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Traits classes for polynomial gcd computation over
algebraic extensions

Michael Hemmer Dominik Ḧulse

Abstract

Reported are experiences on generic implementations for polynomial gcd
computation over algebraic extensions within EXACUS. In particular we report
on preliminary benchmarks for gcd computation of univariate polynomials com-
paring the naive approach with preliminary implementations based on modular
arithmetic. The report includes specification of traits classes needed to deal with
algebraic coefficients. The presented traits classes are supposed to serve as a de-
sign study in order to extend the current framework in the algebraic foundations
package of CGAL.

1 Introduction

CGAL is targeting towards exact computation with non-linear objects, in particular
objects defined on algebraic curves and surfaces. As a consequence arithmetic on al-
gebraic extensions plays a more important role in related implementations. Within the
ACS project this is the case for the approaches targeting towards the arrangement of
quadrics [6, 1]. For the approach based on the exact parameterization of the appearing
intersection curves of quadrics, it turned out that thegcd computation for univariate
polynomials over algebraic extensions of degree 2 is currently the main bottleneck. For
these problems, methods based on modular arithmetic are known to be very efficient.
But to the best of our knowledge, there is no generic open source code available, that
supports a modular gcd for polynomials over algebraic extensions. From there, this
report is focused on a generic implementation of modular methods for univariate poly-
nomials over algebraic extensions of degree 2. However, the presented traits classes,
which have been designed to support the investigated modular algorithms, are meant
to support general algebraic extensions. Moreover, it should be straight forward to
extend the implementation to true multivariate modular gcd, once a generic univariate
implementation is established.

The report is structured as follows: Section 2 provides an overview of the in-
vestigated algorithms based on modular methods. Section 3 provides details on the
implementation and presents the introduced traits classes. In section 4 on benchmarks,
we compare the new implementation with the naive approach as it was implemented
in EXACUS so far. Section 5 will draw conclusions and will outline further work. The
documentation of the implemented traits classes is included in the appendix.
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2 The Modular Methods

We now recall the most fundamental modular methods of interest. Brown’s modular
GCD algorithm [2] solved the problem for polynomials inZ[x1, ...,xn]. Langemyr and
McCallum developed in [7] an algorithm to compute the gcdg(x) of two univariate
polynomials f1(x), f2(x) over an algebraic extension. A further improvement was
Encarnacion’s modular GCD algorithm in [3]. The main advantage over the modular
algorithm of Langemyr and McCallum is, that it uses the rational reconstruction de-
veloped by Wang in [12]. From there, Encarnacion’s algorithm is output sensitive, that
is, the number of primes needed depends on the size of the rational coefficients in the
outputg(x) and not on bounds based on the size of the inputsf1(x), f2(x). A second
advantage of using rational reconstruction is that it does not require a denominator
bound, that is, a multiple of the LCM of the denominators of the rational coefficients
appearing ing(x).

2.1 The Modular GCD Algorithm over the Integers

In this section we outline the modular GCD algorithm for univariate polynomials with
integer coefficients. For a more details study [2] section 4.3.

Let Z denote the domain of integers, andZp denote the field of integers modulo a
prime p. LetF ′

1 andF ′
2 be given nonzero polynomials inZ[x]. Algorithm M computes

their GCD G’, making essential use of the GCD Algorithm P1 for polynomials over
fields.

Algorithm M: 2

(1) Setc1 = cont(F ′
1), c2 = cont(F ′

2),c = gcd(c1,c2)
(2) SetF1 = F ′

1/c1, F2 = F ′
2/c2

(3) Set f1 = lc(F1), f2 = lc(F2), g = gcd( f1, f2).
(4) Set n = 0, e = min(deg(F1),deg(F2))
(5) Let p be a new odd prime not dividingf1 or f2
(6) Setg̃ = g mod p, F̃1 = F1 mod p, F̃2 = F2 mod p
(7) Invoke Algorithm P to computẽG = g̃· gcd(F̃1, F̃2), overZp[x]
(8) If deg(G̃) = 0, set G = 1, and skip to step (15).

