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eedings of ALGORITMY 2002pp. 1{8ORDER OF CONVERGENCE ESTIMATES IN TIME AND SPACEFOR AN IMPLICIT EULER, MIXED FINITE ELEMENTDISCRETIZATION OF RICHARDS' EQUATION BY EQUIVALENCEOF MIXED AND CONFORMAL APPROACHFLORIN RADU�, IULIU SORIN POPy , AND PETER KNABNER�Abstra
t. We analyse a dis
retization method for a 
lass of degenerate paraboli
 problemsthat in
ludes the Ri
hards' equation. This analysis applies to the pressure-based formulation and
onsiders both variably and fully saturated regimes. To over
ome the diÆ
ulties arising from thela
k in regularity, we �rst apply the Kir
hho� transformation and then formulate a 
ontinous mixedvariational formulation for a time-integrated version of the equation. Based on this we dis
retizeusing in time a s
heme equivalent with ba
kward Euler and in spa
e the lowest order Raviart-Thomaselements. Simultaneously, a 
ontinous and a semidis
rete (
ontinous in time) 
onformal variationalformulations are stated and the equivalen
e between the 
orresponding mixed and 
onformal s
hemesis proved. This allows the use of te
hniques spe
i�
 for 
onformal elements to get error estimatesfor the mixed �nite element approa
h. Numeri
al results are presented to 
on�rm our theoreti
alanalysis, in parti
ular showing the 
onvergen
e of the s
heme. The advantage of our approa
h isthat the 
onvergen
e was obtained without any extra regularity assumptions.Key words. error estimates, Euler impli
it s
heme, mixed �nite elements, regularization, de-generate paraboli
 problems, porous media, Ri
hards' equation.AMS subje
t 
lassi�
ations. 65M12, 65M15, 65M60, 76S05, 35K65, 35K5.1. Introdu
tion. An appropriate model for the ground water movement, takinginto a


