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Résumé: Nous présentons une nouvelle caractérisation des mots de Sturm
basée sur les mots de retour. Si I’on considére chaque occurrence d’un mot w
dans un mot infini récurrent, on définit ’ensemble des mots de retour de w
comme ’ensemble de tous les mots distincts commencant par une occurrence
de w et finissant exactement avant I'occurrence suivante de w. Le résultat
principal montre qu’un mot est sturmien si et seulement si pour chaque mot
w non vide apparaissant dans la suite, la cardinalité de I’ensemble des mots
de retour de w est égale a deux.

Abstract: We present a new characterization of Sturmian words using
return words. Considering each occurrence of a word w in a recurrent word,
we define the set of return words over w to be the set of all distinct words
beginning with an occurrence of w and ending exactly before the next oc-
currence of w in the infinite word. It is shown that an infinite word is a
Sturmian word if and only if for each non-empty word w appearing in the
infinite word, the cardinality of the set of return words over w is equal to
two.



1 Introduction

Sturmian words are infinite words over a binary alphabet with exactly n+1
factors of length n for each n > 0 (see [2, 6, 12]). In fact, the study of the
Sturmian words appears in many areas like combinatorics on words ([6]),
symbolic dynamics ([3, 1, 7, 21]), theoretical computer science ([5, 17]) and
tilings ([8, 14, 20, 22, 24]). The Sturmian words have many equivalent char-
acterizations (see for a complete presentation of Sturmian words [6]) using
complexity function ([3, 8, 24]), balanced words ([12]), cutting sequences
([9]), mechanical words ([12]) and description by morphisms of the Sturmian
words ([3, 17, 21]). In this article, the approach is based on the concept of
return words introduced for the first time by Durand in order to obtain
nice results on the characterization of primitive substitutive sequences (see
[10, 11]). This notion is quite natural and can be seen as a symbolic ver-
sion of the first return map (see for a presentation of symbolic dynamics
[4, 13, 15, 18]). In the article of Alessandri and Berthé [1], the notion of
first return map also appears in the three gap theorem (this theorem for
Sturmian words gives a geometrical proof of Proposition 4.1).

The following construction enlights the structure of the Sturmian words,
in particular it focuses on its self-similarity structure. Indeed, whatever the
length of a word w appearing in a Sturmian word, we construct two return
words (v and v) over w such that the Sturmian word is the concatenation
of these two return words » and v. In terms of tilings, if we associate to u
and v two tiles (which are segments of length equal to the number of letters
in u and v, so that the positions of the tiles are given by the positions of u
and v in the Sturmian word) then the line is tiled by this two kinds of tiles.
The important point to note here is this new form of self-similarity in the
tiling of the line by a Sturmian word. In precedent works, the self-similarity
remains from morphism invariance of the tiling (see [14, 19, 20, 23]). Here
we show a more general invariance of the tiling, namely the invariance of
the number of tiles which give the tiling of the line by Sturmian words.

The last observation is a minimality-like result. In terms of complex-
ity, Sturmian words are aperiodic words with minimal complexity. Fur-
thermore, Proposition 3.1 presents a characterization of ultimately periodic
words which is: an infinite word is an ultimately periodic word if and only
if there exits wg such that the set of return words over wg has one element.
In addition to that, the main theorem states that

Theorem A binary infinite word U is Sturmian if and only if the set of
return words over w has exactly two elements for every non empty word w.



We find the following minimality-like result as a corollary of the main the-
orem and of Proposition 3.1: Sturmian words are aperiodic words with
minimal cardinality of the set of return words.

The structure of the article is the following. Section 2 contains basic
definitions and notations. Section 3 shows a characterization by return words
of ultimately periodic words. In Section 4, we prove that if an infinite word
is Sturmian then it has two return words over every non-empty factor. In
Section 5, we construct two infinite sequences of return words associated to
an infinite word with two return words over each factor. Section 6 establishes
the relation between return words and standard pairs. In addition to that,
we prove that if an infinite word has two return words over each factor then
it is a Sturmian word.

