
RECURRENCE, DIMENSIONS AND LYAPUNOVEXPONENTSB. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTIAbstra
t. We show that the Poin
ar�e return time of a typi
al
ylinder is at least its length. For one dimensional maps we expressthe Lyapunov exponent and dimension via return times.1. Introdu
tionThe statisti
al des
ription of dynami
al system has re
ently been en-ri
hed by the study of re
urren
e and return times. For example thePoisson distribution for the return and entran
e time into a given sethas been investigated (see [11℄ and referen
es therein), and the di-mension like 
hara
tersti
s of invariant sets have been investigated bymeans of re
urren
e [1℄,[16℄. In these two 
ontexts a lo
al quantityplays a fundamental role: the �rst return of a set into itself, sometimesalso 
alled the Poin
ar�e re
urren
e of the set. If A � X is a measurableset of a measurable (probability) dynami
al systems fX; �; �; Tg, the�rst return of the set A is simply de�ned as:�(A) = minfn > 0 : T nA \ A 6= ;g:We will suppose in the following that A is either the 
ylinder of ordern around the point x 2 X with respe
t to a measurable partition U ,i.e. A = Uxn 2 Wn�1i=0 T�iU , x 2 Uxn , or A is a ball of radius r around x,A = Br(x). It has been shown in [11℄ that the limits:limn!1 �(Uxn )n and limn!1 �(Uxn )n (1)de�ne �{almost everywhere invariant (subadditive) fun
tions that 
on-trol the asymptoti
 short returns into the sets Uxn . It is therefore im-portant to have information on the value(s) of (1). The �rst result ofthis arti
le is to show that for a measurable dynami
al system with pos-itive metri
 entropy, the lim in (1) is �{a.e. bigger or equal to 1. This2000 Mathemati
s Subje
t Classi�
ation. Primary: 37B20.Key words and phrases. return time. 1



2 B. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTIestimate is a key bound need in proving the exponential and Poissonstatisti
s for return times, as pointed out in [11℄ and [7℄.For systems with zero metri
 entropy, examples are known where limis positive and stri
tly smaller than one, for instan
e in the 
ase ofFibona

i rotations [6℄ and where the lim is identi
ally equal to zero[2℄. Our proof of the lower bound (Theorem 1) is surprisingly easy. Ituses the 
on
ept of Kolmogorov 
omplexity, whi
h we re
all brie
y inthe Appendix.Besides the interest in the asymptoti
 distribution of return and en-tran
e times, the limits in (1) 
an be exploited in another dire
tion,whi
h, in [14℄, we proposed to 
all the \thermodynami
s of returntimes". We prove (Theorem 2) that for a large 
lass of ergodi
 one-dimensional maps, the Lyapunov exponent 
an be estimated from thebehavior of the �rst return times of a ball as the radius vanishes.We turn to 
omputing the Hausdor� dimension of the measure for thesame 
lass of one-dimensional maps. The �rst return of a set will benow repla
ed by another quantity whi
h will denote with �r(x) andthat is the �rst return of the point x into its neighborhood Br(x).limr!0+ log �r(x)� log r (2)In our �nal result (Theorem 3) we show that the limit in (2) exists�-a.e. and is equal to the lo
al dimension:d�(x) := limr!0+ log�(Br(x))log r (3)For the 
lass of one-dimensional maps 
onsidered is known that thelo
al dimension is almost everywhere 
onstant and equal to the Haus-dor� dimension of the measure and is also equal to the ratio betweenthe metri
 entropy and the �{Lyapunov exponent [8℄. A similar resultin a multidimensional setting has been proved by Barreira and Saus-sol [3, 4℄, namely for the basi
 sets of Axiom-A di�eomorphisms. Ourproof is relatively simple and uses sharp 
omparison between balls and
ylinders provided by Hofbauer [8℄; nevertheless it is quite general sin
eit 
overs maps with 
riti
al and paraboli
 points.In 
on
lusion these results are one of the �rst steps in establishing whatwe have already 
alled thermodynami
s of return times. In this 
ontexta major role is played by the �rst returns of sets and points whi
h oftenplay the role of the measure of balls and 
ylinders a

ording to the oldsuggestion given by Ka
's theorem. This approa
h 
ould be even more



