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Abstract

Building probabilistic and decision-theoretic modelsuggs a considerable knowledge engineer-
ing effort in which the most daunting task is obtaining themauical parameters. Authors of
Bayesian networks usually combine various sources of in&tion, such as textbooks, statisti-
cal reports, databases, and expert judgement. In this pagedemonstrate the risks of such
a combination, even when this knowledge encompasses saafirggy population-independent
characteristics as sensitivity and specificity of medigahgtoms. We show that the criteria “do
not combine knowledge from different sources” or “use onffadfrom the setting in which the
model will be used” are neither necessary nor sufficient argatee the correctness of the model.
Instead, we offer graphical criteria for determining wherowledge from different sources can be
safely combined into the general population model. We affes @ method for building subpopula-
tion models. The analysis performed in this paper and ther@iwe propose may be useful in such
fields as knowledge engineering, epidemiology, machinmieg, and statistical meta-analysis.

Keywords: Probabilistic models, Bayesian networks, numerical pbdliees, elicitation, selec-
tion biases, learning, combining knowledge.

1. Introduction

Development of the theory of directed probabilistic grapitably Bayesian networks (Pearl, 1988)
and influence diagrams (Howard and Matheson, 1984), hagdausonsiderable interest in apply-
ing probability theory and decision theory in intelligentstems—see Henrion et al. (1991) for
an accessible overview of decision-theoretic methodstifical intelligence. Directed graphical
probabilistic models have been successfully applied taiatyeof problems, including medical di-
agnosis, prognosis, and therapy planning, epidemiologghime diagnosis, user interfaces, natural
language interpretation, planning, vision, roboticsadatning, and many others.

One of the most serious hurdles in practical applicationrobpbilistic methods is the effort
that is required of model building and, in particular, of gtitying graphical models with numerical
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probabilities. To make this task doable, typically knovgedengineers rely on a variety of sources
that include expert knowledge, literature, availableistiats, and databases of relevant cases. Very
often, the structure of the model is elicited from expertd tre numerical probabilities are learned
from databases. Lack of attention to whether the sourcesampatible and whether they can be
combined can lead to erroneous behavior of the resultingeimdtlhile most knowledge engineers
realize the danger of misapplication of data that descritierdnt population groups, they often fail
to appreciate purely statistical effects that play a rolprivbabilistic information.

In this paper, we first demonstrate the problem by showinga¥en such seemingly population-
independent characteristics as sensitivity and spegifi€inedical symptoms can vary significantly
between hospital patients and the general populationoAdh this variability has been reported in
the medical literature for decades—see, for instance Rerfisand Feinstein (1978) and Knottnerus
(1987)—many of today’s epidemiogical studies on the assessof diagnostic tests fail to mention
it, and, to our knowledge, researchers in the area of a#ifintelligence have never considered it
when building probabilistic models. This entails a sigmifitrisk because, as we show in this paper,
collecting these statistics in one setting and using thermisther can lead to errors in posterior
probabilities as large as several orders of magnitude. Wehesframework of directed probabilistic
graphs to systematize our observation, to explain the ofksive knowledge combination, and to
offer practical guidelines for combining knowledge cothgcThe problems that we are referring to
are due to purely statistical effects related to selectiv@npmena. They may occur when data or
knowledge are collected from different subpopulations sufasequently combined into one model,
or even when the parameters for a causal model are obtamedcaithe same subpopulation in which
the model is applied. On the contrary, these problems hatlinmgpto do with small databases,
missing data, or unreliable expert judgment.

Our analysis was inspired by our practical experiences ildimg medical diagnostic systems
in independently conducted projects, in which we typichllyid a causal graph from expert knowl-
edge and obtain the parameters from data, textbooks andt @gtienates. We encountered a puz-
zling phenomenon that led to an initial disagreement batviee We have subsequently analyzed
the problem, gaining insight that escaped each of us despitéirly solid theoretical preparation
and considerable field experience. We suspect that manyl&dges engineers, data miners, and
epidemiologists who apply machine learning algorithm®faicnilar problems, often not realizing
them. Hence, the purpose of the current paper is not onlyitd pat the risks of the unwary use of
data sets, but also to offer criteria for deciding when onseweral knowledge sources can be used
in the construction of a probabilistic model. In particuleme are interested in profiting from sub-
population data—for instance, the records of a databadeecsdt of past cases on which a human
expert bases the probability estimates. This is of mosttigeddnterest because usually knowledge
engineers and automatic learning systems do not have a@occgseeral-population data.

Because of our experience with medical models, we use inptgier clinical diagnostic ex-
amples, but the principles applied and the conclusionsisfahalysis are general. An isomorphic
problem is, for example, machine diagnosis, where modelbuaitt based on a combination of field
experience, device specification, and repair shop dataanaher is fraud detection, where models
are based on general population characteristics combifteccustomer transaction data.

The remainder of this paper is structured as follows. Sa@ipresents the conceptual frame-
work and, in particular, it offers an introduction to Bayasinetworks. Section 3 presents two
motivating examples which show the risks of naive use of.dM@analyze these examples in depth
and explain the statistical reasons for why those modelsnamrect. In Section 4, which is the
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core of the paper, we offer two graphical criteria for conmibinknowledge from different sources
and for building subpopulation models. Finally, Sectiorigedsses the implications of our analysis
for knowledge engineering, machine learning, epidemiglagd meta-analysis.

In the mathematical analysis, we will use upper case letmrsh asv, to denote variables,
and lower-case letters, suchgsto denote their outcomes. When a variatflés binary, we will
use+v and—v to denote the truth and falsity of the proposition or its fesiand negative value
respectively. Correspondingly, P&) will denote the direct predecessors (parents) of a node in
a graph that models a variab}, and p&x) will denote a combination of values of parents of a
variableX. In the same way, aiiX) will denote the set of ancestors Xf A nodeU is an ancestor
of X if eitherU is a parent oK or there is a nod¥ such thal/ is a parent oK andU is an ancestor
of V.

2. Conceptual Framework

Directed graphical models are a prominent class of proistibilmodeling tools, arguably most

widely applied in practice. Two most popular instances &f thass are Bayesian networks (Pearl,
1988) and influence diagrams (Howard and Matheson, 1984luehte diagrams can be viewed
as Bayesian networks enhanced with an explicit representat decisions and utilities over the

outcomes of the decision process. While in the sequel wefagdlis on Bayesian networks, we

would like to point out that our results apply equally wellinfluence diagrams.

