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Abstract

We address the motion planning problem (open-loop trajectory design) for manip-
ulating rigid bodies with permanent rolling contact without slipping. This problem is
related in particular to dextrous manipulation with robotic hands, consisting in changing
the position and orientation of the manipulated object together with its grasp. We prove
the flatness property for planar structures allowing to solve the motion planning problem
by simple interpolation, without need to integrate the system differential equations and
without quasi-static approximations. Though this property fails to be valid for general
three-dimensional hand structures, similar results can be obtained for special structures
thanks to the notion of Liouvillian systems. The links between flat or Liouvillian hand-
object structures and non-holonomy of the contacts between fingers and object are also
discussed. Several examples are studied in details.

Keywords: Dextrous manipulation, Nonholonomic mechanical systems, Motion planning,
Flat systems, Liouvillian systems

1 Introduction

We study the motion planning problem (MPP) or, roughly speaking the open-loop trajectory
design of robotic hands manipulating objects via one-point rolling contacts without slipping.
In such systems all the fingers’ degrees of freedom are actuated as opposed to the object’s
ones. The control objective is to change the orientation, position and grasp of the manipulated
object.

The modelling of hand-object structures (HOS) and the kinematics of contact in the context
of dextrous manipulation is treated in details in the robotics literature (see e.g. [6, 18, 19, 20],
and [15, 16] including controllability aspects). An exhaustive review of static grasping methods
is presented in [26].

Motion planning algorithms which can be applied to a large class of dextrous manipulation
problems are reported in [5, 28] using quasi-static approximations. These algorithms involve
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optimization in order to find contact forces, for a given constant velocity, based on Peshkin’s
minimum power principle [24].

Due to the constraints of rolling without slipping, three-dimensional HOSs are nonholo-
nomic. The underlying motion planning problem can be solved without quasi-static approx-
imations by methods reported in [13, 21] using piecewise constant or sinusoidal inputs. An
explicit solution in this framework is provided for the case of two parallel planar fingers with a
symmetric object including non-pivoting constraints by [16]. An extension of the method of [13]
when the fingers are allowed to break contact with the object (i.e for stratified configuration
spaces) can be found in [11].

Our approach uses the notions of (differential) flatness [7, 8, 9, 10, 17] and Liouvillian
systems. The latter notion was defined in an algebraic context in [4] and already used for
motion planning purposes in [27].

Note that, though flatness can be also exploited for feedback design purposes, the feedback
design and tracking aspects are not dealt with in this paper. For the sake of completeness, let
us mention some contributions concerning feedback control of object manipulation: [6] for the
rigid body case, [2, 3] with soft fingers and with uncertainties on the Jacobian matrices, and
the learning control scheme proposed in [22] with unknown inertia parameters of the object.

Coming back to motion planning, the flatness property allows an easy parameterization of
all feasible trajectories of the system which does not require integration of differential equations,
and does not restrict to quasi-static approximations. More precisely, the definition of flatness
directly implies the existence of a so-called flat output, of the same dimension as the input,
such that there is a one-to-one mapping between sufficiently smooth trajectories of the flat
output and feasible trajectories of the system, including the inputs, making the integration of
the system dynamics useless. Thus, the motion planning can be done in the flat output space
using elementary interpolation methods.

The Liouvillian property is slightly weaker. Roughly speaking, a system is Liouvillian if
there exists an output of the same dimension as the input such that all the system variables
can be expressed as functions of this output, a finite number of its derivatives, and a finite
number of functions of its integrals. The output in this case is called a partially flat output,
and the additional functions of the output integrals are referred to as integral variables. Thus,
the flatness based approach to motion planning can be extended up to the computation of a
finite number of integrals of functions of time, which is still simpler than integrating the system
differential equations.

We prove that the dynamic model of planar HOSs are flat as a consequence of the constraints
holonomy. Here the inputs are the joint torques of the fingers and a flat output can be chosen as
the position and orientation of the object and combinations of the contact forces. In the three-
dimensional case the rolling without slipping condition gives rise to nonholonomic constraints.
As is, non-holonomy does not exclude flatness (see for instance the examples of the car with
n-trailers or of the rolling hoop, or penny, in [17]), but in our case the kinematic equations form
a Liouvillian system.

According to the dimension, the number of fingers, and the model type (i.e. dynamic or
kinematic) we show that HOSs can be classified as summarized in Table 1.

The paper is organized as follows. The next section is devoted to the modelling of HOSs
including planar configurations and HOSs with special morphology. The holonomy, flatness, and
Liouvillian properties of HOSs are studied in Section 3. Exploiting these properties, solutions
for the motion planning problem, in the HOS configurations whose models are presented in
section 2, are proposed in Section 4. The paper ends with a short conclusion and, for the
reader’s convenience, an Appendix summarizes some notions from analytical mechanics used
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hand structure model no. of fingers holonomy flatness Liouvillian
2D dynamics > 1 yes yes -
3D kinematics 1 no yes -
3D kinematics > 1 no ? yes

3D + symmetry dynamics >2 no ? yes

Table 1: Classification of HOSs

throughout the text.

2 Modelling

Consider the system setup illustrated in Figure 1. It comprises an object to be manipulated,
and, without loss of generality, three fingers, enumerated from 1 to 3. Each finger is considered
as a fully actuated manipulator with three joints. We assume that each segment of every finger
and the manipulated object are rigid bodies. Contacts between the fingertips (last segments of
the fingers) and the object are one point rolling contacts without slipping and are permanently
maintained. We also assume that the object surface is smooth and convex and the finger
surfaces are smooth and strictly convex. The convexity assumptions imply that the contact
point between any of the fingers and the object is globally unique.
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Figure 1: Robot hand with the manipulated object

The HOS is described by a set of differential and algebraic equations and inequality con-
straints ensuring that the above assumptions remain valid. They are presented in the next two
subsections. A more detailed presentation of the modelling may be found in [6, 12, 20].

2.1 Geometry and Kinematics

The geometric contact conditions are derived first together with the geometric description of
the fingers. Then we express the constraints on the velocities.

Denote the inertial base frame by Kb. Let Kd
i (i = 1, . . . , 3) and Ko be frames fixed to the

center of gravity (c-o-g) of the ith fingertip and of the object, respectively1. The position of the
c-o-g of the object (resp. finger) w.r.t. the origin of the frame K b is denoted by po = (xo, yo, zo)
(resp. pdi = (xdi , y

d
i , z

d
i )). The orientation of the object (resp. finger) w.r.t the inertial base

1The notation Kdi would be more consequent, but we prefer to avoid double subscripts for readability’s sake.
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frame is given by the matrix Ω(φo) (resp. Ω(φdi )). See Appendix for a short presentation of the
properties of such matrices. Define the pair

(pri ,Ω(φ
r
i )) = (Ω(φdi )

T (po − pdi ),Ω(φ
d
i )
TΩ(φo)), (1)

where pri (resp. Ω(φri )) represents the relative position (resp. orientation) of the object w.r.t.
the finger i.

Denote by poCi
= (xoCi

, yoCi
, zoCi

)T (resp. pdCi
= (xdCi

, ydCi
, zdCi

)T ) the coordinates of the contact
point Ci expressed in the frame Ko (resp. Kd

i ). From the permanent contact assumption we
have

pdCi
− pri − Ω(φri )p

o
Ci

= 0. (2)

Let the smooth function2 cdi : R3 → R (resp. co : R3 → R) characterize the surface of fingertip i
(resp. object) such that any surface point P of the ith fingertip (resp. object) with coordinates
pdi

P (resp. poP ) expressed in the basis of Kd
i (resp. Ko) satisfies cdi (p

di

P ) = 0 (resp. co(poP ) = 0).
Moreover, for any interior point P of the corresponding rigid bodies we have cdi (p

di

P ) < 0 (resp.
co(poP ) < 0). Since Ci is a point of both surfaces in contact one has

cdi (p
d
Ci
) = 0 (3)

co(poCi
) = 0. (4)

Denote by Dc =
(

∂c
∂x
, ∂c
∂y
, ∂c
∂z

)

the derivative of a surface function c. Since the tangent planes

of the surfaces at Ci must coincide, the unit normal vectors must be colinear with opposite
directions:

Dcdi (p
d
Ci
)

‖ Dcdi (p
d
Ci
) ‖

= −
Dco(poCi

)Ω(φri )
T

‖ Dco(poCi
) ‖

. (5)

It remains to give the position and orientation of the frameKd
i fixed to the fingertip as functions

of the joint coordinates. For, denote by qi the vector of joint coordinates of the finger i and
by di the direct geometry function of the finger i [14]. Since each finger has three joints by
assumption, the dimension of qi is equal to 3 for every i = 1, 2, 3. Then we have

di : U ⊂ R3 → R3 × SO(3), di(qi) = (pdi ,Ω(φ
d
i )), (6)

where U is the set of admissible joint configurations.
Constraints (2)-(6) are geometric. However, the rolling without slipping assumption imposes

additional constraints on the relative velocities at the contact points. Consider the object
and the ith finger, i = 1, 2, 3 (see Figure 2). Recall that the two-dimensional vector space
kerDcdi (p

d
Ci
) = {w ∈ R3|Dcdi (p

d
Ci
)w = 0} is identified to the tangent plane of the surface of

the finger at the point Ci. Denote by {wd1,Ci
, wd2,Ci

} a basis of kerDcdi (p
d
Ci
). Let vrCi

denote
the instantaneous relative velocity of the bodies in contact at the point Ci, such that vri = ṗri .
Using (81) of the Appendix, we have:

vrCi
= ṗri + [ωri×]Ω(φ

r
i )p

o
Ci
.

