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1 IntroductionThe �rst class of problems we consider is that of �nding the minimum set of relations that mustbe removed from a given linear system to make it feasible. The basic versions, referred to asMinULR for minimum Unsatis�ed Linear Relations, are de�ned as follows.Min ULRR with R 2 f=;�; >; 6=g: Given a linear system AxRb with rationalcoe�cients and with a p� n matrix A, �nd a solution x 2 Rn which violates as fewrelations as possible while satisfying all the others.Many variants of these combinatorial problems arise in various �elds such as operations re-search [35, 31, 30], pattern recognition [59, 21, 43] and machine learning [1, 34, 46]. It is wellknown that feasible linear systems with equations or inequalities can be solved in polynomialtime using an adequate linear programming method [39]. But for infeasible systems, least meansquared methods, which are suited to linear regression, are not appropriate when the objectiveis to minimize the number of unsatis�ed relations.A number of algorithms have been proposed for tackling various versions of Min ULR. Theweighted variants, in which a weight is associated with each equation and the goal is to minimizethe total weight of the unsatis�ed relations, are often considered. Johnson and Preparata showedthat the special cases of Min ULR> and Min ULR� with homogeneous systems are NP-hardand devised a complete enumeration method which is also applicable to the weighted and mixedvariants [35]. Greer developed a tree algorithm for optimizing functions of systems of linearrelations that is more e�cient than complete enumeration but still exponential in the worstcase [31]. This general procedure can be used to solve Min ULR with any of the four types ofrelations.During the last decade many mathematical programming formulations have been studied todesign linear discriminant classi�ers (see [43, 13] as well as the included references). When thegoal is to determine optimal linear classi�ers which misclassify the least number of points in thetraining set, the problem amounts to a special case ofMin ULR> andMin ULR�. Increasinglysophisticated models have been proposed in order to try to avoid unacceptable or trivial solutions(see [13]).The same type of problem has also attracted a considerable interest in machine learning(arti�cial neural networks) because it arises when training perceptrons, in particular when mini-mizing their number of errors. While some heuristic algorithms were devised in [26, 25, 4], Amaldishowed that solving these problems to optimality is NP-hard even when restricted to perceptronswith bipolar inputs �1 or 1 [1]. In [34] minimizing the number of misclassi�cations was provedat least as hard to approximate as the hitting set problem (see [27]).In recent years a growing attention has been paid to infeasible linear programs [30]. Whenformulating or modifying very large and complex models, it is hard to prevent errors and toguarantee feasibility. Infeasible programs with thousands of constraints frequently occur andcannot be repaired by simple inspection. With the new software and hardware advances, dealingwith infeasible programs is becoming a major bottleneck in linear programming. Several methodshave been proposed in order to try to locate the source of infeasibility. While the �rst ones lookedfor minimal infeasible subsystems [28, 15], the later ones aim at removing as few constraints aspossible to achieve feasibility [29, 53, 51, 50, 14]. In fact, the more practical approach in whichthe modeler is allowed to weight the constraints according to their importance and 
exibilityleads to weighted versions of Min ULR [51, 50].The second class of combinatorial problems we consider pertains to feasible linear systems.The goal is then to minimize the number of Relevant Variables in the Linear System.2



Min RVLSR with R 2 f=;�; >; 6=g: Given a feasible system of linear relationsAxRb with rational coe�cients, �nd a solution satisfying all relations with as fewnonzero variables as possible.Min RVLS= is known to be NP-hard and was referred to as minimum weight solution to linearequations in [27], but nothing is known about its approximability properties.A special case of Min RVLS> and Min RVLS� is of particular interest in discriminantanalysis and machine learning. The problem occurs when, given a linearly separable set ofpositive and negative examples, one wants to minimize the number of attributes that are requiredto correctly classify all given examples [42, 57]. This objective, which is related to the conceptof parsimony, is crucial because the number of nonzero parameters of a classi�er has a strongimpact on its performance on unknown data [7, 41]. In [42] a genetic search strategy has beenproposed for designing optimal linear classi�ers with as few nonzero parameters as possible. Thetwofold goal of this heuristic technique is to look among the linear classi�ers with a minimumnumber of misclassi�cations for one which uses a smallest subset of attributes. The problem ofidentifying a subset of most relevant attributes is well known in the statistical literature and isreferred to as variable selection [47].Since the late 80's there have been new substantial progresses in the study of the approx-imability of NP-hard optimization problems. Various classes have been de�ned and di�erentreductions preserving approximability have been used to compare the approximability of opti-mization problems (see [36]). Moreover, the striking results which have been obtained in the areaof interactive proofs triggered new advances in computational complexity theory. Strong boundswere derived on the approximability of several famous problems like maximum independent set,minimum graph coloring and minimum set cover [10, 45, 12, 11]. These results have also im-portant consequences on the approximability of other optimization problems. For a list of thecurrently best approximability upper and lower bounds for NP optimization problems, see [17].In [6] we performed a thorough study of the approximability of the complementary problemsof Min ULR, named Max FLS, where one looks for minimum Feasible subsystems of LinearSystems. In particular, we showed that the basic versions with =, � or > relations are NP-hard even for homogeneous systems with bipolar coe�cients. While Max FLS with equationscannot be approximated within p" for some " > 0 where p is the number of relations, the variantswith strict or nonstrict inequalities can be approximated within 2 but not within every constantfactor. Given the intractability of the basic versions ofMin ULR, we are interested in polynomialtime algorithms that are guaranteed to provide near-optimal solutions. Such approximationalgorithms are of great practical value because optimal solutions are rarely required. Althoughcomplementary pairs of problems such as Min ULR and Max FLS are equivalent to solveoptimally, their approximability properties can di�er enormously. This is, for instance, the casefor the minimum node cover and the maximum independent set problems [27].By delving into the interactive proof connection, Arora, Babai, Stern and Sweedyk establishedthat Min ULR= cannot be approximated within any constant, unless P=NP, and within afactor of 2log1�" n for any " > 0 unless NP � DTIME(npolylog n) [8] (see also [9]). Moreover,they noted that this non-approximability result also holds for systems of inequalities and theysuggested a way of extending it to the special case which occurs when minimizing the number ofmisclassi�cations of a perceptron.In [57, 58] the variant ofMin RVLS with inequalities which arises in discriminant analysis andmachine learning was proved to be at least as hard to approximate as the minimum dominating setproblem. Furthermore, it was shown that an approximation algorithm minimizing the numberof nonzero parameters within a factor of O(log p), where p is the number of examples, would3