2.1 Fundamentals of Bayesian Networks

Bayesian networks are acyclic directed graphs in which s@dpresent random variables and arcs
represent directed probabilistic dependencies among.theBayesian network encodes the joint
probability distribution over a finite set of variabl€X, ..., X,} and decomposes it into a series of
conditional probability distributions over each varialgigen its parents in the graph. More specif-
ically, for each configuration g&) of pa(X;) (the parents oK), there is a conditional probability
distribution Pfx;|pa(x)). The conditional probability of a parentless node is juspitior probabil-

ity: Pr(x;|0) = Pr(x;). The joint probability distribution ovefX,...,X,} can be obtained by taking
the product of all of these conditional probability distrilons:

Pr... %) = [ Prix]pat). @

It can be proven that this product is a probability distribntand that it satisfies the Markov condi-
tion, i.e., that the probability of each variable given itsgnts is independent of its non-descendants
in the graph. For instance, K; is an ancestor of neitheX; nor X, then P¢x|pa(x),Xj,X) =
Pr(xi|pa(x;)).

Figure 1 shows an example Bayesian network modeling fouabias: a diseas®, a symptom
S, a medical test resulf, and admission to hospital. A direct arc betwee® and S denotes the
fact that whether or not an individual is a carrier of the dseD will impact the likelihood of her
showing the sympton$s. Similarly, an arc fromD to T denotes that presence bfinfluences the
test resulfT. Arc S— H means that the probability that an individual goes to haspiepends on
whether she shows symptoin

Lack of directed arcs is also a way of expressing knowledgtahly assertions of conditional
independence. For instance, the absence ofTare H means that the patient’'s decision to go to
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Figure 1: Example Bayesian network consisting of four \@da: D, S T, andH.

hospital depends only on whether she observes symgtdinadoes not depend directly dhbecause
she does not know whether she has the disease or not, ribbecause the test is not performed
until she is admitted to the hospital. These causal asasrtian be translated into statements of
conditional independencé] is independent oD andT givenS. In mathematical notation,

Pr(h|s) = Pr(h|s,d) = Pr(h|s,t) = Pr(h|s,d,t) .

Please note that this a particular instance of Markov camditH is independent of its non-
descendantd) andT) given its parentsS).
In the same way, the absence of [Bk- T means that the result of the test does only depend on
D and not on the presence of the symptom, and the absence dflinEhas a similar interpretation.
Again, this causal knowledge translates into probalilisissertions:S and T are conditionally
independent giveD:
Pr(s,t|d) = Pr(s|d) Pr(t|d)

or
Pr(sld,t) = Pr(gd) ,

which is another instance of Markov condition.
These properties imply that

Pr(d,s,t,h) = Pr(h|d,s,t) Pr(g|d,t) Pr(t|d) Pr(d)
= Pr(d) Pr(s|d) Pr(t|d) Pr(h|s,t) ,

i.e., the joint probability distribution over the graph resdcan be factored into the product of the
conditional probabilities of each node given its parenthégraph. Please note that this expression
is just Equation 1 applied to this particular example nekwor

The assignment of values to observed variables is usudldaavidence In medical diagnosis
the evidence is made up by the patient’s antecedents, sympgigns, and test results. The most
important type of reasoning in a probabilistic system baseBayesian networks is known bslief
updatingor evidence propagatiqrwhich amounts to computing the probability distributioreothe
variables of interest given the evidence. In the exampleahofiFigure 1, the variable of interest
could beD and the focus of computation could be the posterior prolakdistribution overD
given the observed values 8fandT, i.e., P(d|s,t). In the case of influence diagrams, the focus of
computation is identifying a decision option that gives klighest expected utility (possibly given
some observations).
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2.2 Subpopulations and Selection Variables

It is important at this point to realize that the probabildany event, Pr(e), is expressed within
some contexg and should be formally written as @¢). When a model is constructed, it is by
default assumed that the joint probability distributionepits variables is conditioned on some
context. Since this implies that every prior, conditiorehd posterior probability in that model is
conditioned on this context, the context is omitted from fikenulae for the sake of clarity and
notational convenience.

It is useful to realize that in addition to numerical projpestof the model, its structural proper-
ties are also conditional on the context. This means thatiiiee structure of the graph is condi-
tioned on the context and, as a consequence, whether anyatiedles are dependent or indepen-
dent is a property of the context in which the model was bitir instance, two diseases that are
a priori independent in the general population, will be imgel correlated in the context of a hos-
pital. This phenomenon, known as Berkson bias (Berksong)1$la particular case of a selection
bias.

The example model in Figure 1, for example, might have bedhfbuthe general population
of Pittsburgh, Pennsylvania. A model for patients of thevdrsity of Pittsburgh Medical Center
might look structurally different and be quantified by a diffnt set of numerical parameters. Con-
ditioning has clear implications on data that we collectdidferent populations. And so, we will
in general observe different frequencies and possiblyedifit dependencies in data collected for
the general population of Pittsburgh than we will in datdestied at the University of Pittsburgh
Medical Center.

In a probabilistic model, context can be expressed by mebaobserved (instantiated) model
variables. In this way, we can build a model that is generdl ke it later applicable to a sub-
population by instantiating an appropriate selectionalda. For example, if there is a data set
collected at the hospital referred to in the example moddtigtire 1, the data set will be condi-
tioned on hospital admissidd. We can indicate this by setting the varialbleto +h right in the
model. Often such a conditioning variable is referred to aslaction variableand+h as these-
lection value When a certain conditional probability differs from thdttbe general population,
for instance, wherP(d| + h) # P(d), we say that there is a bias. We realize some obvious biases,
such as those due to the fact that the data is collected atpgtddpbut often forget that biases (or
context variables) can be very subtle. Thus, while it isrofteknowledged that post-mortem data
are expected to be biased, it is often ignored that dataatedefrom alive patients are in general
biased as well.

In combining knowledge (or data) from two different sourdi® most important factor are the
selection variables and the corresponding biases in thelkdge (or data). The foremost question
is whether these selection variables are compatible wiéhamother.