2 Basic definitions and examples

Let A = {0,1} be a binary alphabet. We denote by A* the set of finite
words on A and by A" the set of one-sided infinite words. A word w is
a factor of a word x € A* if there exist some words u,v € A* such that
x = vwv. An infinite word U is called recurrent if every factor of U appears
infinitely many times in U. For a finite word w = wyws - - - w,, the length of
w is denoted by |w| and is equal to n. The set of factors of U with length n is
denoted by L, (U). The language L(U) = U,,L,,(U) is the set of factors of U.
For two finite words w and u, the number of occurrences of w on u is denoted
by |uly and [ul, = Card{i]0 < @ < |u| — |w||uw;p1uipa - Uip || = W}

The position set (U, w) = {i1,i,- -, 1, -} of the word w is a set of
integers (U, w) = {41, i, - -, i, - - -} where i} represents the position of the
first letter of the k-th occurrence of the word w in the infinite word U. In a
more formal way, 4, € (U, w) if and only if U; Ui, 41U, 4|wj-1 = w and
|Up -+ U, 4|w|-1lw = k. Since the infinite word U is recurrent the set ¢(U, w)
is infinite. For a recurrent word U, the set of return words over w is the set
(denoted by Hir,,) of all distinct words with the following form:

U U, 41U,

ik+1_1

for all £ € N,k > 0. This definition is best understood on an example. Let
Uy = (0100100001)“ be an infinite word on the alphabet A. By definition,
the set of return words over 01 is My, 01 = {010,01000,01}. Indeed, the
infinite word U; can be written

(01001000010100100001)*



where 0 denotes the position of the first letter for each occurrence of the
word 01. In the preceding example, the length of each element of His, o1 is
larger than the word w = 01. Let us mention that the length of a return
word over w could be smaller than the length of w. For example, let the
infinite word be U; = (00001)%, we find Hyr, 000 = {0,0001}. Indeed, the
position of the first occurrence of 000 in U; is ¢; = 1 and the position of
the second occurrence of 000 in Uj is 19 = 2, hence 0 is element of the set
Hir, o00- From now on, we write H,, for H .

3 Ultimately periodic words

Before proving the main theorem, we establish a simpler result which is a
characterization of ultimately periodic words.

Proposition 3.1 A recurrent word is ultimately periodic if and only if there
exists wq such that the set of return words over wq has exactly one element.

Proof of the Proposition

If the infinite word is ultimately periodic, it can be written as U = pv*
with p a finite word and |v| the shortest period of the infinite word U’ = v*.
If |vv|, = 2 then #Hyr, = 1. Furthermore, there exists k such that |v*| >
|p| + |v| — 1. This leads to #H & = 1.

Otherwise, if |vv|, > 3 then vv = wvyvvy. Hence the word v can be
written as v = vyvy = vovy. By a classical result on combinatorics on words
(see [16]): if 2 = yz and 2’ = zy and = = 2/ then y = u? and z = u?. The
word v is a power of another word, in contradiction with the minimality of
v.

Conversely, if #H,, = 1 for a given word w, by definition w is a factor
of the infinite word U. Then U can be written as U = pwS where pw is a
prefix of the infinite word with exactly one occurrence of the factor w and S
an infinite word. By hypothesis H,, = {v} for a given word v, consequently
U = pv*. It follows that the infinite word U is ultimately periodic. O

4 Sturmian implies two return words

This section uses the graph of words associated with the factors of a Stur-
mian word U (see [3, 6]). In the graph, the vertices are words of length n.
There is an edge between the vertices w and v if and only if there exist two
letters a and b such that uwa and bv are factors of U and ua = bv (we label



[a,0]

the edge by [a,b], v —— v). As U is a Sturmian word, there exists for every
n a unique word R (resp. L) of length n with two right extensions (resp.
with two left extensions). The other words have a unique right extension
(resp. left extension).

Consequently, the graph of words for Sturmian words is composed by
three paths (see Figures 1 and 2): the first and the second between R and
L. The first path is

[a1,b1] [az2,b2] lak,bk]
> U1 ) > eVl —
The second path is
AN A
R > Ul > U2 raR Uk/—l — L

The third path is between L and R namely

[Cl,dl] [Cg,dg] [Ck”vdk”]
> Wq > W9 > oW —

The third path has length 0 if R, = L,,.

In the proof of the following proposition, we use the balanced character-
ization of a Sturmian word (see [6, 12]): a non-ultimately periodic word U
is Sturmian if and only if Yn € N*,Vu,v € L, (U), ||ulo — |v]o] < 1.

Proposition 4.1 The set of return words over w of a Sturmian word has
exactly two elements for every non-empty word w.

Proof of the proposition: Let G be the graph of word appearing in U with
length |w|. Suppose that w is a factor of the third path Lejeg -« -cpn then w
has two return words. Indeed, the first comes from the first path and the
second comes from the second path.

Suppose now that w is factor of length n of the first or the second path.
The role of the first and the second paths is symmetrical. Without loss of
generality, we suppose that w is a factor of the first path.