require far fewer examples to achieve a given level of accuracy than any algorithm which doesnot minimize this quantity. Finally, it was left as an open question whether this number couldbe approximated within a factor of O(log p) [57].This paper is organized as follows. Section 2 brie
y mentions the facts about the approxi-mation of minimization problems used in the sequel. In Section 3 we study the approximabilityof Min RVLS and show that our bounds for Min RVLS= directly imply those established byArora et al. for Min ULR. In Section 4 we recall the known results about the complexity ofsolving the basic versions ofMin ULR and determine alternative lower and upper bounds on theapproximability of the inequality cases. We also discuss two important variants: the weightedones where a di�erent importance may be assigned to each relation as well as the constrainedones where some relations are mandatory while others are optional. Section 5 is devoted toMinRVLS and Min ULR versions where the variables are restricted to take a �nite number of dis-crete values. In Section 6 we focus on two interesting special cases ofMin RVLS and Min ULRwith inequalities arising in discriminant analysis and machine learning. In particular, we showthat no polynomial time algorithm is guaranteed to minimize the number of nonzero parame-ters of a linear classi�er (perceptron) within a logarithmic factor, hereby disproving a conjecturein [57]. The various results are summarized in Section 7. Finally, the relationship between MinULR with real and binary variables is pointed out in the Appendix.An earlier version of this paper appeared as a technical report [5].2 Approximability of minimization problemsAn NP optimization (NPO) problem over an alphabet � is a four-tuple � = (I�; S�; f�; opt�)where I� � �� is the set of instances, S�(I) � �� is the set of feasible solutions for instanceI 2 I�, f� : I� � �� ! N, the objective function, is a polynomial time computable function andopt� 2 fmax;ming tells if � is a maximization or a minimization problem. See [19] for a formalde�nition.For any instance I and for any feasible solution x 2 S�(I) of a minimization problem, theperformance ratio of x with respect to the optimum is denoted by R�(I; x) = f�(I; x)=opt�(I).A problem � can be approximated within p(n), for a function p : Z+ ! R+, if there exists apolynomial time algorithm A such that for every n 2 Z+ and for all instances I 2 I� withjI j = n we have that A(I) 2 S�(I) and R�(I;A(I))� p(n).Although various reductions preserving approximability within constants have been proposed(see [36]), we will use the S-reduction which is suited to relate problems that cannot be approxi-mated within any constant.De�nition 1 [37] Given two NPO problems � and �0, an S-reduction with size ampli�cationa(n) from � to �0 is a four-tuple t = (t1; t2; a(n); c) such thati) t1, t2 are polynomial time computable functions, a(n) is a monotonously increasing positivefunction and c is a positive constant.ii) t1 : I� ! I�0 and 8I 2 I� and 8x 2 S�0(t1(I)), t2(I; x) 2 S�(I).iii) 8I 2 I� and 8x 2 S�0(t1(I)), R�(I; t2(I; x))� c �R�0(t1(I); x).iv) 8I 2 I�; jt1(I)j � a(jI j). 4



The composition of S-reductions is an S-reduction. If � S-reduces to �0 with size ampli�cationa(n) and �0 can be approximated within some monotonously increasing function u(n) in the sizeof the input instance, then � can be approximated within c � u(a(n)). For constant and poly-logarithmic approximable problems the S-reduction preserves approximability within a constantfor any polynomial size ampli�cation. For nc approximable problems the S-reduction preservesapproximability within a constant just for linear size ampli�cation.An NPO problem � is polynomially bounded if there is a polynomial p such that8I 2 I� 8x 2 S�(I); f�(I; x) � p(jI j):The class of all polynomially bounded NPO problems is called NPO PB. Clearly, Min RVLSand Min ULR are in NPO PB since their objective functions are bounded by the total numberof variables and, respectively, the total number of relations.The range of approximability of NP-hard optimization problems stretches from problemswhich can be approximated within every constant in polynomial time, i.e. that have a polynomialtime approximation scheme like the knapsack problem, to problems that cannot be approximatedwithin n1�" for every " > 0, where n is the size of the input instance, unless P=NP.In [45] Lund and Yannakakis established, using results from interactive proofs, a lower boundon the approximability of Min Set Covering and of several other problems, such as MinDominating Set, that are equivalent from the approximation point of view. In [12] Bellareet al. improved this result by showing, among others, that Min Set Covering cannot beapproximated within any constant factor unless P=NP. A stronger lower bound obtained undera stronger assumption was further improved by Feige [24] who recently showed that approximatingMin Set Covering within (1 � ") lnn, for any " > 0, would imply NP � DTIME(nlog logn),where n is the number of elements in the ground set. Since DTIME(T (n)) denotes the classof problems which can be solved in time T (n), the above inclusion is widely believed to beunlikely. If there is an approximation preserving reduction from Min Dominating Set to anNPO problem � we say that � is Min Dominating Set-hard, which means that it is at leastas hard to approximate as the minimum dominating set problem.If we require the dominating set in Min Dominating Set to be independent, we get theminimum independent dominating set problem or Min Ind Dom Set. Halld�orsson establishedin [32] that Min Ind Dom Set is very hard to approximate. Assuming P6=NP, this problemcannot be approximated within a factor of n1�" for any " > 0, where n is the number of nodes inthe graph. Inspection of Halld�orsson's proof shows that the result is still valid if n is the inputsize, i.e., the sum of the number of nodes and edges in the graph. Furthermore, Kann provedthatMin Ind Dom Set is complete for NPO PB in the sense that every polynomially boundedNPO problem can be reduced to it using an approximation preserving reduction [37, 18].The purpose of this paper is to investigate the approximability properties of the di�erentvariants of Min RVLS and Min ULR.3 Approximability of Min RVLSIn this section we investigate the approximability of the basic Min RVLSR variants with R 2f=;�; >; 6=g and discuss their relationship with that of the corresponding Min ULRR variants.Proposition 1 Min RVLS= cannot be approximated within any constant factor unless P=NP.Proof By reduction from a variant of Min Set Covering with disjoint sets. In Min SetCovering, given a collection C = fC1; : : : ; Cng of subsets of a �nite set S, one seeks a sub-5



collection C 0 = fCj1 ; : : : ; Cjmg � C of minimum cardinality such that [mi=1Cji = S with m � n.Any such C 0 is a cover of S. If all the sets in C 0 are pairwise disjoint, it is an exact cover.The proof is based on the following result by Bellare et al. on exact covers [12]. For everyc > 1, there exists a polynomial time reduction that transforms any instance � of the satis�abilityproblem Sat (see [27]) into an instance of Min Set Covering with a positive integer K suchthat� if � is satis�able there exists an exact cover C 0 of size K,� if � is unsatis�able no set cover has size less than bc �Kc.By construction, the size of the ground set S and the number of subsets are polynomially related.For any such instance (S; C) of Min Set Covering, we can construct a system with nvariables and jSj equations Ax = 1; (1)where aij = 1 if the ith element of S belongs to Cj and 0 otherwise. 1 denotes the jSj-dimensionalvector with all 1 components. Clearly, the nonzero variables in any solution x of the above systemde�ne a set cover. Conversely, given any exact cover C 0 of cardinality K, the vector x given byxj = ( 1 if Cj 2 C 00 otherwisesatis�es all equations and has K nonzero variables. Thus the minimum number of nonzerovariables in a solution of Ax = 1 is either K or at least bc �Kc.Note that while there is a one{to{one correspondence between the exact covers and thesolutions of (1) with 0�1 components, minimum cardinality covers do not necessarily correspondto a solution. For example, in the set covering instance associated with0B@ 1 0 11 1 00 1 1 1CAx = 0B@ 111 1CAall subcollections of cardinality 2 are minimum (nonexact) covers but the system has the uniquesolution (1=2; 1=2; 1=2) with three nonzero variables. For infeasible systems like0B@ 1 11 00 1 1CAx = 0B@ 111 1CA ;the minimum number of nonzero variables can be considered as larger than n. 2This result can be considerably strengthened.Theorem 2 Assuming NP 6� DTIME(npolylog n), Min RVLSR with R 2 f=;�; >; 6=g is notapproximable within a factor of 2log1�" n, for any " > 0, where n is the number of variables.Proof For Min RVLS= we proceed by self-improvement as in [9]. The idea is to considerthe reduction in Proposition 1 from Min Set Covering to Min RVLS= with a �xed constantgap c > 1 between the satis�able and unsatis�able cases and to increase it recursively. For6



