
A Concurrent Dynamic Task Graph �Theodore JohnsonDept. of Computer and Inf. ScienceUniversity of FloridaGainesville, Fl 32611-2024ted@cis.u
.eduAbstractTask graphs are used for scheduling tasks on parallelprocessors when the tasks have dependencies. If theexecution of the program is known ahead of time, thenthe tasks can be statically and optimally allocated to theprocessors. If the tasks and task dependencies aren'tknown ahead of time (the case in some analysis-factorsparse matrix algorithms), then task scheduling mustbe performed on the 
y. We present simple algorithmsfor a concurrent dynamic-task graph. A processor thatneeds to execute a new task can query the task graphfor a new task, and new tasks can be added to thetask graph on the 
y. We present several alternativesfor allocating tasks for processors and compare theirperformance.1 IntroductionA common method for expressing parallelism isthrough a task graph. Each node in the task graphrepresents a unit of work that needs to be performed,and edges represent dependencies between tasks. Ifthere is an edge from task T1 to task T2 in the taskgraph, then T1 must complete before T2 can begin.Previous work [3, 17, 11, 10, 20, 9, 12] has assumedthat the task graph is speci�ed ahead of time. Thisis often a reasonable assumption, since the task graphcan be generated by a parallelizing compiler, or bya symbolic analysis of the problem to be solved (i.e,analysis-only LU decomposition algorithms).Since the task graph is speci�ed ahead of time, itcan be analyzed for static scheduling purposes. Thescheduling can be static or dynamic. In static schedul-ing, the tasks are allocated to the processors before thecomputation starts [3, 17, 10, 20]. In dynamic schedul-ing, the tasks are allocated to processors on the 
y[9, 12]. If good task execution time estimates can be�In the 1993 Int'l Conf. on Parallel Processing

made in advance, static scheduling will outperform dy-namic scheduling, but dynamic scheduling will adjustto the actual execution conditions.In this paper, we propose a scheduling structure,the dynamic-task graph, or DTG, that allows the taskgraph to be speci�ed during the program execution.A DTG is useful when the structure of the probleminstance is determined at execution time. This workwas motivated by the problem of parallelizing analysis-factor LU decomposition algorithms for asymmetricsparse matrices. A common approach is the multi-frontal method, in which portions of the matrix aregathered into fronts for factoring, and these frontsmake contributions to other fronts. The tasks in theDTG represent the fronts, and the links represent thecontributions passed between fronts. In some analysis-factor multifrontal algorithms [4, 5], the tasks andtheir dependencies are determined during execution.In section 2, we present the basic concurrent DTGalgorithm, and some extensions. In section 3, we ex-plore algorithms for scheduling eligible tasks, and insection 4 we examine some performance issues. Fi-nally, in section 5 we draw our conclusions.2 Concurrent Dynamic-Task GraphA dynamic-task graph, or DTG, consists of a set oflabeled vertices V and a set of arcs on the vertices A.The arcs in A are the dependencies among the tasks.If the arc (t1; t2) is in A, then task t1 must completeexecution before task t2 can start execution. We callt1 the prerequisite task, and t2 the dependent task.Obviously, the DTG must be an acyclic digraph. Thenodes correspond to tasks, and are labeled:U : if the task is unexecuted,E : if the task is executing,F : if the task has �nished execution, orN : if the task is not ready.