The geometric assumption of permanent and unique contact point implies that vrCi
lies in the

tangent plane at the contact point, i.e. vrCi
∈ kerDcdi (p

d
Ci
). Moreover, it vanishes according

2Unless explicitly mentioned, all the functions we consider throughout the paper are smooth, i.e. infinitely
differentiable in all their variables in open dense subsets of the corresponding manifolds.
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Figure 2: Rolling without slipping of surfaces

to the rolling without slipping constraint. We therefore obtain two independent equations by
expressing that the components of vrCi

in the basis {wd1,Ci
, wd2,Ci

}, vanish:

(wdj,Ci
)TvrCi

= 0, j = 1, 2. (7)

Constraints (3)-(6) and (7) must hold true at every contact point, namely for i = 1, 2, 3.
Two HOS examples illustrate the modelling procedure for geometry and kinematics. Motion

planning algorithms are presented for both examples in Section 4.

Example 1. Figure 3 illustrates the simple setup of an object (sphere with radius R) and a
finger (plane). Since we have only one finger, the subscript corresponding to the finger number
is omitted. The plane can be translated along the x and y coordinate axes of the reference
frame Kb, the joint coordinates corresponding to these translations are denoted by q1 and
q2, respectively. The choice of the three elementary rotations for the representation of the
orientation matrices follows the RPY (roll, pitch, yaw) convention (see Equation (79) of the
Appendix). The surface equations (3)-(4) read

C

pivoting

fingerK
b

K
o

z

x

y

K
d

Figure 3: Simple three-dimensional setup with one finger

co(poC) = (xoC)
2 + (yoC)

2 + (zoC)
2 −R2 = 0 cd(pdC) = zdC = 0,

and their derivatives are

Dco(poC) = 2(poC)
T Dcd(pdC) = (0, 0, 1). (8)
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The direct geometry (6) of the finger is given by

(

[q1, q2, 0]
T , I

)

=
(

pd,Ω(φd)
)

.

Since Ω(φd) = I, we have that Ω(φr) = Ω(φo). Reporting (8) in Equation (5) we get

Ω(φo)poC = −R(0, 0, 1)T , (9)

thus Equation (2) reads




xo

yo

zo



 =





xd + xdC
yd + ydC
zd +R



 .

The angular velocity of the sphere, using (80), is given by

ωo =





ωox
ωoy
ωoz



 =





−θ̇ sinϕ+ ψ̇ cosϕ cos θ

θ̇ cosϕ+ ψ̇ sinϕ cos θ

ϕ̇− ψ̇ sin θ



 . (10)

Using (9), the relative velocity at the contact point reads

vrC = ṗr + [ωo×]





0
0
−R



 =





ẋdC −R(θ̇ cosϕ+ ψ̇ sinϕ cos θ)

ẏdC −R(θ̇ sinϕ− ψ̇ cosϕ cos θ)
0





and kerDcd is spanned by wd1,C = (1, 0, 0)T and wd2,C = (0, 1, 0)T . Thus, the kinematic con-
straints (7) read

0 = ẋdC −R(θ̇ cosϕ+ ψ̇ sinϕ cos θ)

0 = ẏdC −R(θ̇ sinϕ− ψ̇ cosϕ cos θ).
(11)

Observe that these constraints don’t exclude rotations of the object around the axis passing
through the contact point and normal to the contact surface (see Figure 3). Such motions are
referred to as spinning or pivoting motions in the literature. The elimination of these motions
is not a consequence of our modelling assumptions. However, translational motions of the plane
cannot generate these rotations, therefore it needs to be eliminated if there is no such actuator
in the system. The constraint eliminating these pivoting motions reads

ωoz = ϕ̇− ψ̇ sin θ = 0, (12)

and referred to as the nonpivoting constraint in the sequel.

Lemma 1. The Pfaffian system obtained from (11), namely

$1 = dxdC −R(cosϕdθ + sinϕ cos θdψ)

$2 = dydC −R(sinϕdθ − cosϕ cos θdψ)

is fully non holonomic (see Appendix, Definition 4). Moreover, the Pfaffian system obtained by
adding the constraint of non-pivoting (12):

$3 = dϕ− sin θdψ,

to $1 and $2 is also fully non holonomic.
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Proof. For both cases, the same geometric constraints are used to eliminate variables, hence
the kinematic constraints must be satisfied on a seven-dimensional manifold determined by xdC ,
ydC , x

d, yd, and φo. The one-forms $1, $2, and $3 are linearly independent because of the
components in dxdC , dy

d
C , and dϕ. Let us calculate first the derived flags (see Appendix and

[17]) associated to the Pfaffian systems I1 = {$1, $2} and I2 = {$1, $2, $3}. After some
lengthy but elementary calculations the derived flag of I1 (resp. I2) has dimensions {2, 0}
(resp. {3, 2, 0}). Denote by ∆1 (resp. ∆2) the distribution annihilating I1 (resp. I2) and
recall that dim∆1 = 7 − 2 = 5 (resp. dim∆2 = 7 − 3 = 4). By the properties of the derived
flag, the involutive closure ∆̄1 (resp. ∆̄2) of ∆1 (resp. ∆2) satisfies dim ∆̄1 = 7 − 2 + 2 = 7
(resp. dim ∆̄2 = 7− 3 + 1 + 2 = 7), which is the dimension of the configuration manifold after
eliminations and the lemma follows by Definition 4 of the Appendix.

Example 2. The fingers are the three tangent planes to a sphere of radius R as depicted in
Figure 4. They are assumed parallel to the three respective cartesian planes x = 0, y = 0
and z = 0 of the base frame and their displacements are restricted to translations along the
corresponding directions. The frames fixed to the planes have the same orientations as the base
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finger 3

K
b
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y

O

Figure 4: Simple three-dimensional setup

frame. The orientation of the sphere is given by φo = (ϕ, θ, ψ) as in the previous example. The
surface equations (3)-(4) read

xdC1
= 0 − ydC2

= 0 zdC3
= 0 (xoCi

)2 + (yoCi
)2 + (zoCi

)2 −R2 = 0.

Their derivatives at the contact points are

Dco(poCi
) = 2(poCi

)T Dcd1(p
d
C1
) = (1, 0, 0) Dcd2(p

d
C2
) = −(0, 1, 0) Dcd3(p

d
C3
) = (0, 0, 1). (13)

Denoting by qi = (qi1, qi2, qi3)
T the vector of joint coordinates of the ith finger, its direct

geometry function reads
(qi, I) =

(

pdi ,Ω(φ
d
i )
)

, (14)

hence we have Ω(φri )p
o
Ci

= Ω(φo)poCi
. Reporting in Equation (5) the expression of Dco(poC1

) and
Dcd1(p

d
C1
) from (13) we get

Ω(φo)poC1
= Re1,

with e1 = (−1, 0, 0)T . For the remaining two fingers one obtains similar relations: Ω(φo)poC2
=

Re2 and Ω(φo)poC3
= Re3 with e2 = (0, 1, 0)T and e3 = (0, 0,−1)T . Using these expressions, the

geometric constraints corresponding to (2) can be simplified to obtain

pdCi
= (po − pdi ) +Rei, i = 1, 2, 3,

7



or, isolating the coordinates of the frame fixed to the object,

xo = xd1 +R xo = xd2 + xdC2
xo = xd3 + xdC3

yo = yd1 + ydC1
yo = yd2 −R yo = yd3 + ydC3

zo = zd1 + zdC1
zo = zd2 + zdC2

zo = zd3 +R.
(15)

The relative velocity at the contact point Ci reads

[ωo×]Rei + ṗo − ṗdi = 0 i = 1, 2, 3. (16)

The vectors spanning the tangent planes of the fingers are wd
2,C2

= wd1,C3
= (1, 0, 0)T , wd2,C1

=
wd2,C3

= (0, 1, 0)T , and wd1,C1
= wd1,C2

= (0, 0, 1)T . Reporting this in the expression (7) of the
kinematic constraint and using Equation (80) of [ωo×] we get

Rωoy + żo − żd1 = 0 Rωox + żo − żd2 = 0 −Rωoy + ẋo − ẋd3 = 0
−Rωoz + ẏo − ẏd1 = 0 −Rωoz + ẋo − ẋd2 = 0 Rωox + ẏo − ẏd3 = 0.

These kinematic constraints are not fully nonholonomic. For, observe that eliminating Rωox one
gets

żo − żd2 = ẏo − ẏd3 . (17)

Differentiating the geometric constraints zo = zd2 + zdC2
and yo = yd3 + ydC3

obtained in (15), and
reporting them in (17) we get żdC2

= ẏdC3
which can be integrated as zdC2

+ zdC2
(0) = ydC3

+ydC3
(0).

One may get similar relations by eliminating ωoy and ω
o
z . This gives three integrated constraints:

ydC1
+ ydC1

(0) = xdC2
+ xdC2

(0)
zdC1

+ zdC1
(0) = −xdC3

− xdC3
(0)

zdC2
+ zdC2

(0) = ydC3
+ ydC3

(0),
(18)

where ydC1
(0), xdC2

(0), zdC1
(0), xdC3

(0), zdC2
(0) and ydC3

(0) are initial conditions. Using these
expressions together with the geometric constraints (15) and the expression of [ωo×] in the
RPY representation (79), the remaining constraints read:

0 = ẏdC1
−R(ϕ̇− ψ̇ sin θ)

0 = żdC1
+R(θ̇ cosϕ+ ψ̇ sinϕ cos θ)

0 = żdC2
−R(θ̇ sinϕ− ψ̇ cosϕ cos θ)

(19)

Lemma 2. The Pfaffian system obtained from the constraints (19), namely:

$1 = −Rdϕ+R sin θdψ + dydC1
= 0

$2 = R cosϕdθ +R sinϕ cos θdψ + dzdC1
= 0

$3 = −R sinϕdθ +R cosϕ cos θdψ + dzdC2
= 0

(20)

is fully non holonomic.

