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Abstract

Bayesian approaches to learning and estimation have pkaggphificant role in the Statistics lit-
erature over many years. While they are often provably ogitima frequentist setting, and lead
to excellent performance in practical applications, tHesmge not been many precise characteri-
zations of their performance for finite sample sizes underega conditions. In this paper we
consider the class of Bayesian mixture algorithms, wherestimator is formed by constructing a
data-dependent mixture over some hypothesis space. 8indavhat is observed in practice, our
results demonstrate that mixture approaches are pantigutdoust, and allow for the construction
of highly complex estimators, while avoiding undesirableditting effects. Our results, while
being data-dependent in nature, are insensitive to therlyimlg model assumptions, and apply
whether or not these hold. At a technical level, the appr@gghies to unbounded functions, con-
strained only by certain moment conditions. Finally, theibas derived can be directly applied to
non-Bayesian mixture approaches such as Boosting and Baggi

1. Introduction and Motivation

The standard approach to Computational Learning Theorgually formulated within the so-called
frequentist approach to Statistics. Within this paradigme @ interested in constructing an estima-
tor, based on a finite sample, which possesses a small lassrédjegation error). While many algo-
rithms have been constructed and analyzed within this ggntes not clear how these approaches
relate to standard optimality criteria within the frequetframework. Two classic optimality cri-
teria within the latter approach aminimaxityandadmissibility which characterize optimality of
estimators in a rigorous and precise fashion (Robert, 20Mihimaxity essentially measures the
performance of thbestestimator for thavorstpossible distribution from some set of distributions.
Admissibility is related to the extent to which an estimatoiformly dominates all other estimators.
We refer the reader to Robert (2001) for precise definitiohthese notions, as they play no role
in the sequel. Except for some special cases (e.g., Yan®),18% not known whether any of the
approaches used within the Machine Learning community feagbtimality in either of the above
senses of the word. On the other hand, it is known that undt&ioeegularity conditions, Bayesian
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estimators lead to either minimax or admissible estimatansl thus to well-defined optimality in
the classical (frequentist) sense. In fact, it can be shtwahBayes estimators, or limits thereof,
are essentially the only estimators which can achieve @itiyrin the above senses (Robert, 2001).
This optimality feature provides strong motivation for thieidy of Bayesian approaches irfre-
guentistsetting.

While Bayesian approaches have been widely studied, thare hot been generally applicable
finite-sample bounds in the frequentist framework. Reger#veral approaches have attempted to
address this problem. In this paper we establish finite samigla-dependent bounds for Bayesian
mixture methods, which together with the above optimalitygerties suggest that these approaches
should become even more widely used.

Consider the problem of supervised learning where we attéonponstruct an estimator based on
a finite sample of pairs of exampl&= {(X1,Y1),...,(%n,Yn) }, X € X, Y; € 9, each pair drawn
independently at random according to an unknown distidouti( X,Y). Let 4 be a learning algo-
rithm which, based on the sam#eselects a hypothesis (estimatbrfrom some set of hypotheses
. Denoting by/(y,h(x)) the instantaneous loss of the hypothdsiae wish to assess the true loss

L(h) = Exyf(Y.h(X)  ((X.Y) ~ ).

In particular, the objective is to providalgorithm and data-dependenbounds of the following
form. For anyh € A andd € (0,1), with probability at least ¥ 9,

L(h) <A(h,S) +4(h,S9),

where/(h,S) is some empirical assessment of the true lossMhdS, ) is a complexity term. For
example, in the classic Vapnik-Chervonenkis frameworkpfii and Chervonenkis, 1971)\(h,S)

is the empirical error(1/n) y; 4(Yi,h(X)), andA(h,S,d) depends on the VC-dimension 6f
but is independent of both the hypothekiand the sampl&. By algorithm and data-dependent
bounds we mean bounds where the complexity term dependstlothgohypothesis (chosen by the
algorithm ) and the sampl&.

The main contribution of the present work is the extensiorihef PAC-Bayesian framework of
McAllester (1999, 2003) to a rather unified setting for Bagesmixture methods, where different
regularization criteria may be incorporated, and theieeffon the performance can be easily as-
sessed. Furthermore, it is also essential that the bourtdset aredimension-independengince
otherwise they yield useless results when applied to msthaded on high-dimensional mappings,
such as kernel machines. Similar results can also be obtaisiag the covering number analysis
by Zhang (2002a). However the approach presented in therduypaper, which relies on the direct
computation of the Rademacher complexity, is more diredtgwes better bounds in many cases.
The analysis is also easier to generalize than the corrégmpicovering number approach. More-
over, our analysis applies directly to other non-Bayesiaxture approaches such as Bagging and
Boosting. On a technical level, our results remove a comnmaiteltion of many of the bounds in the
learning community, namely their assumption of the boundsd of the underlying loss functions.
This latter assumption is usually inappropriate for regi@s, and is often inapplicable to classifi-
cation problems, where the-01 loss function is replaced by a convex upper bound (seedpecti
6.4).

The remainder of the paper is organized as follows. We begifection 2 with a description of

the decision theoretic framework for Bayesian learning. tidn move on in Section 3 to discuss
mixture distributions, and recall some basic propertiesonfvex functions. Section 4 presents a new
uniform convergence result for unbounded loss functioms| Section 5 then establishes bounds
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on the (Rademacher) complexity of classes of functions déflyy convex constraints. Section 6
applies these general results to several cases of intesablishing data-dependent bounds. We
conclude in Section 7 and present some technical detaiteinppendix.

Before moving to the body of the paper, we make several cortsy@mcerning notation. Unless

otherwise specified, the natural base of the logarithm isl.usé/e denote random variables by
upper-case letters and their realizations by lower caseretExpectations with respect to a random
variableX are denoted b¥y. Vectors will be denoted using boldface.