2.3 Building Bayesian Networks

The construction of a Bayesian network consists typicallthmee phases: (1) selecting the model
variables and their possible values, (2) determining thecgire of the graph, and (3) obtaining the
conditional probability distribution over each of the mbdariables!

1. In practice, most Bayesian networks use discrete vasabilue to the difficulty of eliciting and representing
conditional probabilities involving arbitrary continusiwvariables—except for some typical distributions, such as
Gaussian—and the difficulty of propagating evidence in neéte with arbitrary continuous distributions.
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The most straightforward way of building a Bayesian netwooksists of choosing a database,
taking its variables as the variables of the Bayesian nétwamd applying some of the Bayesian
network learning algorithms available in the literatureg(e Cooper and Herskovits, 1992, Pearl
and Verma, 1991, Spirtes et al., 1993). Most of these alynstrequire that the database contain
a sufficiently large number of cases, that there are no ngssitues or, if there are, that they are
missing at random, that there are no selection biases, etgettr, databases almost always refer to
subpopulations, whose probabilistic/statistical depactes and independencies may be quite dif-
ferent from those of the target population for which the masleuilt. We have already mentioned
in the previous sectioBerkson biagBerkson, 1946), which is one of the many selection biases
studied in the literature. A learning algorithm applied thaspital database will most likely draw
links between diseases which are probabilistically indeleat in the general population. Another
serious problem with learning probabilistic models frontades the following. It is not uncom-
mon that some of the configurations required for conditiguralbability distributions—which in
the case of discrete variables are conditional probalitibles (CPTs)—are only represented by a
small number of cases, if any. For instance, given a sympttwse parents in the graph represent
several diseases, it is quite likely that the database doesomtain any patient suffering from all
the diseases, and therefore it is impossible to estimateatesponding conditional probabilities.

For these reasons, automatic learning methods alone ae iwisufficient in practice, and it
is necessary to resort to human experts’ knowledge. Whenowlkdge engineer relies purely
on an expert, the structure of the network is determined layvihg causal links among nodes,
and probabilities are obtained by subjective estimates.iléAtuilding the structure of a model
is in itself a challenging task that needs much care, mostificmers consider it doable. In our
experience, most medical experts, for example, either gjivélar graphical structures or converge
on the same structure after some discussion (Diez et &7, ®ruzdzel and van der Gaag, 2000,
Onisko et al., 2001). Directed graphical models built iagtice usually mimic the causal structure
of a domain, which, given the fundamental role of causalitséientific understanding, explains
expert agreement on the structure of models. The main d@nifethis method is that sometimes
there is not enough causal knowledge to establish the steuof the network with certainty. The
second step in building a model based on expert opinion isttjyiag the structure of a directed
graphical model with numerical probabilities. Estimatiohprobabilities required for a typical
real-world application is a tedious and time-consuming tascause of the number of parameters
required (typically hundreds or even thousands of numbesg)ce the expert time is scarce and,
therefore, costly, knowledge engineers utilize variousrees of information. These may include,
for example, textbooks, epidemiological studies and detab.

While the automatic-learning approach is attractive beeatispares a lot of tedious elicitation
effort, extracting conditional independencies from a dridata set, necessary for learning the net-
work structure, may be unreliable. A hybrid approach for toastruction of Bayesian networks
consists in building the structure of a causal graph withhibe of human experts, who in turn rely
on their experience and available literature, and compinimis structural information with quan-
titative estimates of conditional probabilities obtairfeam a database. Elicitation of the structure
from experts turns out to be doable in practice, even fordargtworks, and this approach is popu-
lar in practice. This hybrid approach is also the base ofaaungerence in epidemiology, in which
causal graphs built from expert knowledge guide the amalgiepidemiologic data (Greenland
etal., 1999, Pearl, 2000, Hernan et al., 2002).
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3. Problems of Naive Use of Data

3.1 The Risk of Combining Knowledge from Different Sources

We show through an examplaow unwary combination of knowledge from different souroeesy
lead to severe deviations in the estimation of probabilit us imagine that two internal medicine
residents have decided to build a simple diagnostic det®ipport system for a certain dised®e
In the first version of the system, they decided to model @bnd its most important symptof
They started by creating the model structure, consistingvofnodespD andS (Figure 2).

Figure 2: Example model under construction.

In the second stage, the residents focused on obtainingriaahgarameters for their network.
These parameters consist of fd), the prevalence ob, and the conditional probabilities of the
symptom given the disease,(Ps| +d) and P(—s/—d), also known asensitivityand specificity
of the symptom, respectively. They decided to obtain thesarpeters from a data set of previous
patient cases collected at their hospital. While there waslinagreement about sensitivity and
specificity of the symptom, the residents had different mpirabout the prevalence. One of them
said that they need to take the prevalence as observed iimtsgital, while the other suggested that
they should take the prevalence for the general populasiorthat their system remains unbiased.
After all, the second resident argued, one of the reasonspgbple were admitted to the hospital
was because of the presence of symp®so if they used the hospital prevalence rate, the evidence
would be double-counted. They ended up using the latter.

While the reader may disagree with the arguments made bgreiththe residents, it is easy
to imagine obtaining the same model by the sheer fact thabjenece of a disease in the general
population is often easy to find in a statistics yearbook oroalmdity table and the sensitivity and
specificity may be in practice obtained from hospital resadelicited from an expert with clinical
experience, i.e., one who has seen a large number of casi@s¢alcsettings.

Let the prevalence of the disease(-Pd), taken from an epidemiological study performed in
the town in question, be Prd) = 0.01597. Let the hospital data be summarized by Table 1.

N +d —d | Total
+s | 729 63| 792
—-S 1 174| 175
Total | 730 237| 967

Table 1: Distribution of the disease and test result in thepkial population.