Proof. After elimination of variables using the geometric and the integrated kinematic con-
straints, the kinematic constraints must be satisfied on a nine-dimensional manifold given by
the variables ydC1

, zdC1
, zdC2

, xd1, y
d
2 , z

d
3 , and φ

o = (ϕ, θ, ψ). The one-forms $1, $2, and $3 are
linearly independent because of their components in dydC1

, dzdC1
, and dzdC2

. The derived flag of
the Pfaffian system I = {$1, $2, $3} has dimensions {3, 0}. Denoting by ∆ the annihilating
distribution of I, we have that dim∆ = 9− 3 = 6. Computing the dimension of its involutive
closure using the derived flag, we have: dim ∆̄ = 9− 3 + 3 = 9. Since 9 is the dimension of the
configuration manifold after elimination, the lemma follows.
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2.2 Dynamic equations

The dynamic equations are obtained separately for each finger and the object. These dynamics
are connected by the contact forces. Denote by fi the contact force applied to the object by
the ith fingertip. The vectors fi are expressed in the basis of Kb.

The Newton-Euler equations of the object read:

mp̈o = fg +
3

∑

i=1

fi (21)

Θω̇o =
3

∑

i=1

Ω(φo)poCi
× fi − ωo ×Θωo, (22)

where Θ is the inertia matrix of the object, m is its mass and fg the gravitational force. The
dynamic equation on the ith finger is

Hi(qi)q̈i + hi(qi, q̇i) = τi − τi,ext, (23)

where τi is the vector of joint torques, τi,ext is the vector of external joint torques, Hi is the
inertia matrix of the ith finger and hi contains the quadratic (w.r.t. the joint velocities)
and gravitational terms. The relation between the forces fi and torques τi,ext is given by the
transformation:

τi,ext = JTi G
T
i · fi (24)

where Ji is the Jacobian matrix of the ith finger (i.e. the derivative of its direct geometry
function) and GT

i is the linear mapping transforming the contact force fi to an equivalent
wrench (force and torque taken together) at the origin of the frame Kd

i .

2.3 Inequality constraints

For the sake of completeness, let us state the inequality constraints implied by the rolling with-
out slipping contact assumptions. The contact forces applied by the fingers must be oriented
inwards the object

Ω(φo)TDco(poCi
) · fi < 0 (25)

and because of the rolling contacts they cannot leave the friction cone described by the inequal-
ity

‖fit‖

‖fin‖
< µ

where fin (resp. fit) is the normal (resp. tangent) component of fi and µ is the Coulomb
friction coefficient. Other inequality constraints may also be used to characterize the reachable
space of the finger joints, ensure collision free trajectories between the fingers, etc. Since they
are not directly used in the sequel they are omitted.

2.4 Modelling of planar HOSs

The modelling hypotheses introduced at the beginning of Section 2 remain unchanged for the
planar case. We proceed in the same way as for the modelling of three-dimensional HOSs,
namely we start with the equations defining the geometry of the surfaces, contacts and fingers,
then we continue with the kinematic constraints and with the dynamics.
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Without loss of generality, we may assume that planar HOSs evolve in the xz-plane of the
reference frame Kb. Hence all notations used so far remain unchanged, it is enough to omit the
y-coordinates and the ϕ, ψ orientation angles from the RPY representation. Thus the planar
version of the general RPY orientation matrix, defined by (79), simply reads

Ω(θ) =

[

cos θ sin θ
− sin θ cos θ

]

.

According to the notations of Section 2.1, the only orientation angle is denoted by φo for the
object and by φdi for the finger i.

The relative position and orientation of the finger i and the object is defined by the pair

(pri , φ
r
i ) =

(

Ω(φdi )
T (po − pdi ), φ

o − φdi
)

. (26)

The geometric constraints (2)-(5) here read, for every finger i:

pdCi
− pri − Ω(φri )p

o
Ci

= 0 (27)

cdi (p
d
Ci
) = 0 (28)

co(poCi
) = 0 (29)

det

(

Dcdi (p
d
Ci
)

Dco(poCi
) · Ω(φri )

T

)

= 0, (30)

where the last equation results from (5) expressing the colinearity of the normal vectors. Here
attention has to be paid to the directions of the normal vectors. The direct geometry function
of the ith finger is similar to (6), but with straightforward adaptation of its range space:

di : U ⊂ R3 → R2 × R/2πZ, di(qi) =
(

pdi , φ
d
i

)

. (31)

Consider next the kinematic constraints. First, note that kerDcdi (p
d
Ci
) is one-dimensional,

and spanned by

wdCi
=

[

0 −1
1 0

]

Dcdi (p
d
Ci
)T .

Taking into account the fact that the relative velocity of the object and finger at the contact
point is

vrCi
= ṗri + [φ̇ri×]

(

pdCi
− pri

)

,

the kinematic constraint (7) reads

(wdCi
)T

(

ṗri + [φ̇ri×]
(

pdCi
− pri

)

)

= 0 with [φ̇ri×] =

[

0 −φ̇ri
φ̇ri 0

]

. (32)

The adaptation of the dynamical equations of the object and fingers for the two-dimensional
case is straightforward:

mp̈o = fg +
m
∑

i=1

fi (33)

Θφ̈o =
m
∑

i=1

Ω(φo)poCi
× fi (34)

Hi(qi)q̈i + hi(qi, q̇i) = τi − JTi G
T
i · fi. (35)

The next example presents a simple planar HOS.
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Figure 5: Planar HOS.

Example 3. Consider the HOS given in Figure 5. The hand has two fingers with prismatic
joints and fingertips of radius ri, i = 1, 2. The manipulated object is a disc of radius R. The
position of the object is given by the coordinates xo and zo of the point O and its orientation is
determined by the angle φo. Using (26), the geometric constraints (27)-(30) read, for i = 1, 2,

pdi −

[

xo − xdCi

zo − zdCi

]

−

[

cosφo sinφo

− sinφo cosφo

] [

xoCi

zoCi

]

= 0 (36)

(xdCi
)2 + (zdCi

)2 − r2i = 0 (37)

(xoCi
)2 + (zoCi

)2 −R2 = 0 (38)

det

[

xdCi
zdCi

xoCi
cosφo + zoCi

sinφo xoCi
sinφo − zoCi

cosφo

]

= 0. (39)

The direct geometry of the fingers read

(

[q12, q11]
T , 0

)

=
(

pd1, φ
d
1

)

(

[rx − q22, q21]
T , 0

)

=
(

pd2, φ
d
2

)

. (40)

The kinematic constraint (32) reads

[

−zdCi
xdCi

]

([

ẋo

żo

]

− ṗdi + [φ̇o×]

([

xdCi
− xo

zdCi
− zo

]

+ pdi

))

= 0. (41)

The dynamic equation of the object are given by (33)-(34), while the dynamics of the finger i,
corresponding to (35) reads

[

mi1 +mi2 0
0 mi2

] [

q̈i1
q̈i2

]

+

[

−(mi1 +mi2)g
0

]

=

[

τi1
τi2

]

−

[

fi,y
(−1)i−1fi,x

]

, (42)

where mij gives the mass of the jth segment of the finger i.

2.5 HOSs with special morphology

Consider a HOS with 3 fingers, each with 5 joints. Suppose that the following properties are
satisfied (see Figure 6).
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1. The last segments of the fingers are spheres such that they can be rotated around two
independent symmetry axes. These rotations correspond to the joints 4 and 5.

2. For each finger, the joint coordinates corresponding to the joints number 4 and 5 are
cyclic coordinates [29] (i.e. ∂Li

∂qi,4
= ∂Li

∂qi,5
= 0, for i = 1 . . . 3, where Li is the Lagrangian of

the ith finger).

3. The orientation of the last joint axis does not depend on qi,4 (i = 1, . . . , 3).

qi,1

qi,5

qi,4

qi,3

qi,2

K
b

K
d

i

ob
je

ct

fingertip

Figure 6: Finger with symmetries satisfying the conditions

Remark 1. The last condition corresponds to special mechanical devices, roughly speaking,
similar to the ones used for trackballs and for the mechanical integrator presented in [23, Chap-
ter 1]. The results presented for fingers with three fingers, five joints each, can be easily extended
to HOSs with higher number of fingers and joints. We have restricted ourselves to the simplest
case for readability’s sake.

Remark 2. Let us give a mechanical consequence of the above conditions. Assuming that the
last segments of the fingers have all radius r (these radii may be different for the general case),
one can virtually enlarge the volume of the convex object by constructing a new surface which is
at distance r from the original one in the direction of the corresponding finger. It is easy to see
that the centers of the last segments are always on this enlarged surface as far as the contact
is maintained. Let this point of the enlarged surface be denoted by C̄i for the finger i and let

ti =
−−→
C̄iCi. (Notice that the direction of ti is normal to both surfaces at Ci and C̄i ). Denote the

linear (resp. angular) velocity of the last segment (i.e. the sphere) of the finger i by vd4,5 (resp.
ωd4,5). Then the rolling without slipping constraint at the real contact point Ci reads

vrCi
= vd4,5 + [ωd4,5×]ti −

(

ṗo + [ωo×]Ω(φo)poCi

)

= 0.

