
Analysis of Drifting Dynamics withNeural Network Hidden Markov ModelsJ. KohlmorgenGMD FIRSTRudower Chaussee 512489 Berlin, Germany K.-R. M�ullerGMD FIRSTRudower Chaussee 512489 Berlin, Germany K. PawelzikMPI f. Str�omungsforschungBunsenstr. 1037073 G�ottingen, GermanyAbstractWe present a method for the analysis of nonstationary time se-ries with multiple operating modes. In particular, it is possible todetect and to model both a switching of the dynamics and a lessabrupt, time consuming drift from one mode to another. This isachieved in two steps. First, an unsupervised training method pro-vides prediction experts for the inherent dynamical modes. Then,the trained experts are used in a hidden Markov model that allowsto model drifts. An application to physiological wake/sleep datademonstrates that analysis and modeling of real-world time seriescan be improved when the drift paradigm is taken into account.1 IntroductionModeling dynamical systems through a measured time series is commonly done byreconstructing the state space with time-delay coordinates [10]. The prediction ofthe time series can then be accomplished by training neural networks [11]. If, how-ever, a system operates in multiple modes and the dynamics is drifting or switching ,standard approaches like multi-layer perceptrons are likely to fail to represent theunderlying input-output relations. Moreover, they do not reveal the dynamicalstructure of the system. Time series from alternating dynamics of this type canoriginate from many kinds of systems in physics, biology and engineering.In [2, 6, 8], we have described a framework for time series from switching dynamics,in which an ensemble of neural network predictors specializes on the respectiveoperating modes. We now extend the ability to describe a mode change not onlyas a switching but { if appropriate { also as a drift from one predictor to another.Our results indicate that physiological signals contain drifting dynamics, which



underlines the potential relevance of our method in time series analysis.2 Detection of DriftsThe detection and analysis of drifts is performed in two steps. First, an unsupervised(hard-)segmentation method is applied. In this approach, an ensemble of competingprediction experts fi, i = 1; :::; N , is trained on a given time series. The optimalchoice of function approximators fi depends on the speci�c application. In general,however, neural networks are a good choice for the prediction of time series [11]. Inthis paper, we use radial basis function (RBF) networks of the Moody-Darken type[5] as predictors, because they o�er a fast and robust learning method.Under a gaussian assumption, the probability that a particular predictor i wouldhave produced the observed data y is given byp(y j i) = Ke��(y�fi)2 ; (1)where K is the normalization term for the gaussian distribution. If we assume thatthe experts are mutually exclusive and exhaustive, we have p(y) =Pi p(y j i)p(i).We further assume that the experts are { a priori { equally probable,p(i) = 1=N: (2)In order to train the experts, we want to maximize the likelihood that the ensemblewould have generated the time series. This can be done by a gradient method. Forthe derivative of the log-likelihood logL = log(p(y)) with respect to the output ofan expert, we get @ logL@fi / " e��(y�fi)2Pj e��(y�fj)2 # (y � fi): (3)This learning rule can be interpreted as a weighting of the learning rate of eachexpert by the expert's relative prediction performance. It is a special case of theMixtures of Experts [1] learning rule, with the gating network being omitted. Notethat according to Bayes' rule the term in brackets is the posterior probability thatexpert i is the correct choice for the given data y, i.e. p(i j y). Therefore, we cansimply write @ logL@fi / p(i j y)(y � fi): (4)Furthermore, we imposed a low-pass �lter on the prediction errors "i = (y � fi)2and used deterministic annealing of � in the training process (see [2, 8] for details).We found that these modi�cations can be essential for a successful segmentationand prediction of time series from switching dynamics.As a prerequisite of this method, mode changes should occur infrequent, i.e. be-tween two mode changes the dynamics should operate stationary in one mode for acertain number of time steps. Applying this method to a time series yields a (hard)segmentation of the series into di�erent operating modes together with predictionexperts for each mode. In case of a drift between two modes, the respective segmenttends to be subdivided into several parts, because a single predictor is not able tohandle the nonstationarity.