If deg(G̃) > e, p is an unlucky prime, so go back to step (5).
If deg(G̃) < e, a former prime was unlucky, set n = 0, e = deg(G̃)

(9) Set n = n+1
(10) If n = 1, set the tuple(q,G∗) = (p,G̃) and go back to step (5).
(11) Use Chinese remainder to update the tuple(q,G∗).

(q,G∗) := chineseremainder((q,G∗),(p,G̃))
(12) If the coefficients ofG∗ have changed go back to step (5).
(13) If G∗ - g·F1 or G∗ - g·F2 go back to step (5)
(14) Set G = pp(G∗)
(15) Set G’ = cG, and return.

1For the univariate case algorithmP is available within EXACUS
2We use the following notation:cont(F): The (unit normal)gcdof the coefficients ofF . pp(F): The

primitive part ofF , i.e. F/cont(F). lc(F): The leading coefficient ofF . monic(F): The monic associate
to F , i.e. F/lc(F).
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2.2 Modular GCD Algorithms over Algebraic Extensions

In this section we want to discuss two modular gcd algorithms for univariate polyno-
mials over algebraic extensions. Since most algorithms in EXACUS are designed as
fraction free algorithms we aim for a fraction free algorithm.

Let D denote some algebraic extension ofZ, andL the quotient field ofD. Let F ′
1

andF ′
2 be given nonzero polynomials inD[x]. We are only interested in computing the

gcdof F ′
1 andF ′

2 up to a constant factor, since in generalD is not a Euclidean Ring.

2.2.1 Fraction Free Algorithm

The following algorithmF computes thegcd of two non zero polynomialsF ′
1 and

F ′
2 ∈ D[x] up to a constant factor, without introducing any fractions. It is motivated by

the method of Langemyr and McCallum presented in [7]. In principal, AlgorithmF
is just a variant of algorithmM. The most important differences are steps (1) to (3a).
First, the polynomialsF1 andF2 are multiplied by a normalization factor, such that the
leading coefficients are inZ. Step (2) removes superfluous scalar factors. The most
important step is (3a), in whichg is extended by the denominator bound ofD, as it is
given in [7, 3]. From there, it is guaranteed thatG̃ is associated to a fraction free repre-
sentative ofgcd(F1,F2) and that the Chinese remainder finally succeeds in computing
thegcd∈ D[x].

Algorithm F: 3

(1) SetF1 = normalization f actor(lc(F ′
1))∗F ′

1
SetF2 = normalization f actor(lc(F ′

2))∗F ′
2

(2) SetF1 = F1/scalar f actor(F1)
SetF2 = F2/scalar f actor(F2)

(3) Set f1 = lc(F1), f2 = lc(F2) // f1, f2 ∈ Z due to step (1)
Setg = gcd( f1, f2).

(3a) Setg = g∗denominatorf or algebraic integers(D).
(4) Setn = 0, e= min(deg(F1),deg(F2))
(5) Let p be a new odd prime not dividingf1 or f2
(6) Setg̃ = g mod p, F̃1 = F1 mod p, F̃2 = F2 mod p
(7) Invoke Algorithm P to computẽG = g̃· gcd(F̃1, F̃2), overDp[x]
(8) If deg(G̃) = 0, setG∗ = G = 1, and skip to step (14).

If deg(G̃) > e, p is an unlucky prime, so go back to step (5).
If deg(G̃) < e, a former prime was unlucky, setn = 0, e= deg(G̃)

(9) Setn = n+1
(10) If n = 1, set the tuple(q,G∗) = (p,G̃) and go back to step (5).
(11) Use Chinese remainder to update the tuple(q,G∗).

(q,G∗) := chineseremainder((q,G∗),(p,G̃))
(12) If the coefficients ofG∗ have changed go back to step (5).
(13) If G∗ - F1 or G∗ - F2 go back to step (5) //’ -’ denotes pseudo division
(14) returnG∗

3Forscalar f actor(F), normalization f actor(x) anddenominatorf or algebraic integer(D) we re-
fer to section 3.