A task t0 is eligible for execution only if all tasks ti suchthat (ti; t0) 2 A are labeled F (similar to a maturenode in [17]).There are three operations on a DTG:1 add task(T,D): The add task operation adds taskT to the DTG, and speci�es that the set of tasksD = ft1; : : : ; tng must �nish execution before T canstart execution. The set D is task T's dependencyset.2 t=get task(): The get task operation returns atask that is eligible for execution. If there is no eli-gible task, the processor blocks until a task becomeseligible.3 �nished task(T): The �nished task operation de-clares that task T has completed its execution.When a task is added to the DTG, it must beuniquely named. This requirement is not a problem,since a processor can name the task it adds to theDTG with a sample from a local counter appended toits processor id, or with a pointer to a description ofthe task. The application might naturally provide aunique task name. For example, in a sparse matrixsolver the name of the task can be the row of initialpivot of the frontal matrix.When a task is added to the DTG (via the add taskoperation), it is labeled U. When a task is selected forexecution, its label is changed to E. When a task com-pletes its execution, it performs the finished taskoperation, which changes the task state to F. If inthe add task operation, task t speci�es that it is de-pendent on task t0 but t0 has not yet been added tothe DTG, then task t must create an entry for t0 andspecify that t0 is not ready by setting the state of t0 toN. When add task(t',D) is executed, the state of t0changes to U.We initially assume that all tasks in a task's depen-dency set have already been added to the DTG, andlater extend our algorithms to handle not-ready tasks.Since all tasks in the DTG have been determined, thisassumption is reasonable. Furthermore, it lets us re-claim tasks from the DTG. Whenever a task �nishesexecution, it is dropped from the DTG. If an add taskoperation can't �nd a task td 2 D in the DTG, thentd has �nished.Figure 1 illustrates a sample execution sequence.Tasks T1, T2, T3, and T4 are added to the DTG, andtask T4 depends on tasks T1 and T2. Next, tasksT1 and T2 are selected for execution in response toget task requests. Task T1 �nishes, and its statechanges to F. Task T3 is selected for execution in re-sponse to a get task request. Task T2 �nishes, andtask T4 becomes eligible.
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t3=get_task(}  [t3=T3]Figure 1: Example execution sequenceA task is represented by a task record in the DTG.The task record contains a �eld for the name of thetask, information necessary for executing the task, thenumber of un�nished prerequisite tasks ND, and a listof the dependent tasks dependent.The �rst issue to address is the problem of �nd-ing the tasks in the DTG without explicitly searchingthe DTG. Since the queries that need to be made aresimple look-up queries, a hash table is the best datastructure to maintain the translation table. We use astatic-sized open hash table. The primary purpose ofthe hash table is to permit parallel access to the tasksin the DTG, so the number of hash table buckets onlyneeds to be proportional to the number of processors(as opposed to the number of tasks). If the DTG hasfew buckets, the buckets of the DTGmight be requiredto store many task records, so the records should bestored in some fast access structure, such as a binarytree. The bucket data structure doesn't need to bea concurrent data structure, instead the entire bucketcan be locked. The hash table operations are:1 enter task(T): put a new task in the hash table.a lock hash table bucketb insert T into bucket.c unlock hash table bucket.2 p=translate task(T): search the hash table forthe task, and return a pointer to the task.a lock hash table bucket.b find and lock T.i If T is not found, release all locks andreturn NIL.c unlock hash table bucket.3 delete task(T): remove T from the hash table.



a lock hash table bucket.b find and lock T.c remove T from bucket.d unlock T and hash table bucket.The next issue is where to store the dependencypointers: in the prerequisite task record or in the de-pendent task record. Storing the dependency pointerin the dependent task record simpli�es the operationof adding a task, but greatly complicates the opera-tion of getting an eligible task. We choose the optionof storing the pointers in the prerequisite task records.This choice requires that when a task is added to theDTG, all tasks in the dependency set must be modi-�ed. Fortunately, the hash table permits a fast lookup.The last issue is �nding tasks that are eligible forexecution. We assume that pointers to these tasks arestored in a separate data structure, the eligible queue.A task can be inserted into the eligible queue, and theeligible queue can be queried for an operation to exe-cute. We leave the implementation and the semanticsof the eligible queue unspeci�ed for now, since thereare many possible allocation heuristics.The psuedo-code for the add task, get task, anddelete task operations follows. We assume that thetasks and the hash table buckets can be locked (welater discuss a non-locking implementation). The lockcan be a simple busy-wait lock, or the contention-freeMCS lock [15]. Each task graph entry t has three�elds: a �eld for the lock, a count of the number of un-�nished prerequisite tasks (ND), and a list of tasks thatdepend on t (dependent). When a translate taskoperation is performed, the lock on the hash table en-try is retained. This ensures that the task remains inthe task graph until it is modi�ed (in spite of the con-current execution of finished task operation). Thedata structures for the concurrent dynamic-task graphare shown in Figure 2.add task(T,D)T.ND=0enter task(T)for i=1 to jDj dot=translate task(i'th task in D)if t is null // i.e., finishednumber finished++elseadd T to t->pointersunlock(t)if number finished > 0lock(T)T.ND -= number finishedif T.ND == 0add T to the eligible queue
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00Figure 2: Concurrent task graph data structuresget task()get a task t from the eligible queuereturn(t)�nished task(T)delete task(T) // from hash table onlyfor i = 1 to jT:dependentjt = i'th task in T.dependentlock(t)t->ND- -if t->ND == 0add t to the eligible queuereclaim the space used by T2.1 CorrectnessIn this section, we make some correctness argu-ments. In particular we show that a task is addedto the eligible queue before all of its dependent taskscomplete the finished task operation, but after allof its dependent tasks start the finished task oper-ation.We will say that task T exists in DTG D betweenthe times that add task(T) and delete task(T) areexecuted. This period of time is well de�ned because ofthe locks which make the hash table operations atomic.When T executes the translate task operation for tin the for loop of the add task operation, we say thatT accesses t.Lemma 1 The add task(T,D) inserts a dependencylink from t to T if and only if t 2 D and t exists in Dwhen T accesses t.