2. A Decision Theoretic Bayesian Framework

In the decision theoretic Bayesian setting we consideretspaces. An input spacg, an action
spaceq and an output spac¥. Consider a (deterministic) acti@an= a(x) performed upon observ-
ing inputx, and let the loss functiof: 9 x 4 — R, be given by/(y,a(x)). Letu be a probability
measure defined ovex x 9. The Bayes optimaldecision rulea = g, is given by minimizing
Exv/(Y,a(X)), namely

Exyt(Y,au(X)) < inf Exyl(Y,a(X))  ((X,Y)~W),

where, for ease of notation, we suppressitftependence in the expectation.

In general, we do not have accessitbut rather observe a samg@@e= {(X,Y)}L. Xi€e X, Yi€ .
Leta=a(x,S) be an action selected based on the sar8pled the current input. We refer to such
a sample-dependent action asadgorithm Thesample dependetass ofais given by

R(1,a,S) = Exy/(Y,a(X,9)).

We are interested in the expected loss of an algorithm aedrager samples,

R(a) =ER(1a 9 = [Ra9dus),

where the expectation is taken with respect to the sa®gtawn i.i.d. from the probability measure
. If we consider a family of measurg@swhich possesses some underlyprgpr distribution (),
then we can construct the averaged risk function with resjpete prior as,

r(na) = EnR(ka) = [ duSdn( [ R(w.a Sdnius)

where duS)dm(y
TU
dr(p|S) = /—“,
Judu(Sydm(i)
is the posterior distributionon thepu family, which induces a posterior distribution on the saenpl
space asts = Eq gl An action (algorithm)a = ag minimizing the Bayes risk(t a) is referred
to as aBayes algorithmnamely
r(mag) < in;r(n,a).
ac

In fact, for a given prior, and a given samph the optimal algorithm should return the Bayes
optimal predictor with respect to the posterior measae

For many important practical problems, the optimal Bayesdjutor is a linear functional of the
underlying probability measure. For example, if the logsction is quadratic, namel§(y,a(x)) =
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(y—a(x))?, then the optimal Bayes predictag(x) is the conditional mean gf namelyE[Y|x]. For
binary classification problems, we can let the predictohieeconditional probability,(x) = p(Y =
1|x) (the optimal classification decision rule then correspoiuda test of whethegy(x) > 0.5),
which is also a linear functional qf. Clearly if the Bayes predictor is a linear functional of the
probability measure, then the optimal Bayes algorithm wétpect to the priortis given by

JyBu(x)dp(S)dm(y)
JuaWS)dm(p)

In this case, an optimal Bayesian algorithm can be regardéldespredictor constructed by averag-
ing over all predictors with respect to a data-dependentepios Ti(|S). We refer to such methods
asBayesian mixture methoddVhile the Bayes estimatag(x,S) is optimal with respect to the
Bayes riskr (11, @), it can be shown, that under appropriate conditions (ancproariate prior) it is
also a minimax and admissible estimator (Robert, 2001).

(1)

a(x,9) = /u 8,(x)dm(p|S) =

In general,a, is unknown. Rather we may have some prior information abassible models
for a,. In view of (1) we consider a hypothesis spatle and an algorithm based on a mixture
of hypothesesh € AH. This should be contrasted with classical approaches wéaeralgorithm
selects a single hypothedisfrom #. For simplicity, we consider a countable hypothesis space
H = {hy,hz,...}, and a probability distributiofiq; }7_, over#{, namelyq; > 0 andy ;q; = 11 we
introduce the vector notatian= (g, 0y, . ..) andh = (hy, hy, . ..), and define therobability simplex

I'Iz{q: q; >0, quzl}-
J

Further, denote

W00 £ @ht) = S ano  @en)
i=

Observe that in generd}(x) may be a great deal more complex that any single hypothesisor
example, ifh;(x) are non-polynomial ridge functions, the composite prexdidtcorresponds to a
two-layer neural network with universal approximation mleshno et al., 1993).

A main feature of this work is the establishment of data-dejpat bounds om.(fy), the loss of
the Bayes mixture algorithm. There has been a flurry of reaetiity concerning data-dependent
bounds (a non-exhaustive listincludes Bartlett et al. 22Q08ousquet and Chapelle, 2002, Koltchinksii
and Panchenko, 2002, Shawe-Taylor et al., 1998, Zhang) 2004 related vein, McAllester (1999,
2003) provided a data-dependent bound for the so-calledsGilgorithm, which selects a hypoth-
esis at random front based on the posterior distributiatih|S). Essentially, this result provides a
bound on the average errgr g;L(h;) rather than a bound on the error of theeraged hypothesis
L(¥j9jh;), which may be much smaller. Later, Langford et al. (2001¢eded this result to a mix-
ture of classifiers using a margin-based loss function. Aawm@neral result can also be obtained
using the covering number approach described by Zhang @0dnally, Herbrich and Graepel
(2001) showed that under certain conditions the boundshi®rGibbs classifier can be extended
to a Bayesian mixture classifier. However, their bound daeth an explicit dependence on the
dimension (see Thm. 3 in Herbrich and Graepel, 2001).

Although the approach pioneered by McAllester (1999, 2@aB)e to be known as PAC-Bayes, this
term is somewhat misleading since an optimal Bayesian rddiinathe decision theoretic frame-
work outline above) does not average over loss functionsatbier over hypotheses. In this regard,

1. The assumption that the hypothesis space is countable camioged. We retain it, however, for ease of presentation.
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the learning behavior of a true Bayesian method is not addcem the PAC-Bayes analysis. In this
paper, we attempt to narrow the discrepancy by analyzingeBiay mixture methods, where we
consider a predictor that is the average of a family of predscwith respect to a data-dependent
posterior distribution. Bayesian mixtures can often bardgd as a good approximation to truly op-
timal Bayesian methods. In fact, we have argued above thatate equivalent for many important

practical problems.