RECURRENCE, DIMENSIONS AND LYAPUNOV EXPONENTS 3advantageous in numeri
al and experimental investigations of dynam-i
al systems as we showed in [14℄; further theoreti
al developments inthis dire
tion appeared quite re
ently in [7℄ and [2℄.We will systemati
ally use the same letter and unders
ore (overs
ore)the names of pairs of fun
tions de�ned via a lim (lim). Be
ause of this
onvention we will only write the one of the de�nitions of su
h pairs offun
tions. 2. No small returnsIn this se
tion we provide sharp lower bounds for the �rst return time,for 
ylinders of measurable partitions. These estimates are essential to
ompute the speed of 
onvergen
e to the exponential law of the �rstreturn time. To prove this theorem we will use White's sharpening[18, 19℄ of a remarkable theorem by Brudno [5℄ whi
h links Kolmogorov
omplexity to entropy. We state this theorem and give a qui
k intro-du
tion to Kolmogorov 
omplexity in the appendix.Theorem 1. Let (T;X; �) be an ergodi
 measure preserving dynami
alsystem. If � is a �nite or 
ountable measurable partition with entropyh�(T j�) stri
tly positive and �xn is the 
ylinder of length n 
ontainingx, then the lower rate of return for 
ylinders is almost surely bigger orequal to 1, i.e. R�(x) := limn!1 1n�(�xn) � 1for �-a.e. x 2 X.Remark: It is an easy exer
ise to show that if additionally (T;X)satis�es the spe
i�
ation property [12℄ thenR�(x) � 1for �-a.e. x 2 X and thusR�(x) := limn!1 1n�(�xn) = 1for �-a.e. x 2 X. Afraimovi
h et. al. have shown that there are spe
i�
examples of zero entropy maps for whi
h the 
on
lusion of Theorem 1is not true [2℄.Proof. It is suÆ
ient to prove the theorem for �nite partitions, the 
aseof 
ountable � will follow easily. More pre
isely, if � = fB1; B2; : : : gis a 
ountable partition, then for some m < 1 the partition �̂ =



4 B. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTIfB1; B2; : : : ; Bm;[l>mBlg will have positive entropy. In addition, � is�ner than �̂, hen
e �(�xn) � �(�̂xn).Thus we assume that � is �nite. We 
laim that a 
ylinder �xn is 
om-pletely determined by its �rst � := �(�xn) symbols. To see this supposethat �xn = [x0; : : : ; xn�1℄ and that y 2 �xn satis�es T �y 2 �xn. Let j bethe integer de�ned by j� < n � (j + 1)�: Sin
e T �y 2 �xn we havexi� ; : : : ; x(i+1)��1 = x0; : : : ; x��1 for i = 0; 1; : : : ; j; proving the 
laim.We will use the notion of Kolmogorov 
omplexity to prove the theorem.All the notations used here are de�ned in the appendix, more details
an be found in the referen
es [5, 18℄. Let N = #� and let K(w) bethe Kolmogorov 
omplexity of a �nite word w with entries from thealphabet f0; 1; : : : ; N � 1g. The partition � gives rise to the symboli
spa
e �� and a map ' : X ! �� whi
h is a semi
onjuga
y �' = 'T:Let �xn be the word 
onsisting of the �rst n{symbols of the sequen
e'(x). We use the notation K�(�xn) for the 
omplexity of �xn and de�neK�(x; T ) = limn!0 1nK(�xn).Sin
e �xn is determined by its �rst � symbols the 
omplexity of thesequen
e �xn is bounded by the 
omplexity of de�ning the �rst � symbolsplus the 
omplexity of repeating these symbols up to the size n of the
ylinder. In other wordsK�(�xn) � K�(�x�(�xn)) + logn:From whi
h followsK�(x; T ) � limn!1[K�(�x�(�xn)) + logn℄=n= limn!1 K�(�x�(�xn))�(�xn) � �(�xn)n� K�(x; T )R�(x):White's improvement of Brudno's theorem [18, 5℄ gives for �-a.e. x 2 XK�(x; T ) = K�(x; T ) = h�(T j�) > 0;hen
e R�(x) � 1.After we dis
overed this proof of Theorem 1 Saussol gave an alter-nate proof using the Shannon M
Millan Breiman theorem instead ofBrudno's result [2℄.