ount the unsaturated subregions near the surfa
e, is the Ri
hards' equation, anonlinear degenerate paraboli
 partial di�erential equation. In this paper the equationwill be 
onsidered in its pressure formulation�t�( )�r �K( )r( + z) = 0(1)where  is the pressure head, � the saturation, K the 
ondu
tivity and z the heightagainst the gravitational dire
tion. The Ri
hards' equation des
ribes the 
ow of awetting 
uid (water) in a porous medium in the presen
e of a non-wetting 
uid (air)supposed to be at 
onstant pressure, 0. It in
ludes partially to fully water saturatedregimes but 
an not be applied to 
ompletely dry soils. It results from the requirementof mass 
onservation (in form of volume 
onservation assuming the in
ompressibilityof water): �t�( ) +r � q = 0(2)and Dar
y's law q = �K( )r( + z);(3)with q denoting the 
ux. There are two 
oeÆ
ients fun
tions: the soil-water retention�( ), relating the saturation and the pressure and the unsaturated hydrauli
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tivity K( ), relating the 
ondu
tivity and the pressure. Di�erent fun
tional depen-den
ies (retention 
urves) between  , K and � are proposed in the literature. Theseare provided essentially by soil parti
ularities and allow redu
ing all the unknownsin the above equation to a single one. For negative pressure values, 
orrespondingto unsaturated subregions, the nonlinearities are monotone non-de
reasing, therefore(1) is a (strongly) nonlinear paraboli
 equation there, but positive pressure valueslead to a 
onstant value of maximum saturation and represent the region below theground water table, where the pressure obeys an ellipti
 equation. The transitionfrom unsaturated to dry is here not 
onsidered, therefore the equation never be
omeshyperboli
. As a 
onsequen
e we deal with a nonlinear ellipti
-paraboli
 equationwhose solution is tipi
ally la
king in regularity.More regular unknowns 
ould be obtained by applying the Kir
hho� transformationK : IR �! IR 7�! Z  0 K(�(s)) ds:(4)Sin
e K(�(s)) is positive, this transformation 
an be inverted and equation (1) 
anbe rewritten in terms of a new variable, u := K( ). De�ning nowb(u) := � Æ K�1(u)k(b(u)) := K Æ� Æ K�1(u);(5)and letting ez denote the verti
al unit ve
tor, equation (1) be
omes�tb(u)�r � (ru+ k(b(u)) ez) = 0 in (0;T)�
:(6) Also after the transformation the equation still remains degenerate and we expe
tonly �tb(u) 2 L2(0; T ;H�1(
)) whi
h does not allow for a mixed variational formu-lation being the basis for a mixed �nite element dis
retization. To over
ome this wefollow an ideea of No
hetto [15℄, used also from Arbogast [2℄ and Woodward [22℄, toformulate a 
ontinuous mixed formulation for a time-integrated version of the 
onser-vation equation (2). Based on this we dis
retize using in time a s
heme equivalentwith ba
kward Euler, together with a regularization step, and in spa
e the lowestorder Raviart-Thomas elements for the 
ux variable and pie
ewise 
onstant elementsfor the pressure head. Spe
i�
ally, with N > 0 integer, set � = T=N and let Th beinga de
omposition of 
 into 
losed d-simpli
es; h stands for the mesh-size. Then thenumeri
al s
heme under 
onsideration readsb�(pnh) + �r � qnh = b�(pn�1h );qnh +rpnh + k(b(pnh))ez = 0;for n = 1; N ; p0h approximates u0 in the �nite dimensional approximation spa
e. Hereb� is a regular approximation of b depending on the small parameter � > 0. By pnhwe denote the pie
ewise 
onstant approximation of u and qnh is the Raviart-Thomas(RT0) approximation of the 
ux -(ru+ k(b(u))ez), based on Th, both at t = n� .Convergen
e is shown by obtaining �rst error estimates for the time dis
retes
heme, by following the ideas in [15℄. Next, using the pro
edure des
ribed in [2℄, errorestimates for the fully dis
rete s
heme are obtained. In this setting, the equivalen
ebetween the two di�erent formulations be
omes essential sin
e in this way resultsobtained for the 
onformal method 
an be transferred to the mixed one and vi
eversa.The results are given here without proofs, whi
h 
an be found in [19℄.2



2. Equivalent variational formulations. In what follows 
 is a domain inIRd (with d = 1; 2 or 3). Let J = (0; T ℄ be a �nite time interval. We are interested insolving equation (6) endowed with initial and boundary 
onditions,�tb(u)�r � (ru+ k(b(u))ez) = 0 in J�
;u = u0 in 0� 
;u = 0 on J� �:(7) Throughout this paper we make use of the following assumptions:(A1) 
 is bounded with Lips
hitz 
ontinuous boundary.(A2) b 2 C1 is non-de
reasing and Lips
hitz 
ontinuous.(A3) k(b(z)) is 
ontinuous and bounded in z and satis�es, for all z1; z2 2 IR,j k(b(z2))� k(b(z1)) j2� Ck(b(z2)� b(z1))(z2 � z1):(A4) b(u0) is essentially bounded (by 0 and 1) in 
 and u0 2 L2(
).Be
ause fully air saturated regime has been not in
luded in our analysis the As-sumption (A2) is generally satis�ed. Assumption (A3) is a relaxation of the Lips
hitz
ontinuity of k with respe
t to the saturation (e.g as is assumed in [22℄).Here and below (�; �) stands for the inner produ
t on L2(
) or the duality pairingbetween H10 (
) and H�1(
), k�k for the norm in L2(
), k�k1 and k�k�1 for the normsin H1(
), respe
tively H�1(
). We use analogous notations for the inner produ
tand the 
orresponding norm on L2(0; T ;H), with H being either L2(
), H1(
), orH�1(
). In addition, we often write u or u(t) instead of u(t; x) and use C to denotea generi
 positive 
onstant, not depending on the dis
retization or regularizationparameters.Existen
e, uniqueness and essential bounds for a weak solution of problem (7)is studied in several papers (see, for example, [1℄, [16℄, and the referen
es therein).Following [2℄ or [22℄ we integrate (7) in time and obtain, for every t 2 J ,b(u(t)) +r � Z t0 q (s) ds = b(u0)(8)in L2 sense. From [2℄, the 
ux q := � (ru+ k(b(u))ez) satis�esZ t0 q d� 2 H1(J ; (L2(
))d) \ L2(J ; (H1(
))d) =: X:(9) We pro
eed by stating the variational formulations. Essential for the 
onvergen
eproof will be the equivalen
e between the 
onformal formulation and the mixed one.2.1. The 
ontinuous 
ase. Integrated in time, problem (7) be
omesProblem 1. Find u 2 L2(J;H10 (
)) su
h that b(u) 2 L1(J � 
), and for all t 2 Jand � 2 H10 (
) it holds(b(u(t))� b(u0); �) + Z t0 (ru(s) + k(b(u(s)))ez;r�)ds = 0:(10)Here b(u) models the water 
ontent, hen
e it is natural to assume it bounded almosteverywhere in J � 
. Moreover, u 2 L2(0; T ;H10 (
)) yields b(u) 2 L2(0; T ;H10(
))due to the Lips
hitz 
ontinuity of b. Sin
e b(u) 2 H1(0; T ;H�1(
)) we have b(u) 2C(0; T ;L2(
)) (see [14℄, 
hapter I), allowing a simpli�ed mixed variational formula-tion. 3