3. Mixture Algorithms with Convex Constraints

A learning algorithm within the Bayesian mixture framewarges the sampl8 to select a distri-
bution g over # and then constructs a mixture hypothegis In order to constrain the class of
mixtures used in forming the mixtur we impose constraints on the mixture veatprLet g(q)
be a non-negative convex function@fnd define for any positiva,

Qa={qeMN: g(q) <A},
Fa={fq: fq(x) =(a,h(x)), q € Qa}. (2)

In subsequent sections we will consider different choicegfq), which essentially acts as a regu-
larization term. Finally, for any mixturd, we define the loss by

L(fq) = Ex.y£(Y, f4(X))

and the empirical loss incurred on the sample by
n

L(fq) = (1/n) Zlﬁ(Yi, fq(X))-

In the sequel we use the notatiBpf = %z{‘zl f(X), andEs stands for an average over the sample
Swith respect to the distributiop(S).

For future reference, we formalize our assumptions coricgm(q).
Assumption 1 The constraint function(g) is convex and non-negative.
An important tool which is used extensively in this paperhis theory of convex duality (Rock-

afellar, 1970, Boyd and Vandenberghe, 2002). We begin lyudsng some issues and introduce
several useful results.

3.1 Some Results on Convex Functions and Duality

Let f(x) denote a convex function, nametfyis defined over a convex domalt and for any 0<
0 <1landx,yeK
f(Bx+ (1—8)y) < 0f(x)+(1—0)f(y).

Definition 1 For a function f, we define

Us(X) =SU
f() rer 2

The following result follows directly from a Taylor expansi.
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Lemma 2 Assume f possesses continuous first order derivatives. fohat g > 1:

f(r+6x)— f(r—6x)
2q }

d
us(x) < sup qu—{
( ) r,0e(0,1) de

Moreover, if f possesses continuous second order derastihen

2

1 d
us(X) < = sup — f(r +6x).
(0 <5 Sup gz +60

Proof For any® € R, lets(0) = [f(r +6x) + f(r —6x)]/2— f(r). Observe thas(0) = s(0) = 0.
From the generalized mean value Theorem (e.g., Theoremim Apostol 1957) it is known that
for two functionsh andg, which are continuously differentiable ovi, 1], [h(6) —h(6p)]d (81) =
[9(8) — g(B0)] f'(81), for any 6,680 € [0,1] and someb; € [6p,0]. Replacingh by s and setting
g(8) = 69, g > 1, we infer that there exists & < (0,1) such thats(1) = g(el)/(qeﬁ‘l). If s

is continuously second order differentiable, then a seamddr Taylor expansion with remainder
shows that there existséa € (0,1) such thas(1) =s"(8;)/2. O

For any functionf defined over a domai we define the conjugaté’ by

F*(y) = sup({y,x) — f(x)),
xeK
noting thatf*(-) is always convex (irrespective of the convexityfdf)). The domain off* consists
of all values ofy for which the supremum is finite, namely the valuey ébr which (y,x) — f(x) is
bounded from above oK.

A simple consequence of the definition Of is the so calledenchel inequalitywhich states that
for all x andy

(y,x) < £(x)+ f*(y). (3)

4. A Concentration Inequality for Unbounded Functions

In general, loss functions used in applications cannot @ded a-priori. The starting point for our
analysis is a concentration result similar to Theorem 1 didtinksii and Panchenko (2002) (see
also Theorem 8 of Bartlett and Mendelson, 2002). The maimustage of the current formulation
is that the functions irf are not assumed to be bounded. This is particularly usefillarcontext
of regression. The proof is given in the appendix.

Theorem 3 Let ¥ be a class of functions mapping from a domainto R, and let{X}!' ; be
independently selected according to a probability meagureAssume that there exists a positive
number M ¥) such that for allA > O:

logEx supcosh2A f (X)) < A2M(F)?/2.
feF

Then, for any integer n an@l< o < 1, with probability at leastL — & over samples of length n, every
f € F satisfies

Ef(X) < Enf(X)—i-Esfsqu{Ef(X)_Enf(x)}_i_M(f) w_
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We note that the dependenceMfon ¥ is made explicit, as it will play a role in the sequel. The
bound can be slightly improved when the functiongfirare bounded.

Corollary 4 Let the conditions of Theorem 3 hold, and in addition assurat t

sup|f(x) — f(X)| <M(F).

fx,x/
Then
Ef(X) < Enf(X)+Estup{Ef(x)_Enf(x)}JrM(f) Iog;/é)'
€F

Proof In the proof of Lemma 17 in the Appendix, note that gyp|c’(x1) —¢'(x;)| <Asup [ f(x) -
f(xX')] <AM. Now instead of boundingx, exp(c'(X1) — Ex;c'(X{)) using the symmetrization ar-
gument as in Lemma 17, we may apply Chernoff's bound whickde@® logEx, exp(c'(X1) —
Ex;C/(X})) < A2M2/8. O

In spite of the slightly improved bound in the case of bounfletttions, we will use the bound of
Theorem 3 for generality.

A great deal of recent work has dealt with Rademacher coritpleased bounds. Denote g }! |
independent Bernoulli random variables assuming the galtfewith equal probability. For a set
of ndata pointX" = {X;}]' ; € X", we define the data-dependent Rademacher complexity as

Ra(#)=Es [SUIO} ici f(X)] X”] ;

feFr NiE

whereo = (01,...,0,). The expectation oR,(F) with respect taX™ will be denoted byR,(F).
Note thatR,(F) differs from the standard Rademacher complesdfy 7 ) which is defined using
the absolute valug1/n) 3, oi f (X)| in the argument of the supremum (van der Vaart and Wellner,
1996). The current version of Rademacher complexity hasrtbet that it vanishes for function
classes consisting of single constant function, and isy@waminated by the standard Rademacher
complexity. Both definitions agree for function classesachhére closed under negation, namely
classesfF for which f € F implies—f € .

