
Computing True Alternativesand not only a Single Best SolutionIngo Alth�oferInstitute of Applied Mathemati
s, Friedri
h-S
hiller-University Jena, 07740 JenaGermanyalthofer�mipool.uni-jena.deAbstra
tIn a "De
ision Support System with Multiple Choi
e Stru
ture" (one or sev-eral) 
omputer programs propose a 
lear handful of interesting 
andidate solu-tions, and a human has the �nal 
hoi
e amongst these alternatives. Traditional"k-best algorithms" are not good tools for su
h systems, be
ause the k best so-lutions are often merely mi
ro mutations of ea
h other and not true alternatives.We present stru
tural results on an approa
h where the alternatives are gener-ated one after the other by introdu
ing penalties: The best solution is 
omputed,then 
ertain building blo
ks are punished in the obje
tive fun
tion, the best so-lution under this modi�ed obje
tive fun
tion is 
omputed, again 
ertain buildingblo
ks are punished, and so on. We 
on
entrate on a monotoni
ity result for k=2for sum-type obje
tive fun
tions and dis
uss several appli
ations.1 MotivationSuppose, someone has a real world problem: Typi
ally the situation is too 
omplex to�nd an exa
t solution immediately. So he or she makes or uses a model of the problemsituation. An optimal solution for this model is generated (often by a 
omputer), andthis solution for the model is translated ba
k to a solution for the original problem.Often this "translation ba
k" does not work in pra
ti
e. If there is enough time left,the model may be adapted more pre
isely and a new solution generated, hopefully abettter one. This pro
ess may be iterated several rounds, until the original problem issolved satisfa
torily.In realtime situations there is normally no time for readjustment or repeated rounds.Here a "MULTIPLE CHOICE SYSTEM" may help: For the model a 
lear handful oftrue alternatives and not only a single best solution is generated (by the 
omputer).These 
andidate solutions are translated ba
k to solutions for the original problem,and the user has the �nal 
hoi
e among them. In the game of 
hess the author wasvery su

essful with su
h multiple 
hoi
e approa
hes.Four de
ades ago already, mathemati
ians started to investigate "K-BEST ALGO-RITHMS". In a problem with dis
rete (�nite) set of admissible solutions not only thebest solution is 
omputed but the k best ones. Here k is some natural number. Fa
ed1



with reality, these k-best algorithms had and have severe problems of a

eptan
e, be-
ause the k solutions are typi
ally very similar to ea
h other - merely mi
ro mutationsand not true alternatives.The task of �nding true alternatives is rather di�erent from the one to generate k bestsolutions. In our talk we present stru
tural results on an approa
h where the alterna-tives are generated one after the other by introdu
ing penalties: The best solution is
omputed, then 
ertain building blo
ks (of this best solution, but maybe also others)are punished in the obje
tive fun
tion, then the best solution under this modi�ed ob-je
tive fun
tion is 
omputed, again 
ertain building blo
ks are punished, and so on. Inthe talk we 
on
entrate on the basi
 
ase k = 2; the best solution and one alternativeare 
omputed.2 A Monotoni
ity Result for Sum-Type ProblemsLet E be a �nite set, and let S be a set of feasible subsets of E. Let w : E ! IR andu : E ! IR be two positive weighting fun
tions on E. For every element B 2 S wede�ne w(B) to be the sum of the w(e) for all e 2 B. Analogously u(B) is de�ned. Forpositive " we de�ne f"(B) := w(B) + " � u(B) for all B 2 S.Theorem 1 Let B(") be some set B 2 S with minimum value for f". Three statementsof monotoni
ity hold.(i) u(B(")) is weakly monotoni
ally de
reasing in ".(ii) w(B(")) is weakly monotoni
ally in
reasing in ".(iii) w(B("))� u(B(")) is weakly monotoni
ally in
reasing in ".The original task was to minimize w(:) over S. u(:) is a penalty fun
tion. " is thepenalty parameter. Let B(0) be an optimal set in S with respe
t to the minimizationof w(:). Of spe
ial interest are the settings(i) u(e) = w(e) for all e 2 B(0),(ii) u(e) = 1 for all e 2 B(0), (results in this 
ase have been a
hieved forgeneralized matroids by Alth�ofer & Wenzel [1℄)and, for appropriate subsets or supersets N of B(0),(i') u(e) = w(e) for all e 2 N ,(ii') u(e) = 1 for all e 2 N .All edges e not mentioned in (i) to (ii') get u(e) = 0.2



3 Appli
ations of the Theorem(i) Complete Bipartite Mat
hingThere is a 
omplete bipartite graph with n verti
es on ea
h side and positivereal-valued 
ost 
(i; j) for ea
h pair (i; j). Complete mat
hings with small
ost sum have to be found. First of all a minimum 
ost mat
hing M(0) is
omputed. Then all pairs in this mat
hing are punished by setting 
0(i; j) =(1 + ")
(i; j) for them. Here " > 0 is a penalty parameter, 
hosen by theuser. All other pairs keep their original 
ost, hen
e 
0(i; j) = 
(i; j) for them.After this a minimum 
ost mat
hing M(") with respe
t to 
0 is 
omputed.M(0) and M(") are the two alternatives, presented to the user. Let C(")be the sum of the original 
-weights of all pairs in the interse
tion of M(0)and M("). Then C(") is weakly monotoni
ally de
reasing in ".(ii) Traveling SalesmanThe problem with n 
ities and edge lengths w(e) is wellknown. Let T (0)be a shortest tour through all 
ities, and put u(e) = 1 for all edges e inT (0). Let T (") be any shortest tour for penalty parameter " > 0. Then thenumber of joint edges of T (0) and T (") is weakly monotoni
ally de
reasingin ". Observe that the statement of our theorem does not depend on thedegree of diÆ
ulty to 
ompute T (0) and the T (").(iii) Time TableConsider the design of time tables where the obje
tive is to minimize 
ost.The penalty fun
tion may punish building blo
ks whi
h o

ur in the optimalsolution and also elements whi
h are similar to su
h building blo
ks.4 Open Questions(i) Mathemati
ally it is a 
hallenge to prove analogous monotoni
ity resultsfor situations where the obje
tive fun
tion is no longer sum-type.(ii) Pra
titioners may examine whi
h are good 
hoi
es for the penalty fun
tionsu and penalty degrees ". Con
erning shortest paths, there is an interestingexample from 
ommer
ial pra
ti
e. In a 1997 version of a vehi
le routingprogram of the software 
ompany AND all segments of the shortest (or"best") route are punished by substituting w(e) by 1:2 � w(e).Referen
e[1℄ I. Alth�ofer, W. Wenzel. Two-best solutions under distan
e 
onstraints: the modeland exemplary results for matroids. Advan
es in Applied Mathemati
s 22 (1999),155-185. 3