RECURRENCE, DIMENSIONS AND LYAPUNOV EXPONENTS 53. Dimension and Lyapunov exponent via return times3.1. Preliminaries. We 
an apply the results of the previous se
tionto a very general 
ase of one-dimensional pie
ewise monotoni
 maps.For a fun
tion f : [0; 1℄ ! R and p > 0 we de�ne the p{variation of fby varp(f) := sup(N�1Xi=1 jf(xi+1)� f(xi)jp) ;where the supremum is taken along all �nite ordered sequen
es of points0 � x1 < x2 < � � � < xN � 1 and integers N .Throughout this se
tion T : [0; 1℄ ! [0; 1℄ is a pie
ewise monotoni
transformation whi
h preserves the ergodi
 invariant measure �, andZ denotes the �nite �-partition (i.e. partition modulo �) of the intervalinto monotoni
 pie
es. We say that a measurable fun
tion T 0 : [0; 1℄!R is a derivative of T ifZ baT 0(x) dx = T (b)� T (a)for any interval [a; b℄ 
ontained in some element of Z. We then denotethe Lyapunov exponent of an invariant measure � by�� = Z log jT 0jd�:Let ' = log jT 0j and set Sn' = Pn�1i=0 ' Æ T i. Given a �-partition Ywe denote by Yn = _n�1i=0 T�iY its re�nement and we denote by Y xn theunique element of Yn 
ontaining x. Noti
e that su
h an element existsand is unique for �-a.e. x.3.2. Balls and 
ylinder sets. In this se
tion we slightly adapt theresults by Hofbauer and Raith [10℄ (see also [8℄) in order to get a good
omparison between balls and 
ylinders. We denote by jJ j the lengthof an interval J � [0; 1℄.Proposition 3.1 ([10℄). Let T be a pie
ewise monotoni
 transforma-tion with a derivative of bounded p-variation for some p > 0. Let � bean ergodi
 T -invariant measure with Lyapunov exponent �� > 0. Thenfor any " > 0 we havea) there exists a �nite or 
ountable �-partition Y with �nite entropyinto intervals whi
h re�nes Z;b) the partition Y is a generator, in parti
ular h�(T;Y) = h�(T );



6 B. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTI
) for any n and x we have����Sn'(x)� log 1jY xn j ZY xn exp(Sn'(y))dy���� � n";d) for �-almost every x we havelimn!1 1n log d(T nx; �T nY xn ) = 0:We 
an use this proposition and the te
hnique des
ribed in [8, 10℄ toprove the followingLemma 1. Let Y be the partition given by Proposition 3.1. For �-a.e.x the set of a

umulation points of the sequen
e � 1n log jY xn j lies in theinterval [�� � "; �� + "℄.Proof. We have jT nY xn j = RY xn exp(Sn'(y))dy, hen
e Proposition 3.1.
gives jSn'(x)� log jT nY xn j+ log jY xn jj � n": (4)Sin
e d(T nx; �T nY xn ) � jT nY xn j � 1 Proposition 3.1.d also implies thatlimn!1 1n log jT nY xn j = 0 for �-a.e. x. Furthermore the Birkho� er-godi
 theorem gives that limn 1nSn' = �� for �-a.e. x, thus using (4)we get the result.Lemma 2. Let Y be the partition given by Proposition 3.1. For �-a.e.x the set of a

umulation points of the sequen
e � 1n log d(x; �Y xn ) liesin the interval [�� � 2"; �� + 2"℄.Proof. By the mean value theorem we haved(x; �Y xn ) infY xn j(T n)0j � d(T nx; �T nY xn ) � d(x; �Y xn ) supY xn j(T n)0j:Sin
e the logarithm is in
reasing this impliesinfY xn log j(T n)0j � log d(T nx; �T nY xn )d(x; �Y xn ) � supY xn log j(T n)0jUsing (4) this yields����log d(x; �Y xn )d(T nx; �T nY xn ) + Sn'(x)���� � 2 supy2Yxn j'(y)� '(x)j� 2n"; (5)by Proposition 3.1.
. In addition, by the Birkho� ergodi
 theorem wehave limn!1 1nSn'(x) = �� for � a.e. x. The 
on
lusion follows then