2. We have recently discovered that a version of this exaim@éebeen presented previously by Knottnerus (1987).
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Sensitivity and specificity extracted from this table are

Sens= Pr(+s|+d) = 729/730= 0.99863 (2)
Spec= Pr(—g—d) = 174/237=0.73418 (3)

In our example model, the variable of interestDisand the focus of computation is the posterior
probability distribution oveD given an observed value & According to the thus constructed
model, the possibility that a patient presenting with syonps suffers fromD is
Pr(+s| +d) Pr(+d)
Pr(+d|+s) = =0.05748. 4
(+d[+9) Pr(+s|+d) Pr(4d) + Pr(+s—d) Pr(—d) “)

Leaving aside a possible error in estimating the probadslifrom the database, the procedure fol-
lowed seems to be correct. Nevertheless, we are going to shthve next section that this model
and the posterior probability computed by it(fd| + s) ~ 6%, are incorrect.

Analysis of the problem To understand this problem, we should model the varighl&ospital
admission, explicitly. Figure 3 shows a graph modelingatalesD, S andH. Admission to the
hospital depends directly only on observing the symp®&me., H is independent ob given S.3

In other words, Rih|s,d) = Pr(h|s). Given the sympton$, knowing whether the patient is in the
hospital does not influence our belief in the presence of ibeade, i.e.,

Pr(d|s,h) = Pr(d|s) , ()

which means that once we know about the presence or absetioe fmptons, the information
that the patient has been admitted to the hospital does fieat #fie diagnosis.

D

H=+h

Figure 3: A causal model for the hospital data set. Note thaesach entry in the data is collected
for a hospital patient, the model is effectively conditidnenH = +h, presence in the
hospital, which is the selection variable of the hospitdhdset. We encoded this by a
double circle in the model.

The second resident in our example suggested that using¢kealence oD observed in the
hospital would not be appropriate because it would doubl@itthe evidence from observir&y In
order to demonstrate that the argument behind the restdssdsoning is fallacious, we will first
assume that the population of the town in question is digtith as shown in Table 2.

3. Please see Section 2.1 for a discussion of the meaningksidi — SandS— H and the relevance of the lack of link
D—H.
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N +d -d Total
+s 972 84| 1,056
—-S 532 92,568| 93,100
Total | 1,504 92,652 94,156

Table 2: Distribution of the disease and the symptom in threegd population.

If a patient presenting witls is admitted to the hospital with probability Prh| +s) = 0.75
and a patient not presenting wilis admitted with probability Rr-h|—s) = 1/532= 0.00188, the
frequencies captured in the database (shown in Table 1paststent with the probabilistic model
of the general population.

The prevalence db is Pr{+d) = 0.01597, in agreement with the result of the epidemiological
study. Nevertheless, sensitivity and specificity of sympfin the general population are

Sens= Pr(+s| + d) = 972/1,504 = 0.64628
Spec= Pr(—s|-d) = 92,568/92, 652 = 0.99909

which are quite different from the sensitivity and specifi@among the hospital patients (see Equa-
tions 2 and 3). This difference can be attributed purely ®dfiect of conditioning on the patient
population, i.e., looking only at those patients who arehim hospital. Given our assumption that,
apart from the causal links shown in Figure 3, random vamativas the only factor influencing
presence or absence of the symptom and admission to thddipipese patients may be in every
respect identical to individuals in the general populati®o, there are no genetic, cultural, or di-
etary reasons why these patients show a different semgitvispecificity ofS. We can compute
Pr(+d| + s) by applying Bayes theorem or by reading the proportions iestjon directly from

Table 2:
972

1,056

This result differs over an order of magnitude from the veuetd| + s) ~ 0.06 obtained in Equa-
tion 4. What is the explanation of this apparent paradox?

The answer is that the frequencies contained in the datad@msmet reflect the probabilities
Pr(d,s) but rather Pd,s| + h). For this reason, Equations 2 and 3 are wrong: they do noesepr
sent the true sensitivity and specificity,(fs| + d) and P(—s|—d), but rather P+ +d,+h) and
Pr(—s|—d, +h) respectively. A proper application of Bayes theorem is then

Pr(+d|+s) =

= 0.92045. (6)

- Pr(s/d,h) Pr(d|h)
PrAIs D) = B d ) Pri+dh) 1 Pr(s-d.h) Pr-d]h)

From the hospital database, we obtain the prevalenbeaofiong the hospital patients(Rd|+h) =
730/967=0.75491. Hence
0.99863 075491

orf o Hy — — 0.92045.
+dl+5+N) = 550863 0754911 0.26582 024500

Comparing this result with Equation 6, we verify tha{®d| + s) = Pr(+-d| +s,+h), in agreement
with Equation 5}

4. We found that a similar analysis based on odds-likelih@atids was offered by Knottnerus (1987).
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In summary, when building the above model, it is correct ketéhe values of prevalence,
sensitivity, and specificity either from the general pogiota or from the hospital data. In both
cases, the model predicts correctly the posterior proialuf the diseasd. But if we mix data
from these two sources, the model and the resulting diagmasi be completely wrong.

However, the next example shows that a model can be wrongita#rits conditional proba-
bilities are obtained from the same data source.

3.2 A Wrong Subpopulation Model

Let us consider two symptomS; andS,, of a certain diseade, such that botls; andS, may make
the patient go to hospital (Figure 4).

Figure 4: Example model with two symptoms.

A knowledge engineer builds a model for the hospital poporatvith three nodes{D,S;, S},
and two causal link§D — §,D — $}. Variable H is implicit in this model, because all the
probabilities are conditioned onh. This model seems correct because the causal graph refgresen
all the causal mechanisms between these variables ané altdbabilities have been obtained from
the subpopulation to which the model will be applied. Howgwe prove that this model is wrong
by giving numerical values to the parameters and compatigesults with those of the general-
population model.

We assume that Prd) = 10° Pr+s| + d) = 09, Pr-s|-d) = 0.999,
Pr(+h| +s1,+) =1, P(+h|+s1,~) = Pr(+h|—s1,+5) = 0.7, and P¢+h|—s;,~sy) = 0.001.
According with the causal graph given in Figure 4, the joiakability is

Pr(d,s1,$,h) = Pr(d) Pr(s;|d) Pr(s;|d) Pr(h|s;,sp) . (7
In contrast, in the hospital model, whose graph does notaoht,
Priy(d,s1,%) = P (d) Pry(s1|d) Priy(sp/d) . (8)

The probabilities that the knowledge engineer obtains fhaspital data are:

Pr(+d) = Pr(d| + h) = 0.019,
Pry(+s|+d) = Pr(+s|+d,+h) = 0.927,
Py (—s|—d) = Pr(—s|—d,+h) = 0.708.