any particular Min Set Covering instance, we start with the corresponding system (1) whosecoe�cients are 0 or 1 and we construct the squared systemA0x = 10 (2)obtained by replacing each 1 coe�cient of A by the whole matrix A and each 0 coe�cient by thep�n matrix with all 0. Thus A0 is a matrix of size p2�n2 and 10 is a vector with p2 componentsall equal to 1. Clearly, if the corresponding instance � of Sat is satis�able there is a solution xof (2) with K2 variables equal to 1 and all the other to 0. On the contrary, if � is unsatis�ableany solution x that satis�es all equations of (2) has at least bc2K2c nonzero variables.By applying this construction t times recursively, we obtain a system with p2t equationsand n2t variables. Let t = log(log� n), where n is the number of variables in the Min RVLS=instance corresponding to the considered Sat instance � and � is a positive real number. Theconstruction requires O(npolylog n) time because the system has p0 = plog� n equations and n0 =nlog� n = 2log�+1 n variables. Since logn0 = log�+1 n, an initial gap c = 2 implies a total gap ofc2t = clog� n = 2log�=(�+1)n0 .The theorem follows by contradiction. Suppose there exists a polynomial time algorithmthat approximates Min RVLS= instances with n variables within a factor of 2log1�" n for any" > 1=(� + 1). By applying it to the resulting instance of Min RVLS=, one could decide inO(npolylog n) time whether any given instance � of Sat is satis�able. But this would implyNP � DTIME(npolylog n).The same bound is also valid for systems with strict and nonstrict inequalities because eachequation in (1) can be replaced by an appropriate pair of inequalities.For Min RVLS 6= we proceed by cost preserving reduction from Min Dominating Set [27].Given an undirected graph G = (V;E), one seeks a minimum cardinality set V 0 � V thatdominates all nodes of G, i.e. for all v 2 V n V 0 there exists v0 2 V 0 such that [v; v0] 2 E.Let G = (V;E) be an arbitrary instance of Min Dominating Set. For each node vi 2 V ,1 � i � n, we consider the relation xi + Xj2N(vi)xj 6= 0 (3)where j is included in N(vi) if and only if vj is adjacent to vi. Thus we have a system with nrelations and n variables.It is easily veri�ed that there exists a dominating set in G of size at most s if and only ifthe corresponding system (3) has a solution x with at most s nonzero components. Given adominating set V 0 � V of size s, the vector x de�ned byxi = ( 1 if vi 2 V 00 otherwiseis, of course, a solution of the corresponding system with at most s nonzero components. Con-versely, given any solution x with at most s nonzero components, the set of nodes associated withthe nonzero components of x is clearly a dominating set of size s. Therefore, we get a systemAx 6= 0 that can be self-improved as the above Min RVLS= systems. 2As we shall see in Section 6, these non-approximability bounds also hold for an important specialcase of Min RVLS with inequalities that arises in discriminant analysis and machine learning.7



In homogeneousMin RVLSR with R 2 f=;�g, we are obviously not interested in the trivialsolution with all zero variables. The above reduction from Min Set Covering can be easilyextended to the case of homogeneous systems by just multiplying all right hand sides (equal to1) by a new variable x0. Clearly, x0 must be nonzero otherwise the trivial solution would beoptimal.In spite of the fact that Min RVLS and Min ULR deal with di�erent types of systems (fea-sible versus infeasible), they turn out to be closely related in terms of approximation properties.Proposition 3 Min ULRR with R 2 f=;�; >g is at least as hard to approximate as MinRVLSR with the same type of relations.Proof For any instance ofMin RVLS=, one can construct an equivalent instance ofMin ULR=by considering, for each variable xi with 1 � i � n, the equation xi = 0 and by eliminatingvariables in this system using the set of equations in the Min RVLS= instance.Since each equation xi = 0 can be replaced by the two complementary inequalities xi � 0and xi � 0, Min ULR� is at least as hard to approximate as Min RVLS�. Also Min ULR>is at least as hard because it is equivalent to Min ULR� for systems with integer (rational)coe�cients. Indeed, any system Ax � b has a solution if and only if the system Ax < b + "1has a solution, where " = 2�2L and L is the size (in bits) of the binary encoded input instance[49]. 2Thus, Proposition 1 and Theorem 2 immediately imply the non-approximability of Min ULRwith equations and inequalities within the same factors established by Arora et al. in [9].In fact, there exists also a reduction fromMin ULRR with R 2 f=;�g toMin RVLSR withthe same type of relations. However, due to its size ampli�cation, the non-approximability boundfor Min ULR given in [9] leads to a smaller bound for Min RVLS than that of Theorem 2.As we will see in the proof of Theorem 5, any instance of Min ULRR with R 2 f=;�g canbe turned into an equivalent instance of homogeneous Min ULRR. Let Pnj=1 aijxj = 0 with1 � i � p be an instance of homogeneous Min ULR=. We construct an instance of Min RVLS=consisting of p(n+ 1) equations of the following type:nXj=1 aijxj = yikwhere 1 � i � p, 1 � k � n + 1 and yik are p(n+ 1) new variables. If s equations of Ax = 0 aresatis�ed, then we will get a solution ofMin RVLS= with between s(n+1) and s(n+1)+n variablesequal to zero. Conversely, a solution of Min RVLS= with between s(n + 1) and s(n + 1) + nvariables equal to zero, will give us a solution of Min ULR= with s satis�ed equations. Sincethe instance ofMin RVLS= contains n+ p(n+1) variables, the reduction is an S-reduction withsize ampli�cation O(pn) and a constant c = 1. By substituting = with �, this is also valid forMin RVLS�.The same reduction implies that the complementary maximization problem Max IVLS=(maximum number of Irrelevant Variables in Linear Systems) restricted to homogeneous systemsis equally hard to approximate as homogeneous Max FLS=, i.e. not approximable within p" forsome " > 0 unless P=NP [6].Interestingly, Max IVLS� and Max IVLS> are much harder to approximate than MaxFLS� and Max FLS>, respectively. It is easy to show that the former problems are harder8