Since the linear velocity vd4,5 stands for the velocity of C̄i which also belongs to the enlarged
surface, the relative velocity at C̄i reads

vrC̄i
= vd4,5 −

(

ṗo + [ωo×]
(

Ω(φo)poCi
− ti

))

=
[

(ωo − ωd4,5)×
]

ti

which is different from zero as far as ωo−ωd4,5 6= 0. This relation may be interpreted as the fact
that the origin of the last segment (i.e. the center the sphere) slides on the enlarged surface of
the object.

Example 4. Consider the HOS depicted in Figure 7. The manipulated object is a sphere of
radius R. The orientation of the sphere is represented by the RPY angles φo = (ϕ, θ, ψ). The

12
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Figure 7: HOS in 3 dimensions

vectors (dxi, dyi, dzi)
T (i = 1, 2, 3) give the coordinates of the finger base points in the frame

Kb. The frames Kd
i are fixed to the centers of the last segments of the fingers. The surface

equations (3)-(4) are given by

(xoCi
)2 + (yoCi

)2 + (zoCi
)2 −R2 = 0 (xdCi

)2 + (ydCi
)2 + (zdCi

)2 − r2 = 0 (43)

with derivatives
Dco(poCi

) = 2
(

poCi

)T
Dcdi (p

d
Ci
) = 2

(

pdCi

)T
,

hence the constraint (5) reads

pdCi
= −

r

R
Ω(φri )p

o
Ci
.

Reporting this in (2), and multiplying both sides from left by Ω(φdi ) we get




qi,3 + dxi
qi,2 + dyi
qi,1 + dzi



− po −
(

1 +
r

R

)

Ω(φo)poCi
= 0. (44)

The direct geometry function of the finger 1 is given by








q12
q13
q11



 ,





cos q15 0 sin q15
sin q15 sin q14 cos q14 − cos q15 sin q14
− sin q15 cos q14 sin q14 cos q15 cos q14







 =
(

pd1,Ω(φ
d
1)
)

(45)

and has similar form for the remaining two fingers. The relative velocity at the contact point
reads

vrCi
= ṗo + [ωo×]Ω(φo)poCi

−





q̇i,3
q̇i,2
q̇i,1



−





0 0 q̇15
0 0 −q̇14
−q̇15 q̇14 0







Ω(φo)poCi
+ po −





qi,3 + dxi
qi,2 + dyi
qi,1 + dzi







 .

The vectors spanning the tangent plane at the contact point are wd
1,Ci

= [−zdCi
, 0, xdCi

]T and
wd2,Ci

= [−ydCi
, xdCi

, 0]T which allows to determine the kinematic constraint (7) using the above
expression of the relative velocity. Finally, since the structure of the inertia matrices are not
specified neither for the fingers nor for the object, the dynamic equations of the object and the
fingers are given in their general form by (21)-(22) and by (23).
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3 Holonomy, flatness and Liouvillian properties

The definition of holonomy is given in the Appendix. Let us give here the definitions of flat
and Liouvillian systems.

Definition 1 (flatness). The system

ẋ = f(x, u) (46)

with x ∈ Rn and u ∈ Rm is differentially flat if one can find a set of variables, called flat output,

y = h(x, u, u̇, ü, . . . , u(r)), y ∈ Rm (47)

with r finite integer, such that

x = α(y, ẏ, ÿ, . . . , y(q)) u = β(y, ẏ, ÿ, . . . , y(q+1))

with q finite integer, and such that the system equations

dα

dt
(y, ẏ, ÿ, . . . , y(q+1)) = f(α(y, ẏ, ÿ, . . . , y(q)), β(y, ẏ, ÿ, . . . , y(q+1)))

are identically satisfied.

The weaker notion of Liouvillian systems is defined in [4] using differential algebra. We
adopt here a slightly different definition.

Definition 2 (Liouvillian system). The system (46) is said to be Liouvillian if there exists
a set of variables defined as (47), and a finite number of variables ξ1, . . . , ξp given by

ξ
(µi)
i = γi(y, ẏ, . . . , y

(q+1)) i = 1, . . . , p (48)

such that

x = α(y, ẏ, ÿ, . . . , y(q), ξ̄µ1−1
1 , . . . , ξ̄µp−1

p ) u = β(y, ẏ, ÿ, . . . , y(q+1), ξ̄µ1−1
1 , . . . , ξ̄µp−1

p ),

with ξ̄µi−1
i = (ξi, ξ̇i, . . . , ξ

(µi−1)
i ), and such that α and β identically satisfy the system equations:

dα

dt
= f(α, β).

We refer to y as a partially flat output and to ξ1, . . . , ξp as integral variables.

Recall that the notion of Liouvillian systems is closely related to integrability by quadra-
tures and thus to strictly triangular forms, also appearing in [16]. The remaining part of this
section discusses the holonomy, flatness and Liouvillian properties of HOSs. General results are
obtained for planar HOSs and for HOS structures with symmetries. Specific results are pre-
sented for the examples of Section 2. The solutions of the motion planning problem presented
for these HOSs in Section 4 are based on the propositions of the present section.

Let us insist on the fact that the differential equations (48), satisfied by the integral variables
ξi, only depend on the partially flat output y. Therefore, once we choose a smooth trajectory
t→ y(t), the RHS of (48) becomes a function of t only which justifies the fact that ξi are called
integral variables.
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3.1 Holonomy and flatness of planar structures

We prove that planar configurations are both holonomic and flat.

Proposition 1. In the planar case, the kinematic constraints between every finger and the
object are holonomic. Consequently, planar HOSs, with an arbitrary number of fingers, are
holonomic.

Proof. Since we focus attention on a single finger in contact with the object, the subscript i
corresponding to the finger’s index is omitted in the proof. The one-forms corresponding to the
geometric and kinematic constraints read

[

$1

$2

]

= d
(

pdC − pr − Ω(φr)poC
)

= 0 (49)

$3 = d(cd(pdC)) = 0 (50)

$4 = d(co(poC)) = 0 (51)

$5 = d

(

det

(

Dcd(pdC)
Dco(poC) · Ω(φ

r)T

))

= 0 (52)

$6 = (wdCi
)T

(

dpr + [dφr×]
(

pdC − pr
))

= 0, (53)

where (49)-(52) are the exterior derivatives of the constraints (27)-(30). The one-form $6 comes
from the kinematic constraint (32). This Pfaffian system is made of 6 independent one-forms
as can be checked by lengthy calculations that are omitted here. Nevertheless, this property is
easily interpreted in geometric terms by the fact that the independence of the first five equations
is a consequence of the opposite convexities of the boundaries of the object and the finger with
uniqueness of the contact point and thus the coincidence of the common tangents. Moreover,
the last equation is the only one involving the covectors dpr, dφr without dependence on dpdC ,
dpoC .

Since the number of variables involved in these six constraints is seven (namely pr, pdC , p
o
C ,

φr) the Pfaffian system $1-$6 is always locally integrable which proves holonomy.

Proposition 2. Planar HOSs with at least two fingers, each one having at least two joints, are
differentially flat.

Proof. Let m denote the number of fingers (m ≥ 2) and νi (νi ≥ 2), i = 1, . . . ,m, the number
of joints of finger i. We thus have

∑m

i=1 νi independent inputs, namely the joint torques τi of
the fingers. We claim that a flat output is given by the following

∑m

i=1 νi variables: p
o, φo,

qi,3, . . . , qi,νi
(i = 1, . . . ,m) and

yi = gi(f1, . . . , fm) i = 1, . . . , 2m− 3,

with gi arbitrary but fixed combinations of the contact forces. Let us denote by Y the corre-
sponding

∑m

i=1 νi dimensional vector:

Y = (po, φo, q1,3, . . . , q1,ν1 , . . . , qm,3, . . . , qm,νm
, y1, . . . , y2m−3). (54)

Using Proposition 1, the kinematic equation can be integrated to get rid of ṗri and φ̇ri ,
thus (27)-(30) and (32) become a set of 6 algebraic independent equations depending on 7
variables for each finger. Using these six equations, the coordinates pdCi

, poCi
of the contact

points and the relative positions pri of the object w.r.t. to the fingers can be calculated as
function of the relative orientations φri .
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Let us show how to determine φri as function of the variables of the flat output. Using the
direct geometry of the fingers (31) and Equation (26), we have

di(qi) =
(

pdi , φ
d
i

)

=
(

po − Ω(φdi )p
r
i , φ

o − φdi
)

i = 1, . . . ,m. (55)

We thus have 3m independent equations with the 3+m+
∑m

i=1 νi variables: φ
o, po, qi,1, . . . , qi,νi

,
(i = 1, . . . ,m), φr1, . . . , φ

r
m. This shows that the knowledge of φo and po, the orientation and

position of the object, together with qi,3, . . . , qi,νi
allows to calculate the 3m variables φri , qi,1,

qi,2 for i = 1, . . . ,m, using (55). Hence the variables included in the flat output allow to express
all the remaining variables involved in the geometry and the kinematics of the planar HOS.

The dynamic equations of the object (33)-(34) together with yi (i = 1, . . . , 2m− 3) give the
contact forces fi (i = 1, . . . ,m) as functions of Y, Ẏ , Ÿ . The contact forces and Y, Ẏ , Ÿ allow
then to calculate the vectors of joint torques of the fingers τi, (i = 1, . . . ,m) using (35).

Since we have shown that all system variables can be expressed as functions of Y and
derivatives we have proved that Y is a flat output and the system is flat.

3.2 The case of one finger (Example 1)

Two cases may be distinguished. First, we examine the case when pivoting motions are con-
trolled (i.e. we can control the rolling motions of the object around the normal vector to its
surface at the contact point). Then pivoting motions are prohibited by an additional constraint,
which eliminates one of the inputs.