Proof: The for loop in the add task operation scansthrough the tasks t 2 D and adds a dependencypointer to t if and only if t is in the hash table whenT accesses t. Since t is in the hash table if and only ift exists in D, the lemma follows.2Lemma 2 When a task completes, it decrements thedependency count of all tasks that add a dependencypointer to it.Proof: When a task completes, it executes thefinished task procedure. The finished task oper-ation removes the completed task's record from thehash table, so no further pointers are added to it.The �nished task operation is atomic due to the locksit sets, so after the finish task operation, a tasksrecord will contain all dependency pointers that areinserted. The remainder of the finish task opera-tion decrements the dependent tasks. 2Theorem 1 Every task is added to the eligible queueexactly once, and only after all prerequisite tasks aremarked F .Proof: Consider a new task T executing the add taskoperation. Task T accesses every t 2 D(T). Bylemma 1, T adds a pointer to t if t 2 D. If t 62 D,then t must be �nished, since we have assumed thatall tasks in D(T) have been added to D already. There-fore, T correctly counts the number dependent tasksthat are �nished when accessed, and the remainingtasks receive a pointer to T .The add task operation decrements T 's depen-dency count by the number of �nished dependenttasks. By Lemma 2, the un�nished dependent tasksdecrement t's dependency count by one. The use oflocks makes the decrement atomic. Since the taskgraph is a DAG, all prerequisite tasks of T will �n-ish. The last task to perform the decrement will �ndthat the dependency count is zero, and will add T tothe eligible queue. 22.2 ExtensionsIn this section, we discuss some possible extensionsand optimizations of the concurrent DTG.Not-Ready Tasks The algorithms that we pre-sented depend on the assumption that all tasks in anew task's dependency set exist in the DTG. One canimagine that a new task might depend on tasks thathave not yet been added to the DTG. For example,a parallel algorithm for the LU factorization of sparseasymmetric matrices might assign the task of addingpivots to frontal matrices to one set of processors, and

assign the task of composing and factoring the frontalmatrices to a di�erent set [4]. Processors p and q mightbuild frontal matrices A and B concurrently, where el-ements of B depend on the factorization of A. SinceA and B are built concurrently, B might be added tothe DTG before A.To distinguish between not-ready and �nished tasksthe state of a task is explicitly stored in the task. A�nished task is retained in the DTG and is marked F.When a task t 2 D(T ) is accessed in the for loop ofthe add task operation, the following protocol is used:If t doesn't exist in the hash table, a task record fort is created, its state is set to N , and a pointer to Tis added. If a record for t exists in the hash table, itsstate is tested to determine whether or not the taskhas �nished. The enter task hash table operationmust be modi�ed to account for the possibility thatthe task T already exists as a not-ready task.Dense Task Names The concurrent DTG requiresa hash table if the range of task names is large andthe names of the actual tasks is sparse. In some ap-plications, the tasks in the DTG are relatively densein their name space. An example are frontal matricesin an asymmetric sparse matrix algorithm. The taskcan be named by the row of the upper left hand pivot,so there are O(n) possible task names. Sparse matrixalgorithms contain several O(n) supplementary datastructures, so allocating a bucket for each possible taskname does not create an excessive space overhead. Al-locating a bucket for each task greatly simpli�es theimplementation of the DTG, since the hash table op-erations become simple O(1) procedures. In addition,the bucket lock serves as the task record lock, so onlyhalf the number of locks need to be set as would oth-erwise be needed.Non-locking Algorithms A non-locking algorithmuses atomic read-modify-write instead of locking to en-sure correctness in spite of concurrent accesses. Non-locking algorithms have the attractive property thatthey avoid busy-waiting, which can degrade perfor-mance [1, 6]. These algorithms typically use thecompare and swap or the compare and swap double in-struction to commit modi�cations [8, 16, 18, 19], al-though some algorithms use the fetch-and-add instruc-tion [7]. The correctness of the DTG algorithmsdepends on the atomicity of the hash table opera-tions. Fortunately, many practical non-locking listand search structure algorithms exist in the literature[16, 19].One place where care must be taken involves accessto a tasks list of dependent tasks. The finished task