than the maximum independent set problem (which is not approximable within n" for some" > 0 unless P=NP, where n is the number of nodes), while the latter ones can be approximatedwithin 2 [6]. It su�ces to construct, for each edge e = [vi; vj ], the inequality xi + xj � 1 orxi + xj > 0 and to observe that there is a correspondence between the independent sets ofcardinality at least s and the solutions with at least s zero components.4 Approximability of Min ULR variantsIn this section we discuss lower and upper bounds on the approximability of the basic versionsof Min ULR and then focus on the weighted as well as constrained variants with any type ofrelations. In each case, we will try to �nd the simplest versions of these problems that are stillhard. This is achieved by restricting the set of numbers used as coe�cients and in the right handside of the system.Homogeneous systems are considered to have the simplest right hand sides. But, as for MinRVLSR with R 2 f=;�g, we are not interested in trivial solutions where all variables occurringin the satis�ed relations are zero. Even if we forbid the solution x = 0, there might be othertrivial solutions where almost all variables are zero except a few that only occur in a few relations.In order to rule out all these trivial solutions for the equality and nonstrict inequality case, weonly consider solutions where the variable(s) occurring in the largest number of satis�ed relationsis (are) nonzero.In [2, 6] we proved that Min ULRR with R 2 f=;�; >g is NP-hard even when restrictedto homogeneous systems with bipolar coe�cients in f�1; 1g. Sankaran showed in [53] that theNP-complete problem Min Feedback Arc Set [27], in which one wishes to remove a smallestset of arcs from a directed graph to make it acyclic, reduces to Min ULR� with exactly one 1and one �1 in each row of A and all right hand sides equal to 1. Unlike the other problems,Min ULR 6= is trivially solvable because any such system is feasible. Indeed, for any �nite set ofhyperplanes associated with a set of linear relations there exists a vector x 2 Rn that does notbelong to any of them.Note that if the number of variables n is constant these three basic versions of Min ULRcan be solved in polynomial time using Greer's algorithm which has an O(n � pn=2n�1) time-complexity, where p denotes the number of relations and n the number of variables [31]. Theseproblems are trivial when the number of relations p is constant because all subsystems can bechecked in O(n) time. Furthermore, they are easy when all maximal feasible subsystems containa maximum number of relations because a greedy procedure is guaranteed to give a solution thatminimizes the number of unsatis�ed relations. A polynomial-time solvable special case of MinULR� involving total unimodularity is also mentioned in [53].Before turning to lower and upper bounds on the approximability ofMin ULR, we point outa few straightforward facts.Fact 4 Min ULR� is at least as hard to approximate as Min ULR= but not harder than MinULR= with nonnegative variables. Min ULR� and Min ULR> with integer (rational) coe�-cients are equivalent.As noted also in [8], minimizing the number of unsatis�ed equations in an arbitrary Min ULR=instance is clearly equivalent to minimizing the number of violated inequalities in the corre-sponding instance of Min ULR� where each equation is replaced by the two complementaryinequalities. 9



Given an arbitrary instance of Min ULR�, replacing each variable xi unrestricted in sign bythe di�erence x0i�x00i of two nonnegative variables x0i; x00i � 0 and adding a slack variable for eachinequality leads to an equivalent system with p equations and 2n+ p nonnegative variables.As mentioned in Section 1, Arora et al. showed in [8] (see also [9]) thatMin ULR= cannot beapproximated within any constant, unless P=NP, and within a factor of 2log1�" n, for any " > 0,unless NP � DTIME(npolylog n), where n is the number of variables. Of course, this also holdsfor Min ULR with strict and nonstrict inequalities.The following non-approximability result for Min ULR with inequalities is more likely to betrue but the bound is not as strong.Theorem 5 Min ULR� and Min ULR> are Min Dominating Set-hard even when restrictedto homogeneous systems with ternary coe�cients in f�1; 0; 1g. They cannot be approximatedwithin any constant, unless P = NP, and within (1 � ") lnn, for any " > 0, unless NP �DTIME(nlog logn), where n is the number of variables.Proof By cost preserving reduction fromMin Dominating Set as forMin RVLS 6= and similarto [34]. For each node vi 2 V , 1 � i � n, we consider the homogeneous inequality xi � 0 and theinhomogeneous inequality xi + Xj2N(vi) xj � �1where N(vi) is the set of indices of the nodes adjacent to vi. Thus we have a system with 2ninequalities and n variables.It is easily veri�ed that there exists a dominating set in G of size at most s if and only ifthere exists a solution x that violates at most s inequalities of the corresponding system. Givena dominating set V 0 � V of size s, the solution x de�ned byxi = ( �1 if vi 2 V 00 otherwisesatis�es all inhomogeneous inequalities and n�s homogeneous ones. Conversely, given a solutionvector x that violates s inequalities, we can always satisfy every inhomogeneous inequality that isnot already satis�ed by making one variable xi in the inequality negative enough. This operationyields a solution that satis�es at least as many inequalities as x. Consider the set of nodesV 0 � V containing all nodes vi such that xi 6= 0. V 0 is clearly a dominating set of size s, becausexi +Pj2N(vi) xj � �1 only when at least one of the variables is negative, which corresponds tothe case where at least one of the nodes is in the dominating set.By replacing � by > and �1 in the right hand side of the second type of inequalities by 0,this reduction can be adapted to homogeneous Min ULR>.There is a standard way to transform any inhomogeneous Min ULR= and Min ULR�instance into a homogeneous one1. Given a system consisting of p relations, we �rst multiply allconstant right hand sides by a new variable x0. Then we only have to ensure that this constantis nonzero (for the equality case) or positive (for the inequality case). Therefore we introducenew relations k � x0 = k � y0 or k � x0 � 0, for k 2 [1: :p+ 1], where y0 is a new variable. In everysolution that satis�es more than p relations, at least one of the new relations must be satis�ed,and since all the new relations are satis�ed simultaneously, x0 will become the variable occurringin the largest number of satis�ed equations. Hence x0 is nonzero. For the inequality case thisimplies that x0 � 0.1This standard reduction will be omitted from now on.10