The second step takes the drift into account. A segmentation algorithm is appliedthat allows to model drifts between two stationary modes by combining the tworespective predictors, fi and fj . The drift is modeled by a weighted superpositionf(~xt) = a(t) fi(~xt) + (1� a(t)) fj(~xt); 0 � a(t) � 1; (5)where a(t) is a mixing coe�cient and ~xt = (xt; xt�� ; : : : ; xt�(m�1)� )T is the vectorof time-delay coordinates of a (scalar) time series fxtg. Furthermore, m is theembedding dimension and � is the delay parameter of the embedding. Note thatthe use of multivariate time series is straightforward.3 A Hidden Markov Model for Drift SegmentationIn the following, we will set up a hidden Markov model (HMM) that allows usto use the Viterbi algorithm for the analysis of drifting dynamics. For a detaileddescription of HMMs, see [9] and the references therein. An HMM consists of (1)a set S of states, (2) a matrix A = fpŝ;sg of state transition probabilities, (3) anobservation probability distribution p(yjs) for each state s, which is a continuousdensity in our case, and (4) the initial state distribution � = f�sg.Let us �rst consider the construction of S, the set of states, which is the crucialpoint of this approach. Consider a set P of `pure' states (dynamical modes). Eachstate s 2 P represents one of the neural network predictors fk(s) trained in the �rststep. The predictor of each state performs the predictions autonomously. Next,consider a set M of mixture states, where each state s 2 M represents a linearmixture of two nets fi(s) and fj(s). Then, given a state s 2 S; S = P [M , theprediction of the overall system is performed bygs(~xt) = � fk(s)(~xt) ; if s 2 Pa(s)fi(s)(~xt) + b(s)fj(s)(~xt) ; if s 2M (6)For each mixture state s 2M , the coe�cients a(s) and b(s) have to be set togetherwith the respective network indices i(s) and j(s). For computational feasibility, thenumber of mixture states has to be restricted. Our intention is to allow for driftsbetween any two network outputs of the previously trained ensemble. We choosea(s) and b(s) such that 0 < a(s) < 1 and b(s) = 1� a(s). Moreover, a discrete setof a(s) values has to be de�ned. For simplicity, we use equally distant steps,ar = rR+ 1 ; r = 1; : : : ; R: (7)R is the number of intermediate mixture levels. A given resolution R between anytwo out of N nets yields a total number of mixed states jM j = R � N � (N � 1)=2.If, for example, the resolution R = 32 is used and we assume N = 8, then there arejM j = 896 mixture states, plus jP j = N = 8 pure states.Next, the transition matrix A = fpŝ;sg has to be chosen. It determines the tran-sition probability for each pair of states. In principle, this matrix can be foundusing a training procedure, as e.g. the Baum-Welch method [9]. However, this ishardly feasible in this case, because of the immense size of the matrix. In the aboveexample, the matrix A has (896 + 8)2 = 817216 elements that would have to beestimated. Such an exceeding number of free parameters is prohibitive for any adap-tive method. Therefore, we use a �xed matrix. In this way, prior knowledge about



the dynamical system can be incorporated. In our applications either switches orsmooth drifts between two nets are allowed, in such a way that a (monotonous) driftfrom one net to another is a priori as likely as a switch. All the other transitions aredisabled by setting pŝ;s = 0. De�ning p(y j s) and � is straightforward. Followingeq.(1) and eq.(2), we assume gaussian noisep(y j s) = Ke��(y�gs)2 ; (8)and equally probable initial states, �s = jSj�1.The Viterbi algorithm [9] can then be applied to the above stated HMM, withoutany further training of the HMM parameters. It yields the drift segmentation of agiven time series, i.e. the most likely state sequence (the sequence of predictors orlinear mixtures of two predictors) that could have generated the time series, in ourcase with the assumption that mode changes occur either as (smooth) drifts or asinfrequent switches.4 Drifting Mackey-Glass DynamicsAs an example, consider a high-dimensional chaotic system generated by theMackey-Glass delay di�erential equationdx(t)dt = �0:1x(t) + 0:2x(t� td)1 + x(t� td)10 : (9)It was originally introduced as a model of blood cell regulation [4]. Two stationaryoperating modes, A and B, are established by using di�erent delays, td = 17 and23, respectively. After operating 100 time steps in mode A (with respect to asubsampling step size � = 6), the dynamics is drifting to mode B. The drift takesanother 100 time steps. It is performed by mixing the equations for td = 17 and23 during the integration of eq.(9). The mixture is generated according to eq.