In order to study the return words, we precise the symmetry of the
graph of words. In a Sturmian word the language is invariant by mirror
image, that is if * = x125-- -2, is a factor of U then the mirror image of
x namely & = z,2,_1---21 is a factor of U. Let G be the graph of mirror
image words of length |w|. The mirror image transformation maps G into G.
Furthermore, the language of Sturmian word is invariant by mirror image.
Thus the two graphs are equals. It follows that the graph of word GG has an



Figure 1: Graph of words.

axial symmetry for the mirror image transformation (see Figure 1 and 2).
In consequence, the first path is given by

[a1,b1] [b1,a1]
R— vy — vy ——

The second path is given by

[@1,b1] , , [b1,31]
R —— v] — vy, — L,

where the complementation operation is @ =1 — a for a = 0 or 1.

Let r be a return word over w. In order to study the construction of the
return word r, we read the word from left to right and we label the paths
in the graph of words. We label by 1 if we use the first path, by 2 if we use
the second path and by 3 if we use the third path. For example, we label
by 131 if the word begins in the first path, takes the third path and ends
in the first path (without taking the second path). We label by 13(23)™1 if
the word begins in the first path, takes the third path, takes m times the
concatenation of the second path and the third path, and ends in the first
path.

Consider now the length of each label for a word beginning in the first
path. There exists {5 such that 13(23)%1 is the shortest return word. If we
consider two return words, we have 13(23)%1 and 13(23)“1 with fy < £;.
If o+ 2 < ¢4 then both 13(23)%1 and 23(23)%23 appear in the labels.
Let » be the largest common factor associated to the labels 13(23)%1 and
23(23)%23. The word =z is constructed by using the third path and (o times
the concatenation of the second path and the third path. By construction L
is a prefix of z and R is suffix of z. In consequence, if we consider the label



00100
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Figure 2: Example of graph of words with length 5.

13(23)%1 then we find the word:
azay

and if we consider the label 23(23)%23 then we find the word
ajza.

We find two factors of the infinite word which are not balanced, thus the
infinite word cannot be a Sturmian word. In consequence, the number of
return words for a Sturmian word cannot be greater than two. By Proposi-
tion 3.1 the number of return words cannot be smaller than two. The only
remaining case is two return words labelled by 13(23)%1 and 13(23)%*!1.
We have proved that for a Sturmian word, the number of return words over
each non-empty word is exactly two. O

To illustrate the previous proposition, we consider the following graph
of words (see Figure 2):

The word 01001 in this example is a factor of the third path. Then
the return words over 010010 are the followings, by using the first path we
find 01001001 and by using the second path we find 0100101001. Hence
Horo01 = {010,01001}.

The word 00100 is factor of the first path. Then the return words over
00100 are the followings: the label 131 is associated to the word 00100100
and the label 13231 is associated to the word 0010010100100. More gen-
erally, the label 13(23)*1 is associated to the word 00100(10100)¥100. It is
easy to check that if we consider the labels 13(23)*1 and 13(23)*+21 then
the words are 00100(10100)*100 and 0010010100(10100)¥10100100. Thus the
factors

00100(10100)*100



and
10100(10100)k101

are not balanced. The only remaining case is two return words labelled by
13(23)%1 and 13(23)%+11.

5 Construction of the Sturmian words

In the next three sections, we prove some propositions in order to show the
main theorem of this article.

In this section, we suppose that the set of return words over w has
two elements for every non-empty word and by induction, we construct an
infinite sequence of pairs of return words (u,v) = (un,v,)neny Where the
sequence u = (uy)nen tends to a Sturmian word.

In the construction, we use extensively the following property: if H,, =
{u, v} then the infinite word U up to a shift can be constructed as the con-
catenation of words u and v (the shift of the infinite word U = Uy Uy - - - U; - - -
is the infinite word S(U) = Uy ---U; -+ -; by composition a shift of U is de-
noted by S7(U) and is equal to the infinite word S7(U) = Ujyy-+-U;--+). In
other words, if #,, = {u, v} then there exists j such that S/(U) € (u+ v)¥.
In this way, we construct an infinite sequence of pairs of return words
(U, U )nen such that the infinite word U up to a shift can be written as the
concatenation of u,, and v,. The idea is to control the sequence u = (u,)nen
in order to tend to a Sturmian word.