The substitution of these values into Equation 8 leads to

PrH(+d>+Slv+52)
Pry (+d — —0.166. 9
tdl 451, +5) Py (+d, +s1, +%2) + Priy (+d, 451, +%) ®)
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In contrast, the general population model (Figure 4 and Bgud) leads to
Pr(+d| +s1, +s, +h) = Pr(+d| + 51, +55) = 0.976. (10)

Analysis of the problem Why is the hospital model wrong? Because the general papnulat
model states that

Pr(d, s1,%[+h) # Pr(d| +h) Pr(s1|d,+h) Pr(sz[d, +h) ,

and for this reason Equation 8 is incorrect. Put another thaycausal graph for the hospital model
correctly represents the causal mechanisms by means sfink S; andD — S, but the proba-
bilistic model corresponding to this simplified causal drapates tha§, andS, are conditionally
independent gived, which is false for the hospital subpopulation, becausesébection valuet-h
introduces a correlation between the symptoms.

We might think that the cause of the problem is that the kndgdeengineer did not include
in the causal graph for the hospital. As a remedy, we mightaiyse instead the graph in Figure 4,
which containsH, and build a Bayesian network by adding the hospital prdib&lsi The join
probability would then be

Pry(d,s1,S,+h) = Pry(d) Pry(s|d) Pry(s2|d) Pry(+h|s1,s) .

But when both symptoms are present Prh| +s1,+s2) = 1, and this leads us back to Equation 8,
which gave the wrong result R¢+d| + s, +s,) = 0.166.

It would seem that it is not possible to build a subpopulatioodel, not even by representing
explicitly the selection variables. The remainder of traper will show that this conclusion is false.

3.3 Discussion

In the first example we have seen that the combination of kexdgd from different sources may lead
to wrong results. Therefore, one rule for building Bayesitworks might be: “do not combine
knowledge from different sources.” Since the knowledge trhasobtained from a single source, a
refined version of this rule might be: “obtain all the datanfirthe subpopulation to which the model
will be applied.” In fact, medical literature on the assesatrof diagnostic tests often recommends
to select “the adequate patient population” and to make thatethe patient belongs to the same
subpopulation for which the test was assessed (see, fanigest van der Schouw et al., 1995, or
Sackett et al., 1997, page 83).

However, neither of these rules is necessary or sufficieheyTare not sufficient because, ac-
cording to the previous example, a model may give wrong tesaen if the causal graph were
correct and all the probabilities were obtained from theysaiion to which the model were to be
applied. They are not necessary because, as we will showctioBel.1, in some cases it is correct
to combine data from different subpopulations. An addaioreason why the second rule is not
necessary is that, as we saw in the example in Section 3.Dbnie €ases the general-population
model gives the correct result for the hospital subpopattatiFurthermore, the general population
model gives the correct posterior probabilities for all gibke subpopulations, while subpopulation
models are often wrong. This may be the case even when theppled to the populations from
which they were built—see the example in Section 3.2. As #arrative, in Section 4.2 we will
offer a sufficient criterion for the correctness of a subgafian model, and from this criterion we
derive a method for building causal Bayesian networks basegklected data.
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4. How to Use Subpopulation Data

The main problem faced in quantifying a Bayesian networksmme general-population is that
typically we do not know many required general-populati@ngmeters. We only know some prob-
abilities corresponding to one or several subpopulatiams] a key question is how these can be
utilized in the construction of a model for the general pagioh. We will focus on two important
practical questions: (1) how to utilize available subpagioh data in building a causal model for the
general population, and (2) how to build a model specific tergain subpopulation characterized
by a known selection variabl¢, assuming the selection valXe= xs.

The starting point of our approach is a causal graph thai@ttplrepresents the general popu-
lation and, within this graph, the selection variable far #vailable subpopulation. We assume that
it is possible to construct such a graph based on the scelitifiature and knowledge elicited from
experts. We will be using this graph as a guide for deterngitiow to combine data from different
sources.

Ouir first result allows to identify which conditional probliies in a certain subpopulation are
unbiased, i.e., unaltered by the selection process. Tlawsblus to estimate such parameters from
the subpopulation and introduce them into the generaldatipn model.

Our second result allows us to build a model specific for aageitubpopulation characterized
by a selection valuexs. The parameters of this model are taken from the subpopulaéven if
they are different from those of the general population. Ewsv, this method requires that the
graph satisfies a certain condition, namely that it is lieardered forXs (see Definition 2 and
Theorem 4). We also prove that it is always possible to makeaphglinearly ordered foKs by
adding new links.

4.1 Introducing Subpopulation Data in a General-Populatian Model

Theorem 1 Given a selection variable 4n a Bayesian network and a node @other than X),
such that Xis not an ancestor of & the conditional probability distribution of pgivenpa(X;) is
the same in the general population and in the subpopulatiduéed by valuegi.e.,

Pr(xi|pa(x;),xs) = Pr(xi|pa(x)) (11)

Proof The theorem is just a special case of Markov condition, fsadisn directed probabilistic
graphs:X; is conditionally independent of its non-descendants, itiqdar X, given its parents,

pa(X;). u

To illustrate this, let us consider again the example dsedsn Section 2.1 (Figure 1). In
this network, nodd is not an ancestor of the selection variable According to Theorem 1, the
conditional probability ofT given D is the same for the general population and for the hospital
subpopulation:

Pr(t|d) = Pr(t|d,h) . (12)

(Please note that this equation is a particular instanceqoffion 11.) As a consequence, it is
possible to estimate the sensitivity and specificityf afith respect td at the hospital and introduce
them into the general-population model.
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In contrast, nod&is an ancestor of the selection variableand this implies that the sensitivity
and specificity ofS with respect toD will differ between the general population and the hospital
subpopulation.

Finally, we would like to note that in this example the proligbPr(h|s) is irrelevant to the
posterior probability distribution oD. To verify this, please note that (s ,h) = Pr(d|s) and
Pr(d|s,t,h) = Pr(d|s,t). Both PKd|s) and Pfd|s,t) can be obtained from Rd,s,t), which is repre-
sented in the model by the following factorization:(#s,t) = Pr(d) Pr(s|d) Pr(t|d).