3



In order to illustrate the role of the denominator bound within algorithmF, we
illustrate its behavior without step (3a) in the following example:
Let G = ((1+

√
5)x+2) be the common factor of

H1 = ((1+
√

5)x+2) · ((1−
√

5)x+4) = 4x2−2(3+
√

5)x−8∈ D[x],

H2 = ((1+
√

5)x+2) · ((1−
√

5)x+6) = 4x2−4(2+
√

5)x−12∈ D[x].

However, let the input of algorithmF be:

F ′
1 = H1/2 = 2x2− (3+

√
5)x−4∈ D[x]

F ′
2 = H2/4 = x2 +(3+

√
5)x−3∈ D[x]

Now note, that without step (3a),g is set togcd(lc(F1), lc(F2)) = 1. From there,G̃ is
associated to

monic(G) = x+1/2−
√

5/4∈ L[x]

and the algorithm will not terminate since the Chinese remainder is able to reconstruct
polynomials inD[x] only.

The multiplicative denominator bound depends on the concrete algebraic exten-
sion thatD represents. For more details we refer to [11, 10, 8]. However, in case of
algebraic extensions of degree 2 this is just 4 times the discriminant of the minimal
polynomial, which in this example is: 4·5 = 20.

2.2.2 Algorithm using Wang’s Rational Reconstruction

As algorithmF, the following algorithmW computes thegcdof two non zero polyno-
mialsF ′

1 andF ′
2 ∈ D[x] up to a constant factor.

Since algorithmF uses Wang’s rational reconstruction algorithm, lets recall the func-
tionality of this algorithm. For given integersm, u it tries to reconstructn, d ∈ Z s.t.
gcd(n,d) = 1 andn/d≡ u mod m. However, we can rely on, if m is sufficiently large,
the algorithm works with high probability. For more information see [12].
Algorithm W modifiesF by skipping step (3a) of algorithmF. Thus, it is not guar-
anteed that the Chinese remainder will finally succeed in recovering thegcd, sinceG̃
may be associated to a polynomial containing fractions. However, due to the fact that
G̃ is yet obtained by ˜g · gcd(F̃1, F̃2) in step (7), it is still likely thatG̃ is associated
to a polynomial inD[x]. From there, the use of Wang’s algorithm in step (13) can be
seen as a fall back, for the unlikely case that the multiplicative denominator bound was
really needed.

Algorithm W:

(1) SetF1 = normalization f actor(lc(F ′
1))∗F ′

1
SetF2 = normalization f actor(lc(F ′

2))∗F ′
2

(2) SetF1 = F1/scalar f actor(F1)
SetF2 = F2/scalar f actor(F2)

(3) Set f1 = lc(F1), f2 = lc(F2) // f1, f2 ∈ Z due to step (1)
Setg = gcd( f1, f2).
// weskip step (3a)of algorithmF
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(4) Setn = 0, e= min(deg(F1),deg(F2))
(5) Let p be a new odd prime not dividingf1, f2 anddenominatorf or algebraic integers(D)
(6) Setg̃ = g mod p, F̃1 = F1 mod p, F̃2 = F2 mod p
(7) Invoke Algorithm P to computẽG = g̃· gcd(F̃1, F̃2), all in Dp[x]
(8) If deg(G̃) = 0, setG = 1, and skip to step (14).

If deg(G̃) > e, p is an unlucky prime, so go back to step (5).
If deg(G̃) < e, a former prime was unlucky, setn = 0, e= deg(G̃)

(9) Setn = n+1
(10) If n = 1, set the tuple(q,G∗) = (p,G̃) and go back to step (5).
(11) Use Chinese remainder to update the tuple(q,G∗).

(q,G∗) := chineseremainder((q,G∗),(p,G̃))
(12) If the coefficients ofG∗ have not changed and

if G∗ | F1 andG∗ | F2 returnG∗ // ’ -’ denotes pseudo division
(13) Try Wang’s rational reconstruction to obtainG′∗ := wang(G∗).

If Wang’s algorithm fails go back to step(5).
(14) If G′∗ - F1 or G′∗ - F2 go back to step (5). //’ -’ denotes pseudo division
(15) returnG′∗

3 Implementation

All algorithms have been implemented within EXACUS. However, due to the integra-
tion of the most fundamental parts of EXACUS into CGAL, i.e. the Algebraic Foun-
dations package [5] and the package on Modular Arithmetic [4], an integration into
CGAL should be straight forward.

