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A FINITE DIMENSIONAL REALIZATION
OF THE MOLLIFIER METHOD
FOR COMPACT OPERATOR EQUATIONS

M. T. NAIR AND SHINE LAL

ABSTRACT. We introduce and analyze a stable procedure for the approxima-
tion of (fT,¢) where f1 is the least residual norm solution of the minimal norm
of the ill-posed equation Af = g, with compact operator A : X — Y between
Hilbert spaces, and ¢ € X has some smoothness assumption. Our method is
based on a finite number of singular values of A and some finite rank operators.
Our results are in a more general setting than the one considered by Rieder and
Schuster (2000) and Nair and Lal (2003) with special reference to the mollifier
method, and it is also applicable under fewer smoothness assumptions on .

1. INTRODUCTION

Many inverse problems in science and engineering have their mathematical for-
mulation as an operator equation

(1.1) Af=g

where A : X — Y is a compact operator between Hilbert spaces X and Y (cf.
[3, Bl [7, 6, 20]). Tt is well known that if A is of infinite rank, then the problem of
solving the above equation is ill-posed, in the sense that the generalized solution
fT:= Afg for g € D(AT) := R(A) + R(A)* does not depend continuously on the
data g (cf. [3} 4, [14]). Here AT denotes the Moore-Penrose generalized inverse of
A. We may recall that for g € D(AT), f1 := Afg is the minimum norm solution of
the normalized equation A*Aft = A*g. A typical example of a compact operator
with infinite rank which often occurs in practical problems is the Fredholm integral
equation of the first kind,

[ ket =g, s,

where k(-, -) is a non-degenerate kernel, so that the corresponding integral operator
is a compact operator between suitable function spaces. So, in order to obtain stable
approximate solutions for such problems, one has to apply certain regularization
procedures. There are many regularization procedures available in the literature
((ct. [3L 4L 5L [7]) and the references therein).

In regularization methods, such as the Tikhonov regularization (cf. [3| [4]) or
Lavrentiev regularization (cf. [13,[19]) or in any of their variants and generalizations
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(cf. [3L @]), one finds a family of regularized solutions of the form
fg = Rngéa

where g% is the available data such that ||g — ¢°|| < & for some known error level
§ > 0, and the parameter 7 > 0 is chosen depending on (g%, d) in such a way
that fg — ftas § — 0. In the above procedures, in obtaining the regularized
solutions fg, one has to solve certain well-posed problems for each data ¢°. So, it is
desirable to have a procedure which gives regularized approximations for different
data without having to solve different problems. Also, usually in practical problems,
the space X is a space of functions defined on certain subset 2 of R¥, and one is
interested in the value of the solution f! at certain points z in Q. Having such
situations in mind, Louis and Maass [8] considered a new procedure, the so-called
mollifier method, for approximating f(x). In this procedure, one considers a family
& = {ey(-,-) : v > 0} of functions on Q x Q, called mollifiers, such that e,(z,-)
is well defined, e,(z,) € X for each x € Q and (f,e,(z,)) — f(z) as v — 0.
Moreover, £ is required to have some additional property so that (f,e,(z,-)) can
be expressed as (g,1,(z)) for some 1, (r) € Y. By the first requirement E. f7
defined by (E, f)(x) = (f,ey(z,-)), x € Q, can be considered as an approximation
of f1 for small enough ~, and by the latter requirement the computation of E, ft
is reduced in terms of known quantities.

It has been proved by the authors (cf. [I5]) that if the data g and the mollifier
ey(x,-) are in the domains of the generalized inverses of A and A*, respectively,
then

<Ajrga e’Y(xv )> = <ga w“/(x»a

where ., (r) = (A*)Te,(z,-). Note that the computation of (g, . (x)) involves the
problem of solving an ill-posed equation

AA* Y, (x) = Aey(z,-)

in the infinite dimensional setting. Thus, the need arises to have a finite dimensional
procedure to approximate the quantity (g, ¥~ (z)). As we have already pointed out,
one may be interested in computing the values of (g, ¢, (x)) for a certain finite
number of z’s, say for x € {x1,...,x¢}. Thus, the problem is to get approximations
for (g, ¥, (x;)), i=1,...,¢.