RECURRENCE, DIMENSIONS AND LYAPUNOV EXPONENTS 7from Proposition 3.1.d and inequality 5.3.3. A lower bound for the Lyapunov exponent. We are nowready to state and prove the following result.Theorem 2. Let T be a pie
ewise monotoni
 transformation with aderivative of bounded p-variation for some p > 0. If � is an ergodi
T -invariant measure with non-zero entropy, then�� � �limr!0 �(Br(x))� log r ��1 (6)for �-almost every x.Remark: 1) Noti
e that ea
h C1+" pie
ewise monotoni
 map with�nitely many pie
es has a derivative of bounded p-variation, for p �1=", hen
e C1+" multimodal maps with non-zero entropy satis�es hy-potheses of Theorem 2.Proof. By Ruelle's inequality, the assumption that the entropy ispositive implies that the Lyapunov exponent is positive as well [9℄. Let" > 0 and Y be the partition given by Proposition 3.1.Let x 2 [0; 1℄ be �xed. We set dn = d(x; �Y xn ) and Dn = jY xn j. Observethat sin
e Y is generating we have limnDn = 0, hen
e dn 
onvergesmonotoni
ally to zero. Thus given r > 0 we 
an de�ne n(r) to be thesmallest integer n su
h that dn+1 < r � dn. Note that we have Br(x) �Y xn(r), whi
h implies that �(Br(x)) � �(Y xn(r)). Sin
e r � dn(r)+1 andn(r)!1 as r ! 0 we getlimr!0 �(Br(x))� log r � limr!0 �(Y xn(r))n(r) � 1� 1n(r) log dn(r)+1!� � limn!1 �(Y xn )n �� � limn!1� 1n log dn��1 :Sin
e h�(T;Y) = h�(T ) > 0 by Proposition 3.1.b we 
an apply Theo-rem 1, hen
e there exists a setX1" of full �-measure su
h that limn!1 �(Y xn )n �1 for any x 2 X1" . By Lemma 2 there exists a set of full �-measure X2"su
h that limn!1� 1n log dn � �� + 2" for any x 2 X2" . Thus for anyx 2 X1" \X2" we get limr!0 �(Br(x))� log r � 1�� + 2":



8 B. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTIWe 
on
lude that the inequality (6) holds on the set of full measure\i�1(X11=i \X21=i). This proves the theorem.In the 
ase of Markov expanding maps we get a stronger resultCorollary 1. Under the hypotheses of Theorem 2, if in addition T ispie
ewise expanding Markov thenlimr!0 �(Br(x))� log r = 1�� :Proof. Without loss of generality we assume that T is topologi
allymixing. We only sket
h the proof. If Z is a Markov partition for Tthen it is easy to see that for any " > 0 the partition Y = Zp = _p�1i=0Zwill have all the properties mentioned in Proposition 3.1, provided p is
hosen suÆ
iently large. Furthermore, Zp is still a Markov partition,hen
e it has the spe
i�
ation property. Taking into a

ount Remark 2,and pro
eeding as in the se
ond part of the proof of Theorem 3 yieldsto the 
on
lusion.3.4. Dimension via return time. Give a map T : X ! X on themetri
 spa
e (X; d) we de�ne the �rst return of a point x 2 X into itsr-ball Br(x) by�r(x) := min�k > 0 : T kx 2 Br(x)	 = min�k > 0 : d(T kx; x) < r	Given a measurable �-partition Y we denote byRn(x;Y) = inffk > 0 : T kx 2 Y xn gthe repetition time of the �rst n symbols of x. Ornstein and Weisshave proven [15℄ that, whenever Y is a �nite measurable �-partition wehave limn!1 logRn(x;Y)n = h�(T;Y); (7)for �-almost every x. See also [13, 17℄ for the generalization to the 
aseof a 
ountable partition Y. This result will be essential to prove thefollowing.Theorem 3. Let T be a pie
ewise monotoni
 transformation with aderivative of bounded p-variation for some p > 0. If � is an ergodi
T -invariant measure with non-zero entropy, thend�(x) = limr!0 log �r(x)� log r (8)



