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Abstract

The asymptotic value, introduced by Kannai in 1966, is an asymptotic
approach to the notion of the Shapley value for games with infinitely many
players. A vector measure game is a game v where the worth v(S) of a
coalition S is a function f of u(S) where p is a vector measure. Special
classes of vector measure games are the weighted majority games and the
two-house weighted majority games where a two-house weighted majority
game is a game in which a coalition is winning if and only if it is winning in
two given weighted majority games. All weighted majority games have an
asymptotic value. However, not all two-house weighted majority games have
an asymptotic value. In this paper we prove that the existence of infinitely
many atoms with sufficient variety suffice for the existence of the asymptotic
value in a general class of nonsmooth vector measure games that includes in
particular two-house weighted majority games.
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1 Introduction

One of the basic solution concepts in cooperative game theory, the Shapley
value assigns a unique outcome to each finite transferable utility game. The
value of a game can be thought of as a sort of average or expected outcome,
or an a priori measure of power. It was introduced by Shapley [23] in 1953
as the unique function (from games to outcomes) satisfying some plausible
axioms (efficiency, linearity, symmetry, and the null player axiom).

1.1 Asymptotic Value

The Shapley value was initially defined for games with finitely many players.
It is most relevant to important game models in economics and political
science with many players where most of the players are “insignificant” on
their own, yet important as part of a coalition (e.g., shareholders of a large
public company, or a large electorate). In such games there may be, in
addition, a set of individually significant players. This suggests the need
to analyze the Shapley value of games with a large number of individually
“insignificant” players as well as a group of individually significant players.

There have been two strands in the literature pursuing this issue. One
analyzes the asymptotics of values of finite games (e.g., Shapiro and Shapley
[22], Shapley [24], [27]), while the other defines a value for limit games (e.g.,
Milnor and Shapley [12] and Aumann and Shapley [6]). The asymptotic
value, introduced in Kannai [11] in 1966, bridges these two approaches.

The asymptotic value of a limiting game v is defined whenever all the
sequences of the Shapley value of finite games that “approximate” v have
the same limit. It turns out that the existence of the asymptotic value is not
guaranteed and many authors have studied classes of games for which this
value exists (e.g., Kannai [11], Aumann and Shapley [6], Hart [10], Fogelman
and Quinzii [9], Dubey [8], Neyman [13]).

1.2 Vector Measure Games

A scalar measure game is a game in which the worth, v(S5), of a coalition S
is a function f of its scalar measure. In a variety of papers (e.g., the above-
mentioned studies) the existence results for the asymptotic value turn out to
be particular cases® of the more general result which states that all games that

!The other tools used in the existence results are self-duality and diagonality.



can be approximated (in the bounded variation norm) by linear combinations
of scalar measure games have an asymptotic value. In fact, these results
follow from the fact that all monotonic scalar measure games (and thus also
all scalar measure games of bounded variation) have an asymptotic value
[15].2

A vector measure game is a game v in which the worth v(.S) of a coalition
S is a function f of a vector of measures, ui(S),...,u,(S), namely v =
fol(ui,...,pu,). There are many games that arise in applications and have a
representation as vector measure games. Some important examples of such
games are coalitional market games of exchange economies with transferable
utilities, or market games for short, with finitely many types (see Aumann
and Shapley [6, Chapter VI]).® Market games with smooth utilities can be
approximated (in the bounded variation norm) by vector measure games
where, in addition, the function f is smooth (see Aumann and Shapley [6,
Chapter VI)).

Another example of games that are approximated by vector measure
games is models of economies where some economic activities need politi-
cal approval, as in Aumann and Kurz’s models of power and taxation [2], [3],
and the power and public goods models of Aumann, Kurz and Neyman [4],
[5]. In these models the function f is discontinuous, and in fact is a product
of two other functions: a {0, 1}-valued function h, and a smooth function g.
The worth gop(S) describes the maximal economic output that the coalition
S can produce without any political constraint. The game h o y describes
whether or not the coalition is approved to perform the economic activities
that yield g o u. In these models of power and taxes or power and public
goods the voting game h o i is a weighted majority voting game.