Rieder and Schuster (cf. [I7], [18]) suggested a new method for finding an ap-
proximation to ¢ (x) by solving a finite dimensional system. In their analysis, first
they consider the case of e, (z;, ) € R(A*) and then the general case e, (z;,-) € X.
But the main theorem on error estimates for the general case e~ (z;,-) € X involves
an assumption which amounts to the assumption e (z;, ) € R(A*). In [15] the
authors suggested a new method in the finite dimensional setting for a bounded
linear operator A which is applicable for the case of e, (z;, ) ¢ R(A*) as well. The
purpose of this paper is to consider another procedure for the specific case when
A is a compact linear operator. In this case we arrive at better estimates than the
ones available in [I5]. A particular case of the procedure yields an error bound
of the form obtained by Rieder and Schuster (cf. [I7, [I8]) under certain weaker
assumptions.

We shall be carrying out our analysis in a slightly more general setting, in which
we are approximating (fT,¢) which is the same as (g, (A*)T¢) (cf. [I5]) whenever
g and ¢ are in the domains of AT and (A*)T, respectively, and X is not necessarily
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a function space. In the usual mollifier method, ¢ could be e (x;,-), whenever X
is a space of functions on 2 and e,(,-) is a mollifier.

2. BACKGROUND MATERIALS

In our procedure for obtaining stable approximate solutions for the operator
equation (II) where A : X — Y is a compact operator between the Hilbert spaces
X and Y, we further require a subspace Z of Y which is a Hilbert space with
respect to the norm | - ||z. Norms on X and Y are denoted by || - ||. For example,
if Y = L?(Q2), then Z may be a Sobolev space.

In the mollifier method, we may have X as a function space defined on some
subset 2 C R?. Our objective is to find (f, ) which is the same as (g, (4*)T¢).
Also, the evaluation of the inner product (g, (A*)Tp) may involve the integral.
Hence, in order to approximate (g, (A*)T¢), we are going to replace it by an inner
product in C™ which is easily computable. For that we require n linear functionals
Unis...,¥nnon Z and n elements ¢, 1,...,¢n,, in Y such that the linear operator
II, : Z — Y defined by

n
(2.2) II,v= Zwmk;v}(bn,k, vE Z,
k=0
has the following properties:
e Ja sequence (p,) in [0, 1] which converges to 0 such that

(2.3) IMow = ol < pullvlz Vo e Z;
e J ¢ > 0 such that

(2.4) ol <cl|v)lz YveZ

We shall also make use of the operators ¥,, : Z — C™ and ®,, : C" — Y defined by

(2.5) (Upv)kg = (Ynk,v) = Ypi(v), veZ, k=1,...,n,

and

n
O,z = Zxk¢n,ka T € (Cn,
k=1
respectively. Here, xj denotes the k-th coordinate of x € C". With the above
notations, we can write II,, as

ILv=®,V,v, VYoveLZ
For instance, in the 2D-computerized tomography problem (cf. [16, [I7]), one has
to solve the operator equation (ILIl) with A as the Radon transform defined by

w(s)
(2.6) (Af)(s,0) = / f(sw + twh)dt
—w(s)

where w := (cosf,sinf), wt := (—sinf,cosf) with (s,0) € W = (=1,1) x (0, ),
and w(s) := /1 —s2. Here X = L%(Q), Y = L*>(W) and Z = H™(W) for some
m > 0 where Q is the unit ball in R? centered at the origin and H™ (W) denotes
the Sobolev space of order m + 1 defined on the domain W. For p,q € N, define
g : H"HY (W) — L*(W) by

g—1 p—1
(2.7) I, qv = Z Zv(si, 0;)Byi ® By j, veH™ (W),

i=—q j=0
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where B, ; = Xio;. 0;41) and Bgi = X, oirD) for s; = é, and 0; = j%,i =
—q,...,q—1; j=0,...,p—1. Here, for u,v € L*(W), u®@v € L*(W) is defined as
(u®v)(s,0) = u(s)v(0) for (s,0) € W and x|, ,, denotes the characteristic function

on the interval [a,b]. Then for v € H™TY(W) we have (cf. [17]),

1
1Mo — ol < Bllollmesqry, b= max{g, g},

and there exists ¢y > 0 such that

M goll < co [Vl zmrw)-

Let G, denotes the Gramm matrix related to the family {¢n.1,...,¢nn}. That
is, Gy, is the n x n matrix whose ij-th entry, (Gy,)i;, is given by