We introduced several traits classes to provide the functionality needed by the algo-
rithms presented in section 2. A detailed documentation of the traits classes is provided
in the appendix of this report.

Scalar Factor Traits

The traits class,Scalar factor traits, is of general interest, since a recurring prob-
lem in handling compound types, as polynomial, homogeneous vectors or matrices, is
how to remove superfluous factors even though the coefficient type does not provide a
gcd. From there, the scalar factor is in general not the gcd over the coefficients, instead
thegcdof the scalar factors of all coefficients is returned.
This is in particular useful for types representing algebraic extensions ofZ, e.g. the
scalar factor of a one-root-numbera+b

√
c, with a,b,c∈ Z, is gcd(a,b).

Chinese Remainder Traits

The traits class,Chinese remainder traits, provides access to the Chinese re-
mainder algorithm. The traits class is designed such that it is applicable to compound
types that can be decomposed into scalar coefficients in the sense of the
Scalar factor traits, i.e. the actual algorithm is applied to each scalar coefficient.
For example, a Chinese remainder for a polynomial calls Chinese remainder for each
coefficient and returns the resulting polynomial.
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Wang Traits

The traits class,Wang traits, provides access to Wang’s algorithm. The design
of the traits class is symmetric to theChinese remainder traits and is appli-
cable to all types that are decomposable into scalar coefficients in the sense of the
Scalar factor traits.

Algebraic Extension Traits

The traits class,Algebraic extension traits, provides the the functionality re-
lated to algebraic extensions:

• normalization f actor(x)
For a givenx∈ D compute a factora such thatx ·a∈ Z.
This is used in algorithmF andW to modify the input polynomials such that
their leading coefficients are inZ.

• denominatorf or algebraic integers
This function computes the multiplicative denominator bound as discussed in 2.

4 Benchmarks

To analyse the impact of coefficient bit-size, we generated two families of instances of
univariate random polynomials with growing bit-size for integer coefficients (INTB)
and algebraic extensions of degree 2 (EXTB). Each instance contains 50 pairs of
random polynomials of degree 8. Each pair is composed of three factors, a GCD of
degree 1 and the two co-factors of degree 7. The polynomials are randomized in the
sense, that each coefficient has been diced, such that their integer parts have the desired
bit-size.

Since the degree of the contained GCD has an impact on the length of the polyno-
mial remainder sequence and thus on the runtime of the algorithms, we generated two
more families of instances of growing degree of the GCD. One family for integer coef-
ficients (INT D) and a second with algebraic extensions of degree 2 (EXTD). Again,
each instance contains 50 randomized polynomial pairs with exact degree 8. Each pair
is composed of three factors. The GCD with the desired degree and the two co-factors.
Each factor is randomized in the sense, that each coefficient has been diced, such that
their integer parts have exactly 1000 bits.

The benchmarks were measured on a Pentium(R) M processor 1.7 GHz with 512
KB cache under Linux and the GNU C++ compiler v3.4.6 with optimizations (-O3)
and disabled assertions (-DNDEBUG).

Figure 1 shows, that the algorithmM performs far better then the old, non-modular
implementation. The same picture can be found in figure 2 for the algorithmsF and
W. Moreover, it shows that the original version of algorithmW, as presented in sec-
tion 2, is slower than algorithmF. This is because the original version ofW invokes
Wang’s algorithm within each loop. But since Wang’s algorithm is only a fall back,
we modified algorithmW such that Wang’s algorithm is invoked for every twentieth
prime only. Figure 2 shows, that this modified version performs better than algorithm
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F. This is due to the fact that the extension ofg, step (3a), by the multiplicative denom-
inator bound is in fact not needed for the random instances. From there algorithmF is
slower than the modified algorithmW, since it needs more primes due to the overhead
in the coefficient length.