5.1 First step of the induction

Proposition 5.1 Let U be a recurrent infinite word in the alphabet {0, 1}. If
the set of return words over w has exactly two elements for every non-empty
word w, then either

Ho = {07 01}77{1 = {10717 10n+1}
with n > 0 or

Ho = {01™, 01"}, H, = {1,10}
with m > 0.
Proof of the proposition

As the infinite word is the concatenation of words 0 and 1, then in general
form, we have

7'[0 — {01m1701TH2}77{1 — {107117 10n2}



with 0 < my < mo and 0 < ny < na.

In the points a), b), ¢) and d) of this proof, we make a reasoning by
contradiction.

a) If my = ny; = 0, the sets of return words yield

Ho = {0,017}, = {1,10™}.

In other words, a shift of the infinite word U is given by the concatenation
of the words 0 and 0172 (resp. 1 and 1072). For this reason, 0 (resp. 1)
always occurs in blocks of length ny (mg). In consequence, the infinite word
is a shift of the following periodic word: 3,0 < ¢ < mgy 4 ny such that
U = S'(1™20"21™20"2 - ..). By Proposition 3.1, for a periodic word, there
exists w such that #H, = 1. This is a contradiction. In conclusion, either
my or ny is larger than 0.

b) If my > 0 and ny > 0 then 00 and 11 are factors. This implies that 0
is a return word over 0 and 1 is a return word over 1. In other terms

Hy = {1,107, 10™}, Ho = {0,01™, 0172},

There is a contradiction because #Hg = #H1 = 3. In conclusion, either my
or nq is equal to 0.

c) If my =0, mg > 2 and ny > 0 then Hy = {0,012} and H; =
{10™,10™2}. But 11 is a factor of 0172 then H; = {1,10™,10"2}. This leads
to a contradiction. By the same reasoning, if ny = 0, no > 2 and m; > 0, we
have a contradiction. In conclusion, either (m; =0 and my = 1) or (ny =0
and ng = 1).

d) Suppose that my = 0, mg = 1 and ny = ny +{ with ny > 0. The sets
of return words are Ho = {0,01} and H; = {10™,10™M+!}.

If [ > 1 we consider now the return word 0™ *! then

Hony+1 = {0,0MFL(10™1)*1}

for a given k > 0. The infinite word is a shift of the following periodic word:
30,0 < i < ny(k+1)+{+2such that U = S¢(10™+ (10m1)k10m+ (10™)F .. ).
By Proposition 3.1, there exists w such that #H,, = 1. By the same rea-
soning, if ny =0, nyg = 1 and my = my 4+ with m; > 0 and [ > 1 then this
leads to a contradiction.

The only remaining case is either my = 0, my = 1 and ny = ny + 1 with
ny > 0ormny =0, ng =1 and mg = my + 1 with my > 0. It follows that
either

Ho = {07 01}77{1 = {10717 10n+1}

10



with n > 0 or
Ho = {01™, 01"}, H, = {1,10}

with m > 0. O

5.2 Construction of an infinite sequence of return words

In the preceding section, we constructed two return words: either uwg =
105-1, vg = 10F—1%1 with k_; > 0 or ug = 0151, vy = 01%—1+1 with k_; > 0.

The main difficulty is to construct an infinite sequence of pairs of return
words (ty,, Uy )nen such that the infinite word U up to a shift can be written
as the concatenation of u, and v,. In addition to that, we would like to
control the sequence u = (uy,)nen so that the sequence tends to a Sturmian
word. Furthermore, we would like to construct return words at step n which
are the concatenation of return words at step » — 1. Each pair of return
words must encode the repetition of the return words of step n — 1 (which
are u, and v,) namely at step n, we would like to have u,, = un_lvﬁ_l and
Uy, = un_lvﬁﬂ with £ maximal (resp. u, = vn_lufz_l and v, = vn_lufz"_'i
with & maximal).

In the first part, we have computed two return words ug and vy, where
ug = 10F-1 is a prefix of vy = 105111, If we consider the following example
(this is the beginning of the Fibonacci word , given by iteration of the
morphism ¢(0) = 01 and o(1) = 0):

010010100100101001010010010100100 - - -.

We can compute Ho = {0,01}, H; = {10,100}, hence ug = 10 and vy =
100. From this, we find #,, = {10,100}, %,, = {100,10010}. Unfortunately,
the computation of return words over ug does not give any information about
the number of repetitions of 100 in the infinite word. In particular, the reader
could find the same sets of return words over uy = 10 and vg = 100 with
the following infinite word

010010010100100100101001001010010010010100100100 - - -.