Since the reduction is cost preserving and without ampli�cation, we have exactly the samenon-approximability bounds forMin ULR� and Min ULR> as forMin Dominating Set. 2Clearly, for large n and small " > 0, a factor of 2log1�" n is larger than ln n, but NP �DTIME(npolylog n) is more likely to be true than NP � DTIME(nlog logn). Furthermore, theabove proof is much simpler than those given in [8].Unlike forMax FLS= [6], forMin ULR= we can guarantee in polynomial time a performanceratio that is linear in the number of variables. This fact was mentioned without proof in [8].Proposition 6 Min ULRR with R 2 f=;�; >g is approximable within n + 1, where n is thenumber of variables.Proof When applied to linear systems, Helly's theorem (see [16]) implies that, for any infeasiblesystem of inequalities or equations in n variables, all minimal infeasible subsystems contain atmost n+ 1 relations. Such a Helly obstruction can be found using any polynomial time methodfor linear programming (LP) [22]. According to Farkas' lemma (see [54]), a system Ax � b withp inequalities and n variables is infeasible if and only if there exists a nonnegative vector y � 0such that ytA = 0 and ytb < 0. In fact, the result is still valid if the vector y � 0 is required tohave at most n+1 nonzero components. For infeasible systems, a polynomial time LP algorithmproduces a y satisfying Farkas' lemma. If y has more than n + 1 nonzero components, some ofthem can be driven to zero. Therefore it su�ces to �nd a nontrivial solution z of the auxiliarysystem zt[Ajb] = [0tj0] such that z is zero for every component where y is zero. This simplyamounts to determine a nontrivial solution to n + 1 homogeneous equations in more than n + 1variables. Subtracting a multiple of z from y leads to a new y with fewer nonzero components. Byrepeating this process, we obtain in polynomial time a y with at most n+1 nonzero componentsthat correspond to the inequalities in a Helly obstruction.Thus, starting with an infeasible system, we can identify an obstruction and delete it itera-tively until the resulting system is feasible, that is at most p=(n + 1) times. Clearly, we removeat most n+ 1 times more inequalities than needed because at each step we delete at most n+ 1relations corresponding to a Helly obstruction while a single one may su�ce. 2The question of whether it is NP-hard to guarantee a polylogarithmic performance ratio in n isstill open in the general case.Such an upper bound can be guaranteed in polynomial time for a particular class of inequal-ity systems with totally unimodular matrices. More precisely, we consider node-arc incidencematrices of directed graphs, i.e. which contain exactly one 1 and one �1 in each row (all othercomponents being 0).Proposition 7 For node-arc incidence matrices, Min ULR� with all second hand sides equal to1 and homogeneous Min ULR> cannot be approximated within every constant, unless P = NP,but are approximable within a factor of O(logn log logn), where n is the number of variables.Proof By straightforward modi�cation of the polynomial time reduction fromMin FeedbackArc Set to Min ULR with � relations given in [53]. For each arc (vi; vj) in a given instanceof Min Feedback Arc Set, we consider the nonstrict inequality xi � xj � 1 or, respectively,the strict inequality xi � xj > 0. In fact, it is readily veri�ed that the two special cases of MinULR with inequalities are equivalent toMin Feedback Arc Set. Since Min Feedback ArcSet is Apx-hard (see for example [36]), it cannot be approximated within every constant unless11



P = NP. However, it is known to be approximable within O(logn log logn), where n is thenumber of nodes in the graph [23] (follows from [55]). 2In many practical situations, all relations do not have the same importance. This can betaken into account by assigning a weight to each one of them and by looking for a solution thatminimizes the total weight of the unsatis�ed relations [31, 51].Proposition 8 Weighted Min ULRR with R 2 f=;�; >g and positive integer (rational) weightsare equally hard to approximate as the corresponding basic versions.Proof Basic Min ULRR is clearly a special case of weighted Min ULRR where all weights areequal to one.For proving the other direction, we �rst use the following result by Crescenzi, Silvestri andTrevisan [20]: For any weighted \nice subset problem" that is approximable within a polynomialr(n) in the size of the input, the restricted version of the same problem where the weights arepolynomially bounded is approximable within r(n) + 1=n.Since it is easily veri�ed that Min ULR with equalities or inequalities are nice subset prob-lems, only instances with polynomially bounded weights need to be considered. Thus, it su�cesto show that any such instance can be associated to an equivalent unweighted one. This is simplyachieved by making for each relation a number of copies equal to the corresponding weight. Thenumber of relations will still be polynomial since the weights are polynomially bounded. 2Interesting special cases of weighted Min ULR include the constrained versions where somerelations are mandatory while the others are optional (see [31] for an example from the �eld oflinear numeric editing). CMin ULRR1;R2 with R1;R2 2 f=;�; >; 6=g denotes the variant wherethe mandatory relations are of type R1 and the optional ones of type R2. When R1 = R2 theproblem can be seen as a weightedMin ULRR1 problem in which the weight of every mandatoryrelation is larger than the total weight of all optional ones. In this case, the constrained versionsof Min ULR are equally hard to approximate as the corresponding basic versions.It is worth noting that no such relation exists between constrained and unweighted versions ofthe complementary problemsMax FLS. As we proved in [6], enforcing some mandatory relationsmakes Max FLS with inequalities harder to approximate. While Max FLS> and Max FLS�can be approximated within a factor 2, the constrained variants are at least as hard as themaximum independent set problem and hence cannot be approximated within a factor of n" forsome " > 0, where n is the instance size.Any instance of a constrained problem CMin ULR=;R with R 2 f=;�; >; 6=g can be trans-formed into an equivalent instance of Min ULRR by eliminating variables in the set of optionalrelations using the set of mandatory ones. Since Min ULR 6= is trivial, all the problems CMinULRR;6= with R 2 f=;�; >; 6=g are solvable in polynomial time.Proposition 9 CMin ULR�;= is equally hard to approximate as Min ULR�.Proof According to Fact 4, Min ULR� can be reduced to Min ULR= with nonnegativevariables. The latter problem is a particular case of CMin ULR�;= where the mandatoryinequalities are just nonnegativity constraints. Conversely, CMin ULR�;= can be reduced toCMin ULR�;� by substituting each optional equation by two complementary inequalities. We12



can then use the standard reduction from CMin ULR�;� to Min ULR�. 2Similarly we can show that CMin ULR>;= is at least as hard to approximate as Min ULR>.Proposition 10 CMin ULR 6=;= is Min Dominating Set-hard even when restricted to ho-mogeneous systems with binary coe�cients. Therefore it cannot be approximated within anyconstant, unless P=NP, and within (1� ") lnn, for any " > 0, unless NP � DTIME(nlog logn).Proof The proof is by reduction fromMin Dominating Set. Let G = (V;E) be an arbitraryinstance of Min Dominating Set. For each node vi 2 V , 1 � i � n, we consider the optionalequation xi = 0 and the mandatory relationxi + Xj2N(vi)xj 6= 0: (4)Clearly, there exists a dominating set in G of size at most s if and only if there exists a solutionthat violates at most s relations of the corresponding linear system. Given a dominating setV 0 � V of size s, the solution x de�ned byxi = ( 1 if vi 2 V 00 otherwisesatis�es all mandatory relations and all but s of the optional ones. Conversely, given a solutionvector x that satis�es all mandatory relations and violates s of the optional relations, we considerthe set of nodes V 0 � V containing all nodes vi such that xi 6= 0. V 0 is a dominating set of size sbecause xi+Pj2N(vi) xj 6= 0 only when at least one of the variables is nonzero, which correspondsto the case where at least one of the nodes is in the dominating set. 25 Hardness of variants with bounded discrete variablesIn this section we determine the approximability of Min RVLSR and Min ULRR with R 2f=;�; >; 6=g when the variables are restricted to take a �nite number of discrete values. Inparticular, we consider the cases with binary variables in f0; 1g and bipolar ones in f�1; 1g. Thecorresponding variants are referred to as Bin Min RVLS, Bip Min RVLS, BinMin ULR andBip Min ULR, respectively.Theorem 11 BinMin ULRR1 and CBin Min ULRR1;R2 are NPO PB-complete for everycombination of R1;R2 2 f=;�; >; 6=g. Assuming P6=NP, CBin Min ULRR1;R2 and BinMinULRR1 cannot be approximated within s1�" and, respectively, within s0:5�" for any " > 0, wheres is the sum of the number of variables and relations.Proof We show the result for CBin Min ULR�;� and then extend it to the other variants. Weproceed by reduction from Min Ind Dom Set in which, given an undirected graph G = (V;E),one seeks a minimum cardinality independent set V 0 � V that dominates all nodes of G [27]. LetG = (V;E) be an arbitrary instance of Min Ind Dom Set. For each node vi 2 V , 1 � i � n, weconsider the optional inequality xi � 0 (5)13