In Example 1, we make an additional assumption stating that the velocity of the finger in
the x and y directions of the reference frame equals to the relative velocity at the contact point
with opposite direction, namely ẋd = −ẋdC and żd = −żdC . Using this assumption the variables
xd and yd can be also eliminated since they can be calculated as functions of xC and yC . Since
xd and yd are not involved in the kinematic constraints, Lemma 1 remains valid but with a
manifold of dimension 5 after eliminations. The remaining part of this section considers the
kinematics on this five-dimensional manifold given by xdC , y

d
C and φo.

3.2.1 Flatness of the 3-input case

To study the kinematics (11) of Example 1, define the matrix A and the vector X as

A =

[

0 R cosϕ R sinϕ cos θ −1 0
0 R sinϕ −R cosϕ cos θ 0 −1

]

, X =
[

ϕ, θ, ψ, xdC , y
d
C

]T
. (56)

Obviously, Equation (11) is equivalent to AẊ = 0.
We assume that the control inputs u1, u2, u3 of this kinematics are the translational relative

velocities of the finger w.r.t. the object along the horizontal plane and the angular velocity of
the object around the vertical axis, namely: u1 = ẋdC , u2 = ẏdC , u3 = ωoz .

Remark 3. The physical realization of the third input u3 = ωoz that makes pivoting the object
is not straightforward. One could imagine that such motion may be produced by a magnetic
actuator creating a rotating field around the sphere made of suitable material.

Proposition 3. The kinematics (11) given by

AẊ = 0 (57)
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where A and X are defined by (56) with three inputs: u1 = ẋdC, u2 = ẏdC, u3 = ωoz is differentially
flat with a flat output Y given by

Y =





ϕ
θ
ζ





with

ζ =
1

R

[

ϕ̇ sinϕ cos θ + θ̇ cosϕ sin θ

−ϕ̇ cosϕ cos θ + θ̇ sinϕ sin θ

]T

AX. (58)

Proof. Introduce the variables y1 and y2 as
[

y1
y2

]

= AX. (59)

Note that y1, y2 and ζ are functions of the system variables (57) including the inputs u1 = ẋdC ,
u2 = ẏdC , and u3 = ωoz .

Differentiating ζ, using (58) and (59), one obtains

1

R
(ay1 + by2) = ζ̇ + θϕ̇2 cos θ (60)

with

a= ϕ̈ sinϕ cos θ + (ϕ̇2 + θ̇2) cosϕ cos θ − 2ϕ̇θ̇ sinϕ sin θ + θ̈ cosϕ sin θ

b=−ϕ̈ cosϕ cos θ + (ϕ̇2 + θ̇2) sinϕ cos θ + 2ϕ̇θ̇ cosϕ sin θ + θ̈ sinϕ sin θ

Observe now that (60) together with (58) constitute a linear system w.r.t. to the variables y1
and y2

1

R

[

ϕ̇ sinϕ cos θ + θ̇ cosϕ sin θ −ϕ̇ cosϕ cos θ + θ̇ sinϕ sin θ
a b

] [

y1
y2

]

=

[

ζ

ζ̇ + θϕ̇2 cos θ

]

,

hence, inverting the system, y1 and y2 are obtained as functions of ζ, ζ̇, θ, θ̇, θ̈, ϕ, ϕ̇, and ϕ̈. In
order to obtain ψ as function of ζ, ϕ, θ and their successive time derivatives, we differentiate
Equation (59) with (57):

[

ẏ1
ẏ2

]

=
d

dt
(AX) =

(

d

dt
A

)

·X = R





−θϕ̇ sinϕ+ ψ
(

ϕ̇ cosϕ cos θ − θ̇ sinϕ sin θ
)

θϕ̇ cosϕ+ ψ
(

ϕ̇ sinϕ cos θ + θ̇ cosϕ sin θ
)





thus yielding ψ:

ψ =

ẏ1
R

+ θϕ̇ sinϕ

ϕ̇ cosϕ cos θ − θ̇ sinϕ sin θ
=

ẏ2
R
− θϕ̇ cosϕ

ϕ̇ sinϕ cos θ + θ̇ cosϕ sin θ
. (61)

Since we have already shown that y1 and y2 are functions of Y and its derivatives, the same
holds true for ψ.

Finally, by (59), we have

xdC = y1 −R(θ cosϕ+ ψ sinϕ cos θ)

ydC = y2 −R(θ sinϕ− ψ cosϕ cos θ)

proving that xdC and ydC are also functions of Y and its time derivatives. Since u1 = ẋdC , u2 = ẏdC ,
u3 = ωoz = ϕ̇ − ψ̇ sin θ, the inputs are also functions of Y and derivatives which achieves the
proof.
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Remark 4. The third component ζ of Y appears quite involved and its physical interpretation
is far from obvious. It has been obtained by integration techniques which are not reported here
and its expression explicitly contains the input variables, which is quite unusual: in (58), ϕ̇ and
θ̇ are present and, according to the fact that u1 = ẋdC, u2 = ẏdC and u3 = ωoz = ϕ̇− ψ̇ sin θ, (57)
reads





0 cosϕ sinϕ cos θ
0 sinϕ − cosϕ cos θ
1 0 − sin θ









ϕ̇

θ̇

ψ̇



 =





u1

R
u2

R

u3



 (62)

or, after inversion,

ϕ̇ =
u1
R

sinϕ tan θ −
u2
R

cosϕ tan θ + u3

θ̇ =
u1
R

cosϕ+
u2
R

sinϕ

ψ̇ =
u1
R

sinϕ

cos θ
−
u2
R

cosϕ

cos θ
.

(63)

Thus, reporting these expressions in (58), yields the above mentioned expression of ζ involving
the inputs.
A simpler flat output is not known to the authors at present. Notice that since (57) is

equivalent to the driftless system with five states and three inputs given by (63) together with

ẋdC = u1 ẏdC = u2,

its flatness property is a consequence of [17]. Note that this reference doesn’t provide direct
means to determine the flat output.

3.2.2 Liouvillian property of the 2-input case

Let us now examine the case when pivoting motions are eliminated by the constraint (12) of
Example 1. It corresponds to the elimination of the input u3 = ωoz by setting it identically to
zero. Defining the matrix A′ as

A′ =

[

A
1 0 − sin θ 0 0

]

,

the kinematics of this system reads
A′Ẋ = 0.

Again, the corresponding driftless system, similar to (63), is obtained:







ϕ̇ =
u1
R

sinϕ tan θ −
u2
R

cosϕ tan θ

θ̇ =
u1
R

cosϕ+
u2
R

sinϕ














ψ̇ =
u1
R

sinϕ

cos θ
−
u2
R

cosϕ

cos θ
ẋdC = u1

ẏdC = u2

.

(64)

Proposition 4. The system (64) is Liouvillian with Y = (ϕ, θ) as partially flat output and xdC,
ydC, ψ as integral variables.
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Proof. By the first two equations of (64), the variables u1, u2 are functions of Y and Ẏ . In
addition, the variables xdC , y

d
C , and ψ can be obtained from the last three equations of (64)

by simple integrals provided that their initial conditions are known, which proves that Y is a
partially flat output and that xdC , y

d
C , ψ are integral variables. The system is thus proven to be

Liouvillian.

3.3 Liouvillian property of the case with three fingers (Example 2)

The kinematics (19) of the HOS presented in Example 2 (ball with three fingers) can be trans-
formed to the following driftless system















ϕ̇ = −u1 + u2 tan θ sinϕ+ u3 tan θ cosϕ

θ̇ = u2 cosϕ− u3 sinϕ

ψ̇ = u2
sinϕ

cos θ
+ u3

cosϕ

cos θ









ẏdC1
= Ru1

żdC1
= Ru2

żdC2
= Ru3,

(65)

with six states and three inputs.

Proposition 5. The system (65) is Liouvillian with Y = (ϕ, θ, ψ) as partially flat output and
ydC1
, zdC1

, zdC2
as integral variables.

Proof. By the first three equations of (65), the variables u1 =
1
R
ẏdC1

, u2 =
1
R
żdC1

, u3 =
1
R
żdC2

are

functions of Y and Ẏ . In addition, the variables ydC1
, zdC1

, zdC2
can be obtained from the last

three equations of (65) by simple integrals provided that their initial conditions are known,
which proves that Y is a partially flat output and that ydC1

, zdC1
, zdC2

are integral variables.
Therefore the system is indeed Liouvillian.

3.4 Liouvillian property of the HOS with special morphology

Proposition 6. Consider a HOS such that Conditions 1-3 hold true. This system is Liouvillian
and admits a partially flat output Y = (po, φo, xoCi

, yoCi
, y1, y2, y3), position and orientation of

the object and coordinates of the contact points on the object boundary, with three combinations
of the contact forces: yi = gi(f1, f2, f3), i = 1, 2, 3. Moreover, qi,4, qi,5, i = 1, 2, 3, the last two
joint coordinates of the fingers, are integral variables.

Proof. Without loss of generality, we may assume that each fingertip has radius r. Fix the
frame Kd

i to the fingertip of the ith finger with its origin at the center of the sphere. Hence

Dcdi (p
d
Ci
) = 2

(

pdCi

)T
. (66)

The position pdi of the finger i is function of the joint coordinates qi,1, . . . , qi,3 and doesn’t depend
on the last joints qi,4 and qi,5. Moreover, due to Condition 3, the angular velocity of the finger
ωdi doesn’t depend on qi,4 and qi,5 (it depends on qi,1, . . . , qi,3 and q̇i,1, . . . , q̇i,5):

pdi = pdi (qi,1, qi,2, qi,3)

Ω
(

φdi
)

= Ω(qi,1, qi,2, qi,3, qi,4, qi,5)

ωdi = ωdi (qi,1, qi,2, qi,3, q̇i,1, q̇i,2, q̇i,3, q̇i,4, q̇i,5).

