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Abstra
t. Naïve Bayesian 
lassi�ers assume the 
onditional indepen-den
e of attribute values given the 
lass. Despite this in pra
ti
e oftenviolated assumption, these simple 
lassi�ers have been found e�
ient,e�e
tive, and robust to noise.Dis
retization of 
ontinuous attributes in naïve Bayesian 
lassi�ers hasa
hieved a lot of attention re
ently. Continuous attributes need not ne
es-sarily be dis
retized, but it uni�es their handling with nominal attributesand 
an lead to improved 
lassi�er performan
e.We show that optimal partitioning results from de
ision tree learning
arry over to Naïve Bayes as well. In parti
ular, it sets de
ision bound-aries on borders of segments with equal 
lass frequen
y distribution. Anoptimal univariate dis
retization with respe
t to the Naïve Bayes rule
an be found in linear time but, unfortunately, optimal multivariate op-timization is intra
table.
1 Introdu
tionThe naïve Bayesian 
lassi�er, or Naïve Bayes, is surprisingly e�e
tive in 
lassi�-
ation tasks. Therefore, even if it does not belong to state-of-the-art methods, itplays an important role�alongside de
ision tree learning�as standard baselinemethods of indu
tive algorithms. Naïve Bayesian 
lassi�ers have been studiedextensively over the years [18, 19, 7℄.
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In Naïve Bayes numeri
al attributes 
an be handled without expli
it dis-
retization of the value range [7, 15℄ unlike in, e.g., de
ision tree indu
tion. Anoften made assumption is that within ea
h 
lass the data is generated by asingle Gaussian distribution. To model a
tual distributions more faithfully one
an abandon the normality assumption and, rather, use nonparametri
 densityestimation [7, 15℄.Treating numeri
al attributes by density estimation, Gaussian or other, in-di
ates that numeri
al and dis
rete attributes are handled di�erently. Further-more, dis
retization has been observed to in
rease the predi
tion a

ura
y andmake the method more e�
ient [2, 6℄. There are dis
retization methods that arespe
i�
 to Naïve Bayes [2, 6, 25, 4, 26℄ as well as general approa
hes that are of-ten used with naïve Bayesian 
lassi�ers [13℄. A parti
ularly interesting fa
t isthat Naïve Bayes permits overlapping dis
retization [16, 27℄ unlike many other
lassi�
ation learning algorithms.



In de
ision tree setting the line of resear
h stemming from Fayyad and Irani's[12℄ seminal work on optimal dis
retizations for evaluation fun
tions of ID3 hasled to more e�
ient prepro
essing approa
hes and a better understanding ofthe ne
essary and su�
ient prepro
essing needed to guarantee �nding optimalpartitions with respe
t to 
ommon evaluation fun
tions [8�11℄. In this paper weshow that this type of analysis 
arries over to naïve Bayesian 
lassi�ers despitethe di�eren
e of univariate inspe
tion in de
ision trees and multivariate one innaïve Bayesian 
lassi�ers. The de
ision boundaries separating de
ision regions�
lass predi
tion 
hanges�of naïve Bayesian 
lassi�ers fall exa
tly on the so-
alled segment borders. No other 
ut point 
andidates need to be 
onsidered inorder to �nd the error-minimizing dis
retization.We show that with respe
t to one numeri
al attribute, a partition that opti-mizes the naïve Bayes rule 
an be found in linear time using the same algorithmas in 
onne
tion with de
ision trees. However, simultaneously satisfying the op-timality with respe
t to more than one attribute, unfortunately, has re
entlyturned out to be NP-
omplete [23℄. This does not leave us with possibilities tosolve the problem e�
iently.In Se
t. 2 we �rst re
apitulate the basi
s on naïve Bayesian 
lassi�
ation.In Se
t. 3 the optima-preserving prepro
essing of numeri
al value ranges isreviewed. In Se
t. 4 we prove that the same line of analysis applies to naïveBayesian 
lassi�ers as well. We also brie�y 
onsider multivariate dis
retizationin this se
tion. Finally, Se
t. 5 
on
ludes this arti
le by summarizing the workand dis
ussing further resear
h possibilities.
2 Naïve BayesNaïve Bayes gives an instan
e x = ha1; : : : ; ani the labelargmax
2C Pr (
 j x) ; (1)where C is the set of 
lasses. In other words, the 
lassi�er assigns for the giveninstan
e the 
lass that is most probable. The 
omputation of the 
onditionalprobability Pr (
 j x) is based on the Bayes rulePr (
 j x) = Pr (
) Pr (x j 
)Pr (x)and the (naïve) assumption that the attributes A1; : : : ; An are independent ofea
h other given the 
lass, whi
h indi
ates thatPr (x j 
) = nYi=1Pr (Ai = ai j 
) :The denominator Pr (x) of the Bayes rule is the same for all 
lasses in C. There-fore, it is 
onvenient to 
onsider the quantityargmax
2C Pr (
 \ x) = argmax
2C Pr (
 j x)Pr (x)