A mixed formulation for Problem (7) readsProblem 2. Find (p; ~q) 2 L2(J � 
)) �X su
h that b(p) 2 L1(J � 
) and for allt 2 J the equations (b(p(t))� b(p0); w) + (r � ~q(t); w) = 0;(11) (~q(t);v) � Z t0 (p(s);r � v)ds+ Z t0 (k(b(p(s)))ez;v)ds = 0;(12)hold for all w 2 L2(
) and v 2 H(div;
), with p0 = u0 2 L2(
).The two problems are equivalent, as stated below.Proposition 2.1. u 2 L2(J;H10 (
)) solves Problem 1 i� (p; ~q) 2 L2(J�
))�Xde�ned as (p; ~q) = (u;� Z t0 (ru(s) + k(b(u(s)))ez)ds)(13)solves Problem 2. Moreover, in this 
ase we have p 2 L2(J;H10 (
)).2.2. The semidis
rete 
ase. As mentioned in the introdu
tion, diÆ
ulties dueto degenera
y 
an be over
omed by perturbing the original equation to a regularparaboli
 one. Su
h a te
hnique has been su

essfully applied in the analysis ofdegenerate problems, and also allows developing e�e
tive numeri
al s
hemes (see, forexample, [15℄, [8℄, or [18℄). Here we approximate b by b�, where � > 0 is a smallperturbation parameter. A possible 
hoi
e readsb�(u) = b(u) + �u:(14)b� has the same properties as b but its derivative is bounded from below by �.With N > 1 being an integer giving the time step � = T=N and tn = n� , theregularized semidis
rete 
onformal problem readsProblem 3. Let n = 1; N and un�1 be given. Find un 2 H10 (
) su
h that, for all� 2 H10 (
), (b�(un)� b�(un�1); �) + �(run + k(b(un))ez;r�) = 0:(15)Its mixed time dis
rete 
ounterpart be
omesProblem 4. Let n = 1; N and pn�1 given. Find (pn; qn) 2 L2(
) �H(div;
) su
hthat (b�(pn)� b�(pn�1); w) + �(r � qn; w) = 0;(16) (qn;v)� (pn;r � v) + (k(b(pn))ez;v) = 0;(17)for all w 2 L2(
), respe
tively v 2 H(div;
), with p0 = u0 2 L2(
).As in the 
ontinuous 
ase, the two problems above are equivalent.Proposition 2.2. Let n = 1; N be �xed and assume un�1 = pn�1. Thenun 2 H10 (
) solves Problem 3 i� (pn;qn) 2 L2(
)�H(div;
) de�ned as(pn;qn) = (un;�(run + k(b(un))ez))(18)solves Problem 4. Moreover, we have pn 2 H10 (
).3. Error Estimates. Due to the equivalen
es proven above, stability and errorestimates for the time dis
rete mixed formulation 
an be obtained by analyzing, usingte
hnigues from [15℄, the Euler impli
it s
heme applied to Problem 3.4