(67)
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Thus the geometric constraints of the unique contact point between the object and the ith
finger and the kinematic condition of rolling without slipping can be formulated without the
variables qi,4, qi,5, and p

d
Ci
. Using (66), the geometric constraint corresponding to Equation (2),

expressed in Kb reads

pdi − po − Ω(φo)

(

poCi
+ r

Dcoi (p
o
Ci
)T

‖Dcoi (p
o
Ci
)T‖

)

= 0. (68)

Due to the symmetry of the spherical fingertips (see Condition 1) the geometric constraints
corresponding to (3) and (5) are used to eliminate the coordinates pdCi

of the contact point on
the finger.

In the sequel we need the expression of the relative velocity at the contact points in the
reference frame Kb:

vrC,i = voC,i − vdC,i = ṗo + [ωo×]Ω(φo)poC,i − ṗdi − [ωdi×]
(

Ω(φo)poC,i + po − pdi
)

,

where we used (68) to eliminate pdCi
from the expression of vdC,i. Denote by wo1,Ci

and wo2,Ci

the vectors spanning kerDco(poCi
), i.e. the tangent plane to the object at the contact point,

expressed also in the basis of Kb. Thus the kinematic constraints are given by

(wo1,Ci
)TvrC,i = 0 (wo2,Ci

)TvrC,i = 0. (69)

Let us prove first that zoCi
, pdi , qi,1, qi,2, qi,3, q̇i,4, q̇i,5 can be expressed as functions of Y and Ẏ .

First, by (4) and the implicit function theorem, one can express zoCi
as zoCi

= Zo
Ci
(xoCi

, yoCi
),

i = 1, 2, 3. Then, replacing zoCi
in (68), pdi can be obtained as function of Y . The first (three-

dimensional) equation of (67) can be locally solved for qi,1, qi,2, qi,3, giving these three variables
as functions of Y .

Since the kernel of Dcoi is a function of Y , the same holds true for wo
1,Ci

, wo2,Ci
. Moreover,

by the last equation of (67), ωdi depends on Y, Ẏ and q̇i,4, q̇i,5. Denote by W = (wo1,Ci
, wo2,Ci

)T

and by [t×] the cross product matrix with t = Ω(φo)poCi
+ po− pdi 6= 0, both with rank 2. Then

(69) reads
W [t×]ωdi = −W

(

ṗo + [ωo×]Ω(φo)poCi
− ṗdi

)

.

Thus (69) can be locally solved for q̇i,4 and q̇i,5 since, according to the above decomposition, its
Jacobian has rank 2, provided that the Jacobian of the ith finger is of full rank. It results that
q̇i,4 and q̇i,5 can be expressed as functions of Y and Ẏ . Therefore, introducing ξ = (qi,4, qi,5),
we have ξ̇ = γ(Y, Ẏ ).

Let us now prove that the vectors of joint torques τi, i = 1, 2, 3 can be obtained as functions
of Y, Ẏ , Ÿ . By (21)-(22) and using yi = gi(f1, f2, f3), i = 1, 2, 3, the vector of contact forces f1,
f2, f3 can be computed as functions of Y, Ẏ , Ÿ . Next, by (24) the same holds true for τi,ext since
Ji and Gi don’t depend on qi,4 and qi,5 by Condition 3. Finally, since qi,4 and qi,5 are cyclic
coordinates (Condition 2), they are not involved in the dynamic equations (23) which allow to
calculate τi, i = 1, 2, 3 as claimed.

It remains to show that pdCi
, φdi , i = 1, 2, 3, are functions of Y , its derivatives, and ξ. This is

obvious from the second equation of (67) and from (2), hence ξ contains the integral variables
which achieves the proof.

Remark 5. It can be verified that the above proposition remains valid if the number of the
joints is increased or decreased (the minimal number being three joints per finger) and if the
number of fingers is increased. However, decreasing the number of joints will prevent from
arbitrarily modifying simultaneously the position and orientation of the object and the position
of the contact points on the object boundary.
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4 Motion planning

Let us show that the properties established in the previous section can be used to find algorithms
to solve the MPP.

4.1 Planar case

Recall that, given, at time tI , an initial configuration of the HOS together with initial velocity
state and, at final time tF , a final configuration of the object together with its final velocity
state, the MPP consists in finding a trajectory for the variables of the HOS including the inputs
that achieves the desired final configuration and velocity. According to Proposition 2, since the
orientation and the position of the object are included in the flat output (54), the solution of
the MPP is reduced to an interpolation problem for the variables of the flat output. It is solved
here using polynomial functions of time. For simplicity’s sake, we restrict to the case where the
initial and final configurations are both steady-states and the derivatives of the trajectories at
t = tI and t = tF vanish up to a finite order, say κ, (implying zero velocities and accelerations
if κ > 1). Such a polynomial function for a variable χ of the flat output can be given as

χ(t) = χ(tI) + (χ(tF )− χ(tI))

(

t− tI
T

)κ+1 κ
∑

j=0

aj

(

t− tI
T

)j

, (70)

where T = tF − tI is the travelling duration. The coefficients aj are independent of tI , tF , χ(tI),
and χ(tF ), thus they are the same for all trajectories.

Example 5 (continuation of Example 3). First, we show that the kinematic constraints are
indeed integrable by Proposition 1. Introduce the following polar coordinates for the contact
points (see figure 5):

xdCi
= ri cos ζi xoCi

= R cos ξi

zdCi
= ri sin ζi zoCi

= R sin ξi.

Then Constraint (36) becomes

qi2 + ri cos ζi = xo +R cos(ξi − φo)

qi1 + ri sin ζi = zo +R sin(ξi − φo)
(71)

and developing Constraint (39) one obtains:

sin(ξi − φo − ζi) = 0. (72)

Using (71)-(72) and eliminating ζi, x
o, qi2, ẋ

o, q̇i2, z
o, qi1, ż

o, and q̇i1 from (41) we get, after
easy calculations which are omitted

ξ̇i −
ri

ri +R
φ̇o = 0,

which can be integrated to obtain

ξi =
ri

ri +R
φo + ξi0 i = 1, 2

where ξi0 is the initial condition for ξi. Proposition 2 asserts that this HOS is flat with

Y = (xo, zo, φo, y1)
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as a flat output, y1 being defined as y1 = g1(f1, f2) where g1 is an arbitrary but fixed combination
of the contact force components. Here, we choose y1 as the sum of the squared norm of the net
contact forces at the contact points: y1 = ‖f1‖

2 + ‖f2‖
2.

Hence, if we know the initial mechanical state of the HOS (xo(tI), z
o(tI), φ

o(tI), q1(tI),
q2(tI)) and we are given at time tF a desired final configuration of the object (xo(tF ), z

o(tF ),
φo(tF )), since the flat output Y includes the position and the orientation of the object, it is
enough to find smooth functions of time connecting (xo(tI), z

o(tI), φ
o(tI)) to (xo(tF ), z

o(tF ),
φo(tF )), and to choose the trajectory of the remaining component of the flat output y1 in order
to deduce the contact forces and hence the corresponding inputs τij, (i, j = 1, 2) using (42)
without integrating the system:

[

τi1
τi2

]

=

[

mi1 +mi2 0
0 mi2

] [

q̈i1
q̈i2

]

+

[

−(mi1 +mi2)g
0

]

+

[

fi,y
(−1)i−1fi,x

]

.

We may also wish that the time derivatives of xo, zo and φo at t = tI and t = tF vanish up to
a finite order, to start and stop at rest points (i.e. with zero velocities and accelerations), as
shown in Figure 8. We use the polynomials given by (70).
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Figure 8: The solution of the MPP and the net contact force (x and z components); tI = 0,
tF = 1.

Instead of defining an a priori trajectory of y1 we may wish that the net contact force has
minimal norm, to which case the trajectory of y1 is deduced from (70) as follows: according to
(33)-(34), the components of the contact forces satisfy

B

[

f1
f2

]

def
=





1 0 1 0
0 1 0 1

−zoC1
xoC1

−zoC2
xoC2













f11
f12
f21
f22









=





mẍo

m(z̈o + g)

Θφ̈o
o



 (73)

and therefore the minimum norm of the net contact force is given by

y1 =

∥

∥

∥

∥

∥

∥

BT (BBT )−1





mẍo

m(z̈o + g)

Θφ̈o
o





∥

∥

∥

∥

∥

∥

. (74)

The resulting configurations and net contact force for κ = 4 are shown in Figure 8. See
Extension 1 for the animation showing the motion of the HOS.
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4.2 Case with one finger (Example 1)

The three input case being flat, the MPP can be solved similarly to the case of planar structures.
We consider the Liouvillian case of two inputs (see Section 3.2.2).

By Proposition 4, the kinematics given by Equation (64) is Liouvillian. The partially flat
output Y = (ϕ, θ) doesn’t contain all orientation angles thus one cannot determine freely the
trajectory of the orientation of the ball. Nevertheless, the following method may be used to
overcome this difficulty.