instead of (1). The two formulas, of 
ourse, always predi
t the same label.Probability estimation is based on a training set of 
lassi�ed examples E =f hxi; yii gmi=1, where yi 2 C for all i. Let m
 denote the number of instan
esfrom 
lass 
 in E. Then, the data prior for 
lass 
 is bP (
) = m
=m. Dis
reteattributes are easy to handle: we just estimatePr (x j 
) based on the training setby estimating the 
onditional marginals bP (Ai = ai j 
) by 
ounting the fra
tionof o

urren
es of ea
h value Ai = ai in m
.Unless dis
retized, 
ontinuous values are harder to take 
are of and require adi�erent strategy. It is 
ommon to assume that within ea
h 
lass 
 the values ofnumeri
 attributes are normally distributed. Then by estimating from the train-ing set the mean �
 and standard deviation �
 of the 
ontinuous attribute given
, one 
an 
ompute the probability of the observed value. After obtaining �
 and�
 for an attribute Ai the estimation boils down to 
al
ulating the probabilitydensity fun
tion for a Gaussian distribution:Pr (Ai = ai j 
) = 1p2��
 exp�� (ai � �
)22�2
 � :Using Diri
hlet prior, or more generally Bayesian estimation methods [17, 4℄,and kernel density estimation [15℄ are some alternatives to the straightforwardnormality assumption for estimating a model for the distribution of the 
ontin-uous attribute. In this paper, however, we are only 
on
erned with probabilityestimates 
omputed as data priors bP (�).Despite the unrealisti
 attribute independen
e assumption underlying NaïveBayes it is a very su

essful 
lassi�er in pra
ti
al situations. Some explanationshave been o�ered by Domingos and Pazzani [5℄, who showed that Naïve Bayesmay be globally optimal even though the attribute independen
e assumption isviolated. It was shown that, under 0�1 loss, Naïve Bayes is globally optimal forthe 
on
ept 
lasses 
onjun
tions and disjun
tions of literals. Gama [14℄ dis
ussesNaïve Bayes and quadrati
 loss.It is well-known that the naïve Bayesian 
lassi�er is equivalent to a linear ma-
hine and, hen
e, for nominal attributes its de
ision boundary is a hyperplane[7, 21, 5℄. Thus, Naïve Bayes 
an only be globally optimal for linearly separa-ble 
on
ept 
lasses. Ling and Zhang [20℄ 
onsider the representational power ofNaïve Bayes and more general Bayesian networks further. They 
hara
terize therepresentational power through the maximum XOR 
ontained in a fun
tion.
3 Dis
retizing Continuous AttributesThe dominating dis
retization te
hniques for 
ontinuous attributes in NaïveBayes are unsupervised equal-width binning [24℄ and the greedy top-down ap-proa
h of Fayyad and Irani [13℄. These straightforward heuristi
 approa
heshave also been o�ered some analyti
al ba
king [4℄. However, in other 
lassi-�er learners�de
ision trees in parti
ular�analysis of dis
retization has beentaken mu
h further. In the following we re
apitulate brie�y the line of analysis
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Fig. 1. The original set of 27 examples (top) 
an only be partitioned at bin borders(se
ond from top) where the value of the attribute 
hanges. Class uniform bins 
an be
ombined into blo
ks (se
ond from bottom). Blo
k borders are the boundary points ofthe numeri
al range. Furthermore, partitions 
an only happen between blo
ks with dif-ferent relative 
lass distribution. Thus, we may arrange the data into segments (below).Segment borders are a subset of boundary points
initiated by Fayyad and Irani [12℄. The goal is to redu
e the number of examined
ut points without losing the possibility to re
over optimal partitions.In de
ision tree learning the pro
essing of a numeri
al value range usuallystarts with sorting of the data points [1, 22℄. If one 
ould make its own partitioninterval out of ea
h data point in the sorted sequen
e, this dis
retization wouldhave zero training error. However, only those points that di�er in their value 
anbe separated from ea
h other. Therefore, we 
an prepro
ess the data into bins,one bin for ea
h existing data point value. Within ea
h bin we re
ord the 
lassdistribution of the instan
es that belong to it (see Fig. 1). The 
lass distributioninformation su�
es to evaluate the goodness of the partition; the a
tual dataset does not need to be maintained.The sequen
e of bins attains the minimal mis
lassi�
ation rate. However,the same rate 
an usually be obtained with a smaller number of intervals. Theanalysis of the entropy fun
tion by Fayyad and Irani [12℄ has shown that 
utpoints embedded into 
lass-uniform intervals need not be taken into a