Many other voting systems can be viewed as more general {0, 1}-valued
vector measure games. Some examples are majority voting coupled with veto
power by some members (e.g., the UN Security Council), or parliaments
with two houses (e.g., UK or US Congress), or the method of voting by
count and account in some old Jewish communities (see Peleg [20]). The
common feature of these voting systems is that the finite vector of values
(h1op(S),..., hyou(S)), where h; o pu is a weighted majority game with a
voting measure that is a positive linear combination of the scalar measures

2“Continuity” of the game at () and at the grand coalition is assumed.
31.e., “markets with money” or “markets with side payments”; cf. Shapley and Shubik
[28], [29] and Shapley [27].



i, determines whether the coalition S is winning or not. Whenever such
political voting systems specify the economic activities that are permitted,
the resulting coalitional game v is defined by means of 2™ coalitional games
gp o u(S), D € {0,1}™, where v(S) = gp o u(S) if D = (hyou(S),...,hy,o
w(S)). For example, the value of D may specify constraints on the transfer
of commodities in an exchange economy, or limits of the technology and
raw materials in a production economy. In these cases, if the utilities, or
the production functions, are smooth, then (under classical constraints and
limitations) the function gp is smooth.

1.3 Asymptotic Values for Vector Measure Games

The existence of asymptotic value in vector measure games is the topic of
this research. A partial answer to the existence problem exists for the case
where f is a smooth function. In this case the game v = f o (uq,...,u,) can
be approximated (in the bounded variation norm) by a linear combination
of scalar measure games, and thus has an asymptotic value. However, when
f is not smooth this does not necessarily hold.

Two examples of vector measure games where the asymptotic value does
not exist are:

e The nonatomic three-handed glove market where 11, 2, pt3 are nonatomic
probability measures and f(x1, 22, x3) = min(zq, 22, z3) (see Aumann
and Shapley [6, Example 19.2]).

e Two-house weighted majority games where a coalition S is winning if it
meets the quotas ¢; = g2 # 1/2, in two distinct nonatomic probability
measures, namely, f(z1,22) = 1if 1 > ¢; and x5 > ¢o and pq, o are
two distinct nonatomic probability measures (see Neyman and Tauman

[19])-

Our main result provides sufficient conditions for the existence of an
asymptotic value in vector measure games. In particular it provides sufficient
conditions for the existence of an asymptotic value in two-house weighted
majority games. The essential assumption that leads to the existence of the
asymptotic values of nonsmooth vector measure games is the presence of
sufficiently many atoms.

In Section 2 we recall the classical terminology, definitions and notations,
and state the main results of the paper. Section 3 introduces the notion of
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a stochastic Poisson bridge and derives several properties of such bridges.
These properties are used throughout the proof of our main results. Section
4 provides additional background needed for the main proof. In Section 5 we
prove the main result for the particular, and known, case of a smooth vector
measure game. Section 6 is the essential part of the proof of the main result
for two-dimensional vector measure games, and Section 7 outlines the proof
of the main result for arbitrary vector measure games.

2 Model and Main Result

A coalitional game (v, I,C), or game for short, is a real-valued function v on
the o-field C (of coalitions) of a measurable space I, with v()) = 0. The
game v is finite whenever C is finite. In case II is a finite subfield of C the
game v naturally induces a finite game on II, denoted vy. A game v is
monotonic if v(S) > v(T) whenever S,T € C and S D T. The game v is
of bounded variation whenever it is the difference of two monotonic games,
and its bounded variation norm ||v|| is the supremum of Y7 [v(.S;) —v(S;_1|
where the supremum is over all finite increasing chains of coalition Sy C ... C
Sh.

Given a measure p on (I,C) we denote by A(u,C) (or A(p) for short) the
set of atoms of p. If the field C is finite we denote by A(C) the atoms of C.

2.1 The Shapley Value

The Shapley value of a finite game v is the measure on C given by

. Z PR U{a}) — U(PR)) for all a € A(C)

where n is the number of atoms of C, the sum runs over all n! orders R of
the players (atoms of C) and P is the union of all atoms preceding a in the
order R. Thus, ¢v(a) is the expected marginal contribution of a to a random
coalition P*. For any coalition C' € C, ¢v(C) =3, . ¢v(a).

An alternative formula for the Shapley value, in case C is finite, could
be given by means of a family {X, | a € A(C)} of i.i.d. random variables,
uniformly distributed on (0,1). The values of X,, a € A(C)}, induce, with
probability one, an order R over the atoms of C; a precedes b < X, < X,.



