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It is shown that from requirement of the Lorentz invariance any vector and tensor

operators composed of interacting field variables should be written in a normal product, in

~the sense of zero vacuum expectation value, except for the term constant X 8,, for the
tensor operator.

§ 1. Introduction and resulis

In the preceding paper, we have shown that the energy-momentum tensor of
a free complex scalar field with a correct transformation property about the Lorentz
group should be written in a normal product.” In this paper we shall extend this
result to interacting cases and to more general local operators.

First we shall discuss the vector operators given by

70(x) =V, (2)S(x) (1-1)
and .
JO(x) =g (@) 1,9 (), (1-2)

where V,, S and ¢(¢) are arbitrary vector, scalar and spinor operators. Our
conclusion on the vector operators is that, for (1-1) and (1-2) to have a cor-
rect transformation property as a vector, the product must be a normal product
in the sense of zero vacuum expectation value.

Next we shall discuss the tensor operators given by

19 (2) = V, (&) 25 () (1-3)
0z,
and
T (2) =5 (2) r,,aigb (). 1-4)
x!)

We shall prove that the vacuum expectation values of (1-3) and (1-4) must be
zero except for the term constant X{,. It is obvious that we cannot exclude
this term from the Lorentz invariance alone.
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We do not discuss the scalar operators given by the product of two local
operators, since we cannot exclude the constant term. We also do not discuss
the tensor operator given by

7 (@) 7,719 (). (1-5)

The vacuum expectation value of (1.5) is constant Xx§,, then as far as the
vacuum expectation value is concerned, there is no essential difference between
the product (1.5) and Lorentz scalar. -

§2. Proof

The course of the proof is exactly the same as that of the preceding paper.”
Instead of the products (1:1)~(1-4) we define

7.0 (x) :{'il’il V() S(z+4), : (2-1)

T, (@) =lim § ()7, (e + 4), 2-2)

19 (z) =lim V., (z) 60 S+ 4, | (2-3)
4-0 X,

T (&) =1im p @)1, ¢ e+ 4), 2-9)

4 being the vector having only space components. To avoid the complications
due to the possible dependence on the direction of 4, first we only discuss the
transformation properties under the infinitesimal Lorentz group without rota-

tion
| Ay =04pt € - (2-5)
Corresponding quantities in the new reference are
jﬂ(l)’ (.7:’) — 1}5} V/h, (x/> S’ (x/ + A) , (2 . 6)
T @) =lim g’ (&)1, &+ 4), 2-7)
197 () =Lim V., (2/) -0 (=’ + 4) , (2-8)
4—0 @xp’
T () =lim ¢ @)1, ¢/ (& + ), (2-9)
A4—0 ax,,, .
where
) =, (2-10)
S (x") =5(x), (2-11)

V. (x')=a,V.,(x) (2-12)
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and

¢' (') = Ay (), (2-13)
the same for ¢, with

A_l?’ﬂA:avau . (214)

At this stage it is important to notice that in (2-6)~ (2-9) we must use 4 (not
4”) because otherwise the definition of those quantities depends on the Lorentz
frames.

Using (2-10) ~(2-14), we can rewrite the quantities (2-6) ~(2-9) in the
new Lorentz frame by those in the old Lorentz frame:

3 (@) =@, (2) ~lim €udiV, (2) ai S(z+4), (2-15)
T () =yl (2) ~lim et @7, 9o+, (2-16)
—0 x4
19 (27) = a,y0,0 0 (@) —lim €ds V()2 0 S(zt ), (2-17)
np P
450 O0x, 0x,
TY () =a,a T @ ~lim cdg @ 71,0 gt d).  (2:19)

The second terms in (2-15) ~(2.18) are not zero because of the singularities
of?

V@S 0=+ [Tamo ) L @=y.m),  (2:19)

2

G@ 9=~ [am[om) + 0 0m)7, 0|40 @ m) (2200

p
at x—y—>0, where x—y is a space-like vector. Therefore we must add to (2-
1) ~(2-4) some counter terms so as to assure the correct transformation prop-
erties as the vector or tensor operators.

After the straightforward calculations (details are seen in the preceding
paper®) we can easily see that

5.9 () :1}301 V. (x) [1+ _g_d- 7+ % (d-V)z]S(er 4), (2-21)

J, (@) =lim @(x)Tﬂ[lJr %4- 7+ % (4-7)2]¢(x+ ., (2-22)

£D (2) =1§3[VF () (1 + %—A - 7)@‘;’; S(z+ 4)
144
L L

v, (x)A-VéZ—S(x-I— A):l,. (2.23)
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p— 0 1
7.9 (z) =lim p () [7”5;” <1 t 4. y>

1 . 8 .Aﬂ_A!’A.V

o AT @20

have the correct transformation properties. The vacuum expectation values of
(2-21)~(2-24) are
G2 (x) 2e=0, (2-25)
S (x) =0, (2-26)

R (@)D= — é‘#vfnz 12?() j)ma’m“’p (m®) m*

2 md 1
X|———+log =5 — — + ], 2.27
[m2A2 8 2 2 4 ( )

1 .. (®
2) — o 2 2 ¢
(TR @ =Dy 14133]; dmp, (m®) m
2 md 1
x| 2 41ogm4 1, } 2.98
[m2A2 B T (2-28)

7 being the Euler constant. Thus the vacuum expectation values of these oper-

ators are zero except for the term constant X7, for the tensors. Here we -

emphasize that the coefficients of §,, in (2:27) and (2-28) have no special
meaning. These coefficients depends on a special choice of the counter terms
in (2-23) and (2-24). The only important conclusion is that {¢$ (x)>, and
(TR (x)>, are in the form constant X0,. Since the 4 dependences of these
quantities appear only in the vacuum expectation values and (2-25)~ (2:28) ex-
plicitly show that there are no dependence on the direction of 4,7,® (x), J,® (x),
t@(x) and T (x) defined by (2-21)~(2-24) have the correct transformation
properties under the full Lorentz transformation.
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