and the mandatory one xi + Xj2N(vi)xj � 1 (6)where N(vi) is de�ned as above. Furthermore, we construct for each edge [vi; vj] 2 E themandatory inequality xi + xj � 1: (7)Thus we have a system with n variables, n optional inequalities and n+ jEj mandatory ones.It is readily veri�ed that there exists an independent dominating set in G of size at most s ifand only if there exists a solution x 2 f0; 1gn that violates s relations of the corresponding linearsystem. Given an independent dominating set V 0 � V of size s, the solution x de�ned byxi = ( 1 if vi 2 V 00 otherwisesatis�es all mandatory inequalities and n � s of the optional ones. Conversely, given a solutionvector x that violates s of the relations, we consider the set of nodes V 0 � V containing all nodesvi such that xi = 1. V 0 is clearly of size s, independent (because of the mandatory relations (7))and dominating (because of the mandatory relations (6)).The theorem follows because Min Ind Dom Set is NPO PB-complete and cannot be ap-proximated within n1�" for any " > 0, where n is the sum of the number of nodes and edges inthe graph.For the other constrained problems CBin Min ULRR1;R2 , we use the same reduction asabove but the right hand side of the three types of relations must be substituted according tothe following table. operator � operator > operator 6= operator =type (5) � 0 < 1 6= 1 = 0type (6) � 1 > 0 6= 0 = jN(vi)j � jN(vi)j�1Xj=1 yijtype (7) � 1 < 2 6= 2 = 1� zijIn the case of mandatory equations we need to introduce 2jEj � n additional slack variables yijand jEj additional slack variables zij . Thus the total number of variables will be 3jEj, that is,still a linear number in n and jEj.To get the hardness results for the unconstrained problems, we add jV j + 1 copies of eachmandatory relation so that they are more valuable than the optional ones. Since such a reductionhas a quadratic size ampli�cation, we get a weaker non-approximability bound than forMin IndDom Set. 2It is worth noting that BinMin ULRR1 and CBin Min ULRR1 ;R2 with R1;R2 2 f=;�; >;6=g remain NPO PB-complete for homogeneous systems. In the above reduction, we multiplyeach nonzero constant in the right hand side of a relation by a new variable x0. In order to preventx0 from being zero we introduce new mandatory relations x0 � 0, x0 > 0, x0 6= 0, or x0 = y0with a new variable y0, depending on the type of relations. In the case of nonstrict inequalitiesand equalities, we add (as in the proof of Theorem 5) a large enough number of copies of therelations to make x0 the variable occurring the most frequently in the satis�ed relations.14



Also Bip Min ULRR1 and CBip Min ULRR1;R2 are NPO PB-complete for every combi-nation of R1;R2 2 f=;�; >; 6=g. Since for any relation with binary variables xi 2 f0; 1g onecan construct an equivalent relation with bipolar variables yi 2 f�1; 1g using the substitutionyi = 2xi � 1, we have exactly the same non-approximability bounds as in Theorem 11.Similar bounds also hold for Min RVLS with binary or bipolar variables.Proposition 12 Bin Min RVLSR with R 2 f=;�; >; 6=g is NPO PB-complete. AssumingP6=NP, Bin Min RVLS= and Bin Min RVLSR with R 2 f�; >; 6=g are not approximablewithin n0:5�" and, respectively, within n1�" for any " > 0, where n is the number of variables.Proof The reduction is very similar to the one used in Theorem 11 for proving the NPO PB-hardness of CBin Min ULRR;R with R 2 f=;�; >; 6=g. The Bin Min RVLSR instance issimply composed of the mandatory relations constructed in the CBin Min ULRR;R instance.The number of violated optional relations in the proof exactly corresponds to the number ofnonzero variables. Therefore, Bin Min RVLS�, Bin Min RVLS>, and Bin Min RVLS 6= areNPO PB-hard and not approximabile within n1�".For Bin Min RVLS=, we still have to deal with the slack variables yij and zij that have beenadded. Suppose there is a total number of N slack variables. In order to make the x variablesmore valuable than all the N slack variables, we introduce, for each variable xi, N new variablesxi1; : : : ; xiN and the N additional equations xi � xij = 0 for j 2 [1: :N ]. In any solution x ofthe resulting instance we will have, for each variable xi, that xi = xi1 = : : : = xiN . Considerthe set of nodes V 0 � V containing all nodes vi such that xi = 1. V 0 is clearly independent anddominating. If t variables in x are equal to 1, the size of the independent set will be bt=(N +1)c.Conversely, an independent dominating set containing s nodes corresponds to a solution of theBin Min RVLS= instance with between s(N+1) and s(N+1)+N variables equal to 1. Thus thereduction is an S-reduction with size ampli�cation O(nN) and we get the non-approximabilitybound n0:5�", where n is the number of variables. 2The same lower bounds are valid for the Bip Min RVLS variants.Note that Bin Min RVLS� is equivalent toMin Polynomially Bounded 0-1 Program-ming, which was shown to be NPO PB-complete in [37]. Moreover, the corresponding maxi-mization problem Bin Max IVLSR with R 2 f=;�; >; 6=g is NPO PB-complete and cannotbe approximated within s1=3�" for any " > 0, where s is the sum of the number of variables andrelations, unless P=NP [38].6 Two special cases from discriminant analysis and machinelearningIn this section we discuss two interesting special cases ofMin RVLS andMin ULR with inequal-ities which arise in discriminant analysis and machine learning, more precisely, when designingtwo-class linear classi�ers [21] and when training perceptrons [48].Given a set of vectors T = fakg1�k�p � Rn labeled as positive or negative examples, we lookfor a hyperplane H , speci�ed by a normal vector w 2 Rn and a bias w0 2 R, such that all thepositive vectors lie on the positive side of H while all the negative ones lie on the negative side. Ahyperplane H is said to be consistent with an example ak if akw > w0 or akw � w0 depending onwhether ak is positive or negative. In other words, we seek a discriminant hyperplane separatingthe examples in the �rst class from those in the second class. In the arti�cial neural network15