Choose the trajectory of ψ as a polynomial function of θ:

ψ(θ) = a0 + a1θ + a2θ
2 + a3θ

3, (75)

and we wish to obtain the trajectory of ϕ as a function of θ. Noting that ϕ̇ = dϕ

dθ
θ̇ and ψ̇ = dψ

dθ
θ̇,

the non-pivoting constraint (12) can be rewritten as

dϕ

dθ
= sin θ

dψ

dθ
. (76)

This expression can be integrated w.r.t. θ (such that ϕ(θI) = ϕI) in order to obtain the
function ϕ(θ). Reporting (75) in (76), the integration on the interval [θI , θ] results in

ϕ(θ) = a1(cos θI − cos θ) + 2a2(sin θ − sin θI + θI cos θI − θ cos θ)

+ 3a3(θ
2
I cos θI − 2 cos θI − 2θI sin θI − θ2 cos θ + 2 cos θ + 2θ sin θ) + ϕI

which is linear w.r.t. the coefficients of the polynomial (75). Hence, these coefficients have to
satisfy

ϕF = ϕ(θF )

ψI = a0 + a1θI + a2θ
2
I + a3θ

3
I

ψF = a0 + a1θF + a2θ
2
F + a3θ

3
F ,

where ϕI , ψI , θI (resp. ϕF , ψF , θF ) give the initial (resp. final) orientation of the ball. Since
we have one more degree of freedom to choose a constraint, we would like the second derivative
of ψ(θ) to vanish at the final point:

0 = a2 + 3a3θF .

Around tF , this condition guarantees that the curvature of the curve t→ ψ(θ) will not increase
too fast.

The above system of equations is linear in the coefficients of the polynomial (75). Once the
trajectory of ϕ and ψ are given in function of θ, it remains to find a trajectory of θ w.r.t. time,
connecting θI to θF . Such a time function can be obtained using the expression (70). The input
trajectories u1 and u2 are obtained from the first two rows of (62):

u1 = R(ϕ̇ cosϕ+ θ̇ sinϕ cos θ) u2 = R(ϕ̇ sinϕ− θ̇ cosϕ cos θ)

Remark 6. The trajectory of the contact point on the plane is given by the integral variables
xC and yC (see Proposition 4) and can be obtained by integrating the inputs w.r.t the time. This
integration can be carried out numerically. Note also that no desired final position of the contact
point is prescribed, since it cannot be chosen freely. It is obtained as the result of numerical
integration. This significantly contrasts with the flat case of Section 4.1.

A sample trajectory is shown in Figure 9 connecting ϕI = π
3
, θI = π

4
, ψI = 0 to ϕF = π

4
,

θF = 0, ψF = π
3
in 10 seconds. The animation showing the motion of the ball on the plane is

available in Extension 2.
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Figure 9: The solution of the MPP for the orientation angles; tI = 0, tF = 10.

4.3 Case with three fingers (Example 2)

For the HOS presented in Example 2, the MPP can be solved for the position and the orientation
of the sphere. The variables xdC1

, ydC2
and zdC3

are obtained from the geometric constraints (15).
The trajectory of the orientation allows to calculate u1, u2 and u3 using the first three equations
of (65). Finally we need to integrate the last three equations of (65) and use (18) and (15) in
order to obtain the positions of the tangent planes. Here, once the final position and orientation
of the object and the initial condition of the fingers are chosen, the final positions of the fingers
are deduced by integrating the velocities.
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Figure 10: Trajectory of the orientation of the sphere (RPY angles: ϕ, θ, ψ)

The motion planning algorithm is illustrated in the case of a sphere of radius R = 1cm.
The trajectory of the orientation (given by the RPY angles) of the sphere between its initial
and desired final values is obtained using again polynomial interpolation as in the Example 3
(see Figure 10). The corresponding trajectory of the contact points on the tangent planes are
shown in Figure 11. See Extension 3 for the animation of the reference trajectory.

Remark 7. Note that, due to integration, the final values of the ydC1
, zdC1

, zdC2
cannot be chosen

arbitrarily (see also Remark 6). This is not a major restriction in our case since we are not
particularly interested in the positions of the contact points in their respective planes.
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Figure 11: Trajectory of the contact points on the tangent planes

4.4 Hands with special morphology

Since HOSs with special morphology are proven to be Liouvillian by Proposition 6, the solution
of the MPP is similar to the case of Example 2.

Example 6 (continuation of Example 4). Introduce the following polar coordinates for the
spherical last segments of the hand presented in Section 2.5:

xoCi
= R cos σi,1 cos σi,2

yoCi
= R cos σi,1 sin σi,2

zoCi
= R sin σi,1.

(77)

The HOS with special morphology (see Conditions 1-3), presented in Example 4 is Liouvillian
according to Proposition 6 and, using the polar coordinates of the contact points defined by
(77), the partially flat output is given by Y = (xo, yo, zo, ϕ, θ, ψ, yi, σi,1, σi,2)

T with i = 1, 2, 3
and yi = gi(f1, f2, f3) where gi are arbitrary but fixed combinations of the contact forces. (Note
that we replaced by σi,1 and σi,2 the variables xoCi

and yoCi
in the expression of the flat output

given in Proposition 6. However, this makes no difference since both pair of variables determine
a surface point on the object). Here, we choose yi = ‖fi‖

2. The integral variables are qi,4 and
qi,5, i = 1, 2, 3.

Suppose, as in Example 3, that the initial mechanical state of the system is given at t = tI
by (xo(tI), y

o(tI), z
o(tI), ϕ(tI), θ(tI), ψ(tI), σi,1(tI), σi,2(tI), qi(tI)), i = 1, 2, 3, and that we are

given at time t = tF a desired final position and orientation of the object (xo(tF ), y
o(tF ), z

o(tF ),
ϕ(tF ), θ(tF ), ψ(tF )) and final position of the contact points, (σi,1(tF ), σi,2(tF )), i = 1, 2, 3, on
the object boundary.

Then, due to Proposition 6, the motion planning is reduced to an interpolation problem
for the components of Y , using polynomials given by (70) with the same number of initial and
final conditions on each component of Y . Once again, as in the Example 3, the trajectories of
the flat outputs y1, y2, y3 are not defined a priori, but determined such that the sum of the
squared norms of the contact forces

∑3
i=1 yi be minimal: according to (21)-(22) the contact
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Figure 12: Components of the net force applied on the object by the fingers.

force components satisfy

B





f1
f2
f3





def
=

















1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
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0 −zoC1

yoC1
0 −zoC2

yoC2
0 −zoC3

yoC3

zoC1
0 −xoC1

zoC2
0 −xoC2

zoC3
0 −xoC3

−yoC1
xoC1

0 −yoC2
xoC2

0 −yoC3
xoC3

0




















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

=









mẍo

mÿo

m(z̈o + g)
Θω̇o + [ωo×]Θωo









thus
∑3

i=1 yi is minimal with the contact forces obtained by





f1
f2
f3



 = BT (BBT )−1









mẍo

mÿo

m(z̈o + g)
Θω̇o + [ωo×]Θωo









.

A sample trajectory is presented for the following numerical parameters: m = 0.2kg, R =
0.1m, r = 0.02m, dx2 = 0.3m, dx3 = 0m, dy2 = 0m, dy3 = 0.3m, dz2 = 0m, dz3 = 0m
and g = 9.81ms2 . The trajectory connects the initial point xo(tI) = 0.1m, yo(tI) = 0.1m,
zo(tI) = 0.1m, ϕ(tI) = 0, θ(tI) = 0, ψ(tI) = 0, σ11(tI) = 7π

6
, σ12(tI) = −π

4
, σ21(tI) = 11π

6
,

σ22(tI) = −π
4
, σ31(tI) = π

2
, σ32(tI) = −π

4
to a final point xo(tF ) = 0.15m, yo(tF ) = 0.15m,

zo(tF ) = 0.2m, ϕ(tF ) =
π
6
, θ(tF ) =

π
8
, ψ(tF ) = −

π
8
, σ11(tF ) =

7π
6
, σ12(tF ) = −

π
2
, σ21(tF ) =

11π
6
,

σ22(tF ) = −
π
4
, σ31(tF ) =

π
2
, σ32(tF ) = −

π
4
such that T = tF − tI = 1s. Extension 4 shows the

evolution of the HOS along the reference trajectory. The components of the net contact force
are given in Figure 12. The cosine of the angles between normal vectors to the object surface
at the contact points and the contact forces applied by the fingers is given in Figure 13 showing
that the inequality constraint (25) is satisfied along the trajectory. Note that the minimality
of

∑3
i=1 yi does not guarantee that the inequality constraints of Subsection 2.3 are satisfied.

5 Conclusions

We have investigated the motion planning problem related to robotic manipulation with rigid
bodies rolling on each other without slipping.

Our approach was based on the notion of flatness and the notion of Liouvillian systems.
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Figure 13: Cosine of angles between the contact forces and the surface normals.

All planar HOSs are proven to be flat and this also holds true for the special case of
Example 1 if pivoting motions are not eliminated. Eliminating pivoting motions implies that
the system becomes Liouvillian which is also the case for similar structures with multiple fingers.
For the Liouvillian case, special HOSs are presented such that the partially flat output and its
derivatives allows to calculate the joint torques of the fingers along the trajectory connecting
the initial and desired final configuration of the object.

Let us insist on the fact that we never integrate the system differential equations or part of
the associated vector fields. The reference trajectory solution of the MPP is computed once for
all and integration is only required to obtain the integral variables in the Liouvillian case. Note
that, in this case, the computation purely consists of integrating the functions of time obtained
from the variables of the partially flat output and does not require iterations. In addition, no
quasi-static approximation is used.