4.2 Building a Subpopulation Model

In the previous section, we have shown that it is possiblesto aubpopulation probabilities, but
only when they coincide with the general population proli@s. In this section we show how to
build a model based on subpopulation conditional prokt#sli even if they differ from those of the
general population. The criterion for testing whether piassible is again given by a corresponding
causal graph.

Definition 2 A graph is linearly ordered for iff

VX, Xi € {Xs} UandXs), 3Xj, Xj € pa(Xi), I, Xk € pa(X)
= (Xj =X V (X} € paX)) V (X € pa(X;))

This property can be phrased as followsXifor an ancestor oXs (sayX;) has two parentsx
andXy), then one of the two must be a parent of the other. Obvioifglgch ancestor ofs has only
one parent, then the graph is linearly orderedXar The propositions in the Appendix give more
insight into the properties of linearly ordered graphs.

Definition 3 A causal Bayesian network is linearly ordered fariiits graph is linearly ordered
for Xs.

Theorem 4 Given a Bayesian network that is linearly ordered far %r each configuratiorxg of
the variables inXgr = X\ {Xs}, it holds that

Pr(xr|xs) = [ ] PrOs[pa(xi), xs) -
1#£S

The proof is given in the Appendix.

For instance, the graph in Figure 3 is linearly orderedHdrecause the selection varialblehas
only two ancestorsD andS, each having only one parent. Theorem 4 asserts that it Ehjego
build a model whose graph is given by removidgsee Figure 2) and the conditional probabilities
for D andScan be taken from the hospital subpopulation—for instafroe) a database.

The causal graph in Figure 1 is also linearly orderedHofor the same reason, and again it is
possible to removél and take the three conditional probabilities from the hiad@ubpopulation.
Furthermore, the causal graph asserts that the condifwabability forT is the same in the general
population as it is at the hospital (see the previous sectipparticular Equation 12), and can be
taken from any of them. In summary, in this example it is gassio estimate the conditional
probabilities forD andSeither from the general population or from the hospital sagypation (but
never to combine them) and in the same way it is possible ®ttak conditional probability fof
from any of both populations, because it is the same in both.
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The reader might ask: “Why is it not possible to apply thismoetwhen the graph is not linearly
ordered forXs?” The answer is that if the graph is not linearly orderedXgrthenXs will have at
least two ancestor¥; andX; in X such that neither one is an ancestor of the other. It means tha
even ifX; andX; are (a priori or conditionally) independent in the gengrapulation model, this
independence is lost in the subpopulation—this phenoménknown as Berkson bias (Berkson,
1946). The example in Section 3.2 showed that the introdoaif subpopulation data in a graph
that is not linearly ordered for the selection variablded to wrong computations of probability.

However, it is always possible to make a graph linearly addor X5 by applying the following
algorithm:

1. make an ordered list of such thatvi, pa(X;) C {Xy,...,%};°

3. while A has parents

(a) B« last node in pgA), according to the list created in step 1;

(b) for each nod€ in pa(A)\{B},
if ink C — Ais not in the graph, add it;

(c) A—B
end while

Please note that the new graph is acyclic (because it doastramuce any linkX; — X; with
i > j) and the ancestors & in the new graph are the same as those in the original grapglabe
the algorithm only introduces links between the ancestbi&)

As an example, the graph in Figure 4 can be made linearly edderH by building an ordered
list of nodes{D,S;,$;,H}. Since pdH) = {S,S} andS; is the last node in g&l), the algo-
rithm draws a linkS; — $. The hospital model has then three nodd3,S;, S}, and three links
{D—S,D—%,5 — $}. The conditional probabilities Rat), Pr(s;|d), and P(s;|d,s;) can be
estimated from the hospital data, because Theorem 4 geaesatitat

Pr(d,s1, S| +h) = Pr(d| +h) Pr(s;|d, +h) Pr(s[d, s, +h) .
In particular, this model yields the correct value ofPd| + s1,+,,+h):

Pr(+d,+s1,+s| +h)

Pr(+s1,+s2|+h)
B Pr(+d,+s1,+| +h)
 Pr(+d,+s1,+%| + h) + Pr(=d, +s1,+5| + h)

Pr(+d| + 1, +8, +h) =

=0.976.

Please compare it with Equations 9 and 10.

The general method for building a subpopulation model waskéollows:

1. Build a causal graph that includes the selection varizkle

5. Condition p&X;) C {X1,...,X_1} means that the parents ¥f must be numbered befok. The list can be built by
recursively removing a node without parents from the gramth putting it at the end of the list.
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2. Make the graph linearly ordered fig;
3. RemoveXg and its links from the graph;
4. Estimate the CPTs from subpopulation data.

Theorem 4 guarantees that the probabilities computed fnismtodel will be the same as those we
would obtain from the general population model.

One limitation of this method is that the addition of new Brikcreases the size of the CPTs.
When the probabilities are obtained from a database, thectienh in the number of database cases
available for estimating each parameter endangers theamcaf the model. When the probabilities
are obtained from subjective estimates, the difficulty isrelsigger. For instance, in the above ex-
ample it would virtually impossible for a human expert togydifferent values for Rg,|d, +s1, +h)
and P(s|d, —s1,+h), given thatS; andS, are conditionally independent givén and the impact of
S; onS; is due to the conditioning oH. It would even be difficult to say whether (Bs|d, +s1, +h)
is bigger or smaller than P%;|d, —s1,+h), let alone to assign numerical values to these parameters.

A minor problem is the fact that the links introduced by thewabalgorithm are not causal, and
this might complicate the process of generating explanatfor the user (Lacave and Diez, 2002).
When explaining the model to the user, it would be necessadjfterentiate causal links, which
represent dependencies induced by causal influences, frerinks added in order to make the
graph linearly ordered, which represent dependenciescealby selection mechanisms.