ount, onlythe end points of su
h intervals� the boundary points�need to be 
onsideredto �nd the optimal dis
retization. Elomaa and Rousu [8℄ showed that the sameis true for several 
ommonly-used evaluation fun
tions.Subsequently, a more general property was also proved for some evaluationfun
tions [9℄: segment borders�points that lie in between two adja
ent bins withdi�erent relative 
lass distributions�are the only points that need to be takeninto a

ount. It is easy to see that segment borders are a subset of boundarypoints.



For stri
tly 
onvex evaluation fun
tions it was shown later that examiningsegment borders is ne
essary as well as su�
ient in order to be able to dis-
over the optimal partition. For Training Set Error, whi
h is not stri
tly 
onvex,it su�
es to only examine a subset of the segment borders. These points are
alled alternations and they are pla
ed on segment borders where the frequen
yordering of the 
lasses 
hanges [10, 11℄.These analyses 
an be used in prepro
essing in a straightforward manner:we merge together, in linear time, adja
ent 
lass uniform bins with the same
lass label to obtain example blo
ks (see Fig. 1). The boundary points of thevalue range are the borders of its blo
ks. Example segments are easily obtainedfrom bins by 
omparing the relative 
lass distributions of adja
ent bins (see Fig.1). This 
an be a

omplished on the same left-to-right s
an that is required toidentify bins. Also alternations 
an be dete
ted during the same s
an.4 De
ision Boundaries of Naïve BayesWe show now that segments in the domain of a 
ontinuous attribute are the lo
a-tions where Naïve Bayes 
hanges its 
lass predi
tion, i.e., its de
ision boundaries.We start from undis
retized domains, go on to error-minimizing dis
retizations,and �nally 
onsider optimal partitions with respe
t to several attributes.4.1 De
ision Boundaries for Undis
retized AttributesWe start by examining the de
ision boundaries that Naïve Bayes sets when the
ontinuous attribute is not dis
retized, but ea
h numeri
al value is treated sep-arately. When we 
onsider the de
ision boundaries from the point of view of oneattribute, we assume an arbitrary �xed value setting for the other attributes. Inthe following, notation bP (�) is used to denote the probability estimates 
omputedby Naïve Bayes, to distinguish them from true probabilities.Theorem 1. The de
ision boundaries of the naïve Bayesian 
lassi�er are situ-ated on segment borders.Proof. Let Ai be a numeri
al attribute and let V 0 and V 00 be two adja
entintervals in its range separated by 
ut point vi. For any other attribute Aj ,i 6= j, let Vj be an arbitrary subset of the values of Aj . Let us denote byT = V1 � � � � � Vi�1 � Vi+1 � � � � � Vnthe Cartesian produ
t of these subsets. We assume that the predi
tion of naïveBayesian 
lassi�er within V 0 � T is 
0 2 C, and the predi
tion within V 00 � Tis 
00 2 C. In other words, looking at the situation only from the point of viewof Ai and taking all other attributes to have an arbitrary (but �xed) value
ombination, the de
ision boundary is set between intervals V 0 and V 00. ThenbP (
0 j V 0 � T ) = bP (
0) bP (V 0 j 
0)Yj 6=i bP (Vj j 
0)> bP (
00) bP (V 0 j 
00)Yj 6=i bP (Vj j 
00) = bP (
00 j V 0 � T ) :



By reorganizing the middle inequality we getbP (V 0 j 
0)bP (V 0 j 
00) > bP (
00)Qj 6=i bP (Vj j 
00)bP (
0)Qj 6=i bP (Vj j 
0) : (2)
On the other hand, within V 00 � T we obtain, by similar manipulation,bP (V 00 j 
0)bP (V 00 j 
00) < bP (
00)Qj 6=i bP (Vj j 
00)bP (
0)Qj 6=i bP (Vj j 
0) : (3)