operation should declare that a task is �nished with adecisive operation, so that the correctness of Lemma 2is maintained. We can modify the technique ofPrakash, Lee and Johnson by maintaining the list ofdependent tasks in a task record as a non-lockingstack, and use one bit of the pointer to the head ofthe stack as a deleted bit. The finished task opera-tion sets the deleted bit as its decisive operation, anda add task operation that reads a set deleted bit is atask's dependent list considers the task to be �nished.3 Eligible QueueThe eligible queue is responsible for schedulingtasks for execution. The goal in designing the eligi-ble queue is to maximize the speedup of the parallelcomputation. Maximizing the speedup requires thatwe minimize the blocking that occurs at the get taskprocedure, and that we minimize the overhead of thescheduler. However, minimizing blocking and min-imizing overhead are con
icting goals. As previousworks have shown, careful scheduler design can reduceresponse time by reducing the amount of time that aprocessor is blocked waiting for a task to become el-igible for execution. However, optimal scheduling isNP-complete, and the best heuristics require that theentire task graph be known in advance and require con-siderable overhead. Scheduling overhead also reducesperformance, and should be kept to a minimum.In order to provide guidance on implementing aneligible queue, we ran simulation experiments to com-pare scheduling algorithm performance. We wrote asimulation of a parallel dynamic-task graph execution.The simulation is initialized with 80 initial tasks. Anadditional 80 tasks are created, each with dependen-cies on the preceding tasks. These tasks have a randomnumber of dependencies (a truncated normal distribu-tion with a mean of 4.0 and standard deviation of 5.2),and a prerequisite task is chosen by subtracting a ran-domly chosen backwards distance from the new task'snumber. The backwards distance has a truncated Er-lang distribution with a mean of 80. Given this initialtask graph, p processors execute by repeatedly gettingan eligible task, �nishing the task, and adding a ran-dom number of new tasks. The number of new tasksadded has a binomial distribution with mean 2 for the�rst 2000 tasks to execute, and mean .5 for the re-mainder. We set the task execution time so that thescheduling overhead has little e�ect.We tested six eligible queue algorithms:FIFO: The eligible queue is managed as a FIFOqueue.
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Scheduler 5 Proc. 8 Proc. 10 Proc.FIFO 4.297 5.311 5.632Maxweight 4.309 5.309 5.616Minweight 4.198 5.280 5.610Maxdepend 4.456 5.414 5.690Random 4.263 5.315 5.631LIFO 4.227 5.246 5.631Table 1: Comparison of DTG scheduler performance.Scheduler speedupMax 7.072CP 7.036FIFO 5.470Largecalc 5.470Heavy 5.456Level�fo 5.474Levellarge 5.492Maxdep 5.440Table 2: Comparison of static-task graph schedulerperformance (eight processors).Heavy: An eligible node's priority is the sum of itsweight and the weight of its immediate successors [2].Level�fo: Assign BFS levels to tasks, and schedulethe tasks within a level by FIFO.Levellarge: Assign BFS levels to tasks, and schedulethe heaviest task in a level �rst [17].Maxdep: Schedule the task with the greatest numberof dependent tasks �rst [2].Comparing Tables 1 and 2, we note that there islittle di�erence among most of the dynamic and staticscheduling policies. While the best speedup from thestatic-task graphs heuristics is considerably greaterthan that provided by the DTG scheduling algorithms,the only static-task graph scheduler that provides thisperformance is CP. The remaining static-task graphscheduling policies provide a speedup similar to thatof the DTG scheduling policies. Thus, there is littleperformance di�erence between local scheduling on astatic-task graph and scheduling on a dynamic-taskgraph. We note that the CP method requires O(n2)time for processing, and may not always be reasonable.Since there is little di�erence in DTG scheduler per-formance, we recommend a simple or low-overheadmethod. For example, [16] presents a simple lock-
