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Abstract

The paper considers scheduling models with precedence constraints under
the group availability condition. The main result is an extension of the tech-
niques developed for the problems under job availability to those under group
availability.

A number of scheduling problems may be formulated as problems of optimal sequencing
under precedence constraints [1, 2, 3]. Priority-generating functions introduced at the
end of 70th and the technique of their minimization under precedence constraints (see
[3] for review) allowed us to understand the nature of algorithms developed earlier for
various known sequencing problems (see [4, 5, 6, 7, 8, 9]) and to solve several new
problems. The concept of a priority-generating function was introduced by Shafransky
[10, 11]. Similar concepts were introduced and published some later by Burdyuk and
Reva [12, 13] and Monma and Sidney [14]. An algorithm for minimizing an arbitrary
priority-generating function over a set of permutations under series-parallel precedence
constraints was proposed by Gordon and Shafransky [11, 15]; similar approach was
proposed by Monma and Sidney [14]. A number of papers were devoted to a technique
for minimizing priority-generating functions under arbitrary precedence constraints
[16, 17, 18, 19, 20]. Note that for arbitrary precedence constraints the problem is NP-
hard in the strong sense. The developed technique was later extended for solving multi-
criteria sequencing problems under both precedence and group technology constraints

21].

In the latter paper, a scheduling model with job availability is considered, i.e., the model
in which each job is available for further processing immediately after its processing on
some machine is finished. On the other hand, models with group availability are wide-
spread, in which jobs of the same group (or batch) may leave the processing machine
only together after the processing of the last job of the group is finished.

The paper considers group availability models with precedence constraints. To extend
the techniques developed for job availability models for solving problems under group
availability, we need to show that under these new conditions the objective function of
a problem is still priority-generating.

Now we proceed with the main problem formulation.

Let P, be the set of all permutations of elements of finite set N = {1,2,...,n} and
N is partitioned into g subsets (groups): N = Ny UN, U...UN,, NN N, = 0 for



[ # k. There is a precedence relation % defined for each subset Nj. and represented

by an acyclic graph Gy = (N, Uy). There is also a precedence relation 2 defined over
set No = {Ny1, N2, ..., N,} and represented by an acyclic graph Go = (Ng, Up).

Permutation m = (i1,42,...,0n), 0, € N, v =1,2,...,n, is called feasible if the following
conditions hold:

(a) for any k € {1,2,...,¢q} conditions 4,7, € Ny and v < u imply ¢; € Nj for every
v < j < (ie., elements from the same group should be situated contiguously in every
feasible permutation );

(b) for any k € {1,2,...,¢} conditions i,,i, € Ny and i, LA i, imply v < p (ie., a

mutual disposition of elements of any group k should not contradict to the relation
k

=);
(c) for any k,l € {1,2,...,q¢}, k # [, conditions i, € Ni, i, € N; and Ny 5N imply
v < p (i.e., a mutual disposition of elements from different groups should not contradict

to the relation £>)

Denote a set of all feasible permutations by P,(Gy,Gy,...,G,). Let function F(r)
be defined over such a set P’ that P,(Go,G1,...,G,) C P’. Consider the following

sequencing problem.

For a function F(m) defined over a set P’ it is necessary to find such a permutation 7*
that
7T* € Pn(Go,Gl, . .,Gq)

and

F(r*) = min{F(7)|r € P.(Go,G1,...,Gy)}.
Permutation 7 is called optimal.

The elements of set N are associated with jobs, and a feasible permutation 7 represents
a feasible schedule. Thus, the problem is to find a feasible schedule that minimizes a
given objective function under the condition that the completion time of a job is the
completion time of a group the job belongs to.

Now we give the notion of a priority-generating function.

Let P be the set of all permutations m, = (i1,1%2,...,%,), 7 = 0,1,...,n, of the elements
of aset N ={1,2,...,n}. Here r is the length of a permutation 7, {7} = 0 and {7}
denotes the set of all elements, which the permutation 7 consists of. For a permutation
set P C P we denote by S[P] the set of all subpermutations or strings from P, i.e.,
7' € S[P] if and only if there exist o, y € P such that (o,7',x) € P.

Given a function F(7) defined over a set P’ C ]5, suppose that there exists a function
w(m) defined over set S[P],P C P’, and possessing the following property: for any
o, € S[P] and any permutations 7’ = (o,a,3,x) and 7" = (0,5, a, x) such that
7', 1" € P, the inequality w(«a) > w(f) implies F(7') < F(7") and the equality w(«o) =
w(f) implies F(n') = F(x").



In this case we say that F'(7) is a priority-generating function and w(m) is its priority
function.

The main result of the paper is establishing the fact that most of the functions that
are priority-generating under job availability preserve this property under group avail-
ability. The paper gives corresponding proofs and presents a priority function for each
specific function to be minimized.
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