In order to capture the structure of the infinite word, we define the notion
of tiling with two tiles u and v which are in the same pair of return words
of an infinite word. To encode the structure, we use the vocabulary of tiling
theory. A tiling (with two tiles u and v) denoted by (A, u, B, v) of the infinite
word U is defined to be two tiles (namely « and v which are finite factors of
U) and two sets of integers A and B such that :

11



e ¢ is an element of A, if and only if u is a prefix of U;U;41 - - -,
e jis an element of B, if and only if v is a prefix of U;U;44 - - -,

(Uezo-fu—1(A +0) NUzo...fp -1 (B +m)) = 0 and

(Urzo.fu)=1 (A+0) U(Upnzg...ju)—1 (B+m)) is the set of all the integers
larger than min(A U B).

In other term, (A, u, B,v) is a tiling of the infinite word U if and only
if (Urzg..juj-1(A+0)) and (U,,—q...|yj—1 (B + m)) form a partition of the set
of integers larger or equal to min(A U B) (see for general references on this
topic [14, 19, 20, 22, 23]).

With this definition and for the Fibonacci word

U =010010100100101001010010010100100 - - -,

(2(uo), uo, 1(v0), vo)) is not a tiling of U. Indeed, by construction of re-
turn words, i(ug) N i(vp) is non-empty, because ug is a prefix of vy and
consequently i(vg) C i(ug). A way to get round this second problem is
to extend the return word. If we take 4g = 10%-11 and 0y = 10F-1111
then (i(%o), uo, (o), vo) is a tiling of U. For the following example: U =
010010100100101001010010010100100 - - -, the position set for the factor 10
is
(i(10)) = {2,5,7,10, 13,15, 18,20, 23,26, 28, 31, - - -}.

The position set for the factor 100 is
(¢(100)) = {2, 7,10, 15,20, 23,28,31,---}.

It is clear that the two sets (:¢(10)) and ((100)) overlap. On the other
hand, the position set for the factor 101 is (¢(101)) = {5,13,18,26---}. The
position set for the factor 1001 is (¢(1001)) = {2, 7, 10,15, 20,23,28,31, - - -}.
Therefore (7(101), 10,¢(1001),100) is a tiling of U. Indeed, for the Fibonacci
word it is easy to check that the two sets (U,_q..|10j—1(1(101) + ¢)) and
(Up=0.-100j—1(i(1001) +m)) form a partition of the set of integers larger or
equal to 2.

In the sequel, we generalize this construction for an infinite sequence of
return words.

In order to understand the structure of the infinite word U, we say that u
is isolated in the tiling (A, u, B, v) if for every ¢ € A (min;+;(AUB)) € B and
(max;«; (AU B)) € B. In other words, for each occurrence of u in position

12



A, the word w is surrounded by v (i.e., vuv is a factor of the infinite word). v
is isolated in the tiling (A, u, B, v) if for every ¢ € i(v) (min;»; (AU B)) € A
and (maxj<;(AU B)) € A.

For example, in the Fibonaceci word, the factor 10 is isolated in the tiling
(2(101),10,7(1001),100). The word 1010 is factor of the Fibonacci word but
the factor 10 in position ¢(101) is always surrounded by 100.

Proposition 5.2 Let U be a recurrent infinite word in the alphabet {0, 1}. If
the set of return words over w has exactly two elements for every non-empty
word w, then two infinite sequences of return words (U, )nen and (v,)en are
constructed as follows u_y =0, v_1 =1 and up41 = unvﬁn, Upt1 = unvﬁn"'l
with k, > 0 or up4q = vnuﬁn, VUpt1 = vnuﬁn"'l with k, > 0.

Proof of the proposition:

By induction, we would like to construct wu,+; = unvfi", Vpt1 = unvfi""'l
with k, > 0 or u,41 = vnuﬁn,vnﬂ = vnuﬁn"'l with k, > 0; and the words
g1 = UpV ity Opyy = upvfnt iy, or 4,0 = vaubn iy, 0,00 = vufr e,

If u, is isolated in the tiling (i(@,), wn, i(0,), v,), then the induction
hypothesis is

(Hu) Ma, = {tnt1, o1}

with w41 = unvﬁn, VUpt1 = unvﬁn‘H

and i, 11 = u,vira, € LU, 0y = upvfn i, € L(U)
and (#(Qn41), Unt1s 1(Vnt1), Uny1) is a tiling.

If v, is isolated in the tiling (i(@y), wn,i(0,), vy,), then the recurrence
hypothesis is the same as before with an exchange of the role of u,, and v,.

