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ABSTRACT

We give sufficient conditions for a finite permutation group to contain a fixed-point-free permutation
of/>-power order for a given prime p.

Introduction

It is a well-known fact that a finite transitive permutation group of degree at least
two contains a fixed-point-free element. Using the Classification Theorem of finite
simple groups, Fein, Kantor and Schacher [3] showed that this element can be taken
to have prime-power order; they also gave an interesting application of this fact in
number theory. However, the problem of finding sufficient conditions for a transitive
permutation group G to have a fixed-point-free /̂ -element for a given prime number
p is still almost untouched. Of course, if G has such a p-element, then p divides the
degree of G, but the converse is not true (see examples in [2]). Cameron, Frankl and
Kantor [2] have formulated the conjecture that if in some sense the />-part dominates
in the degree of the group G, then G contains a fixed-point-free /j-element. More
precisely, if we define the set s#v = {n e N: there is a transitive permutation group of
degree n containing no fixed-point-free /^-element}, then they conjecture that there
exists a function mv such that if n = pa-b with pXb and a ̂  mp(b), then n$s$v.

It is easy to see that if n = pa • b with b < p, then n $ jrfp. It was also established in
[2] that 2a-3£j^ for all a ̂  2. (There is a nice example in [3] which illustrates that
p(p+ l)estfp for any prime p.)

The results of the present paper are summarised in Theorems 1 and 2.

THEOREM 1. Letp be a prime number and a ^ 2. Then every transitive permutation
group of degree pa(p+\) contains a fixed-point-free p-element, that is, pa-(p+\)$ $4V.

THEOREM 2. Let p be an odd prime number and a ^ 1. Ifp + 1 < b < §(/> +1), then
every transitive permutation group of degree pab contains a fixed-point-free p-element,
that is,pa-bistfv.
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Proof of Theorem 1

We need the following elementary fact.

LEMMA 1.1. Let H < G be arbitrary groups with H central in G and \G:H\ = p2

(p a prime number). Then the commutator subgroup of G is cyclic.

Proof. Clearly H is normal in G and G/H is abelian, so G' < H ^ Z(G). If G
is abelian, then there is nothing to prove; otherwise, we have G/H ^ Zp x Zp, and
for suitable elements x and y in G, every element of G can be written in the form
*y/i with 0 ^i,j ^p — \, heH. Using the general identities [ab, c] = [a, c]b [b, c]
and [a,bc] = [a,c][a,b]c, we have [xiyJhl,x

kylh2] = [x,y)il[y,x]ilc = [x,y}il-}lc. Hence
G' = <[xty]>.

The next lemma plays an important role throughout. It can be verified by an
elementary counting argument.

LEMMA 1.2. Let P be a finite p-group, and let Mv M2,..., Mp+1 be maximal
subgroups in P. If P = (Jf-Y Mt, then \P: f|?_Y Mt\ = p2 and Mt * MJor i #y.

LEMMA 1.3. Let Hx, i / 2 , . . . , Hp+1 be subgroups of index at least p2 in the finite p-
group P. ThenP\\J{H*\l ^ i ^p+ 1, xeP} * 0.

Proof. By way of contradiction, suppose that the conjugacy classes of the
subgroups HltH2,...,Hp+1 cover the whole group P. Let Kt and Mt(1 ^ / ^ p +1) be
subgroups of P with Ht^ K{< Mt, \P:Kt\ = p2, \P:Mt\ = p. Then, obviously,

holds. Applying Lemma 1.2, we obtain that Mv M2,..., Mp+1 are distinct and iV =
P|f_YM( is a normal subgroup of index p2 in P. For / ^j and xeP, M^K* ^
Mt(] M} = N, thus M{ is covered by the conjugates of Kt together with N. This means
that Kt is not normal in P (that is, it has p conjugates), and again by Lemma 1.2, Nt =
Nn C\zePKi h a s index/?2 in Mt for all / = \,2,...,p+ 1. Now N= (Jf-Y^o a s f o r

any 1 ^ i ^ p + 1 and xe P, we have N ft K* = Nv We can use Lemma 1.2 once again:
R = Plf.Y Â t has index p2 in JV. AS an intersection of normal subgroups, R is normal
in P, and in the factor group P/R the normal subgroups NJR (1 ^ / ^p+ 1) have
order/J, so each of them is central. It follows that N/R is a central subgroup of index
p2 in /7.K. By Lemma 1.1, the commutator subgroup (P/R)' = P'R/R is cyclic and
is contained in N/R. Since iV is the union of NvN2,...,Np+1, for suitable / we have
P'R/R ^ NJR, which means P' ^Nt^Kt. We know that Kt is not normal, but this
contradicts the fact that a subgroup containing the commutator subgroup is
necessarily normal.

