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i Candecomp/Parafac (CP)

s X is areal-valued 7 xJ xK array with slices X,

= The CP model of X with R factors is
X,=A C, B"+E, k=1, .., K
= Component matrices A (/ xR), B (JXR ) and
C (K'xR ) with diagonals of C, as rows

R
= CPis also written as X = Zar ob,oc +E
=1



i Uniqueness in CP

= A CP solution can only be unique up to
rescaling/counterscaling and jointly
permuting columns of A, B and C

= Kruskal’s uniqueness condition:
2R+ 2 < Kk, + kg + k-

= Avoid scaling indeterminacy: norm the
columns of two component matrices to

length 1



i Degenerate CP solutions

s /wo-factor degeneracy

1. columns s and ¢ become nearly identical
(up to a sign change) in A, Band C

2. product of three correlations tends to -1

3. magnitudes of columns s and ¢ become
arbitrarily large in unrestricted component
matrix
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i Degenerate CP solutions

n [hree-factor degeneracy (in most cases)

1. In the two restricted component matrices
the columns s, ¢ and v become nearly
identical (up to a sign change)

2. In the unrestricted component matrix the
columns s, £ and v become nearly scalar
multiples of each other

3. In the unrestricted component matrix the
columns s, ¢ and v become arbitrarily large,
while their sum (up to +) remains “small”
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i Example for 3x3x2 with R = 3

048 046 -047 0.72 -0.69 0.71]
A=1-066 -065 066 B=|061 -065 0.63
—-057 -060 058 1033 -031 0.32

653 -625 1278
2162 -2239 4398

factor 3 = — 2+factor 1 = — 2-factor 2



Conjecture by Kruskal,
i Harshman and Lundy (1989)

= 'Degenerate CP solutions occur when the CP
objective function does not have a minimum
but an infimum”

= Ten Berge, Kiers & De Leeuw (1988) proved
this for a specific 2x2x2 array and R = 2

= Minimize HX—XW
subjectto Y LID,={Y withrank < R}

Lek-Heng Lim: the set D, may not be closed !
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Consider px px?2 arrays

i with R =

D

We assume Y has pxp slice Y, invertible

1 eigenvalues | some complex

Y2Y1 all real eigenvalues
diagonalizable | rank(Y)=p | rank(Y)=p+1
not diag. rank(Y)=p+1 | rank(Y)=p+1

Ten Berge (1991), Ja’ Ja’ (1979)
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D, = {Y with Y,Y, " real eigenvalues and diag. }
S,={Y with Y,Y; real eigenvalues }
Let X have rank = p+1.

Minimize [X-Y | (Problem 1)
subjectto Y [ IDp

Minimize [Xx-Y | (Problem 2)
subjectto Y LIS,




Result for pxpx2 arrays
i with R= p

Let X have rank = p+1. There holds that:

(I) the objective function of Problem 1 does not
have a minimum, but an infimum, and

(II) any sequence of solutions of Problem 1 of
which the objective value approaches the
infimum, will become degenerate.

Stegeman (2005a)
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<

D, -){;:H;—XH2< 5} LID,, for & small
The set D, is open, which proves (I).
2%X2 eigenvalues eigenvectors
U A and A X
V., A+ ¢ and A X+ (€;0) and X
W, ANtej Xtely
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We can choose V, and W, such that they are both
arbitrarily close to U (take € > 0 small enough)

This observation can be extended to p x p matrices
and to the arrays in D, and S,

= Any array U |_1S,\D, can be approximated
arbitrarily closely by arrays V L 1D, and by arrays
W for which W, W, has complex eigenvalues

This implies the following (see next page) :
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e S\D, = boundary of S,
e D, = interior of 5,

e S, is closed -
e Problem 2 has an optimal solution X L1S)\D,

X, X" has p real eigenvalues but not p linearly
independent eigenvectors

e A sequence of solutions as in (II) converges to X

e The value of the infimum in (I) equals HK - XHZ
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2p" - dimensconal Space. of
PXPx2 afkRays wikh det(Y)+0

e X
DF =
(ank F-H)
\ bnuﬁdﬂﬂﬂ
Sequence \ uF S
of " P
ﬂ-fpﬂaxtmaimnﬂ: |

in.’ Ft’j“‘“’ 1 Knushq{-,

Hqﬁslnmml.ﬂ Lund\f (‘.jﬁj)
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Y LID, = eigendecomposition Y2Y1‘1 —K AK™

A rank-p decomposition of Y is: Y, =K | (K™Y,)

Y, =K A(KY,)
1 L 1
A LA,

A=K B=(K?'Y)T C=

Kruskal holds: 2p+2<k, +k, +k. =p+p+2

=» uniqueness (if all eigenvalues are different)
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Sequence of solutions Y converges to X
YY" =K A K™ converges to X,X;

When the CP algorithm terminates:
e A =K has some columns close to linear

dependence
e B=(K™Y,)" has large magnitudes in these
columns
- 1 L 1]
e C= AL /]p ha§ the.se columns nearly
- 4 identical
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Simulation results for

i p=2,3475

2-fd | 2+2 | 3-fd | 2+3 | 4-fd | 5-fd
2x2x21 10 - - - - -
3x3%x2| 9 - 1 - - -
4x4x2| 4 0 5 - 1 -
4x4x2| 0 / 1 - 2 -
5x5%x2| 7 0 1 0 2 0
5x5x2| 0 3 1 4 1 1
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i Extensions

Random px gx?2 arrays (Stegeman, 2005b)
= p=¢g and R < g: sometimes degeneracy
= p> g and R < g:sometimes degeneracy

Random 5x3x3 arrays (Stegeman, 2005c¢)

= If the array has rank 6 and R = 5, then
sometimes degenerate CP solutions occur

20



i References

Ja’ Ja’, J. (1979). Optimal evaluation of pairs of bilinear forms. SIAM Journal on
Computing, 8, 443-462.

Kruskal, J.B., Harshman, R.A. & Lundy, M.E. (1989). How 3-MFA data can cause
degenerate Parafac solutions, among other relationships. In: Multiway Data
Analysis, Coppi R. & Bolasco, S. (editors), North-Holland, 115-121.

Lim, L-H. (2004). What’s possible and what’s impossible in tensor
decompositions/approximation. Talk at ARCC Tensor Decompositions Workshop.

Pdf available at: http://csmr.ca.sandia.gov/~tgkolda/tdw2004/
Stegeman, A. (2005a). Degeneracy in Candecomp/Parafac explained for px px2 arrays of
rank p+1 or higher. Submitted to Psychometrika.

Stegeman, A. (2005b). Degeneracy in Candecomp/Parafac explained for random px gx2
arrays. Technical Report (to be submitted; available on request).

Stegeman, A. (2005c¢). Degeneracy in Candecomp/Parafac explained for 5x3x3 arrays of
rank 6 or higher. Technical Report (to be submitted; available on request).

Ten Berge, J.M.F., Kiers, H.A.L. & De Leeuw, J. (1988). Explicit Candecomp/Parafac
solutions for a contrived 2x2x2 array of rank three. Psychometrika, 53, 579-584.
Ten Berge, J.M.F. (1991). Kruskals polynomial for 2x2x2 arrays and a generalization to

2X nx narrays. Psychometrika, 56, 631-636.
21