First, we prove H_{. We have u_y = i_y = 0 and v_y = o_y = 1 and
(2(0),0,4(1),1) is a tiling. By Proposition 5.1, either 0 is isolated and Ho =
{up,vo} Wwith ug = 01%-1,v9 = 01%-1+1 or 1 is isolated and H; = {ug, vo}
with ug = 10F-1, vy = 10*-1*1, In the sequel, we suppose that 0 is isolated
(if 1 is isolated, the proof is the same by exchanging the role of 0 and 1).
We have Ho = {01%-1,01%-1+11 thus by definition of return words over 0,
g = ug0 = 01510 and 69 = vo0 = 01%-111Q are factors of U.

It remains to show that (¢(ug), uo, i(00), vo) is a tiling. The infinite word
is on the alphabet {0, 1}, consequently 7(0) U ¢(1) = N. In addition to that,
0 is isolated and by definition of return words there exists j such that the
infinite word S7(U) is constructed by concatenation of words 01%-! and
01F-1+L,

It suffices to show that (i(tg) Ui(0p)) = 4(0) and (i(ag) Ni(g)) = 0.

13



By contradiction, suppose that ((tg) U (0g)) # #(0) then

- First case: 3¢ € (i(0o) Ui(0g)) and £ ¢ ¢(0). But £ ¢ ¢(0) implies Uy = 1
and ¢ € (i(tp) Ui(vg)) implies Uy = 0. There is a contradiction.

- Second case: 3¢ € ¢(0) and € ¢ (i(to) Ui(dg)). But £ € ¢(0) implies that
U; = 0. Furthermore U is constructed by concatenation of the words 0151
and 01F=11_ This implies that after 0 we have either 1*-10 or 1*-110. There
is a contradiction with £ ¢ (i(tg) U i(0g)).

We have shown that (i(ag) U ¢(0g)) = #(0). Suppose now that (i(tg) N
i(0o)) # 0. Take ¢ € (i(tg) N i(dg)) this leads to UpUpyy ---U

£+]01%-10]|-1
01510 and UpUpyy -+ Uy gphoitig_y = 0151710, That is U,

equal to 0 and 1. There is a contradiction.

+lotk-10]-1 18

Induction step: Suppose H_y, Hy, -+, H, true. We would like to prove
Hn_|_1.

By the induction hypothesis H,,, (¢(tn+1), Unt1, 2 (Ont1), Unt1) is a tiling.
The infinite word is constructed by concatenation of the words u,4; and
Up41. We have in general form:

. — m1 m2 N — n1 72
%un-l-l - {un-l-lvn-l—lv un-l-lvn-l—l}v %Un-l-l - {Un+1un+17 Un-l-lun-l—l}

with 0 < my < mo and 0 < ny < na.

In the points a), b), ¢) and d) of this proof, we make a reasoning by
absurd (the structure of the proof is the same as in the previous proof).
a) If my = ny; =0, we have

m T
,Hﬂn+1 = {un-l-h un-l-lvn-l?l}v %ﬁn+1 = {Un-l-lv Un-l-lun?l—l}'

The infinite word is constructed by concatenation of the words u,4; and
Upt10, 71 (resp. vpq1 and v,yqu?y, ). For this reason, the number of con-
secutive u,41 (resp. u,y1) is ny (resp. mz). The infinite word is a shift of
the following periodic word: 3i,0 < i < |v,11] * Mg + |w,41| * 72 such that
U= S (o2 ur? o2 ur® -+ ). By Proposition 3.1 there exists wg such that
#Hw, = 1. In conclusion, either m; or n; is larger than 0.

b) If m; > 0 and ny > 0 then w,yiu,y1 and v,y1v,41 are factors.
We have (i(@n41), Unt1s t(Ont1), Uny1) is a tiling and the infinite word is
constructed by concatenation of the words u,y1v,%, and w,q1v,7; (resp.
Upgrupy and vy pqup? ). Then v, y19,41 (resp. u,q18,41) is factor of U.

