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tThe paper 
onsiders s
heduling models with pre
eden
e 
onstraints underthe group availability 
ondition. The main result is an extension of the te
h-niques developed for the problems under job availability to those under groupavailability.A number of s
heduling problemsmay be formulated as problems of optimal sequen
ingunder pre
eden
e 
onstraints [1, 2, 3℄. Priority-generating fun
tions introdu
ed at theend of 70th and the te
hnique of their minimization under pre
eden
e 
onstraints (see[3℄ for review) allowed us to understand the nature of algorithms developed earlier forvarious known sequen
ing problems (see [4, 5, 6, 7, 8, 9℄) and to solve several newproblems. The 
on
ept of a priority-generating fun
tion was introdu
ed by Shafransky[10, 11℄. Similar 
on
epts were introdu
ed and published some later by Burdyuk andReva [12, 13℄ and Monma and Sidney [14℄. An algorithm for minimizing an arbitrarypriority-generating fun
tion over a set of permutations under series-parallel pre
eden
e
onstraints was proposed by Gordon and Shafransky [11, 15℄; similar approa
h wasproposed by Monma and Sidney [14℄. A number of papers were devoted to a te
hniquefor minimizing priority-generating fun
tions under arbitrary pre
eden
e 
onstraints[16, 17, 18, 19, 20℄. Note that for arbitrary pre
eden
e 
onstraints the problem is NP-hard in the strong sense. The developed te
hnique was later extended for solving multi-
riteria sequen
ing problems under both pre
eden
e and group te
hnology 
onstraints[21℄.In the latter paper, a s
heduling model with job availability is 
onsidered, i.e., the modelin whi
h ea
h job is available for further pro
essing immediately after its pro
essing onsome ma
hine is �nished. On the other hand, models with group availability are wide-spread, in whi
h jobs of the same group (or bat
h) may leave the pro
essing ma
hineonly together after the pro
essing of the last job of the group is �nished.The paper 
onsiders group availability models with pre
eden
e 
onstraints. To extendthe te
hniques developed for job availability models for solving problems under groupavailability, we need to show that under these new 
onditions the obje
tive fun
tion ofa problem is still priority-generating.Now we pro
eed with the main problem formulation.Let Pn be the set of all permutations of elements of �nite set N = f1; 2; : : : ; ng andN is partitioned into q subsets (groups): N = N1 [ N2 [ : : : [ Nq, Nl \ Nk = ; for1



l 6= k. There is a pre
eden
e relation k! de�ned for ea
h subset Nk and representedby an a
y
li
 graph Gk = (Nk; Uk). There is also a pre
eden
e relation 0! de�ned overset N0 = fN1; N2; : : : ; Nqg and represented by an a
y
li
 graph G0 = (N0; U0).Permutation � = (i1; i2; : : : ; in), i� 2 N , � = 1; 2; : : : ; n, is 
alled feasible if the following
onditions hold:(a) for any k 2 f1; 2; : : : ; qg 
onditions i� ; i� 2 Nk and � < � imply ij 2 Nk for every� < j < � (i.e., elements from the same group should be situated 
ontiguously in everyfeasible permutation);(b) for any k 2 f1; 2; : : : ; qg 
onditions i�; i� 2 Nk and i� k! i� imply � < � (i.e., amutual disposition of elements of any group k should not 
ontradi
t to the relationk!);(
) for any k; l 2 f1; 2; : : : ; qg, k 6= l, 
onditions i� 2 Nk, i� 2 Nl and Nk 0! Nl imply� < � (i.e., a mutual disposition of elements from di�erent groups should not 
ontradi
tto the relation 0!).Denote a set of all feasible permutations by Pn(G0; G1; : : : ; Gq). Let fun
tion F (�)be de�ned over su
h a set P 0 that Pn(G0; G1; : : : ; Gq) � P 0. Consider the followingsequen
ing problem.For a fun
tion F (�) de�ned over a set P 0 it is ne
essary to �nd su
h a permutation ��that �� 2 Pn(G0; G1; : : : ; Gq)and F (��) = minfF (�)j� 2 Pn(G0; G1; : : : ; Gq)g:Permutation �� is 
alled optimal.The elements of set N are asso
iated with jobs, and a feasible permutation � representsa feasible s
hedule. Thus, the problem is to �nd a feasible s
hedule that minimizes agiven obje
tive fun
tion under the 
ondition that the 
ompletion time of a job is the
ompletion time of a group the job belongs to.Now we give the notion of a priority-generating fun
tion.Let P̂ be the set of all permutations �r = (i1; i2; : : : ; ir); r = 0; 1; : : : ; n, of the elementsof a set N = f1; 2; : : : ; ng. Here r is the length of a permutation �r; f�0g = ; and f�gdenotes the set of all elements, whi
h the permutation � 
onsists of. For a permutationset P � P̂ we denote by S[P ℄ the set of all subpermutations or strings from P , i.e.,�0 2 S[P ℄ if and only if there exist �; � 2 P̂ su
h that (�; �0; �) 2 P .Given a fun
tion F (�) de�ned over a set P 0 � P̂ , suppose that there exists a fun
tion!(�) de�ned over set S[P ℄; P � P 0, and possessing the following property: for any�; � 2 S[P ℄ and any permutations �0 = (�; �; �; �) and �00 = (�; �; �; �) su
h that�0; �00 2 P , the inequality !(�) > !(�) implies F (�0) � F (�00) and the equality !(�) =!(�) implies F (�0) = F (�00). 2



In this 
ase we say that F (�) is a priority-generating fun
tion and !(�) is its priorityfun
tion.The main result of the paper is establishing the fa
t that most of the fun
tions thatare priority-generating under job availability preserve this property under group avail-ability. The paper gives 
orresponding proofs and presents a priority fun
tion for ea
hspe
i�
 fun
tion to be minimized.Referen
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