literature, such a linear threshold unit is known as a perceptron and its parameters wj , 1 � j � nas its weights [33].In the general situation where T is nonlinearly separable, a natural objective is to minimize thenumber of vectors ak that are misclassi�ed (see [43, 25] and the included references). This problemis referred to asMin Misclassifications. Note that we have studied in [6] the approximabilityof the complementary problem where one looks for a hyperplane which is consistent with as manyak 2 T as possible.In [8] a way of extending the non-approximability bounds for Min ULR= to the symmetricversion ofMin Misclassifications where we ask akw < w0 for negative examples is suggested.Although the argument used does not su�ce to complete the proof, it can easily be �xed.The problem is related to the fact that starting with any instance of Min ULR= we mustconstruct a system with strict inequalities with a particular variable playing the role of the biasw0. As mentioned in [8], one can easily associate to any considered instance of Min ULR= anequivalent inhomogeneous instance of Min ULR>. It su�ces to replace each equation by twononstrict inequalities, and then to add a new slack variable � so as to turn each nonstrict inequalityinto a strict one. More precisely, every relation aw � 0 is replaced by aw+ � > 0. Now, in orderto make sure that the two systems are equivalent we must have � < 1=L with L = bc �Kc, wherec and K are as in Proposition 1. This can of course be guaranteed by introducing a large enoughnumber of copies of this strict inequality, but then the resulting system is not an instance ofsymmetric Min Misclassifications. Indeed, if � is considered as the threshold the inequalitiesensuring � < 1=L are not homogeneous.Fortunately, there exists a simple and general technique to construct, for any instance ofinhomogeneous Min ULR>, an equivalent instance of symmetric Min Misclassifications.Observation 13 Suppose we have a system akw > bk with 1 � k � p where all bk are nonzero.Multiply each inequality by an appropriate constant so that all right hand sides are equal to1. By replacing all right hand sides constants 1 by a variable w0, we get a system with eitherakw > w0 type or akw < w0 type inequalities. Clearly, any solution of this new system suchthat w0 > 0 gives a solution of the original system. Thus by adding a large enough number ofcopies of w0 > 0 the two problems are guaranteed to be equivalent.In order to complete the reduction in [8], we just apply this technique to the system consistingof aw+ � > 1=(2L) inequalities and a large enough number of copies of � < 1=L.It is worth noting that the same argument can be used to show that (nonsymmetric) MinMisclassifications cannot be approximated within 2log1�" n, for any " > 0, unless NP �DTIME(npolylog n).A special case of Min RVLS> and Min RVLS� is also of particular interest in discriminantanalysis and machine learning. The problem occurs when, given a linearly separable trainingset T , we want to to minimize the number of parameters wj , 1 � j � n, that are required tocorrectly classify all examples in T [42, 44, 58]. This objective plays a crucial role because ithas been shown theoretically and experimentally that the number of nonzero parameters has astrong impact on the performance of the classi�er (perceptron) for unseen data. According toOccam's principle, among all models that account for a given set of data, the simplest ones {withthe smallest number of free parameters{ are more likely to exhibit good generalization (see forinstance [7, 41]). The problem of identifying a subset of most relevant features is well known inthe discriminant analysis literature under the name of variable selection [47, 42].16



In practice, when the classi�er (perceptron) at hand cannot satisfactorily classify the trainingset based on the original no features, new features derived from the original ones are added.For instance, the O(ndo) higher-order products of the original features are frequently included forseveral values of d � 2 [33]. Although such a procedure may lead to a total number of featuresn� no, often only a small fraction of them is needed. From the generalization point of view, itis thus important to try to remove the super
uous ones.Min Relevant Features: Given a training set T = fakg1�k�p � Rn containingp labeled examples, �nd a hyperplane de�ned by (w; w0) 2 Rn+1 that is consistentwith T and has as few nonzero parameters wj , 1 � j � n, as possible.While Lin and Vitter showed that Min Relevant Features with binary inputs is NP-hard [44], van Horn and Martinez established that the symmetric variant with strict inequalitiesis at least as hard to approximate as Min Dominating Set [57, 58]. Furthermore, they showedthat an approximation algorithm that also minimizes the number of nonzero parameters withina factor of O(log p) would require far fewer examples to achieve a given level of accuracy thanany algorithm that does not minimize the number of relevant features. More precisely, for suchan Occam algorithm the number of training examples needed to learn in Valiant's ProbablyApproximately Correct sense [56] would be almost linear in the minimum number of nonzeroparameters s. If s� n this is much less than the O(n) examples required by a simplistic trainingprocedure without feature minimization.By extending the non-approximability bound for Min RVLS= derived in Theorem 2, weprovide strong evidence that no such approximation algorithm exists.Theorem 14 Min Relevant Features cannot be approximated within any constant, unlessP = NP, and within a factor of 2log1�" p, for any " > 0, unless NP � DTIME(ppolylog p), wherep is the number of examples.Proof We adapt the reduction from Min Set Covering used in the proof of Theorem 2 tothe case of linear classi�ers (perceptrons) with real parameters (weights).To show thatMin Relevant Features cannot be approximated within any constant factorunless P = NP, we proceed like in the proof of Proposition 1.For any particular instance (S; C) ofMin Set Covering, we construct jSj positive exampleswith n components corresponding to the systemAw > w0 1; (8)where aij = 1 if the ith element of S belongs to Cj and 0 otherwise. Furthermore, we includethe negative example 0 ensuring that w0 � 0. Hence we have a training set with jSj positive andone negative examples.Clearly, the nonzero components of any parameter vector w 2 Rn that correctly classi�es allexamples de�ne a cover. Conversely, given any cover C 0 of cardinality K, the parameter vectorw given by wj = ( 1 if Cj 2 C 00 otherwisetogether with the bias w0 = 0 correctly classi�es all examples and has K nonzero components.Therefore the minimum number of nonzero parameters is either K or at least bc �Kc dependingon whether the corresponding Sat instance is satis�able or unsatis�able.17