Consequently, v, 41 (resp. wy,41) is a return word over 0,41 (resp. @y41). In
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other terms

N — mi m2 N — n1 ng
Hipyy = {tny1, Un+1Vp 11 Un+lvn+1}v7'lvn+1 = {vny1, Unt1Uyiq,s Un+1un-|-1}-

There is a contradiction because #H
either my or nq is equal to 0.

iny1 = # Mo, = 3. In conclusion,

c) If my = 0, my > 2 and ny > 0 then Hy,\, = {Ung1, Ung1v, 71 )
and Hs,,, = {vpp1)y 1, Vny1u,y ). By the same argumentation as in b),
Upt10n41 i @ factor of U. Then Hy, = {vap1uyly, voy1, Vngruyiy } This
leads to a contradiction. By the same reasoning, if ny = 0, ny > 2 and
my > 0, we have a contradiction. In conclusion, either (m; = 0 and my = 1)
or (ny =0 and ny = 1).

d) Suppose that my = 0, mg = 1 and ny = ny + { with n; > 0. We have
{
Hippr = {Untts Ung1Vnyr} and Hy, o = {vppuyl ), vn+1u2fi LI > 1 we
consider now the return word over quH?ln_H then

_ n1+1 ni k
%uZ}Hﬂn_H - {un+17un+1 (Un+1un-|—1) Un+1}

for a given k. The infinite word is a shift of the following periodic word:
30,0 < i < |vpg1] + |wng1] * (n1 4+ ) + (Jvng1] + [wnt1] * (n1)) * k& such

. l l .
that U = SZ(UnHUZ}I_"i (vn+1u21|_1)kvn+1u2}lj (vn+1u21|_1)k -++). By Proposi-
tion 3.1 there exists w such that ##H,, = 1. By the same reasoning, ny = 0,

ny = 1 and my = mq + [ with mq > 0 and [ > 0, we have a contradiction.

The only remaining case is either my = 0, my = 1 and ny = ny + 1 with
ny > 0ormny =0, ng =1 and mg = my + 1 with my > 0. It follows that
either

_ _ n ni1+1
,Hﬂn+1 - {un-l-h un-l-lvn-l-l}v ,Hf/n+1 - {Un-l-lunh—lv Un-l-lunil—l

or
_ _ n n1+1
Hopyr = V041, Va1 tingr by Hapyy, = {Unp107 g, tng1v37 1
We have constructed either
. fn R+l .
(Vn41 isolated) wnio = Vpgru, ' Vngo = Vg un_|_+11+ and by definition

N k A~ N k 1.
of return words, @,19 = vpy1, ' Opy1 and 0,40 = vn_|_1un’f11+ Up41 are

factors of U
or
. _ kn+1 _ kn+1+1 ..
(tnq1 isolated) wnyo = wpq 1 v, 1N, Ungo = Upqrv, 71" and by definition

~ k ~ ~ k 1.
of return words, tipto = Upg10, 1 tngr and Opqp = un_|_1vn’f11+ ey are
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factors of U.

We now show that (i(@,42), Unt2, 1(Ont2), Unte) is a tiling. The infinite

knt1

et and

word U can be written as the concatenation of the words u,4+1v

11+1
Up 41 vnj_l .

It suffices to show that
(i(itn42) U i(5n42)) = i(itns1)
and
(i(lnt2) N (i(Dny2)) =

By contradiction, suppose that (¢(t,4+2) U i(vn_|_2)) # 1(ty41) then

-First case: 30 € (¢(Upt2) Ui(0pt2)) and € ¢ i(tyy1). But £ ¢ i(tp41)
implies UpUpy1++ Upgjuyyy|=1 F Untr and £ € (i(@n41) U i(Duq1)) implies
UUpgq -+ 'Ug+|un+1|_1 = Up+1. There is a contradiction.

-Second case: I € i(ty41) and € ¢ (i(Upy2) Ui(Op42)). But £ € i(upy)
implies UpUpyq - - Ug+|un+1 |-1 = Un+1- Furthermore, the infinite word is con-

o n kn 1 .
structed by the concatenation of words un+1vn++11 and un_|_1vn_|_+11+ . This
o . T K141 .
fact implies that after w,y1, we have either v ' or vn_|_+11+ . There is a

contradiction with ¢ ¢ (i(t,41) U i(0p41)).
We have shown that (¢(t,42) U (1(0n42)) = ¢(@n41). Suppose now that
(i(tng2) Ni(Dng2)) # 0. Take £ € (i(ty42) N i(Dpy2)) We have

_ kn+1 ~
UUpyq - 'Uz+|an+1|—1 = Up41Vp4) Untl

and
. )

UtUsy1 - Upgfongr =1 = Unt1 0,75 Vng1 lipgr -

That is UZ Epa1

it is equal to 0 and 1. There is a contradiction. 0O
+lun1v,57

'Un-|-1|

6 Construction of the Sturmian word.

This section gives a link between the two infinite sequences of return words
and an infinite sequence of standard pairs.