RECURRENCE, DIMENSIONS AND LYAPUNOV EXPONENTS 9for �-almost every x.Proof. By Ruelle's inequality, the assumption that the entropy ispositive implies that the Lyapunov exponent is positive as well [9℄. Let" 2 (0; ��) and Y be the partition given by Proposition 3.1.We pro
eed as in the proof of Theorem 2, and keep the same notations.Observe that for any x and r > 0 we have Br(x) � Y xn(r), from whi
hfollows �r(x) � Rn(r)(x;Y). Thuslimr!0 log �r(x)� log r � limr!0 logRn(r)(x;Y)n(r) � 1� 1n(r) log dn(r)+1!� � limn!1 logRn(x;Y)n �� � limn!1� 1n log dn��1 :Sin
e h�(T;Y) = h� > 0 by Proposition 3.1.b we 
an apply the 
ount-able alphabet version of Ornstein and Weiss return times theorem[15, 13, 17℄, hen
e there exists a set X1" of full �-measure su
h that(7) holds for any x 2 X1" . By Lemma 2 there exists a set of full �-measure X2" su
h that limn!1� 1n log dn � �� + 2" for any x 2 X2" .Thus for any x 2 X1"i \X2"i we getlimr!0 log �r(x)� log r � h��� + 2": (9)Next we want to �nd an upper bound for the lim of the same quantity.If m(r) denotes the smallest integer m su
h that Dm < r � Dm�1, thenwe have Br(x) � Y xm(r). Thuslimr!0 log �r(x)� log r � limr!0 logRm(r)(x;Y)m(r) � 1� 1m(r) logDm(r)�1!� � limm!1 logRm(x;Y)m �� � limm!1� 1m logDm��1 :By Lemma 1 there exists a set of full �-measure X3" su
h that for anyx 2 X3" we have limm!1� 1m logDm � �� � ". This together with (7)implies that for any x 2 X1" \X3" we havelimr!0 log �r(x)� log r � h��� � ": (10)In addition, Hofbauer [8℄ has shown in this setting thatd�(x) = h��� ;



10 B. SAUSSOL, S. TROUBETZKOY, AND S. VAIENTIhen
e we 
on
lude by (9) and (10) that the equality (8) holds on theset of full measure \i�1(X11=i \X21=i \X31=i). This �nishes the proof.4. Appendix: Kolmogorov 
omplexity and Brudno'stheoremThe idea of Kolmogorov 
omplexity is that a �nite 0{1 word is onlyas 
ompli
ated as the algorithm that produ
es it.1 To run an algo-rithm we need to �x a 
omputer (with in�nite storage 
apa
ity). TheKolmogorov 
omplexity KM(x) of a word x with respe
t to a �xed
omputer M is the length of the shortest algorithm whi
h outputs xgiven the length of x as an input. Kolmogorov proved that there existuniversal 
omputers U su
h thatKU(x) � KM(x) + C (11)where C is a 
onstant depending only on U and M: Here the worduniversal is used to indi
ate that U 
an simulate any other 
omputerM .More formally, a 
omputer M is a Turing ma
hine while an algorithmwhi
h produ
es a �nite 0{1 string s is a 0{1 string p su
h thatM(p) = s.If there is no p with M(p) = s we say that the length l(p) of thealgorithm is not de�ned while if there is more than one su
h p we
hoose the �rst in the lexi
ographi
al order.If p is a �nite word of length n then we denote by p̂ the stringp(0)p(0)p(1)p(1) � � �p(n� 1)p(n� 1)01:If we input the 
on
atenated word p̂q into a suitably programmed Tur-ing ma
hine it will re
ognize two distin
t inputs: p and q. Also, ifn 2 N let [n℄ be the n binary string in the lexi
ographi
al order givenby 0; 1; 00; 01; 10; 11; 000; : : :i.e. [3℄ = 00. Noti
e that l([n℄) � log2 n:There are 
ountably many Turing ma
hines, whi
h may be 
omputableenumerated as A1; A2; : : : . We say that a Turing ma
hine is universalif, for anym and any �nite word p : U( ^[m℄p) = Am(p). Thus a universalTuring ma
hine simulates any given ma
hine on any given input.1The generalization to arbitrary �nite alphabets is straightforward.



RECURRENCE, DIMENSIONS AND LYAPUNOV EXPONENTS 11For x an in�nite 0{1 sequen
e one de�nes the average 
omplexity bylooking at the �rst n{bits x(n) and de�ningK(x) := limn!1 KU(x(n))n :Note that by equation (11) the average 
omplexity does not dependwhi
h universal 
omputer U is 
hosen. The fun
tion K(x) is de�nedin an analogous way with the lim repla
ed by a lim.Brudno's theorem shows the linkage between 
omplexity and entropy.Suppose that � is an ergodi
 invariant measure for the map f and � isa �nite measurable partition. The partition � gives rise to the symboli
spa
e �� and a map ' : X ! �� whi
h is a semi
onjuga
y �' = 'T:Let �xn be the word 
onsisting of the �rst n{symbols of the sequen
e'(x) and de�ne K�(x; T ) = K((�xn)n). Brudno has shown:Theorem 4. (Brudno [5℄) K�(x) = h�(f j�) for �{almost every pointxWhite has improved this theorem, he has shown:Theorem 5. (White [18, 19℄) K�(x) = K�(x) = h�(f j�) for �{a.e. x. Referen
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