Using standard symmetrization arguments (for example,rhar@.3.1 of van der Vaart and Wellner,
1996) one can show that

Exn fSU}J{Ef(X) —Enf(X)} < 2Ru(%).

It is often convenient to use the Rademacher average due foltbwing Lemma.

Lemma5 Let{g;(8)} and{h;j(6)} be sets of functions defined for lin some domai®. If for
alli, 8, 0, 1gi(8) —gi(6)| < |hi(8) —hi(8')], then for any function (x,8), x € X3, and probability
distribution overxX,

6O 0O

EsEx sup{c(x,e) + _ioigi(e)} < EgEx sup{c(x, 0) + _ioi hi(e)} .
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Proof By induction. The result holds for= 0. Then whem=k+ 1

k+1
E017W70'k+1 EX Sup{ C(X7 e) + Zl Oi gi (e) }
0 i=

c(X,81) +¢(X,8 K gi(01)+gi( (81) (82)
B, GkExsup{< 1)+ 2)+Zf’ig'( D+9(0) | ers(Br) gl 2}
6162 i=
c(X,81) +¢(X,8 K gi(01)+gi( 8 (82)
E.. o Exsup { (X, +oX,8) +Z°ig'( +8(8s) , 191(%) ~Bons(® \}
91792 1=
c(X,81) +¢(X,8 K gi(01)+gi( hi1(01) — hi1(0
<E, GKEXsup{ ( 1>2 ( 2)+Zfig'( 1>29.< 2) |, M 1>2 s 2>\}
61,62 i=

k
=Eg,,., GKEGMEXSUP{ c(X,0) + oks1hk1(0 +Zlc|g| }

k
< Eg,....oEoi. 1 Ex sup{ c(X,0) + ok1hk1(0) + Zo. }
The last inequality follows from the induction hypothesis. a

Remark 6 The above lemma is a refined (asginmetrig version of the Rademacher process com-
parison theorem (Theorem 4.12 of Ledoux and Talgrand, 1984 proof presented here is also
simpler.

Let {@} be a set of functions, each characterized by a Lipschitztaohg, namely|@(0) —
@ (0)| <vi|6—&'|. The following consequence is immediate from Lemma 5.

Theorem 7 Let{@}! ; be functions with Lipschitz constarys then

EG{SUp n Ui(ﬂ(f(xi))} < EG{SUp n Ui\ﬁf(xi)}-

feF = fef =

Let £(y, f(x)) be a loss function and set(f(x;)) = (@ o f)(yi,x) = £(yi, f(x;)). Assume that
@ (f(X)) is Lipschitz with constank, namely|@ (f(x;)) — @& (f'(xi)| < k|f(x;) — f'(x;)| for all i.
Let L consist of functions fron®y’ x X, defined byLs = {g: g=@of, f € ¥}, wheregis
Lipschitz with constank. Then we find from Theorem 7 th&,(Ls) < KRy(¥F). We note in
passing that by using Theorem 7 we gain a factor of 2 comparéaetbound in Corollary 3.17 of
Ledoux and Talgrand (1991) and do away with their requirertteat ¢ (0) =

SettingL(f) = Exy (Y, f(X)) andL(f) = Eq£(Y, f(X)), we obtain the following bound for the
expected loss.

Theorem 8 Let 7 be a class of functions mapping from a domairto R, and let{(X;,Yi)}i. ;,
Xi € X, Y; € R, be independently selected according to a probability mea®. Assume there
exists a positive real number () such that for all positive\

logEx .y supcosh2AL(Y, f(X))) < A2M(F)?/2,
feF
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where for every fe F, @(f(X)) = (o )(Yi,X) = £(Y;, (X)) is Lipschitz with constark(F).
Then with probability at least — & over samples of length n, evenef¥ satisfies

L(1) < L1+ (7 )Ra() + (7 )y 2,

5. The Rademacher Complexity for Classes Defined by Convex @straints

We consider the class of functiofa defined in (2) through a convex constraint functiia). We
wish to compute the Rademacher complexfy 7). Denoting byg* the conjugate function tg,
we have from (3) that for allj andz

(0,2) <9(q) +9'(2).

Settingz = (A/n) 3L, 0ih(X;), we conclude that for any positive

quselgi{%iioi <q7h(>ﬁ)>} < % {A+ Eog” <(7\/n) ioih(m)> }

Since this inequality holds for evely> 0, we obtain the following upper bound on the Rademacher
complexity,

Ra(7a) S;gg{§+%509* ((A/n)_ioih(m>}. (4)

We note that a similar use of convex duality was made in agélabntext by Seeger (2002)

In general, it may be difficult to compute the expectatiogofvith respect ta. For this purpose we
make use of the following Lemma. Note tigitj) > 0 implies thalg*(0) = sup,cq,{—9(q)} <O.