Proof of Theorem 1. It was first shown by G. A. Miller [4] that if G is a transitive
permutation group of degree n and pk \ n, then pk also divides the size of the orbits of
any Sylow /7-subgroup of G. It follows that if G is any transitive permutation group
of degree pa • (p +1) with a ^ 2 and P is a Sylow /7-subgroup of G, then P has at most
p+\ orbits with each of size at least pa. Applying Lemma 1.3, the union of the point-
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stabilisers in P cannot be equal to P, hence G has a fixed-point-free permutation of
/?-power order.

Proof of Theorem 2

From now on we restrict ourselves to odd prime numbers. As we have seen above,
the proof of Theorem 1 is based on the fact that if a finite /?-group is covered by p + 1
of its maximal subgroups, then certain conditions necessarily hold. The situation is
similar when a finite/7-group is covered by less than \\p + 1) of its maximal subgroups.
The relevant result (Lemma 2.2 below) is a consequence of a combinatorial theorem.

THEOREM 2.1 (A. Blockhuis [1]). If S is a non-trivial blocking set of the projective
plane over GF(p) (that is, if S intersects every line of the plane but does not contain a
line), then the cardinality of S is at least \(p+ 1).

LEMMA 2.2. IfP is a finite p-group, k < \(p + 1) a positive integer, andMx, M2,...,
Mk maximal subgroups in Pfor which Uf-i^t = P> tnen we can choosep+\ out of
these k subgroups such that their union also equals P.

Proof. Let us first notice that since every maximal subgroup of P contains the
Frattini subgroup <&(G), we can replace P with its factor group G/<X>(G), that is, we
may assume that P is a vector space over G¥{p). Now we use induction on the
dimension of P. If dim P = 2, then there is nothing to prove, for in this case the
number of maximal subspaces in P is p+ 1. In the case dimP = 3, apply the dual
statement of Theorem 2.1 for the projective plane determined by P. Since k < \(p +1),
there arep + 1 subgroups among Mlt...,Mk such that they correspond top + 1 lines
of the projective plane through a common point. These lines then cover the whole
plane, that is, these p+ 1 subgroups cover P. Now let d > 3, dimP = d, and suppose
that the statement is true for all vector spaces (over GF(p)) with dimension less than
d. Since the number of maximal subspaces in P, pd~l +pd~2 + ...+p+ 1, is greater than
k, there exists a maximal subspace V in P such that V ̂  M( for all 1 < / < fc. Then
V () Mt (1 ^ / < k) are maximal subspaces in V and

hence by the induction hypothesis we may assume that V - \Jf-i (V0 Mt). Now
Lemma 1.2 yields \V\ flf-Y^n Mt)\ =p2, therefore U = V(] (flf-Y^i) is a subspace
of codimension 3 in P. Let v be any vector in AUf-Y^e F o r K = < »̂»>» we have

V10M1=V1f]M2 = ...= V1(\Mp+1=U, ¥, = [](¥,[] Mt)= U ^ n M , ) .
i-i (-p+i

Since k—p is strictly less thanp+ 1, Vx ^ Mi necessarily holds for a suitable./. This
argument shows that P is also covered by those of the subgroups M1,M2,...,Mk

which contain U. However, the proposition holds for G/U as dim G/U = 3 ,
completing the proof.

Proof of Theorem 2. By way of contradiction, suppose that for some a ^ 1 and
/?+1 < b < |Q?+1), there exists a set Q of cardinality n=pa-b and a transitive
permutation group G acting on O, which does not contain a fixed-point-free p-
element. This means that none of the Sylow/?-subgroups of G contain fixed-point-free
permutations. Let us first notice that if Ga is an arbitrary stabiliser and SeSy\p(G),
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then S n GaeSy\v(Ga). Namely, by Miller's Lemma (see the proof of Theorem 1), any
orbit of S1 has size at least pa. We may assume that each of them has size exactly pa,
because in the other case the number of 5-orbits would be at most 1 + (pab —pa+1)/pa

= b—p+ 1 ̂ p, and it means that the stabilisers in S are contained in at most p
maximal subgroups, contradicting the assumption, according to which S is covered
by the stabilisers. Thus ISiSTl Ga\ = pa, and so