5. Conclusions

Knowledge engineers quantifying probabilistic modelsaliyucombine various sources of infor-
mation, such as existing textbooks, statistical repoisaluhses, and expert judgement. However,
lack of attention to whether the sources are compatible drethver they can be combined may lead
to erroneous behavior of the model. For instance, an unwaoyledge engineer might combine
the prevalence of a certain disease, obtained from a gepepallation study, with the sensitivity
and specificity of a certain test obtained at hospital. Thimlgination of information may lead to a
several orders of magnitude error in the computation of thetqrior probabilities of interest. While
the reader might think that no experienced knowledge eegiweuld make such a mistake, the fact
that sensitivity and specificity may be biased when obtainath a subpopulation has never been
mentioned in Bayesian network literature. Even in mediitatdture, it is not uncommon to find
values of sensitivity and specificity without an explanatad how they were obtained, because they
are assumed to be invariant. After all, sensitivity and #jwity do not depend on the prevalence.
We realize that different population characteristics,hsas sex, race, diet, etc., can influence both
sensitivity and specificity, but we forget about purely istadal phenomena such as conditioning.
Please note that in our first motivating example (Section, 3t population in the hospital con-
sisted of identical individuals for all that matters. It wast the special characteristics of the hospital
patients that made them develop the symptom more or ledg tiken the general population. Bi-
ases related to sensitivity and specificity of medical tésigee been reported in epidemiological
literature over the last two decades, although without thméwork of directed probabilistic graphs
the descriptions rely mainly on contingency tables and aneesvhat obscure (Diez et al., 2003).
Our motivating examples were based on a medical data sehdgame argument can be made
with respect to numbers obtained from human experts. Stiggarobability judgments have been
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shown to rely on judgmental heuristics (Kahneman et al.2188d they are very sensitive to prior
experiences (in fact prior experiences are often all thalbability judgments are based on). Humans
have been shown to be able to match the probability of obdervents with an amazing precision in
certain experiments (Estes, 1976). Physicians workinghiospital will tend to match the sensitivity
and specificity of medical symptoms and tests that they obgertheir practice. These are often
determined by the circumstances, such as what brought tlentsato the hospital or clinic in the
first place. Physician experts will tend to at least adjustpghrameters to what they observe in their
practice. While their experience is valuable for buildingcidion models for the particular clinics
where they have worked, in general they cannot be readilg usether settings. Similarly, one
cannot assume that this knowledge can be combined with dataaiing from other settings.

In our examples, the variable that led to selection biasestta fact that the patient was ad-
mitted to the hospital. There is a plenitude of other vagalihat might lead to a similar bias. In
some cases, for example, a possible bias variable may beethidact that a patient is alive. An
important conclusion of our paper is that, contrary to thealigractice in knowledge engineering,
such variables may not be ignored.

The assertion that combining data from two different sosiisedangerous may seem trivial.
However, to our knowledge, the literature on building ptabstic expert systems has never men-
tioned the risk of combining knowledge from textbooks, #atkes, and human experts. In fact,
it has been known that conditioning affects qualitativeuctural properties of models, such as
probabilistic independence, but to our knowledge no atiarttas been paid to its impact on such
seemingly robust local properties as conditional prolissl

On the other hand, an over-cautious position of never coimdpinumerical data obtained from
different sources would result in disregarding valuabferimation, which might be useful in model
construction. In fact, we have shown in Section 3.3 that titer@a “do not combine knowledge
from different sources” and “obtain all the data from the gojulation in which the model will
be applied” are neither necessary nor sufficient to guaeatite correctness of the model. For
this reason, we have introduced a criterion for combinintadiaom different sources, namely that
the causal graph, built from expert knowledge, is lineangleved (see Definition 2). We have
also offered an algorithm for making the graph linearly eedeby adding links that represent the
probabilistic dependencies induced by selection mecheni&nowledge engineers must not ignore
this property, because the absence of those links may leatptartant errors in the computation of
the probabilities, even when all the probabilities wereagi®d from the subpopulation in which the
model is applied (cf. Section 3.2).

In summary, there are two ways to build a probabilistic mdideded on a causal graph. The first
one is to build ageneral-population modgln which some parameters may be taken from certain
subpopulations only if the probabilities are not biased &lgcion mechanisms (cf. Section 4.1).
The main difficulty of this approach is to make the expertsreste general-population probabilities,
since, in general, human expertise is based on selectedgpiops. The second approach is to build
asubpopulation modeh which the selection variables have been replaced by aosat links (cf.
Section 4.2). However, we argued that subjective estinatesven more difficult in this case, and
for this reason we recommend knowledge engineers to buildrgépopulation models.

Although the main focus or our paper is knowledge engingeliinmay be shed light on other
fields. From the point of view of machine learning, it emphasithe importance of selection biases
in the automatic construction of causal models from dathalt can also be useful when one or
several agents look for information (for instance, by skimg the Internet) and try to build a model
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by combining information extracted from several sourceas.this scenario, the agent should use
gualitative knowledge as a guide for combining numericabda\ particular case of this scheme
would be the development of a tool for automated elicitatibknowledge through interaction with
human experts, similar to those that exist for building fbéesed expert systems. Finally, from
the point of view of statistics, this paper can be useful fa¥ application of causal models in
epidemiology (Greenland et al., 1999, Pearl, 2000, Hertaa., 2002), in which the analysis of
data (in general, selected data) is based on a causal griipindma expert knowledge. Our analysis
might also be applied to meta-analy8ibecause both the data of each study and the collection of
studies are prone to selection biases (see, for instanaegdWill et al., 2001).
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Appendix. Proof of Theorem 4

Proposition 5 LetPr(x) be a probability distribution defined on a set of variables- {Xy, ..., Xy}
andxg a configuration of the variables g = X\ {Xs}. Then

Prixelxs) = [P, -, %-1,%s) -
1#S

Proof We have

s+1 1
Pr(x) = |_| Pr(x|x,...,%_1) |_| Pr(x|x1,...,X_1,Xs) Pr(Xs) .
i=n i=s—1

Please note that+ 1 <i < nimplies thatXs € {Xy,...,X_1}, and then
Pr(Xi|xg, ..., Xi—1) = Pr(X|Xg, ..., Xi—1,%s) ,

which proves the proposition. [ |

Proposition 6 If a graph is linearly ordered for Xand X is an ancestor of X then the graph is
linearly ordered for X.