Lemma 9 For any a> 0 and convex function f such thaf{df) <0,

Esf (alioih(xi)> < _iuf(ah(xi)). (5)

Proof We prove the claim by induction. For= 1 we have

=

Eqf (ach(x1)) = 5 [f(ah(x1)) + f(—ah(x1))] - £(0) + £ (0)
< ut(ah(xa)),

SN
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where we have usefl(0) < 0. Next, assume the claim holds forand leto, = {01,...,0n}. We
have

n+1
Eo,Eo,., f <a Zl aih(xi ))
— %Eon [f < i_i (Xi) 4 ah (Xny1 ) 4 f ( h(x) — ah(an))]
— %Eon [f ( i_i (Xi) 4 ah (Xny1 ) + f ( h(x) — ah(an))]
—Eqf (a_io.h )4—Eo ( io.h )

<uf(ah(Xp+1)) + 'ZjLUf(ah(X )

a
a

where the last step used the definitiorugfand the induction hypothesis. O

Using (4) and Lemma 9 we find that

A>0

ol F2) < Inf {’: %_iugm/n)h(m)}. ©

6. Data-dependent Bounds

Consider the loss bound derived in Theorem 8. This boundnesjprior knowledge of the constant
A, characterizing the clasga. In general, we would like to be able to establish a bound kvksc
data-dependennamely does not assume any such a-priori knowledge. We tbggiewriting the
bound of Theorem 8 in a slightly different form. For afiy= (q,h), g € Qa, with probability at
least 1- 0
~ 2log(1/d
L(fq) < L) + 26(A)Y(A) + ()| 229 @)
where we slightly abuse notation, settin@) = kK(Fa), M(A) = M(7a) and where
Y(A) = Ra(7a).

Observe thal({A) is monotonically increasing iA. Either (4) or (6) may be used to upper bound
Y(A). For example, using (4) we have that

Y(A) < Es;gg{§+ %Eog* (O\/n) _icih(xi)> } :

Eliminating the dependence énin (7) leads to the following fully data-dependent bound.

Theorem 10 Let the assumptions of Theorem 8 hold. Consider two paramgie- 0 and s> 1,
and letd(q) = smax(g(q),do). Then with probability at least — & for all fy, q € I,

L(fg) <L (fq)+2K(G(Q))Y(G(Q))+M(G(Q))\/ #109106,(29(6)/00) + 2100(1/0)
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Proof First, observe thag(d)/go > s, so that the final term is always well-defined. K& };° ; and
{pi}i21 be a sets of positive numbers such tfiap = 1. From Theorem 8 and the multiple-testing
Lemma (essentially a slightly refined union bound) we haee with probability at least + & for

all Ay andq € Qa,,

L(fq) < L)+ 26(A)Y(A) + M ()| 2129/ PO) ©
Next, pickAj = gos andp; = 1/i(i+1), i = 1,2,... (note thaty; pi = 1). For eacly letiy denote
the smallest index for which, > g(q). We haveiq <10g5(G(d)/do), andA;, < §(q). Substituting
pi, = 1/ig(1+iq) we have that logl/pi,) < 2log(iq + 1) < 2loglog,(sd(q)/go). Combing these
bounds with (8), and keeping in mind the monotonicityYgf\), we have that with probability at
least 1- & for all g

4loglogy(si(q)/go) +2log(1/5)
n

)

L(fq) < L(fq) +2«(§(a) Y(§(a)) + M(Q(Q))\/

which concludes the proof. O

Note that the parametep essentially ‘sets the scale’ fgtq). For example, ify is selected so that
g(q) < go for all g, we get a data-independent bound, whgreeplacegy(q). We also observe that
the bounds derived in Theorem 10 atata-dependenéind can thus be used in order to select the
optimal posterior distributior. We comment on this further in Section 6.1.

We observe that the bounds in Theorem 10 yields rates whe® éfrl/z). More recent techniques
based on more refined concentration inequalities (e.g. [B@ron et al. 2003, Bartlett et al. 2002a,
Mannor et al. 2003) are sometimes able to achieve fastes rHteonvergence under favorable
circumstances. For example, faster rates are possible iétttpirical error is small. We leave the
extension of our results to these situations to future work.

6.1 Entropic Constraints

Assume adata-independenprior distributionv is assigned to all hypotheses:‘, namelyv; > 0
andy;v; =1, wherevj = v(h;). We setg(q) to be the Kullback-Leibler divergence qffrom v.

g9(a) =D(allv) ; D(qllv) =7 ajlog(q;/v;).
J

In this case, the conjugate functighcan be explicitly calculated yielding

g*(z):longjeZJ’.
]

Note that
2 / zjvjz/jzezﬁeij
3629 (z+06z) < W
It is easy to see that
sup 4 (2+67) < |22,

2,7 .0

Using Lemma 2, we havey: (h(x;)) < ||h(xi)||2/2, and (6) can then be applied. However, a slightly
better bound can be obtained with a more refined derivati@ng4) we can derive an upper bound
on the Rademacher complexity, captured in the following brem
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Lemma 11 The empirical Rademacher complexity B using dq) = D(q||v) is upper bounded

as follows:
&(%)S([)suw Zlh

Proof From (4) and the expression fgf we have that for an > 0

170 1 A
qselsjza{ﬁizloim’h(xi»} < X {A+Iogzvjexp [ﬁ lzo'ihj(Xi)] }

Taking the expectation with respectde= (01, . . .,0y), and using the Chernoff bourtt; {exp(y; gia;) } <
exp(y;ia?/2), we have that for ank > 0

Ra(Fa) < X{AJFEGIOQZV exp[ ZUihj(Xi)]}
)
< %{A+sup|ogEUexp[ Zoihj(xi)]}
g%{A+suplogexp[ 2 | hj(;(i)zl}
A
X+ suth

where (a) made use of Jensen’s inequality afi) used Chernoff’'s bound. Minimizing the r.h.s.
with respect to\, we obtain the desired result. O

Using this result in Theorem 10 we obtain the main result ©f $ection.

Theorem 12 Let the conditions of Theorem 10 hold, and set

n

~ 1
d(a) =smaxD(q|[v),90) : Ay = ¢ Essup} h;j(X)2.
=
Then for all §, g < I, with probability at leastl — 9,

L(fq) < L(fq) + 28,k (6(q)) %(Q)+M(g(q))\/4|oglog(SG(Q)/ngo)+2Iog(1/5) -

Note that if the functiong; are uniformly bounded, say;(x)| < ¢, thenA,, < c.