(5),using an exponential drifta(t) = exp��4 t100 � ; t = 1; : : : ; 100: (10)Then, the system runs stationary in mode B for the following 100 time steps, where-upon it is switching back to mode A at t = 300, and the loop starts again (Fig.1(a)).The competing experts algorithm is applied to the �rst 1500 data points of the gen-erated time series, using an ensemble of 6 predictors fi(~xt), i = 1; :::; 6. The inputto each predictor is a vector ~xt of time-delay coordinates of the scalar time seriesfxtg. The embedding dimension is m = 6 and the delay parameter is � = 1 on thesubsampled data. The RBF predictors consist of 40 basis functions each.After training, nets 2 and 3 have specialized on mode A, nets 5 and 6 on mode B.This is depicted in the drift segmentation in Fig.1(b). Moreover, the removal offour nets does not increase the root mean squared error (RMSE) of the predictionsigni�cantly (Fig.1(c)), which correctly indicates that two predictors completelydescribe the dynamical system. The sequence of nets to be removed is obtained byrepeatedly computing the RMSE of all n subsets with n � 1 nets each, and thenselecting the subset with the lowest RMSE of the respective drift segmentation.The segmentation of the remaining nets, 2 and 5, nicely reproduces the evolutionof the dynamics, as seen in Fig.1(d).
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t(d)Figure 1: (a) One `loop' of the drifting Mackey-Glass time series (see text). (b)The resulting drift segmentation invokes four nets. The dotted line indicates theevolution of the mixing coe�cient a(t) of the respective nets. For example, betweent = 100 and 200 it denotes a drift from net 3 to net 5, which appears to be exponen-tial. (c) Increase of the prediction error when predictors are successively removed.(d) The two remaining predictors model the dynamics of the time series properly.5 Wake/Sleep EEGIn [7], we analyzed physiological data recorded from the wake/sleep transition of ahuman. The objective was to provide an unsupervised method to detect the sleeponset and to give a detailed approximation of the signal dynamics with a high timeresolution, ultimately to be used in diagnosis and treatment of sleep disorders. Theapplication of the drift segmentation algorithm now yields a more detailed modelingof the dynamical system.As an example, Fig. 2 shows a comparison of the drift segmentation (R = 32)with a manual segmentation by a medical expert. The experimental data was mea-sured during an afternoon nap of a healthy human. The computer-based analysisis performed on a single-channel EEG recording (occipital-1), whereas the manualsegmentation was worked out using several physiological recordings (EEG, EOG,ECG, heart rate, blood pressure, respiration).The two-step drift segmentation method was applied using 8 RBF networks. How-ever, as shown in Fig. 2, three nets (4, 6, and 8) are �nally found by the Viterbialgorithm to be su�cient to represent the most likely state sequence. Before thesleep onset, at t � 3500 (350s) in the manual analysis, a mixture of two wake-state
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tFigure 2: Comparison of the drift segmentation obtained by the algorithm (upperplot), and a manual segmentation by a medical expert (middle). Only a single-channel EEG recording (occipital-1, time resolution 0.1s) of an afternoon nap isgiven for the algorithmic approach, while the manual segmentation is based on allavailable measurements. In the manual analysis, W1 and W2 indicate two wake-states (eyes open/closed), and S1 and S2 indicate sleep stage I and II, respectively.(n.a.: no assessment, art.: artifacts)nets, 6 and 8, performs the best reconstruction of the EEG dynamics. Then, att = 3000 (300s), there starts a drift to net 4, which apparently represents the dy-namics of sleep stage II (S2). Interestingly, sleep stage I (S1) is not represented bya separate net but by a linear mixture of net 4 and net 6, with much more weighton net 4. Thus, the process of falling asleep is represented as a drift from the stateof being awake directly to sleep stage II.During sleep there are several wake-up spikes indicated in the manual segmentation.At least the last four are also clearly indicated in the drift segmentation, as driftsback to net 6. Furthermore, the detection of the �nal arousal after t = 12000 (1200s)is in good accordance with the manual segmentation: there is a fast drift back tonet 6 at that point.Considering the fact that our method is based only on the recording of a singleEEG channel and does not use any medical expert knowledge, the drift algorithmis in remarkable accordance with the assessment of the medical expert. Moreover,it resolves the dynamical structure of the signal to more detail. For a more com-prehensive analysis of wake/sleep data, we refer to our forthcoming publication[3].