A Index to multi-media Extensions

The multi-media extensions to this article can be found online by following the hyperlinks from
www.ijrr.org

Extension Media type Description
1 Video animation of a planar hand structure

(Examples 3 and 5)
2 Video animation of the sphere with one finger

(Example 1)
3 Video animation of the sphere with three fingers

(Example 2)
4 Video animation of the hand with special morphology

(Examples 4 and 6)

B Appendix

For the reader’s convenience, some notions about rigid body motions and nonholonomic me-
chanical systems are recalled. (See [14, 20, 25, 29] for details).

Some general notational conventions are elucidated first. Notations from differential geom-
etry are used [1]. TM denotes the tangent bundle of the manifold M , and T ∗M its cotangent

27

http://www.ijrr.org
http://www.iit.bme.hu/~bkiss/nohtml/IJRRanimations/Examples35.avi
http://www.iit.bme.hu/~bkiss/nohtml/IJRRanimations/Example1.avi
http://www.iit.bme.hu/~bkiss/nohtml/IJRRanimations/Example2.avi
http://www.iit.bme.hu/~bkiss/nohtml/IJRRanimations/Examples46.avi


bundle. d$ denotes the exterior derivative of the one-form $ ∈ T ∗M , and < , > stands for
the duality product of the pairing (T ∗M,TM). The wedge product of two exterior forms $1

and $2 is denoted by $1 ∧$2.

Rigid body motions

The motions of a rigid body is described by the motions of a frame fixed to it. A frame Ka in
R3 is given by a vector pa (its origin) and by an ordered set of three orthogonal unit vectors
{ea1, e

a
2, e

a
3} such that ea1 × ea2 = ea3.

Consider a point P in R3 and a frame Ka. One can write

−→
AP = xaP e

a
1 + yaP e

a
2 + zaP e

a
3,

and we say that the vector paP = (xaP , y
a
P , z

a
P )

T is the position vector of the point P in the basis
of Ka whose elements are the coordinates of the point P in Ka.

One distinguishes a special frame, denoted by Kb and referred to as the inertial reference
frame. For any frame Ka different from Kb, we denote by pa the position vector of its origin A
in the basis of Kb.

A frame Ka is said to be fixed to a rigid body at a point A (note that A is not necessarily
a point of the body itself) if all points of the rigid body have fixed coordinates w.r.t. the base
ea1, e

a
2, e

a
3 and the point A coincides with the origin of Ka.

Since the position of all points of the rigid body is fixed in the basis of Ka, their positions
in the basis of Kb are given if the situation of Ka w.r.t. Kb is known. By the definition of the
frame Ka, this relative situation is given by the coordinates of the vector pa and by the vectors
ea1, e

a
2, e

a
3, both expressed in the basis of Kb.

Introduce the matrix Ω, called orientation matrix, defined by

Ω =





(ea1)
T · eb1 (ea2)

T · eb1 (ea3)
T · eb1

(ea1)
T · eb2 (ea2)

T · eb2 (ea3)
T · eb2

(ea1)
T · eb3 (ea2)

T · eb3 (ea3)
T · eb3



 .

By construction, the matrix Ω satisfies ΩTΩ = ΩΩT = I and detΩ = 1 and thus is an
element of the special orientation Lie group SO(3). The word orientation comes from the fact
that the scalar product (eai )

T · ebj is equal to the cosine of the angle between the vectors eai and
ebj, for every i, j = 1, 2, 3.

Consider now a point P of the rigid body. The vector of coordinates of the same point,
expressed in the basis of Kb are denoted by pbP = (xbP , y

b
P , z

b
P )

T . By construction of the matrix
Ω and by the definition of pa the following relation can be established for these two vectors:

pbP = pa + Ω · paP . (78)

The vector pa describes the position of the rigid body and Ω gives its orientation w.r.t. the
inertial reference frame Kb. Therefore the possible positions and the orientations of a rigid
body w.r.t. Kb form the set R3 × SO(3) = SE(3), referred to as the special Euclidean group,
which is also a Lie group. This manifold is six-dimensional and can be locally represented by six
real scalar variables (p, φ) such that p ∈ R3 gives the position and φ ∈ R3 gives the orientation
of the rigid body.

Several local representations are used (in particular in robotics) for the SO(3) group [25].
Examples are the Euler angles, RPY (Roll, Pitch, Yaw) angles, etc. For each choice, the
elements of the vector φ correspond to three successive rotations allowing to make coincide the
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orientations of Kb and the frame fixed to the rigid body. For instance, the orientation matrix
ΩRPY corresponding to the RPY angles φ = (ϕ, θ, ψ), is given by:

ΩRPY (φ) =





cosϕ cos θ cosϕ sin θ sinψ − sinϕ cosψ cosϕ sin θ cosψ + sinϕ sinψ
sinϕ cos θ sinϕ sin θ sinψ + cosϕ cosψ sinϕ sin θ cosψ − cosϕ sinψ
− sin θ cos θ sinψ cos θ cosψ



 .

(79)
Throughout the paper, the RPY representation is used, thus the subscript RPY is omitted.

Rigid bodies evolve in time w.r.t. the inertial reference frame K b and their motions can be
instantaneously decomposed into a change of position and a change of orientation.

Consider a frame Ka fixed to a rigid body at a point A. Let the trajectory of the position
and orientation of the frame given by the functions pa(t) and Ω(t) = Ω(φa(t)), respectively.
Observe that for any curve Ω(t) in SO(3), the expression dΩ

dt
(Ω)T is antisymmetric (this can be

seen by differentiating Ω(t)Ω(t)T ≡ I) and introduce the following notation:

[ωa×] =





0 −ωaz ωay
ωaz 0 −ωax
−ωay ωax 0



 =
dΩ

dt
(Ω)T . (80)

This notation is motivated by the fact that for any vector p, the linear transformation [ωa×]p
is equivalent to the standard cross product ωa× p. Let us now define va = d

dt
pa = ṗa the linear

velocity and ωa the angular velocity of the frame Ka.
Consider an arbitrary point P of the rigid body. By the definition of the frame Ka, fixed

to the rigid body, we have that ṗaP = 0. Differentiating (78) w.r.t. t, we get the instantaneous
velocity of the point P , expressed in Kb:

dpbP
dt

(t) =
dpa

dt
(t) +

dΩ

dt
(t)paP = ṗa(t) +

dΩ

dt
(t)Ω(t)TΩ(t)paP = va + [ωa×]Ω(t)paP (81)

or, ṗbP = va + [ωa×](pbP − pa). Thus, to calculate the velocity of any point of the rigid body, it
is enough to know the translational velocity va and the angular velocity ωa of the frame fixed
to it. Recall that va and ωa are both expressed in Kb by definition.

Kinematic constraints and nonholonomy of mechanical systems

The mechanical state of a system composed by a collection of rigid bodies is determined by
a finite number of variables, called generalized coordinates, denoted by the vector q. The
admissible values of q define the configuration manifold M of the mechanical system.

Constraints on the configuration manifold of a mechanical system involving the general-
ized coordinates and their first order time derivatives (velocities) are referred to as kinematic
constraints and assumed to be linear w.r.t. the velocities. They are given in the form:

A(q) · q̇ = 0, (82)

where we suppose that the rows of A(q) are linearly independent for all q. Roughly speak-
ing, these constraints restrict the possible directions of motion at each configuration q of the
mechanical system. The admissible motions are in the right null-space of the matrix A(q).

Each row of the matrix A(q) span a one-form on the configuration manifold M :

αi =
∑

j

aij(q)dqj,
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where aij(q) is the jth element of the ith row of the matrix A(q). The one-forms αi define a
codistribution on M , denoted by Π. Let m be the dimension of the manifold M , and let p
be the number of the rows of A(q), assumed to be linearly independent, and let us denote by
Λ1(M) the set of all one-forms on M .

Theorem 1 (Frobenius). A codistribution Π on a manifold M is integrable iff the exterior
derivative of all one-forms $ in Π can be written as

d$ = α ∧ β α ∈ Π, β ∈ Λ1(M).

Definition 3 (derived flag). The derived flag of the codistribution Π is given by the following
sequence of codistributions:

I0 = Π Ik+1 def
=

{

$ ∈ Ik : d$ = α ∧ β with α ∈ Λ1(M), β ∈ Ik
}

.

This construction terminates at some N , when IN = IN+1.

By definition, the sequence of the codistributions I0, I1, . . . , IN is such that Ik ⊃ Ik+1 and
by Frobenius’ theorem, IN gives the largest integrable codistribution contained in Π.

Definition 4 (holonomic and fully nonholonomic mechanical system). Consider a me-
chanical system evolving on a manifold M of dimension m. Let the kinematic constraints be
given by a set of independent one-forms {α1, . . . , αp} on M , with p < m, spanning the codistri-
bution Π. Calculate the derived flag of Π using Definition 3 and denote by r the dimension of
IN . The mechanical system is said to be holonomic if r = p and fully nonholonomic if r = 0.

We say that a distribution ∆ is the annihilator of the codistribution Π on the manifold M
if for all points q of M , for all covectors ν ∈ Π, and for all vectors v ∈ ∆ we have < ν, v >= 0.
This is also denoted by < Π,∆ >= 0.

Note that if the system is holonomic then there exists an m − p dimensional submanifold
N of M such that ∆ = TN . This implies that kinematic constraints involving velocities of the
configuration variables can be transformed into p geometric constraints defining precisely the
submanifold N of M .
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[7] M. Fliess, J. Lévine, Ph. Martin, F. Ollivier, and P. Rouchon. Controlling nonlinear
systems by flatness. In C.I. Byrnes, editor, Systems and Control in the Twenty-First
Century, pages 137–154, Boston, 1997.
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