It is instructive to compare the results of Theorem 12 to ¢haistained by McAllester (2003) using
the Gibbs algorithm. The latter algorithm selects a hypsigteat random from the posterior distri-
butionq and forms a prediction based dnMcAllester (2003) establishes the following bound on
the expected performance of the randomized predictor. Witbability at least +-éfor all g € I

N D(ql|lv) +In(1/d) +Inn+2
EthL(h)gEthL(h)Jr\/ (aliv) ng_/l) .

When the hypotheses and losses are bounded in value (aseasgsumcAllester, 2003), we see
that, up to small numerical constants, the leading termbercomplexity penalties in (9) and (10)

(10)
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are very similar. While the bound in (10) contains an extmgalithmic term inn, the bound in
(9) contains an extra term of order logIbgq||v). Note, however, that the ter,qL(h) can be
significantly larger than the teriin( fq), since the mixture hypothesig = En.qh can be far more
complex than a single hypothedis A more detailed numerical comparison of the two bounds is
left for future work. We comment that a similar bound to (18%sed on the the margin loss, was
established by Langford et al. (2001) for a mixture of classs.

Finally, as mentioned following Theorem 10, these dataeddpnt bounds can be used in order to
select an optimal posterior distributian While D(q||v) is convex ing, this is not the case for
v/D(q||v). However, one may formulate the optimization problem asresstrained optimization
problem of the form

min D(q||v)

qen

A~

s.t. L(fg) <a,

for some parametex which can be optimized in order to obtain the best bound( ff,) is a convex
function of g (for example, if a quadratic loss is used), we obtain a comregramming problem
which can be solved using standard approaches (e.g., Baydanmdenberghe, 2002). We note that
this approach is very similar to the so-calleximum entropy discriminatigoroposed by Jaakkola
et al. (1999). Finally, if’(y, fy(x)) is convex ing, we may use Jensen’s inequality to upper bound
L(fq) = L({a,h)) by 3;qjL(hj). In the latter case, McAllester (2003) has shown that antexac
solution in the form of a Gibbs distribution can be obtain€bis solution may in principle be used
as a starting point for numerical optimization algorithros $olving the current problem.

6.2 Norm-Based Constraints

In Section 6.1 we used an entropic term to constrain thelloligions q relative to some prior distri-
butionp. In many cases we do not have prior information provided imgeof a priorp. Instead,
we may believe that sparser solutions are more appropdtieh in principle would require us to
use a constraint of the foriig ||, with p close to zero. While our results below do not hold for the
casep = 0, they indicate in principle how to take into account othgrets of norms. Moreover, it
is not hard to use our approach to derive bounds for suppotborenachines, in which case we can
replace the.; constrainty ; g = 1 by thel, constraint.

We begin with the simple case whegé) = (1/2)||q||3, namely theL, norm is used. In this case,
we simplify the notation by usingq|| = ||q||2. It is then easy to see thgt(z) = (1/2)||z||?. A
simple calculation yields

n

2 n
Eog’ ((A/n)_;oihoq)) = %_;nmmn?

Substituting this result in (4), and minimizing overwe find that

Rul ) < J % (%inmmw).

Using Theorem 10, and Jensen’s inequalityX < /E[X], X > 0, we obtain the following bound.

Theorem 13 Let the conditions of Theorem 10 hold, and set

6(a) = smax(1/2)|al.go), Ay = \/ %Es_iuhomuz
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Then for all §, g < I, with probability at leastl — 9,

L(fq) < L(fq) +2A4%(§(q)) 2@ M(G(q))\/ 4loglogy(sg(q)/do) +210g(1/3)

n n

Consider next the case of geneméndq such that 1q+1/p=1, pe (1,»). Let p = maxp,2)
andd = min(q, 2), and considep-norm regularizatiorg(q) = §||q||8' and its associated conjugate
functiong*(z), namely

1

1 . ,
9(q) = HIIQIIS ;. dg@= allZH& :

Note that ifp < 2 thenqg > 2 andq’ = p’ = 2, while if p> 2 thenqg< 2, =q,p’ = p.

In the present case, the average aveequired in (4) is rather cumbersome, and we resort to using
(6) instead. The Rademacher averaging resulpfaprm regularization is known in the Geometric
theory of Banach spaces (type structure of the Banach sgacexample, see Ledoux and Talgrand
(1991), and follows from Khinchine’s inequality. It can@lse derived from the general techniques
developed in this work, where we use the following boundignin (6).

Lemma 14 The following bound is valid,

< ma)((l, q- 1)

Ug: (h(x)) < T [LICOIER

2/q
Proof Wheng > 2 (implying ¢ = 2), we have thag*(z+6Z') = (1/2) (zj |zj+ 627 ]q> . Adirect
computation of the second order derivatives required in inen2, and use of the conditian> 2,
yields

dz N _
g9 (2162) < (a—1)2+6Z 59y |z + 67" *7”
]
< (a—-1)|z+6z|§ |z+6zZ 1§ ?|1Z|l3
= (a-1)|Zl3,
where the second inequality follows from Holder’s inedgyalith the dual pair(q/(q—2),q9/2).

Wheng < 2 (implying ¢ = q), we haveg*(z+6z') = (1/9) ¥ j [z + 679 and use the first part of
Lemma 2.

2 + 67| — [z — 67"

4| d [g(z+6Z)—g"(z—67) _
1-q| 2 < |g|i—a
207,912
< |e|1fqz %
] 2
292
=—|Z]4.
q 1Z'llg

where the inequalityia|4—! — |b|9~| < |a—b|%~! was used in the second inequality. Use of Lemma
2 and the observation that m@xq—1)/d = (q—1)/2 if > 2, and maxl,q—1)/d = 1/2 if
g < 2 establishes the claim. O
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From (4) we obtain a bound on the Rademacher complexitfaof

< i3 P (1) g oo
c yd
— Cuproud (igluhowa) : (11)

whereCq = (1-1/¢)%9*max(1,q—1)%9. Combining (11) with Theorem 10, and using Jensen’s
inequality E[XY/9] < (E[X])l/q/, we obtain the following result.