 0

 0.5

 1

 1.5

 2

 2.5

 1  2  3  4  5  6  7

tim
e 

[s
ec

]

 GCD degree 

naive algorithm
algorithm M

 0

 5

 10

 15

 20

 25

 30

 35

 40

 1  2  3  4  5  6  7

tim
e 

[s
ec

]

 GCD degree 

naive algorithm
algorithm F

algorithm W
modified algorithm W

Figure 3: To the left, algorithmM compared to the old implementation on family (INTD). To the
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Figure 3 shows, that the performance of the modular methods is almost indepen-
dent from the degree of the final GCD. This is caused by the fact, that most of the
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time is spent within the extended Euclidean algorithm of the Chinese remainder. But
since, within each round, we cash the result of the extended Euclidean algorithm, this
is almost independent from the number of coefficients. On the other hand we see, that
due to the decreasing length of the polynomial remainder sequence, the old method
finally performs better than the modular methods.

5 Conclusions and Further Work

We see the current implementation for algebraic extensions of degree 2, as a proof of
concept for the presented traits classes. We propose to integrate the presented traits
classes into the current framework of the ALGEBRAIC FOUNDATIONS package [5] in
CGAL. However, there are some redundancies in the design, e.g. the traits classes
related to scalar factor, Chinese remainder and Wang’s algorithm could be combined
into one traits class related to scalar coefficients.

Moreover, it is obvious that we should aim for a true modular multivariate gcd, as
it is presented in [2]. This requires a modification of algorithmP. But this is supposed
to be independent from the coefficient type, since this is a multivariategcd over some
field, e.g.Zp or Dp.

We also expect some improves for algorithmW, since the current implementation
of Wang’s algorithm does not take advantage of the known multiplicative denominator
bound, as it is indicated in [9]. Moreover we should explore other methods for rational
reconstruction as presented in [9].

The result in the benchmarks show, that the modular methods perform far better
than the old non-modular implementation within EXACUS. From there, we expect that
these results will have a great positive impact on other approaches within the ACS

projects, i.e. those targeting towards the arrangement of quadrics [6, 1].
We propose to integrate algorithmM andW into CGAL, where algorithmM is

used for integer coefficients and algorithmW for algebraic extensions.
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Appendix
Reference Manual

Note that the presented traits classes are documented for CGAL.

0.1 Classified Reference Pages

Scalar Factor Traits

ScalarFactorTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page3
ScalarFactorTraits::ScalarFactor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page4
ScalarFactorTraits::ScalarDivision . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page5
CGAL::Scalar factor traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page6

Algebraic Extension Traits

AlgebraicExtensionTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page7
AlgebraicExtensionTraits::NormalizationFactor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page8
AlgebraicExtensionTraits::DenominatorForAlgebraicIntegers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page9
CGAL::Algebraicextensiontraits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page10

Chinese Remainder Traits

ChineseRemainderTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page14
ChineseRemainderTraits::ChineseRemainder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page15
CGAL::Chineseremaindertraits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page16

Wang Traits

WangTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page11
WangTraits::Wang . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page12
CGAL::Wangtraits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page13
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0.2 Alphabetical List of Reference Pages

AlgebraicExtensionTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page7
AlgebraicExtensionTraits::DenominatorForAlgebraicIntegers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page9
AlgebraicExtensionTraits::NormalizationFactor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page8
Algebraic extensiontraits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page10
ChineseRemainderTraits::ChineseRemainder. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page15
ChineseRemainderTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page14
Chineseremaindertraits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page16
ScalarFactorTraits::ScalarDivision. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page5
ScalarFactorTraits::ScalarFactor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page4
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ScalarFactorTraits

Definition

A model ofScalarFactorTraitsis associated to an algebraic structure,Type.
The traits associates this type to aScalar, which is a model ofEuclideanRing.

Types

A model ofScalarFactorTraitsis supposed to provide:

ScalarFactorTraits:: Type The associated algebraic structure.
ScalarFactorTraits:: Scalar The associated scalar type.

Functors

ScalarFactorTraits:: Scalarfactor A model ofScalarFactorTraits::ScalarFactor
ScalarFactorTraits:: Scalardivision A model ofScalarFactorTraits::ScalarDivision

Has Models

CGAL::Scalar factor traits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page6
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ScalarFactorTraits::ScalarFactor

Definition

AdaptableUnaryFunctioncomputes the scalar factor, that is contained in the argument.