Put together, (2) and (3) implybP (V 00 j 
0)bP (V 00 j 
00) < bP (
00)Qj 6=i bP (Vj j 
00)bP (
0)Qj 6=i bP (Vj j 
0) < bP (V 0 j 
0)bP (V 0 j 
00) :By using the Bayes rule to the 
onditional probabilities and 
an
eling out equalfa
tors we get bP (
0 j V 00)bP (
00 j V 00) < bP (
0 j V 0)bP (
00 j V 0) :Hen
e, the relative 
lass distributions must be stri
tly di�erent within the inter-vals V 0 and V 00 making vi thus a segment border.The above result does not, of 
ourse, mean that all segment borders wouldbe pla
es for 
lass predi
tion 
hange. However, the 
lass predi
tion 
hanges of anundis
retized domain are 
on�ned to segment borders. Consequently, no loss isin
urred in grouping the examples in segments of equal 
lass distribution. On the
ontrary, we expe
t to bene�t from the more a

urate probability estimation.4.2 De
ision Boundaries in k-Interval Dis
retizationLet us now turn to the 
ase where the 
ontinuous range has been dis
retizedinto k intervals. We will prove that in this 
ase too segment borders are the onlypotential points for the de
ision boundaries.The following proof has the same setting as the proofs in 
onne
tion withde
ision trees [9℄. The sample 
ontains three subsets, P , Q, and R, with 
lassfrequen
y distributionsp = mXj=1 pj ; q = mXj=1 qj ; and r = mXj=1 rj ;where p is the number of examples in P and pj is the number of instan
es of
lass j in P . Furthermore, m is the number of 
lasses. The notation is similaralso for Q and R.We 
onsider the k-ary partition fS1; : : : ; Sk g of the sample, where subsetsSh and Sh+1, 1 � h � k� 1, 
onsist of the set P [Q[R, so that the split point



P Q RPmj=1 pj Pmj=1 qj Pmj=1 rj
S1; : : : ; Sh�1z }| {Sh(`) z }| {Sh+1(`) Sh+2; : : : ; Sk

`Fig. 2. The following proofs 
onsider partitioning of the example set P [ Q [ R intotwo subsets Sh and Sh+1 within Q. No matter where, within Q, the 
ut point is pla
ed,equal 
lass distributions result
is inside Q, on the border of P and Q, or that of Q and R (see Fig. 2). Let `be a real value, 0 � ` � q.1 Let Sh(`) denote partition interval Sh that 
ontainsP and the ` �rst examples from Q. In the same situation Sh+1(`) denotes theinterval Sh+1. We assume that splitting the set Q so that ` examples belong toSh(`) and q � ` to Sh+1(`) results in identi
al 
lass frequen
y distributions forboth subsets of Q regardless of the value of `.Let T again be the Cartesian produ
t of the (arbitrary) subsets in dimensionsother than the one under 
onsideration. In this setting we 
an prove the followingresult whi
h will be put to use later.Lemma 1. The sum max
2C bP (
 \ Sh(`)� T )+max
2C bP (
 \ Sh+1(`)� T ) is
onvex over ` 2 [0; q℄.Proof. Let `1; : : : ; `r�1 be the 
lass predi
tion 
hange points within [0; q℄. With-out loss of generality, let us denote by 
i, 1 � i � r�1, the 
lass predi
ted withinSh(`), ` 2℄`i; `i+1℄. The probability of instan
es of 
lass 
 within Sh(`)� T 
anbe expressed asbP (
 \ Sh(`)� T ) = p
 � bP (T j 
)n + ` � q
=q � bP (T j 
)n ;whi
h des
ribes a line with o�set (p
=n) bP (T j 
) and slope ((q
=q)=n) bP (T j 
)(see Fig. 3). Now, it must be that the o�sets satisfyp
1 � bP (T j 
1)n � � � � � p
r�1 � bP (T j 
r�1)nand the slopes of the lines satisfyq
1=q � bP (T j 
1)n � � � � � q
r�1=q � bP (T j 
r�1)n :Interpreting the situation geometri
ally, we see that max
 bP (
 \ Sh(`)� T )forms a 
onvex 
urve (Fig. 3). By symmetry, max
 bP (
 \ Sh+1(`)� T ) also is
onvex, and the 
laim follows by the 
onvexity of the sum of 
onvex fun
tions.1 No harm is done 
onsidering splitting Q in other points than those 
orresponding tointegral number of examples, sin
e we are proving absen
e of lo
al extrema.