3.1. Error estimates for the semidis
rete s
heme. We use the notationsun = 1� R tntn�1 u(t)dt;p�(t) = pn; for t 2 (tn�1; tn℄ ;eb(u) = b(u)� b�(p�);(19)where n = 1; N and u0 = u0.For the semidis
rete mixed dis
retization s
heme we obtain the followingTheorem 3.1. Assuming (A1) - (A4), if u is the weak solution of Problem 1and (pn;qn) solve Problem 4 (n = 1; N), we getPNn=1 R tntn�1(b�(u(t))� b�(pn); u(t)� pn)dt+ kPNn=1 R tntn�1(u(t)� pn)dtk21 + k~q(T )� �PNn=1 qnk2� C(� + �):(20)Remark 3.1. Sin
e b� is a perturbation of order � for b we 
an repla
e the s
alarprodu
t in (20) by R T0 (b(u(t)) � b(p�(t)); u(t) � p�(t))dt. This immediately impliesan error estimate for the saturation,PNn=1 R tntn�1 kb(u(t))� b(pn)k2dt � C(� + �):3.2. Estimates for the fully dis
rete s
heme. For the spatial dis
retization we letTh be a regular de
omposition of 
 � IRd into 
losed d-simpli
es; h stands for themesh-size. To avoid te
hni
alities, 
 is assumed polygonal, satisfying 
 = [T2ThT .The dis
rete subspa
es Wh � Vh � L2(
)�H(div;
) are de�ned asWh := fp 2 L2(
)j p is 
onstant on ea
h element T 2 Thg;Vh := fq 2 H(div;
)jqjT = a+ bx for all T 2 Thg:(1)So Wh denotes the spa
e of pie
ewise 
onstant fun
tions, while Vh is the RT0 spa
e(see [5℄). Further we make use of the usual L2 proje
torPh : L2(
)!Wh; ((Phw � w); wh) = 0 8wh 2Wh:(2)Taking eV = (H1(
))d a proje
tor �h 
an be de�ned as (see [5℄, p.131)�h : eV ! Vh; (r � (�hv � v); wh) = 0(3)for all wh 2Wh. With r � 0, for the operators de�ned above we havekw � Phwk � Chrkwkr;kv ��hvk � Chrkvkr;(4)for any w 2 Hr(
) and v 2 (Hr(
))d.In order to 
an apply the proje
tor �h to the 
ux variable we have to assumesome more regularity:(A5) q 2 L1(0; T ; (H1(
))d).Remark 3.2. Obviously (A5) is ful�lled in one spatial dimension, sin
e in this
ase H(div;
) and H1(
) 
oin
ide. 5