(28) (Gn)” = <¢n,j;¢n,i>7 i,j = 1,...,TL.
Using the above definitions, it can be seen (cf. [I5]) that
(2.9) (I, u, I,v) = (V,u, G, ¥,v) Yu,v € Z.

We know that the compact linear operator A : X — Y between Hilbert spaces
X and Y has the singular value representation as

o0

Af:ZUk<f,’Uk>uk, QC€X,
k=1

where {vy, : k € N} and {uy, : k € N} are orthonormal bases for N(A)* and R(A),
respectively. Also, the singular values o) and singular vectors vy, uy are related by

(2.10) Avy = o Uy, A*up, = o, vk,

for k € N. In the case of the Radon transform defined in (Z0)) the singular values
and singular vectors are known explicitly (see e.g., [1]; also see [2]).

For the purpose of imposing some conditions on ¢, we require a family {X, :
v > 0} of Hilbert spaces defined as follows: For v > 0, let

oo

(2.11) Xy ={f e NA)" > o [(f,on)? < o0}
k=1

Then it is seen that X, is a Hilbert space with inner product and norm defined by

(2.12) (Fov) =3 o (f, v ok, v), fv€ X,
k=1
(2.13) £l == o™ [(fv)?, f e X,
k=1

respectively. We may observe that X, C X, whenever u < v, and the inclusion
map from X, to X, is continuous. Thus, the family {X, : v > 0} is a Hilbert scale.
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3. APPROXIMATION OF (fT, ()

Suppose ¢ € X and g € D(AT). Our main objective is to find an approximation
for (ff,¢), where fT := A'g. As we have already mentioned, in the mollifier
method, we may have X a function space defined on some subset @ C R?¢ and
o(y) == ey(mi,y) for z;,y € Q,i=1,..., L.

Throughout the rest of the paper we assume that ¢ € X,,, where X, and its
inner product and norm are defined as in (211), (212), [213). We observe that,
since ¢ € X, it can be represented as

o0
Y= Z U;%V<U7 Vk) U
k=1

with v € X given by

o0

(3.14) u = 20;21’(@,%)1};@.

k=1

We may observe that

o0
lull> =D o b, om) 2 = Il
k=1

We assume that up € Z for all £ € N and that the uy’s are orthogonal in Z. For

a > 0and M € N, we define an element v](\?) €Y as follows:

M—1
() Ok

3.15 = —_ .

( ) Unpm kz=0 0£+a<%vk>uk

Since uy, € Z for all k € N, vg\;;) is an element in Z.

For finding an approximation to (f, ), we make use of the following result
available in [15]. For the sake of completion of exposition, we are including its
proof as well.

Theorem 3.1. Let ¥,, and G,, be as in (Z3) and (ZI), respectively, g € ZND(AT)
andv € Z. Let fT = Atg. Then

(3.16) [(F1,0) = (Tng, Gu¥nv)| < cr{pnllvllz + A% = oI},
where ¢1 > max{(c||g|lz + llgl), | fT|} and ¢ > 0 is as in (Z3).
Proof. Let II,, be as in (Z2). Then by (2:9) we have

<f]La @) — (Ung, Gn¥y0v) = <fTa ¢) — (g, o).
Hence

|<fT7 <,0> —(V,g, Gn\I/nU>|

|<fT7<p> — (g, ,0)|
|<fT790> - <fT,A*’U>| + |<fT7A*U> - <Hngaan>|
LTI 1A% =@l + [(FT, A*0) — (g, T0)).