p
r�1 bP (T j 
r�1)p
r�2 bP (T j 
r�2)
p
2 bP (T j 
2)p
1 bP (T j 
1)

`1 `2 `r�1 q0Fig. 3. The maxima of the sum of the most probable 
lasses in Sh(`) and Sh+1(`) formsa 
onvex 
urve over [0; q℄
The following proof shows that a 
ut point in between two adja
ent subsetsSh and Sh+1 in one dimension is on a segment border, regardless of the 
ontextindu
ed by the other attributes. Due to the additivity of the error, the resultalso holds in the multisplitting 
ase, where a number of 
ut points are 
hosen inea
h dimension.Theorem 2. The error-minimizing 
ut points of Naïve Bayes are lo
ated onsegment borders.Proof. Let 
L(`) = argmax
2C bP (
 \ Sh(`)� T ) be the most probable 
lass forSh(`) a

ording to Naïve Bayes 
riterion in this situation. In other words,bP (
L(`) \ Sh(`)� T ) = max
2C bP (
 \ Sh(`)) bP (T j 
) :Similarly, let 
R(`) denote the most probable 
lass in Sh+1(`).The minimum-error partition is the one that has the smallest 
ombined errorin the subsets Sh(`) and Sh+1(`). Thus, we want to optimizemin`2[0;q℄( bP (Sh(`)� T )� bP (
L(`) \ Sh(`)� T )+ bP (Sh+1(`)� T )� bP (
R(`) \ Sh+1(`)� T ));whi
h is equal tomin`2[0;q℄( bP (S � T )� ( bP (
L(`) \ Sh(`)� T ) + bP (
R(`) \ Sh+1(`)� T )));where S = P [Q[R. By Lemma 1 this is a 
on
ave fun
tion of ` 2 [0; q℄. Hen
e,it minimizes at one of the extreme values of `, whi
h are the lo
ations of thesegment borders. Thus, we have proved the 
laim.In prin
iple it might be possible to redu
e the number of examined points byleaving some segment borders without attention. Can we identify su
h a subsete�
iently?



In univariate setting the answer is a�rmative: Only the set of alternationpoints need to be 
onsidered. These points are those in between adja
ent binsV 0 and V 00 with a 
on�i
t in the frequen
y ordering of the 
lasses: bP (
 j V 0) <bP (
0 j V 0) and bP (
0 j V 00) < bP (
 j V 00). This is a dire
t 
onsequen
e of the fa
tthat training error minimizes on su
h points. The set of alternation points 
anbe found in linear time, so it 
an speed up the dis
retization pro
ess [10℄.In multivariate setting, the other attributes need to be taken into a

ount.Let V 0 � T and V 00 � T be two adja
ent hyperre
tangles. One 
an show thatthere is no de
ision boundary in between them if for all 
lass pairs 
0 and 
00 wehave either1. bP (
0 j V 0 � T ) � bP (
 j V 0 � T ) and bP (
0 j V 00 � T ) � bP (
 j V 00 � T ), or2. bP (
0 j V 0 � T ) � bP (
 j V 0 � T ) and bP (
0 j V 00 � T ) � bP (
 j V 00 � T ).The problem with using this 
riterion to prune the set of 
andidate 
ut points isthat the de�nition depends on the 
ontext T , and there is an exponential numberof su
h 
ontexts. So, even if all segment borders are not useful, de
iding whi
hof them 
an be dis
arded seems di�
ult.Thus, in pra
ti
e, �nding a linear-time prepro
essing s
heme to redu
e theset of potential 
ut points to a proper subset of segment borders is di�
ult.4.3 De
ision Boundaries of Naïve Bayes in Multiple DimensionsIt is well known that in the dis
rete (two-
lass) 
ase the de
ision boundary is a(single) hyperplane in the input spa
e [7, 21℄. In 
ase of 
ontinuous attributes thesituation is mu
h more di�
ult: The de
ision regions and their boundaries mayhave arbitrary shape [7℄. However, from pre
eding results we know that de
isionboundaries in reality 
an only o