Before pro
eeding with the fully dis
rete approximation s
heme we rewrite Prob-lem 4 (
ontinuous in spa
e) asProblem 5. Let n = 1; N . Find (pn;qn) 2 L2(
)�H(div;
) su
h that(b�(pn); w)� (b�(p0); w) + �( nXj=1r � qj ; w) = 0;(5) (qn;v) � (pn;r � v) + (k(b(pn))ez;v) = 0;(6)for all w 2 L2(
) and v 2 H(div;
), with p0 = u0.The fully dis
rete mixed �nite element approximation readsProblem 6. Let n = 1; N . Find (pnh; qnh) 2 Wh � Vh su
h that(b�(pnh); wh) + �( nXj=1r � qjh; wh) = (b�(p0h); wh);(7) (qnh;vh)� (pnh;r � vh) + (k(b(pnh))ez;vh) = 0;(8)for all wh 2Wh and vh 2 Vh.Applying te
hniques developed in [2℄ we estimate the errors indu
ed by the spatialdis
retization.Theorem 3.2. Assuming (A1)-(A5), if (pn;qn) 2 L2(
)�H(div;
), (pnh;qnh) 2Wh � Vh solve, for n = 1; N , Problems 5 and 6, we obtainPNn=1(b�(pn)� b�(pnh); pn � pnh) + �PNn=1 k�hqn � qnhk2 ++�kPNn=1(qn � qnh)k2 + �kPNn=1(pn � pnh)k2 � C h2� :(9) Combining the estimates in Theorems 3.1 and 3.2 we get, for the fully dis
retes
hemeTheorem 3.3. Assuming (A1)-(A5) there holdskPNn=1 R tntn�1(u(t)� pnh)dtk2 + kPNn=1 R tntn�1(q(t) � qnh)dtk2 �� C(� + �+ h2):(10)4. Numeri
al Results. To 
on�rm our theoreti
al results we present a numeri-
al test. We 
onsider a problem allowing for a travel wave solution, as proposed in [9℄,whi
h refers to the Ri
hards' equation in its form after the Kir
hho� transformation(6), without gravitation term and withb(u) = ( �22 � u22 for u � 0�22 for u > 0:For this problem an exa
t solution is knownuex(t; x; y) = � �2(es�1)es+1 for s � 0�s for s < 0where s = x � y � t. The equation has been solved in the unit square 
, withDiri
hlet boundary 
ondition given by u = uex on �
 and initial value uex at t = 0.Computations are 
arried out for �nal time T = 1:0.6



Table 1Numeri
al results.N � h � + h2 error 
onvergen
e order1 0.04 0.25 1.025000e-01 6.344201e-06 |2 0.02 0.176 5.125000e-02 3.620119e-06 0.813 0.01 0.125 2.562500e-02 2.057356e-06 0.824 0.005 0.088 1.281250e-02 9.574634e-07 1.105 0.0025 0.0625 6.406250e-03 5.362175e-07 0.846 0.00125 0.044 3.203250e-03 2.431734e-07 1.147 0.000625 0.03125 1.601562e-03 1.355397e-07 0.84For mixed �nite element dis
retizations the emerging algebrai
 system of equa-tions is diÆ
ult to solve due to being the solution of a saddle point problem. A
ommon implementation pro
edure is to enlarge the system by adding Lagrange mul-tipliers on edges (hybridization of the method). Brie
y, within one time step theresulting algorithm reads: �rst the 
ux variable is eliminated on ea
h element, thenthe 
ontinuity equation is lo
ally solved for pressure by a variably damped Newton'smethod. The global system is set for the Lagrange multipliers and solved using againa Newton pro
edure. Linear iterations are solved by multigrid methods (see [21℄ forimplementation details). The algorithm is implemented in UG (version 3.8, see also[3℄) and 
al
ulations are done on a SUN workstation.We have started performing 
omputations on a uniform triangular mesh withh = 0:25 and a time step � = 0:04. Then � and h2 are su

essively halved, up to� = 0:000625 and h = 0:03125. Knowing the exa
t solution, the square of the totalerror (as written in (10)) is given byE2tot = kPNn=1 R tntn�1(uex(t)� pnh) dtk2 + kPNn=1 R tntn�1(qex(t)� qnh) dtk2;where qex = �r uex is the exa
t 
ux. The order of 
onvergen
e (for the squarederror) is estimated by dividing the errors above, 
omputed for two sets of parameters(re�ned a

ording to the pro
edure mentioned above). Dividing the natural logarithmof the result by the natural logarithm of the re�nement ratio yields an approximationof the 
onvergen
e order. Results are displayed in Table 1. As predi
ted by Theorem3.3, the 
onvergen
e order approa
hes 1. Hen
e we 
an 
on
lude that numeri
al resultsare in 
on
ordan
e with our theoreti
al analysis, in parti
ular proving the 
onvergen
eof the s
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