We have constructed the following sequence of pairs of return words :
u_y =0,v_1y =1land uyyy = unvfi", Upt1 = unvfi""'l Or Upt1 = vnuﬁn, Upy1 =
vyukr . We call the sequence

k=rk_ikoky--h;---
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the directive sequence of the return words.

This construction is closely related to the construction of characteristic
Sturmian words by using Rauzy rules (see for general references on Rauzy’s
rules [5, 17, 21]).

Two sequences of words (A, ),en and (By,),en are constructed as follows:
A 1y=0and B_; =1 and

An—l—l = An
Bn—l—l = An B,

An—l—l = Bn An

(Rl) Bn—l—l = Bn

or (R3)

The pairs (A, By,) are called standard pairs. A Sturmian word z is charac-
teristic if both 0z and 1z are Sturmian (see [6]).

Proposition 6.1 (Rauzy [21]) Both sequences (A,,)nen and (By,)en have
the same limit which is a characteristic word; conversely, any characteristic
word is the limit of two such sequences.

By composition of the Rauzy rules, we construct
k
S{ )(u7 v) = Ry o (R)"(u,v) = (uFou, ubv)

and

Sék)(% v) = Ry o (Re)*(u,v) = (vFu, vFuv).

The difference between our pair of return words and Rauzy’s construction
(standard pair) is the following: we have the word uv” instead of v*u and
uv®*! instead of v®uv. The next proposition gives a way to find standard
pairs by a cyclic permutation of our return words.

Proposition 6.2 Let U be a recurrent infinite word on the alphabet {0,1}.
If the set of return words over w has exactly two elements for every non-
empty word w. Then two infinite sequences (iy,)nen and (U,) ey factors of U
and elements of a standard pair are constructed as follows: i_y = 0,7_1 =1
and @y = Ui, Tpyr = U, 0, with ky, > 0 or e = 05T, Ty =
ﬁfz" Uptly, with k, > 0. Where k = k_1koky---k;--- is the directive sequence
of the return words.

Proof of the proposition:

A shift of the infinite word U can be written as (ug 4 vo)* with ug =
10%-1 vy = 10F=1F1 (resp. wg = 01%-1 vy = 017-1%1). In the sequel, we
focus on the case ug = 10F-1, vy = 10F-11. By definition, there exists s

such that S*(U) € (10F-1 4 10%-1+1)«, But L(0*-15°(U)) = L(S*(U)) and
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0%-155(U) € (0%-11 + 0%-110)~. Hence, we construct @ = 0*-11 and & =
0%-110. Therefore, a shift of the infinite word can be written as (iy U 7)*.
Furthermore, these words are constructed by composition of Rauzy rules
ka_l)(O7 1) = (0o, o) (resp. Sék_l)(O7 1) = (4o, o). In conclusion, @y and %
are factors of U and elements of a standard pair.

Suppose that the words iy, - -, and ¥y, - -0, are factors of U and
elements of standard pairs, we would like to prove that #,+; and ¥,4; are
factors of U and elements of a standard pair.

A shift of the infinite word U can be written as (w41 U v,41)% with
Upyr = upvhn and v, = u,vintl There exists s such that S*(U) €
(w,vfn + u,vf"*t1)“ By hypothesis, i, and @, are elements of a standard
pair and there exists s’ such that S*(U) € (@, 0 + @, 5n+1)>,

But L(&S5*(U)) = L(S*(U)) and &S5 (U) € (i, + 55 i1, 5,)".
Hence, we construct @,+1 = ﬁﬁnﬁn and T4 = ﬁﬁnﬁnﬁn. Therefore, a shift
of the infinite word can be written as (@41 + U,41)%. Furthermore, these

(kn)

words can be constructed by composition of Rauzy rules S (@, 0,) =

(kn)

(77n—l—17 ﬁn—l—l) (feSP- SQ (67% 7771) = (ﬁn—l—lv 77n—l—1))-
In conclusion, @,4+1 and ©,4+1 are factors of U and elements of a standard
pair. [l

The sequence (i, U,,)nen is a sequence of standard pairs. By Rauzy’s
proposition the limit when n goes to infinity of %, and @, is a Sturmian
word denoted by .

Since U is recurrent, the number of return words over w is finite and i,
is a factor of U for all n, this gives L(U) = L(#). Consequently, U is a
Sturmian word.

With the three last propositions, we have shown that a binary recurrent
infinite word U whose set of return words over w has two elements for every
non empty word w is a Sturmian word. The converse is given by Proposition
4.1. In conclusion, we have a proof of the main theorem.
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