6. Meta-analysis, a technique that has become popular itasthgears, especially in medicine, consists in extracting
data from different epidemiological studies publishedha titerature and combining them in order to draw more
reliable or more precise conclusions.
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Proof It follows from Definition 2, because if a nod¢ is an ancestor oX{ then it is also an an-
cestor ofX. [ |

Proposition 7 If a graph is linearly ordered for Xand X has at least one parent, then there is a
nodepg (Xs) € pa(Xs) such that all the other parents of, ¥re also parents opg (Xs).

Proof We can set a total ordering in &) by this definition: X < X; iff there is a linkX; — X;.
(The absence of cycles in the graph guarantees transitlvitya total order because there is a link
for each pair of parents.) The last node in this ordering j$Xa. [ |

Corollary 8 If a graph is linearly ordered for Xand X has at least one parent, then there exists a
nodepag (Xs) € pa(Xs) such that

pa(Xs) = {pg (Xs) } Upapa. (Xs))

and
angXs) = {pa (Xs)} Uandpg (Xs)) (13)

whereandX;) is the set of ancestors of X

Corollary 9 If a graph is linearly ordered for Xand X is a parent of X, then there exists a unique
chain of nodesghainX;, Xs) = {Y1,...,Ym}, such thapg (Xs) = Ym, Pa (Ym) =Ym-1,...,pa (V1) =
X;. Additionally, each parent of other than Xis either inchain(X;, Xs) or in pa(X):

pa(Xs) = chain(X;, X) U {X} Upa(X) .

Please note that chad§, Xs) = 0 if and only if X; = pg (Xs).
The following proposition generalizes this corollary t@ tbase in whichx; is an ancestor aXg
(not necessarily a parent):

Proposition 10 If a graph is linearly ordered for Xand X is an ancestor of ¥ then there exists a
unique chain of nodeshainX, Xs) = {Y1,...,Ym}, such thapa (Xs) = Ym, pa (Ym) = Ym-1, ---,
pg (Y1) = X;. Additionally, each ancestor ofXther than Xis either inchain(X;, Xs) or in anq’X;):

andXs) = chainXi, Xs) U{X } UandX) . (14)

Proof If X; is an ancestor oXs, then eithetX; € pa(Xs)—and Corollary 9 applies—or there exists a
chain{Zi,...,Zy} such tha¥; € pa(Z1),Z; € paAZy),...,Zp € paA(Xs). Then,

chainX, Xs) = chain(X;,Z1) U{Z1} UchainX,Z) U...U{Zp} UchainZ,,Xs) .

Equation 14 follows from the recursive application of Edoatl3 to the nodes in chaik, X),
from Xs to X;. [ |

312



COMBINING KNOWLEDGE FROMDIFFERENT SOURCES

Proposition 11 Letus have a Bayesian network linearly ordered fgrsxich that, for all jpa(Xj) C
{X4,...,Xj_1}. If Xj is an ancestor of ¥ then

Pr(Xs|Xa, ..., %) = Pr(Xs|%, pa(x)) -

Proof Given chairiX;, Xs) (cf. Proposition 10),

Pr(XS7y17' . 7ym7X17- . 7X|) =

m
Prixslys, .-, ¥m,xa,---,%) [PHYilya, - ¥j-1.X0, %) Prix,....%) -
=1

Since p&Xs) C andXs) C {Y1,...,Ym, X1,..., X} (see Equation 14), the Markov property implies
that
Pr(Xs|y1, -, Ym, X1, - -+, %) = Pr(xs|pa(Xs)) = Pr(Xs|Ym, p&(Ym)) -

For the same reason, the fact that the graph is linearly eddfar allY; implies that
1< j<m Pryjlys,....Yj-1,X,..., %) = Pr(yj|pa(y;)) = Pr(yjlyj-1,pa(yj-1))

and
Pr(ys|xa,...,%) = Pryj|paly;j)) = Pr(y1|x, pa(x)) -
Therefore

Pr(Xs|X1,...,%) = [Pr(xl,...,xi)]‘lz---ZPr(xs,yl,...,ym,xl,...,>q)
Y1 Ym
m

=3 S Pr(Xs|Ym, Paym)) |_| r(y;jlpaly;))
Y1

Ym =

In this equation, we apply recursively the properties that

L<j<m, S Prixly;.paly;) Priyjlpaly;)) = Pr(xs|paly;))
Yi

and
1< j<m, Pr(xs|paly;)) = Pr(xs|yj—1,payj-1)) ,

in order to arrive at

Pr(xs|xq, ..., %) = Pr(xs|pa(y1)) = Pr(xs|x, pa(x;)) -

Proposition 12 Let us have a Bayesian network linearly ordered fgrsXich that, for all jpa(X;) C
{X1,...,Xj_1}. For each node Xin Xr = X\ {Xs},

Pr(xi|X1, ..., Xi—1,%s) = Pr(x|pa(x),Xs) .

313



DRUZDZEL AND DiEZ

Proof If X is not an ancestor ofg, then
Pr(Xi[Xs, ..., X%-1,%) = Pr(xi|pa(x;)) = Pr(x;|pa(x;), Xs)
Otherwise,

Pr(% X, ..., Xi—1) Pr(Xs|Xa,...,X)
Pr(Xs|X1, - .-, Xi-1) )

Pr(Xi|Xe, ..., Xi—1,%s) =
We have that
Pr(xi[x1,...,X%-1) = Pr(x|pa(x)) .

From Proposition 11,
Pr(Xs|Xa, ..., %) = Pr(xs|x, pa(x))

and
Pr(xs|X, ..., Xi-1) = ;Pr(xs\xl,...,xi) Pr(X|Xq, ..., X-1)
= ;Pr(xsm,pa(n)) Pr(xi|pa(x))
= Pr(xs|pa(x;)) -
Therefore,

r(xi|pa(xi)) Pr(Xs|xi, pa(X))
Pr(xs|pa(x;))

P
Pr(Xi|Xa,...,X-1,Xs) = = Pr(xi|pa(x;),Xs) -

We are now ready to prove the theorem.
Proof [Theorem 4] It is always possible to re-label the nodeXim such a way that the parents
of a node are numbered before that nodgXpaC {X,...,X_1}. From Propositions 5 and 12, we

have
n n

Pr(xg|Xs) = I] Pr(X|Xg, ..., Xi-1,Xs) = I] Pr(x|pa(x;),Xs) -
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