Refines

AdaptableUnaryFunction

Types

ScalarFactorTraits::ScalarFactor:: resulttype

Is ScalarFactorTraits::Scalar.

ScalarFactorTraits::ScalarFactor:: argumenttype

Is ScalarFactorTraits::Type.

Operations

result type scalarfactor( argumenttype x)

Computes the scalar factor contained within x.

See Also

ScalarFactorTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page3
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ScalarFactorTraits::ScalarDivision

Definition

ThisAdaptableBinaryFunctionprovides integral division by a scalar factor.

Refines

AdaptableUnaryFunction

Types

ScalarFactorTraits::ScalarDivision:: resulttype

Is ScalarFactorTraits::Type.

ScalarFactorTraits::ScalarDivision:: firstargumenttype

Is ScalarFactorTraits::Type.

ScalarFactorTraits::ScalarDivision:: secondargumenttype

Is ScalarFactorTraits::Scalar.

Operations

result type scalardivision( first argumenttype x, secondargumenttype s)

returnsx/s.
Precondition: s is a scalar factor ofx.

See Also

ScalarFactorTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page3
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CGAL::Scalar factor traits<T>

Definition

An instance ofScalar factor traits<T> is a model ofScalarFactorTraits, where T is the associated type.

#include<CGAL/Scalarfactor traits.h>

Is Model for the Concepts

ScalarFactorTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page3
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AlgebraicExtensionTraits

Definition

A model ofAlgebraicExtensionTraitsis associated to an algebraic structure,Type.
The traits indicates whether the associated type represents an algebraic extension and provides related function-
ality.

Types

A model ofAlgebraicExtensionTraitsis supposed to provide:

AlgebraicExtensionTraits:: Type The associated algebraic structure.
AlgebraicExtensionTraits:: Isalgebraic extension

Boolean tag indicating whether the type is an algebraic ex-
tension.
This is eitherCGAL::Tag trueor CGAL::Tag false.

Functors

AlgebraicExtensionTraits:: Normalizationfactor

A model of AlgebraicExtension-
Traits::NormalizationFactor.

AlgebraicExtensionTraits:: Denominatorfor algebraic integers

A model of AlgebraicExtension-
Traits::DenominatorForAlgebraicIntegers.

Has Models

CGAL::Algebraicextensiontraits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page10
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AlgebraicExtensionTraits::NormalizationFactor

Definition

For a givenx∈ R(α) thisAdaptableUnaryFunctioncomputes a factora, such that fora·x∈ R.

Refines

AdaptableUnaryFunction

Types

AlgebraicExtensionTraits::NormalizationFactor:: resulttype

Is AlgebraicExtensionTraits::Type.

AlgebraicExtensionTraits::NormalizationFactor:: argumenttype

Is AlgebraicExtensionTraits::Type.

Operations

result type normalizationfactor( argumenttype x)

Computes normalization factor of x.

See Also

AlgebraicExtensionTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page7
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AlgebraicExtensionTraits::DenominatorForAlgebraicIntegers

Definition

AdaptableUnaryFunction, computing a multiplicative bound for the denominator of rational numbers appearing
in the representation of thegcdof two polynomials, even though the coefficients of the polynomials are algebraic
integers.

Since the algebraic extension generated by one coefficient may be only a proper subset of the algebraic extension
generated by all coefficients the functor provides a second operator taking an iterator range of coefficients.

Refines

AdaptableUnaryFunction

Types

AlgebraicExtensionTraits::DenominatorForAlgebraicIntegers:: resulttype

Is AlgebraicExtensionTraits::Type.

AlgebraicExtensionTraits::DenominatorForAlgebraicIntegers:: argumenttype

Is AlgebraicExtensionTraits::Type.

Operations

result type fo( argumenttype x)

Computes the denominator for the algebraic extension generated byx.

template< class InputIterator>
result type fo( InputIterator begin, InputIterator end)

Computes the bound for the algebraic extension generated by all coefficients
within the iterator range.
Precondition: The value type of InputIterator isAlgebraicExtensionTraits::Type

See Also

AlgebraicExtensionTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page7
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CGAL::Algebraic extension traits<T>

Definition

An instance ofAlgebraic extensiontraits<T> is a model ofAlgebraicExtensionTraits, where T is the associated
type.