IAIA

Since fT = Afg,
(ff,A"v) = (Aft,v) = (Pg,v) = (g, Pv) = (g,v)
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where P : Y — Y is the orthogonal projections onto R(A). Using the above
relation, we get

(1, 0) = (Tng, Gu¥no)| < |1 A% = ¢l + g, v) = (Ilng, Iw)].
Using the relations (Z3) and 24, we have

(9, 0) — (ng, )| (9, 0) = (9, Tnw)| + [{g, v} — (Tng, )|
gl ITpv = of| + [[TTag — g[| [TLo]
pallgll llvllz + conllgll zllv]l 2
= (clglz +llglDpallvlz-

IN AN IA

Thus,
[(FF,0) = (Tng, Gu¥nv)| < cr{pallvllz + 140 = ¢ll},
where ¢; > max{(c||g|lz + llgll), | /T||}. This completes the proof. O
Now, we derive estimates for ||v§\?) ||z and ||A*UJ(\?) — ¢||. We do this in the next

two lemmas.

Lemma 3.2. Let v\ be as in @BI8). Suppose ¢ € X, for some v € (0,1] and
u € X asin BI4). Then

(3.17) 47037 — ell < \Ja2 + ol [ul.
Proof. Let ¢ € X. From (B15) and (210), we have
M-1 0_2
Al — k .
UM ;) O']% ta <90a ’Uk>’l)k

Since ¢ € X,, 0 < v < 1, with ¢ = Y77 07 (u, vg)vg, for u € X as in (B14), we
have

(@) M~—1 02+2u 0o
Aoy —¢ = 2k+ <U7Uk>vk_zazy<uavk>vk
k=0 Tk k=0
M-—1 —a O'QV %)
= 5 +k (u, vg)vg — Z o2 (u, vg) vk
k=0 k k=M
so that
M—1 2
Al _ 2 = a o’ 2 — 4 2
Aoy =l = > (= o2+ S ol (u, v
im0 \Ok T k=M
(o o’ ’ 2 4 2
3.18 < 7l
(3.13) < X (5%) twoar ot

We observe that
M-—1 20

7 N
| 2
+ .
Q
N———
=
<
T
T
1
Q
[\
AN
=
|
N
Q| —~
ks
=
N——
=
<
z
T

AN

Q
o
_=s
£
o

Hence, from (3I]) it follows that

A5 — ol? < a|[ull® + oty [[ul® = (@ + oly)ul?.
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This completes the proof. ([
The above lemma shows that if M is such that 0%, < a, then
Jaiy — ol < Vaalull.

Lemma 3.3. Let ’UJ(\?) be as in BI8). Assume that ||lug|z < 0" for all k €N for
some B with0 < 3<1, pe X, with0<l/§%, and u € X as in (314). Then

o y— BE1
(3.19) 0§12 < @55 |u|-

Proof. Since ¢ € X, with ¢ = > 1o, 0" (u, vy)vy for u € X as in (B14), we have

(@) M-1 o M-1 02u+1
a) k _ k
Uy® = k2=0 —0i+a<§0avk>uk kz=o o2 +a<u7vk>uk-
Since the wuy’s are orthogonal in Z and |lug||z < ak_ﬁ for all k,

(@) M-1 0_21/+1 2

)12 2 2

WP = X () Moo Pl
k=0 Nk

IN
i g
I
b
N
”k-qm
oy
Q _
N———
=
(4
z
)
)
@

M =l R
M—1 /o2 ,— =17\ 2
_ B+1 (_k)u 2
= (o 2 )2 Z < ag'% > |{(u, vi)|
k=0 o +1
Sinceogﬁgland0<ug%,wehave0<l/—%1 < 1 so that
L, Mo
i 1% = (@) [u, )
k=0
< ("7 ull

Thus . ot
a2z < @72 lul.

Now we are in a position to find an approximation for (f, ¢).