Theorem 15 Let the conditions of Theorem 10 hold, and set

n 1/d
6(a) = smax((1/¢)allf.%) Aﬂ,q:[(1/n>Es_ziuh<>q>ua’] -

Then for all §, g € I, with probability at leastl — 9,

S (6 (L P -
2Cq0 s ok (G(a)) (§()) M) \/4Iogloog(sg(q)/go)+2|og(l/6).

L(fq) <L(fq)+ nl/p n

where G = (1 -1/ )Y9max(q—1,1)4/9.

6.3 Oracle Inequalities

Up to this point we have obtained data-dependent boundshwdain be used for the purpose of
model selection. In general, one is interested in knowing tiee empirical estimator compares to
the best possible mixture estimator, which can only be knibtire underlying probability distribu-
tion is known. Such bounds are referred tooaacle inequalities Let § be an empirically derived
posterior distribution. In particular, we establish anabeganequality which relates the lok$(q, h))

to the minimal loss infen L((q, h)).

We recall from Theorem 10 that with probability at least & for all fq, g € I,

where

Bo(,,3) = 2(8(6) V(E(@) -+ (@) | 4120 0B(D()/G0) + 2100(1/5),

As in structural risk minimization (Vapnik, 1998), we sel§dased on a complexity regularization
criterion
= argmin{L(fq) +An(#,q,0)} .
qen
From (12), with probability at least-2 /2
L(fa) < L(fq) +0n(#,8,8/2).
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By the optimality of the selection @

whereq is an arbitrary hypothesis that does not depend on the dagam¥y apply Theorem 3 to
—L(fg) and obtain that with probability greater thar-5/2

2log(2/3)

L(fg) < L(fg) +M(g(@)) —— < L(fg) +4n(7£,9,5/2).
Note that in this case the function clagsconsists of the single elemefi}, so that the term leading

to the Rademacher complexity vanishes. Therefore, witbabiity at least 1- 9,

L(fq) +An(#,04,8/2) < L(fg) +20n(H,q,8/2).

Sinceq is arbitrary, we obtain the following result.

Theorem 16 Under the same conditions as in Theorem 10, with probaliliteastl — o

L(fq) < inf [L(fq) +20n(%1,9,5/2)].

Note that ifAn(#,q,8/2) can be uniformly bounded, saAR(#,q,8/2) < cy(d) independently of
g, we find that with probability at least-28, L(fg) < infqen L(fq) +Cn(d).

6.4 Binary Classification

So far we have mainly been concerned with regression. Theafdsnary classification can easily
be incorporated into the present framework. et {(X;,Yi)}! ; be a sample wheng € X andY; €
{—1,+1}. Consider a soft classifidf(x) and define the 6 1 loss ago_1(Y, f(x)) = [ (yf(x) <0).
Let @(yf(x)) be a Lipschitz function with Lipschitz constaxt¥ ), which dominates the 0 1 loss,
namelyZo_1(y, f(x)) < @(yf(x)). Itis then not hard to conclude that under the same conditén
those in Theorem 8 we find that for dlle F, with probability at least % 9,

PLY 1(X) < 0) < En(Y (X)) + 26(F)R(F) + M(), | 29O

One can then proceed to develop data-dependent boundssfprablem along the lines of Theorem
10. Note that several possible choicesgf (x),y) have been proposed in the literature. A proof of
the Bayes consistency of algorithms based on these domjnfathctions can be found in work by
Lugosi and Vayatis (2002), Mannor et al. (2002) and Zhan@320An extension to multi-category
classification has recently been proposed by Desyatnikdwéaeir (2003).

7. Conclusion

We have developed a general procedure for establishingddgandent bounds for mixture based
approaches to regression and classification. As discussgektion 1, Bayesian mixture approaches
possess several desirable attributes from a frequentispgetive. However, in opposition to many
Bayesian approaches, our results hold independently afdirectness of the model assumptions.
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The approach pursued can effectively use many forms of gnowledge, which may be incorpo-
rated through the selection of appropriate constrainttions. Additionally, the results apply to
general mixture based approaches such as Bagging and BpoAtia technical level, we have re-
placed the boundedness assumptions, prevalent in theihgdrneory literature, with more general
moment constraint conditions.

Several open issues remain for future research. First, uldvbe be interesting to combine the
current approach with recent methods based on local Rademeocmplexities (e.g., Bartlett et al.,
2002a), which are sometimes able to attain faster conveegeates. Second, a particularly inter-
esting question relates to using the data itself to learrpgnopriate constraint function, or perhaps
several constraint functions. Finally, it is clearly imfgort to conduct careful numerical studies of
the bounds. Related work by Seeger (2002) demonstrate@ttiedss of similar bounds in the con-
text of Gaussian processes, and their relevance to reddhwmblems. Preliminary studies indicate
similar behavior for our bounds, but a systematic numerioadstigation still needs to be done.

In this paper we have been concerned solely with mixturedBsgesian solutions. As pointed out
in Section 1, general optimal Bayesian solutions are ncaydvof a mixture form. In this context, it
would be particularly interesting to establish finite saeipbunds for optimal Bayesian procedures,
which, under appropriate conditions, would provide tighpar bounds on the performanceanfy
learning algorithm, and not only those based on selectipgtineses from some class of hypotheses.

Given the suggested connections established in this warkdem the frequentist and Bayesian
approaches, we would like to conclude with the following guwom Lehmann and Casella (1998).