#include<CGAL/Algebraicextensiontraits.h>

Is Model for the Concepts

AlgebraicExtensionTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page7
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WangTraits

Definition

A model of WangTraitsis associated to an algebraic structure,Type. It provides rational reconstruction
according to Wang’s algorithm for the associated type.

Note that the provided functionality is a generalized version of Wang’s algorithm, i.e., the associated type is not
required to be aEuclideanRing. Instead the algorithm is applied to the inner scalar coefficients of the type1.

Types

A model ofWangTraitsis supposed to provide:

WangTraits:: Type The associated algebraic structure.
WangTraits:: Scalar The scalar type, used to represent the denominator.

This is a model ofEuclideanRing.

Functors

WangTraits:: Wang A model ofWangTraits::Wang.

Has Models

CGAL::Wangtraits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page13

1Note that this is related toScalarFactorTraits, i.e., the provided scalar types are the same.
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WangTraits::Wang

Definition

AdaptableFunctorcomputing rational reconstruction according to Wang’s algorithm.

For given pair(u,m) ∈ R, whereR is anEuclideanRing, Wang’s algorithm tries to compute(n,d) such that
u = n/d mod m. Note that the functor provides a generalized in the sense thatWangTraits::Typeis not required
to be a model ofEuclideanRing. Instead the algorithm is applied to the inner scalar coefficients of the type.

Refines

AdaptableFunctor

Types

WangTraits::Wang:: resulttype Is bool.

Operations

result type wang.operator()( WangTraits::Type u,
WangTraits::Scalar m,
WangTraits::Type& n,
WangTraits::Scalar& d)

For a givenu andm, the function tries to compute numeratorn and denominator
d via Wang’s algorithm. It returnstrue in case the algorithm was successful.
Note: n andd are undefined in case the algorithm fails.

See Also

WangTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page11
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CGAL::Wang traits<T>

Definition

An instance ofWangtraits<T> is a model ofWangTraits, where T is the associated type.

#include<CGAL/Wangtraits.h>

Is Model for the Concepts

WangTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page11
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Definition

A model ofChineseRemainderTraitsis associated to an algebraic structure,Type. The traits provides access to
the Chinese remainder algorithm for the associated type.

Note that the provided Chinese remainder is a generalized version, i.e., the associated type is not required to be
aEuclideanRing. Instead the Chinese remainder is applied to the inner scalar coefficients2.

Types

A model ofChineseRemainderTraitsis supposed to provide:

ChineseRemainderTraits:: Type The associated algebraic structure.
ChineseRemainderTraits:: Scalar The scalar type, the actual Chinese remainder is applied to.

Functors

ChineseRemainderTraits:: Chineseremainder A model ofChineseRemainderTraits::ChineseRemainder.

Has Models

CGAL::Chineseremaindertraits<T> . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page16

2Note that this is related toScalarFactorTraits, i.e., the provided scalar types are the same.
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ChineseRemainderTraits::ChineseRemainder

Definition

AdaptableFunctioncomputing the Chinese remainder.

Note that the provided Chinese remainder is a generalized version, i.e., the associated type is not required to be
aEuclideanRing. Instead the Chinese remainder is applied to the inner scalar coefficients3.

Refines

AdaptableUnaryFunction

Types

typedef void resulttype;

Operations

result type fo( argumenttype x)

For given pairs(u1,m1) and(u2,m2), this function computes the the pair(u,m)
such that.
m= m1∗m2
u = u1 mod m1
u = u2 mod m2

Precondition: gcd(m1,m2) = 1

See Also

ChineseRemainderTraits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .page14

3Note that this is related toScalarFactorTraits, i.e., the provided scalar types are the same.
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CGAL::Chinese remainder traits<T>

Definition

An instance ofChineseremaindertraits<T> is a model ofChineseRemainderTraits, where T is the associated
type.

#include<CGAL/Chineseremaindertraits.h>

Is Model for the Concepts

ChineseRemainderTraits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . page14
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