6 Summary and DiscussionWe presented a method for the unsupervised segmentation and identi�cation ofnonstationary drifting dynamics. It applies to time series where the dynamics isdrifting or switching between di�erent operating modes. An application to phys-iological wake/sleep data (EEG) demonstrates that drift can be found in naturalsystems. It is therefore important to consider this aspect of data description.In the case of wake/sleep data, where the physiological state transitions are far frombeing understood, we can extract the shape of the dynamical drift from wake tosleep in an unsupervised manner. By applying this new data analysis method, wehope to gain more insights into the underlying physiological processes. Our futurework is therefore dedicated to a comprehensive analysis of large sets of physiologicalwake/sleep recordings. We expect, however, that our method will be also applicablein many other �elds.Acknowledgements: We acknowledge support of the DFG (grant Ja379/51) andwe would like to thank J. Rittweger for the EEG data and for fruitful discussions.References[1] Jacobs, R.A., Jordan, M.A., Nowlan, S.J., Hinton, G.E. (1991). Adaptive Mix-tures of Local Experts, Neural Computation 3, 79{87.[2] Kohlmorgen, J., M�uller, K.-R., Pawelzik, K. (1995). Improving short-term pre-diction with competing experts. ICANN'95, EC2 & Cie, Paris, 2:215{220.[3] Kohlmorgen, J., M�uller, K.-R., Rittweger, J., Pawelzik, K., in preparation.[4] Mackey, M., Glass, L. (1977). Oscillation and Chaos in a Physiological ControlSystem, Science 197, 287.[5] Moody, J., Darken, C. (1989). Fast Learning in Networks of Locally-TunedProcessing Units. Neural Computation 1, 281{294.[6] M�uller, K.-R., Kohlmorgen, J., Pawelzik, K. (1995). Analysis of SwitchingDynamics with Competing Neural Networks, IEICE Trans. on Fundamentalsof Electronics, Communications and Computer Sc., E78-A, No.10, 1306{1315.[7] M�uller, K.-R., Kohlmorgen, J., Rittweger, J., Pawelzik, K. (1995). AnalysingPhysiological Data from the Wake-Sleep State Transition with Competing Pre-dictors, NOLTA'95: Symposium on Nonlinear Theory and its Appl., 223{226.[8] Pawelzik, K., Kohlmorgen, J., M�uller, K.-R. (1996). Annealed Competition ofExperts for a Segmentation and Classi�cation of Switching Dynamics, NeuralComputation, 8:2, 342{358.[9] Rabiner, L.R. (1988). A Tutorial on Hidden Markov Models and Selected Ap-plications in Speech Recognition. In Readings in Speech Recognition, ed. A.Waibel, K. Lee, 267{296. San Mateo: Morgan Kaufmann, 1990.[10] Takens, F. (1981). Detecting Strange Attractors in Turbulence. In: Rand, D.,Young, L.-S., (Eds.), Dynamical Systems and Turbulence, Springer LectureNotes in Mathematics, 898, 366.[11] Weigend, A.S., Gershenfeld, N.A. (Eds.) (1994). Time Series Prediction: Fore-casting the Future and Understanding the Past, Addison-Wesley.