\r c n r i K ^ n G J |G:S|-|S:SnG,| \G:S\
\G.Ga\ \G.Ga\ b

and this is not divisible by p. Let ^ denote the set of subgroups of G containing an
intersection of a Sylow /^-subgroup and a point-stabiliser as a subgroup of index p{.
We shall prove the following two statements by induction on /:

(a) Q\Q.2e@i => Q\ a n d Q2 are conjugate in G;
(b) Qe% => \NG(Q):Q\ is not divisible hyp2.
From the above line of reasoning, it follows that 0{ = 0 for / > a, 0{ 0 0\ = 0 for

/ #>, and &a = Sylp(G), so (a) and (b) clearly hold for i ^ a.
Let QvQtefy, Q^G.OS,, Q2 = Gp(]S2, where OLJEQ and SltS2eSy\p(G).

Since G is transitive, there is a geG such that Ga = G9
p. Then Q\ = Ga ft S

B
2 is also a

Sylow /^-subgroup in Ga, hence for suitable heGa we have Qf = gx.
Next we show that for Qe%, p2 does not divide \NG(Q):Q\. If this were not true,

we could choose a Sylow /^-subgroup S containing Q with \NS(Q):Q\ ^ p 2 . Let Qx,
Q2 , . . . , Qb denote the orbits of S on Q, and for each 1 ^ t ^ b let Qt be the stabiliser
in S of a point belonging to Qt. Without loss of generality, we may make the
assumption that Q = Qv Since S has no fixed-point-free element, the conjugates of
6 n Qv ••••>Qb (by elements in 5) cover the whole of S, so there should be at least p + 1
distinct subgroups in the set {Qlt Q2,.., Qb}. Q has at least p2 fixed points in Ql as
\Ns(Q) '• Q\ ^ P*> therefore Q2 must also have at least p2 fixed points in Q, (for they are
conjugate in G). Now if \NS(Q2): Q2\ = p, then Q2 cannot have more than p fixed
points in each £lp so it has fixed points in at least p distinct 5-orbits. Hence we
may assume Q2 = Q3 = ... = Qp+1, contrary to the above observation that there
are at least p+\ distinct ones among the subgroups QvQi>--->Qb- T^"S we have
proved that \NS(Q2):Q2\^ p2, and similarly \Ns(Qt): Qt\ ^ p2 holds for all t^b.
Therefore, for any t, Qt has at most \S:Qt\/p

2 distinct conjugates in S, hence the
union of all the conjugates of the subgroups Qlt Q2,.,Qb in S contains at most
b'\Q\-\S:Q\/p2 = b-\S\/p2 elements. This contradiction shows that (b) holds for
/ = 0.

Let us now turn to the proof of the induction step. Let 1 ^ y < a be a positive
integer, and suppose that (a) and (b) are true for all i ^j-\. For any Qv Q2e0j, there
exist (23, e 4 6 ^ _ ! such that Qz < Q1 and 0 4 < Q2. Using (a) for / = y - 1 , Ql = Q3 for
a suitable geG. Now Q3 is a subgroup of index p in both Q\ and Qx, thus taking (b)
for / =j— 1 into consideration, Q\ and Qx are Sylow/7-subgroups in NG(Q3). Hence
there exists an element h 6 NG(Q3) such that Qf = Qv Thus assertion (a) is verified for

The proof of (b) is like that in the case / = 0. We may make the assumption j ^
a —2, because the casey = a—1 is trivial. Suppose that \NG(Q):Q\ is divisible by p2

for some Q in 0>r Then there is a Sylow /^-subgroup S in G containing Q with
WS(Q) • Q\ > p2- Let Ql5 fi2,..., Qb denote the orbits of S on Q, for t = 1,2,..., b,
let Rt be the stabiliser in S of a point belonging to Qt, and let Qt be the subgroup
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of S containing Rt as a subgroup of index p1. (We remark that Qt is unique, for
if Qt,Q{>S, \Qt\Rt\ = \Q't:Rt\=it and Qt # Q't, then T=Qtf)Q'te% for some
/ <j\ T< NS(T) f]Qt, T< NS(T) f] Q't, so it follows that \NS(T):T\ > p, hence p2

divides \NG(T):T\, contradicting the induction hypothesis.) Without loss of
generality, we may also make the assumption that Q = Qv

We show that the size of any orbit of the subgroup Qt is at least p}, and if Qt has
an orbit of size p> in O,, then for a suitable a e Q , we have Ga n S ^ Qt. Namely, for
<XEQ, the size of the g r orbi t containing a is equal to