Theorem 3.4. Let ¥,, and G, be as in (Z3) and ), respectively, and g €

Z N D(A"). Let fT = Atg. Assume that |lugl|z < ak_ﬁ for all k € N for some (3

with 0 < 3 <1, and p € X, with0<l/§%, and w € X as in BI4). Then
_B+1 v v

(3.20) (7 0) = (Ung, Ga@ati )] < ex{pna?™ 3" + 0" + o u]

where ¢y > 0 is as in BI6) and ¢ > 0 is as in (Z4). In particular, we have the
following:

2
(a) If o =copn™" for some co > 0, then

_2v
(T 0) = (Wng, G W0l < eallull (pf™ + o).
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2 2
(b) If @ = copn ' for some co > 0 and M is such that o3, < p;,*", then

2
(3:21) (1) = (Tng, Gulaviy)| = O(pT).
Proof. Let v](\?) be as in (315)). Using the relations (B.17) and (8:19), we have
JA407 = ll < /a2 +o3f Jlu]

and

B+1
v—E=

0PNz < o |ull.

Then by Theorem Bl we have

1T 0) = (Wng, G ¥nt\) < erfpallolPllz + 14705 — o)}
< a{paa T [0 + ot |u]
< e{pna” ™ o + 03} |ul

where ¢; > max{(c|lgllz + llg[l), | /T]|} and ¢ > 0 is as in ).
The particular case follow from (3:20). O
If p € X, for some v > %, then it is obvious that ¢ € X%. Hence the
following corollary is an immediate consequence of the above theorem.

Corollary 3.5. Let vﬁ) be as in BIH). Assume that ¢ € X, with 0 < v < %,
and u € X as in (3I4). Ifaﬁ/l §p7ﬁ andagprﬁ, then
(1, 0) = (Wng. CuWnvsy)| = O (pn).
4. CONCLUDING REMARKS

Remark 1. We observe that the method of this paper is based on the singular value
representation of the compact linear operator A, and it is applicable only when the
singular elements o, vg, ur are known for k = 1,..., M for some large M € N. It is
to be remarked that in computerized tomography problems, where A is the Radon
transform in suitable spaces, it is often the case that the singular elements of A are
known explicitly (see e.g., [1]; also see [2]).

Remark 2. In [15] the authors considered general bounded operators A and obtained
an approximation for (fT, ) in the form (¥, g, G,,¥,,v,,,) With corresponding es-
timation )

|<fTa ®) — (Wng, Gnmnva,n” = O(PE)-
We may observe that the error estimate ([3.2I)) is better than the above estimate in
[15] since ¥ < % for0< g <1.
Remark 3. An estimate of the form

(F1.0) = (Pag, GuWutli?)] = Olpn)
(see Corollary B3] has also been obtained by Rieder and Schuster [17] with an

element wy; in place of 1)5\7[), where

M-—1
Wi = Z a,;1<go,vk>uk
k=0
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which is the M-th truncated form of the singular value decomposition of (A4*)T¢p
But, for obtaining such a result, they required v to satisfy v > g + % + 4—1,7 for some
n > 0. Clearly, this assumption of Rieder and Schuster [I7] is stronger than our
assumption, namely, v > %

Remark 4. Suppose we make a specific choice of Z as

={yey: Z% [(y, ur)|?* < oo}

for 0 < 3 <1 with Yy = N(A*)+. We observe that R(A) C Yz for 0 <3 <1. On
Y3, we define an inner product (-, -)g as

yv ﬁ *Zak yvuk <uk7u>a y,uEYﬁ.

With this inner product, Y is a Hilbert space and the corresponding norm is given
by

lylls = Zok [y, ue)®, v €Y.

We note that u; € Y3 for all k£ € N and {afuk : k € N} is an orthonormal basis
for Y with respect to the norm || - ||3. Thus we can apply Theorem B4l With this
choice of Z as Y3, the error estimate (B21]) is the same as that in the Nair and Lal
paper ([I5], Theorem 3.7). However, the conditions under which that result in [I5]
holds is stronger. In fact, in [I5], it is required that 3/2 < v < (8 + 1)/2 whereas
the estimate (B:21) is valid for more values of v, namely, 0 < v < (6 +1)/2.
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