The constant gap between the satis�able and unsatis�able cases can then be increased recur-sively by self-improvement like in the proof of Theorem 2. Since in the reduction the size of theexamples n is polynomially related to the number of examples p, the same non-approximabilitybound is also valid with respect to n. 2The consequences of this result on the hardness of designing compact feedforward networksare discussed in detail in [3]. From an arti�cial neural network perspective, Theorem 14 showsthat designing close-to-minimum size networks in terms of nonzero weights is very hard even forlinearly separable training sets that are performable by the simplest type of networks, namelyperceptrons. Clearly, the general problem for multilayer networks is at least as hard as MinRelevant Features. Since our result holds for perceptrons, i.e. single units, the problem ofdesigning compact networks does not become easier even if we know in advance the number ofunits in each layer of a minimum size network and we only need to �nd an appropriate set ofvalues for the weights.It is worth noting that Kearns and Valiant established in [40] a stronger non-approximabilitybound but under a stronger cryptographic assumption. In particular, they showed that if trapdoorfunctions2 exist it is intractable to �nd a feedforward network with a bounded number of layersthat performs a given training set and that is at most polynomially larger than the minimumpossible one. The size is there measured in terms of the number of bits needed to describethe network. Although their result indicates that even approximating minimum networks withinpolynomial ratios is intractable, it leaves open the possibility that this strong non-approximabilitybound depends on the fact that intricate networks with a large number of hidden layers may beconsidered. Indeed, the target functions that Kearns and Valiant proved hard to learn are thevery special inverses of trapdoor functions.From a practical point of view, our lower bound implies that the best we can do even for thesimplest type of networks is to devise e�cient heuristics with good average behavior.7 ConclusionsThe various versions of Min ULRR and Min RVLSR with R 2 f=;�; >; 6=g that we haveconsidered are obtained by placing constraints on the coe�cients, on the variables or by assigninga possibly di�erent importance to each relation.Table 1 summarizes the non-approximability results that hold for Min ULR variants unlessP=NP. The results are valid for inhomogeneous systems with integer coe�cients and no pairsof identical relations, and some of them are still valid for homogeneous systems with ternary,and even binary, coe�cients. In order to avoid trivial solutions in the equality and nonstrictinequality cases, we required the variables occurring most frequently in the satis�ed relations tobe nonzero.Arora et al. showed that Min ULR with equalities or inequalities is not approximablewithin any constant, unless P=NP, and within a factor of 2log1�" n, for any " > 0, unlessNP � DTIME(npolylog n) [8, 9]. Using a simple reduction from Min Dominating Set, wehave obtained a weaker but more likely logarithmic lower bound for Min ULR with strict andnonstrict inequalities. Moreover, we got for free the constant factor result.2A trapdoor function T is a one-to-one function such that T and its inverse are easy to evaluate but, given T ,the inverse T �1 cannot be constructed in polynomial time [52].18



Real variables Binary variablesMin ULR= not within any constant [8]Min ULR�Min ULR 6= trivialCMin ULR�;� as hard as Min ULR�CMin ULR�;> at least as hard as Min ULR> NPO PB-completeCMin ULR�;= at least as hard as Min ULR�CMin ULR 6=;�CMin ULR 6=;= Min Dominating Set-hardCMin ULRR;6= polynomial timeTable 1: Main approximability results for Min ULR variants with R 2 f=;�; >; 6=g that hold assumingP 6= NP. The constrained versions CMin ULR=;R with real variables and mandatory equations areequivalent to the corresponding Min ULRR. The table is still valid when nonstrict inequalities aresubstituted by strict inequalities and vice versa. The only di�erence is that CMin ULR�;= is as hard asMin ULR� while CMin ULR>;= is only at least as hard as Min ULR>.The weighted and constrained variants of Min ULR turn out to be equally hard to approx-imate as the unweighted ones. Restricting the variables to binary (or bipolar) values makes allversions of Min ULR NPO PB-complete. Although the basic version of Min ULR 6= is trivial,various constrained variants are hard to approximate. The non-approximability bounds such asn1�" for any " > 0 makes the existence of any nontrivial approximation algorithm extremelyunlikely.It is worth noting that the overall situation for Min ULR di�ers considerably from that forthe complementary class of problems Max FLS (see [3, 6]). Unlike for Max FLS, Min ULRwith equations and (nonstrict) inequalities are equivalent to approximate. Moreover, while allbasic versions of Min ULR can be approximated within a factor of n + 1, Max FLS= cannotbe approximated within p" for some " > 0, where p is the number of equations.As toMin RVLSR with R 2 f=;�; >; 6=g, we have shown that they cannot be approximatedwithin a constant factor and within 2log1�" n under the usual assumptions. These results, whichare of interest in their own right, directly imply the bounds established in [9] for the basic versionsof Min ULR while the converse is not true. When the variables are restricted to take binary orbipolar values,Min RVLS turns out to be NPO PB-complete for any type of relational operator.Finally, we have shown that the interesting special case Min Relevant Features, arisingwhen designing compact perceptrons or linear classi�ers, is not approximable within a logarithmicfactor as conjectured in [57], unless all problems in NP are solvable in quasi-polynomial time.AcknowledgmentsThe authors thank Peter Jonsson for a discussion on the relationship betweenMin ULR and theproblem of �nding optimum acyclic subgraphs of directed graphs as well as David Shmoys forpointing out [55]. 19



AppendixThere exists an interesting relationship between Min ULR with real and binary variables. If thenumber of violated relations is measured with respect to a given threshold, the basic variantswith real variables are at least as hard as those with binary variables.The threshold variant ofMin ULR, named Threshold Min ULR, with any type of relationsis de�ned as follows. The input consists of a linear system of relations together with a thresholdT , which is a lower bound on the minimum number of unsatis�able relations of the system. Givena solution vector x that violates s relations, the objective function is de�ned as s � T . Since atleast T relations are violated, this value is always nonnegative.Proposition 15 Threshold Min ULRR with R 2 f=;�; >g is NPO PB-complete. AssumingP6=NP, it cannot be approximated within n1�" for any " > 0, where n is the number of variables,and within p0:5�" for any " > 0, where p is the number of relations.Proof By reduction from BinMin ULRR with R 2 f=;�; >g. Given an input instance ofBinMin ULRR with n binary variables and p relations, we construct an instance of ThresholdMin ULRR by extending the system with relations which ensure that the variables just takezero or one values.In the equality case we add, for every variable xi, p + 1 copies of the equations xi = 0 andxi = 1. If all variables in a solution vector take values in f0; 1g, exactly n(p + 1) of the addedequations will be satis�ed and n(p+ 1) violated. For each variable that is neither zero nor one,p + 1 additional equations will be violated, which are more than the number of equations inthe original system. If we choose n(p + 1) as the threshold we will get an S-reduction fromBinMin ULR= to Threshold Min ULR= without variable ampli�cation and with a relationampli�cation of O(np). Since in the proof of Theorem 11 the number of relations is about thesame as the number of variables, Threshold Min ULR= cannot be approximated within p0:5�"for any " > 0, where p is the number of relations.For Threshold Min ULR� we use the same construction, but instead of the two equationsxi = 0 and xi = 1 we include the four inequalities xi � 0, xi � 0, xi � 1, and xi � 1. If allcomponents of a solution vector are either zero or one, just one of these four inequalities will beviolated. Otherwise two of the inequalities will be violated. The threshold and the rest of theproof are the same as in the equality case.For Threshold Min ULR> we just use the above-mentioned equivalence between MinULR� and Min ULR>. 2References[1] E. Amaldi. On the complexity of training perceptrons. In T. Kohonen, K. M�akisara, O. Sim-ula, and J. Kangas, editors, Arti�cial Neural Networks, pages 55{60, Amsterdam, 1991.Elsevier science publishers B.V.[2] E. Amaldi. Complexity of problems related to training perceptrons. In M. Chaleyat-Maurel,M. Cottrell, and J.-C. Fort, editors, Actes du congr�es \Aspects th�eoriques des r�eseaux deneurones", Congr�es Europ�een de Math�ematiques. Paris, July 1992.20
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