“The strengths of combining the Bayesian and frequentigr@aches are
evident. The Bayes approach provides a clear methodologgadiostruct-
ing estimators, while the frequentist approach providesrirethodology for
evaluation.”

Although we have restricted ourselves to Bayesi@rture algorithms, which are not necessarily
optimal in general, we hope that this paper has made some tet@prds strengthening this claim.

AcknowledgmentsThe work of R.M. was partially supported by the Technion R.Bund for the
promotion of sponsored research. Support from the Olldhdenter of the department of Electrical
Engineering at the Technion is also acknowledged.

Appendix A. Examples of Convex Functions and their Conjuga¢s

We provide several examples of convex functions and theijugmtes. Further examples can be
found in Boyd and Vandenberghe (2002) and Zhang (2002b).

We useg(u) to denote a convex function with variable while g*(v) denotes its conjugate with
dual variablev. The/, norm of a vectou is given by||ul|, = (F; \uj\p)l/p.

e LetK be a symmetric positive-definite matrix. Then

(v,K~1v).

NI =

o) = Slu.Ku) | g(v)=

855



MEIR AND ZHANG

e Letp,p,q,q > 1 be real numbers obeyingp+1/qg=1and ¥p' +1/q = 1. Then

1, . 1, .
Q(U)ZEHUHB : g(V)=aHVH%-

e Assumeu; > 0 andy; > 0. Then

ou) = Yuilog 0V =T wexplvi)
J J

Appendix B. Proof of Theorem 3

We first prove the following lemma.

Lemma 17 Consider real-valued function$:@ x X; — R, i = 1,2. Define ¢x1,X2) = SUyce(C1(0,X1) +
C2(0,x2)). Let X € X3 and X% € X, be two independent random variables. Then

log Ex, exp(Ex,C(X1,X2)) < Ex, x,C(X1,X2) + l0gEx, gugcosr(Z(cl(e, X1)).
S
Proof Let

¢ (X1) = Ex,[c(X1, X2) — supc2(8, X2)].
6O

Itis clear that

inf c1(8,X1) < ¢/(Xy) < supcy(,Xy).
6€O 0cO

Therefore using Jensen’s inequality and symmetrizatianoktain

@)
Ex exp{¢/(X0) — Ex, (X)) } < Ex,x exp{c/(Xa) —¢(X))}

< By, 31020 (X0) + exp~2 (X))

9 Ey, cosh2d (X))

< Ex, supcosh{2c;(8,%y)),
6ed

where(a) and(b) used Jensen’s inequality afd) applied a symmetrization argument. O

LetZ"={Z,...,Zn}, Z € Z, be independently drawn from a distributi®h and let¥ be a class
of functions fromZ to R. Set

As(Z") = sup [nEzf(Z) - if(zi)] .

feF

Lemma 18 For all positiveA

logEznexp{AAs(Z")} < NEznAs(Z") + nlogEz supcosh2A(f(Z2)).
feF
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Proof The lemma follows by recursively applying Lemma 17 kee n,n—1,...,1, and identifying
the functionf with the paramete®. For each value dkt we set

Xl:Zk ; XZZ {Zk+l>"'7zn}>
where we assume th@¥, ..., Zc_1} are fixed. Moreover, set

c1(6,X1) = —)\f(Zk)
02(6 ) = n)\Ezf ;{)\f Z|

and note that(Xy,Xz) = )\Ay(Z”) We simplify the notation by usm@k {Z,..., 2} for any
positive integerk andl, | > k. From Lemma 17 we have (for fIX@t)

logEZ, exp{ Ezgﬂ)\ﬁq(z”)} < Ezn)\Af(Z”) +logEz Fc,ufpcosh(Z)\f( ),
€

which, upon exponentiation, is rewritten as

Ez exp{EzQH)\A?(zn)} < exp{Ezn)\Af(zn) +IlogEz fseu?pcosh(Z)\f( ))}

Taking expectations with respect Zé‘l on both sides of the inequality, followed by applying the
logarithm function, we find that

Ag(Z") Ez")\Aff( ")

log EZ;IeEZEHA <log Ezk 18 +logEz supcosh(2Af(Z)). (13)
fef
Summing both sides of (13) ovke=n,n—1,...,1 we obtain
logEzer @) 4 1og Ex (FMr (@) 1 ogE,, FMr ()

Ezxn Mg (Z)

< logEp- L FzdAr (2" +IogEZn 2€ 1 +---+loge™ EagMsr (Z7)

+ nlogEz supcosh(2Af (2)).
feF

Upon subtracting identical terms from both sides of the iradity we find that

log Ezne“\f ) < AEznAg(Z") + nlogEz supcosh(2Af(Z))
feF

which establishes the claim. O

Let X" = {Xy,...,Xn}, and set
- ns}.

0=P< sup|nExf(X f(X)| > Exnsup|nEx f(X f(X
{fefF [ Zl ] fefF 21
From Chernoff’s inequalityP{X > x} < inf) {exp(—AX)Eexp(Ax) : A > 0}, we have for all non-

negativea

5< ef)\Exn/:\f(X")f)\nsExne)\/:\y(X”).

857



MEIR AND ZHANG

Taking logarithms of both sides of the inequality, we findttha
098 < —AExnAg (X") — Ang + log Exner X

(@)
< —Ang+ nlogEx supcosh(2A f (X))
feF

(b)
< —Ane+ g)\zMz,

where Lemma 18 was used (a) and the assumption of Theorem 3 was use(bin

SinceA > 0 is arbitrary, we conclude that

log8 < inf [g)\zMz—)\ns] _ —2%22.
We thus obtain with probability of at least19,
fsequ{Ef(X)—IAEf(X)}gEanseufp{Ef(X)—IAEnf(X)}—i—M %nl/é). O
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