ICI = p , ^ i ^
\Qt n Ga\ * \Qt n G « r ' '

and equality holds if and only if S D Ga ^ Qt. Observe that Qt cannot have more than
one conjugate in S with the property that its orbit containing a fixed a e Q , has size
pi1. For if Qp and Q\2 (sx, s2 e S) are such conjugates, then Q\^ and Qs

t* would both
contain S 0 Ga as a subgroup of index p*, and we noticed above that this implies
Qt1 = QtK On the other hand, since S is transitive on Qt, for each aeQt there is a
conjugate of Qt in 5 with the property that its orbit containing a has size p1. So if we
denote by r the number of g rorbi ts on Q, of size p1, then

\S:Ns(Qt)\-r-p> = \Ql\,

in,l lfi«l-l̂

It follows from the assumption \NS(Q) :Q\ ^ p2 that Q has at least p2 orbits of
size /^ on Q,. Hence Q2 (as a conjugate of Q) has also at least p2 orbits of size p1

on Q. Now if \NS(Q2): Q2| = /?, then using the result of the previous paragraph, it
follows that Q2 has orbits of size p1 on at least p members of the set {Q15 Q2, . . . , Qb},
and in this case we may assume that Q2 = Q3 = ... = Qp+V Now the conjugates of
QvQi,••,Qb (by elements in S) cannot cover the subgroup S, hence neither do
the conjugates of RltR2,...,Rb. This contradiction indicates that \NS(Q2):Q2\ >p2

necessarily holds, and similarly we have \Ns(Qt): Qt\ ^ p2 for all positive integers
t ^ b. Now for any t, Qt has at most |5": Qt\/p

2 different conjugates in S, therefore the
union of the conjugates of the subgroups Qlt Q2,..,Qb (by elements in S) contains
at most b-\Q\-\S:Q\/p2 = b-\S\/p2 elements. From this, it follows again that the
conjugates of RvR2,...,Rb by elements in S cannot cover the whole of S. This
contradiction shows that the assumption p2 \ \NG(Q): Q\ was false.

Thus assertions (a) and (b) are verified for all i ̂  0.
From now on let S be a fixed Sylow /^-subgroup in G, and let Qx, Q2,..., Q6 be the

orbits of S on O. For any 1 ̂  t ^ b, let Rt denote the stabiliser in S of a point in Qt

and Mt the maximal subgroup of S containing Rt. (We know that Mt is unique.)
Obviously, Mt contains 5^, the stabiliser of ft in S for all fie£lt (because it is conjugate
to Rt in S). Since S has no fixed-point-free elements, it follows that S= (J?-i^<-
Applying Lemma 2.2, we may assume that S= \JfllMt, and by Lemma 1.2, N =
flf-i Mt is a (normal) subgroup of index p2 in S.

Next we show that the subgroups Mlt M2,..., Mb are distinct. They are certainly
conjugate to each other in G (as elements in ^ _ 1 ) . Since S = \JfllMt, MVM2,...,
Mp+l are distinct. Since the cardinality of the set {Mp+2,..., Mb) is less than p + 1 , we
may assume that Mx ^ Mj for ally ^ 2. From this it follows that O2, Cl3..., Clb do not
split into smaller orbits under the action of Mx, so there are only p Afrorbits of size
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pa~l. Now this property also holds for M2,M3, ...,Mb (for they are conjugate to Mx

in G), and thus Mt ^ Mi for i^j. It is a trivial consequence that none of the
subgroups Mp+2,..., M6 contains Af.

Let s be an arbitrary element in NG(S). Then ^ permutes the subgroups M1,M2,
...,Mb (by conjugation) because they are the only maximal subgroups of S containing
at least one of its point-stabilisers. The sets {MltM2,...,Mv+1} and {M[,M\,...,
Mp+1} intersect in more than one element, therefore Ns = TV, so the conjugation by
elements in NG(S) leaves the set {M15M2,...,Mp+1} invariant. We shall complete our
proof by showing that, on the other hand, NG(S) acts transitively on the set {Mx, M2,...,
Mb). To see this, let 1 ̂  / <j ^ b and geG such that M\ = M}. Since both S and S9

contain M} as a maximal subgroup, they are Sylow/j-subgroups in NG(M}). Thus we
have S9tl = S for a suitable heNG{M^), and gh moves Mt into M}. This final
contradiction completes the proof of Theorem 2.
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