ur at segment borders of ea
h 
ontinuous at-tribute. Therefore, we a
tually 
an 
onsider dis
retized ranges instead of truly
ontinuous attributes.In Fig. 4 the example set of Fig. 1 has been augmented with another (arbi-trary) dimension. The segments of these two dimensions divide the input spa
e(a plane) into a 6� 5 grid, where ea
h grid 
ell gets assigned a 
lass label. Classuniform rows and 
olumns get a uniform labeling but otherwise one 
annot de-termine the labeling of grid 
ells based only on one dimension. Values of bothattributes are needed to determine the 
lass label. For example, when the at-tribute depi
ted on the y-axis of Fig. 4 has a value in its last segment, dependingon the value of the attribute along the x-axis, there are two segments where themost probable predi
tion would be d and two segment where it would be e.In general the dis
retized input spa
e is divided into hyperre
tangular 
ells,ea
h assigned the 
lass label a

ording to the relevant segment statisti
s.4.4 On Finding Optimal Dis
retizations for Naïve BayesTheorem 2 tells us that the de
ision boundaries of Naïve Bayes are always lo-
ated on segment borders, whi
h makes it possible to prepro
ess the data into
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Fig. 4. The segments of two 
ontinuous attributes divide the input spa
e into a re
t-angular grid. All grid 
ells are assigned the 
lass label determined by the residual sumsof the 
orresponding segments
segments prior to dis
retization. By this result, one 
an use the same linear-timeoptimization algorithm to �nd the univariate Naïve Bayes optimal multisplits asin the 
ase of de
ision trees [9, 11℄. This so-
alled Auer-Birkendorf algorithm isbased on dynami
 programming. During a left-to-right s
an over the segments,one 
an maintain the information required to de
ide into how many intervalsshould the data be split and where to lo
ate the interval borders to obtain asgood value as possible for the partition.However, the situation in the multivariate setting is mu
h more di�
ult. Evenwith the data prepro
essed into segments we may still have a daunting amountof possible dis
retizations: O(2T ) to be exa
t, where T =Pni=1 Ti and Ti is thenumber of 
ut points 
andidates along the i-th dimension. Could there, never-theless, exist an e�
ient algorithm for optimal dis
retization? Unfortunately, wehave to answer in the negative, as shown by the next theorem [23℄.Theorem 3. Finding the Naïve Bayes optimal dis
retization of the real planeR 2 is NP-
omplete.This 
an be proved by a redu
tion from Minimum Set Cover using a similar
onstru
tion as Chlebus and Nguyen [3℄ to show that already optimal 
onsistentsplitting of the real plane R 2 is NP-
omplete. We 
onstru
t a 
on�guration ofpoints in the 2D plane 
orresponding to the set 
overing instan
e and show twoproperties [23℄:1. The plane 
an be 
onsistently dis
retized with k 
ut lines if and only if thereis a set 
over of size k for the given set 
over instan
e.2. The optimal Naïve Bayes dis
retization 
oin
ides with the 
onsistent dis-
retization.



Sin
e the hypothesis 
lass of Naïve Bayes is the set of produ
t distributionsof marginal likelihoods, the above theorem strengthens the negative result ofChlebus and Nguyen [3℄, whi
h holds for general axis-parallel partitions of R 2 .Observe that the result easily generalizes to 
ases with more than two dimensionsby embedding the 2D plane 
orresponding to the set 
overing instan
e into thehigher dimensional spa
e. The problem remains equally hard when there aremore than two 
lasses.From the point of view of �nding the optimal multivariate splits, exhaustivesear
h over the segment borders of all dimensions is the remaining possibility foroptimization, whi
h be
omes prohibitively time-
onsuming on larger datasets.
5 Con
lusionExamining segment borders is ne
essary and su�
ient in sear
hing for the opti-mal partition of a value range with respe
t to a stri
tly 
onvex evaluation fun
-tion [11℄. The same set of 
ut point 
andidates is relevant for Naïve Bayes: Theirde
ision boundaries (in disjoint partitioning) fall exa
tly on segment borders.On the other hand, it seems that for an algorithm to rule out some segmentborders from among the de
ision boundary 
andidates, it would have to examinetoo many 
ontexts to be e�
ient. Therefore, prepro
essing the value ranges of
ontinuous attributes into segments appears ne
essary if one wants to dete
t all
lass predi
tion 
hanges. Su
h prepro
essing, naturally, is su�
ient.As future work we leave the empiri
al evaluation of the usefulness of seg-ment borders and their a

ura
y in probability estimation as well as studyingpossibilities to approximate optimal multivariate dis
retization and the utilityof segment borders therein.
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