonzero p € F,. Hence h; xh; = ph;; modulo ¢(L;). Now
Yy & Ciy1, 50 s141(y) # 0. Therefore s;;(y) # 0

Lemma 3.14 If t = v; and (i1,51),- .., (ir,j¢) is an enumeration of the ele-
ments of N; in increasing order with respect to the lezicographic order on N2,
then iy < -+ <1y and jy < --- < j1. If moreover y € C;\ Ci41, then

0 if u<w
Siugo (¥) = { not zero  if u=w.
Proof. The sequence (i1,751), ..., (i, j¢) is ordered in such a way that i; <

oo Zip and jy < Jut1 if Gy = tyg1. If 4y = dyq1, then j, < juy1, and therefore
I+1= l("uv]u) < l(iuaju-‘rl) = l<iu+1aju+l) =1+ 1,

which is a contradiction. Hence the sequence i1, ..., 14; is strictly increasing. A
similar argument shows that j,+1 < j, for all u < ¢.
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Let y € Cp. If u < v, then I(iy,jy) < l(iy,ju) =1+ 1. Lemma 3.13 implies
that s;,;, (y) = 0.

Moreover, let y & Ciy1. If w = v, then (iy, j») = |+ 1. Lemma 3.13 implies
that Siwdo (y) 7& 0.

Proposition 3.15 Ify € C;\ Cj41, then wt(y) > vj.

Proof. This follows from Lemmas 3.11 and 3.14.

Definition 3.16
dORD(l) = min{yl/ | ll 2 l},

dorp,p(1) =min{vy | ' >1,Cp # Cria},

If R is an affine algebra of the form Fj,[Xy,...,X,]/I and ¢ is the evaluation
map evp of the set P of n points in FJ", then we denote dorp,, by dorp, -

Theorem 3.17 The numbers dorp(l) and dorp,,(1) are lower bounds for the
minimum distance of Cy:

d(Cy) > dorp,x(1) > dorp(l).

Proof. The theorem is a direct consequence of Definition 3.16 and Proposition
3.15.

Remark 3.18 The set N; and the numbers v; and dogrp depend only on the
order function p and neither on the choice of the basis {f; | i € N} nor on the
choice of the set of points. The number dorp,» depends on the order function
and the choice of the set of points, but not on the choice of the basis.

If P C P, then dorp,p > dorp,p'-

Example 3.19 Let R = F,[X] and let p, with p(f) = deg(f), be the order
function of Example 2.3. Let f; = X'~!. For a primitive element a of F}, and
n=q—1,let ¢ : R — F} be defined by ¢(f) = (f(a°), f(a!),..., f(a™1)).
Then C; = {c € F'lc-¢(fi) =0, 1 <i <} and C} is a cyclic code with defining
set a’, a,...,a!~t. The order bound gives dorp(l) = [+ 1 from which the BCH
bound may be derived.

Example 3.20 Let R = Fyg[x,y]/ < 2° +y*+y >. The polynomial z° +y* +y
has 64 zeros in F'%. The monomials {z‘y?|0 < i,0 < j < 3} constitute a basis
for R and p(z'y’) = 4i + 55 gives a weight function on R. The table gives a
list of the functions f;, the nongaps p;, the numbers v; and the bound dorp (1)
from Theorem 3.17. The number of gaps is g = 6 and the largest gap is I, = 11.

I 1 2 3 4 5 6 7 & 9 10 11 12 13 14 15
Iz 1 z gy 22 Ty y2 3 ny a:y2 y3 e x3y x2y2 a:y?’ s
P 0 4 5 8 9 10 12 13 14 15 16 17 18 19 20
v 2 2 3 4 3 4 6 6 4 5 8 9 8 9 10
dorp(l) |2 2 3 3 3 4 4 4 4 5 8 8 8 9 10

11




The above example can be generalized to treat all the so-called Hermitian codes.

Example 3.21 Reed-Muller codes Let R = F[X1,..., X,,]. Let p be the order
function associated to the graded lexicographic order on the monomials of R.
Let f; be the i'" monomial with respect to this order. Let n = ¢™. Let
Py, ..., P, be an enumeration of the n points of F;* = P. Then RM,(r,m) is
by definition the code obtained by evaluating all f € F,[Xy,...,X,,] of degree
at most r at all points of P. If f; = X7, then fi41 = X5t and {f; | i <1} is the
set of all monomials of degree at most r. So RMy(r,m) = evp(L;) = E;. Hence
() is the dual of RM,(r,m), which is equal to RM,(m(q¢—1) —r —1,m). The
minimum distance of Reed-Muller codes is well-known. It is also a consequence
of the theory developed above, as we will now demonstrate.

Proposition 3.22

1) If fig1 = X7, then vy =[]}~ (9 + 1).

2)

ORD deg(f1) +1 otherwise.

3) Let fy = X7. Writer+1=v(q—1) 4 u with v, € Ny such that p < g —1.
Then d(Cl) = dORD,P(l) = (p+ 1)q”.

Proof.

1) If fi = X, f; = XP, then f; = XF for some I. So I(i,5) = I. So if
fi+1 = X7, then v is equal to the number of pairs (7, 5) such that f;f; = fiy1,
which is equal to the number of all o € Ng§* such that 0 < oy < 4 for all ¢,
1 <t <m, which is [](y + 1).

2) If f; = X7, then fi41 = XL So vy =7 + 2 = deg(f1) + 2, and

vy = H(% +1)> (Z vt) + 1 = deg(firy1) +1 > deg(fi) +2,

where fy11 =][ X7, for all I’ > I. Hence dorp(l) = deg(f;) + 2.
If f; is not of the form X7, then f;,4+1 = X7 for some lyp > [ and r = deg(f;).
Sov, =r+1and vy >r+1foralll’ > 1. Hence dorp(l) = deg(f;) + 1.

3) If fy41 = X7, then the code Cp is not equal to Cpyq if and only if
0<~v <qg—1forall t. Hence

dorp,p(l) = min{ H(7t+1)| Sy >r+land0<y <g—1forallt },

if f; = X7. Consider f defined by f(x) = [[(z+ + 1) as a real function on the
domain {x € R™ | > >r+land0<z <g—1forallt }. The method
of the multipliers of Lagrange gives that the minimum of f is obtained in the
corner (0,...,0,u,q — 1,...,qg — 1), where the last v coordinates are equal to
qg— 1. Hence dorp p(1) = (u+1)g”. We refer to the literature for the fact that
there are codewords in C; with this weight.
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4 Concluding Remarks

Let Py, P, ..., Py, Py be aset of Fj-rational points on a nonsingular, irreducible
curve of genus g defines over F,. The algebraic geometry codes Cr(D,G) and
Cr(D,G)* where D = P +---+ P,, G = mP,, are a subclass of the codes Ej
and C respectively. In this case R = |J,-_; L(mPx) and p : R — Ny U {—o0}
is defined by p(f) = —vp__ (f), where vp_ is the valuation at infinity. It then
follows from properties of valuations that this p indeed is a weight function. This
implies that the so-called one-point algebraic geometry codes can be understood
as a special case of the codes treated in section 3. Many other classes of codes
can also be treated and it is indeed possible to give fast decoding algorithms as
well. For further results on this we refer to [9].
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