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8 processors, Max Depend schedulerFigure 4: Speedup vs. task execution time.free FIFO queue which can serve as the eligible queue.Manber [14] has proposed concurrent pools as a lowoverhead method for implementing shared queues thatdoesn't require a FIFO ordering.4 PerformanceIn this section, we investigate the e�ect of DTGoverhead on speedup. Figure 4 shows a plot of speedupversus task execution time. The simulator and param-eters are the same as those used in the previous sec-tion, but 8 processors are used and the task executiontime varied. In addition, we ran one set of experi-ments with 8 buckets in the hash table, and anotherset with 20 buckets. The leftmost point on the chartis a close approximation to the speedup obtainablewithout scheduler overhead. If Smax is the speedupwithout scheduler overhead, each task executes for Eseconds, and the total time to process a task in theDTG is O, then the speedup is approximatelySactual = Smax EE +OIn the simulations, each task was dependent onabout 4.0 prerequisite tasks, and adding each taskpointer required 2 time units. Each �nished task wasrequired to access about 4.0 tasks, each access requir-ing 2 time units. The add task procedure required 3time units to modify the tasks's own record, and thefinished task procedure required 1. Finally, eachtask was added to and later removed from the eligi-ble queue, and both of these actions required 1 timeunit. In total, processing each task required about 22time units of DTG overhead. In addition, there was acertain mbount of overhead due to lock contention.When the task execution time is 10 units, the for-mula for Sactual predicts a speedup of about 1.70. The
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8 processors, Max Depend schedulerFigure 5: Add task execution time vs. task executiontime.observed speedup is somewhat greater, because the in-creased scheduler overhead replaces some of the taskblocking. In general the formula holds, and we seethat the DTG is appropriate for medium to coarsegrain parallelism, but not for �ne grain parallelism.In Figure 4, we show the speedup for two cases:when the hash table contains 8 entries and when thehash table contains 20 entries. When the task exe-cution time is small, the smaller hash table shows aslightly smaller speedup. The reduction in speedupis due to the increased lock contention, As a result,the overhead for processing a task in the DTG isgreater. Figure 5 shows a plot of the time to exe-cute the add task operation against the task execu-tion time. When the task size becomes moderatelylarge, Figure 4 shows that the di�erence in speedupbecomes negligible.We develop a performance model to determine anappropriate size for the hash table. LetD: be the average number of task dependencies,E: be the average task execution time,Tq: be the average time to access the eligible queue,Ta: be the average time to access a task,S: be the speedup, andH: be the number of hash table entries.Suppose that we model each hash table bucket as anM/M/1 queue (a crude but workable approximation).We �rst calculate the arrival rate. Each dependencylink causes two task accesses: one in the add taskoperation and one in the finished task operation.Since every task is added once and �nishes once, weassume that a processor cycles between executing andaccessing the DTG. After executing a task, a processordeclares that the task is �nished (requiring D+1 taskaccesses) and adds one task to the eligible queue, adds

analytical simulation8 buckets, E=10 .374 .75520 buckets, E=10 .103 .2678 buckets, E=100 .065 .19720 buckets, E=100 .024 .0723Table 3: comparison of analytical and simulation pre-dictions of bucket waiting times.a new task to the DTG (D+1 task accesses), and getsa new task from the eligible queue. On average, Sprocessors are executing, and the task graph accessesare hashed among H buckets. Therefore, the arrivalrate at a bucket is:�b = 2S(D + 1)E + 2((D + 1)Ta + Tq) � 1HThe time to execute a task access is Ta, so�b = 1=TaThe waiting time at an M/M/1 queue is [13]W = �=(1� �)where � = �=�. ThereforeWb = 2(D + 1)SH(E + 2(D + 1)Ta + 2tq) � 2(D + 1)STaTo �nd the minimumnumber of hash table bucketsto support a speedup of S, we solve � = 1 for H and�nd Hmin = 2(D + 1)STaH(E + 2(D + 1)Ta + 2Tq)and a rule of thumb is to use at least enough bucketsso that � < :5, orHhalf = 4(D + 1)STaH(E + 2(D + 1)Ta + 2Tq)We used the parameters from the example in Fig-ure 5 to generate Table 3. The analytical model isuniformly optimistic. The DTG accesses in the simu-lation are very non-uniform, being much heavier in theinitial part of the simulation. For E = 10, the analyt-ical model recommends at least 6.85 buckets, and forE = 100, the model recommends at least 1.83 buckets.
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