As {X, | a € A(C)} are i.i.d. and nonatomic, all orders are equally likely.
Thus

u(a) = Elo({b € AC) | X, < X,}) —v({b € AC) | X, < X} = (1)

/O E(w({be AC) | Xp <t} U{a}) —v({b e A(C) | X, <t} \ {a})) dt.

An elementary and useful property of the Shapley value is its weak con-
tractions: if (v, 1,C) and (u, I,C) are two finite games then 4 [¢v(a) —
Yula)| < [lv —ul].

2.2 The Asymptotic Value

Given a coalition, C' € C, a C'-admissible sequence is an increasing sequence
(II;, Iy, - -+ ) of finite fields such that C' € II; and J;°, II; generates C. A
finitely additive measure v on C is said to be the asymptotic value of v if
for all C' € C and for all C-admissible sequences (IIy, Iy, - -)

3 lim Yo, (C) = ¢v(C),

where 1uy, (C') denotes the Shapley value of C' in the finite game vy, and vy
is the restriction of v to II. The set of all games of bounded variation that
have an asymptotic value is denoted ASY M P.

2.3 Vector Measure Games

Here, we first define vector measures, thereafter k-house weighted majority
games, and then vector measure games.

2.3.1 Vector Measures

Let (I,C) be a measurable space. By a positive scalar measure (measure for
short) on (I,C) we mean a countably additive function from C to R,. A
finite dimensional vector measure (vector measure for short) is a countably
additive function from C to R’}. Any vector measure p : C — R} is a vector
of positive scalar measures (p1, ..., i)

A vector measure = (1, ..., i,) is nonatomic iff for every S € C with
1(S) # 0 there is a measurable subset 7' C S with u(7") # 0 and u(T) # u(S).
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Equivalently, u is nonatomic iff for every 1 < ¢ < n the scalar measure y; is
nonatomic.

A vector measure = (puq, . . ., fin) is purely atomic iff there is a countable
subset A such that for every measurable S we have p(S) = u(S N A).

Every vector measure 4 is a sum of a purely atomic vector measure p*
and a nonatomic vector measure p’v 4

The range of a vector measure pu, denoted R(u), is the set of all vectors
w1(S) where S € C, i.e.,

R(n) = {n(S): S € ).

The range of a vector measure is compact. The range of a nonatomic vector
measure is convex (Lyapunov’s Theorem). The range of any vector measure is
symmetric around p(1)/2; i.e., for every x € R(u), there is a vector y € R(u)

with (2 +1)/2 = u(1)/2 (e.ges y = p(I\ §) if @ = u(S)).

2.4 k-House Weighted Majority Games

A game is called a weighted majority game (w.m.g.) if there exist a finite
positive measure p on (I,C), and a quota ¢ € (0, u(])) such that v(C) =
I(u(C) > q).* For a weighted majority game with finitely many players, i.e.,
|C| < oo, the Shapley value is given by

Yo(a) = E[M(g< Y p(b)- U(X, < X,) < g+ p(a))] = (2)
beA(p)
_ / E[I(g - ula) < u(b) - 1(X, < 1) < g)dt,
0 beA(u)—{a}

and for a coalition C' C C:

Yo(C) = ) w(a)

aeC
= ED M(g-—pla)< > pb) LX< X,)<q) (3)
aeC beA () —{a}

If there are two finite positive measures, pu1, p2, on (I,C), and two quo-
tas, @1 € (0,pu1(1)) and g2 € (0, p2(I)), such that v(C) = T(u(C) >

41 is the indicator function taking on the value 1 if its argument is true and 0 otherwise.
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¢1)L(p2(C) > go), then the game v is called a two-house weighted major-
ity game. It is denoted [(q1,q2); (11, p2)]. A k-house weighted majority game
can be defined in a similar spirit for all £ € N.

2.4.1 Vector Measure Games

A vector measure game v is a game of the form v = f oy where p is a vector
measure and f is a function defined on the range of  and such that f(0) =0
and f continuous at 0 = p(0) and at p(7).

All scalar measure games with bounded variation have an asymptotic
value [15]. A vector measure game p o ;1 where p is a polynomial is a linear
combination of polynomials of scalar measures and thus has an asymptotic
value. A vector measure game f o u has an asymptotic value whenever f
is smooth® on the range of u. Indeed, if f is smooth on the range of
then f can be approximated in C! by a polynomial p, i.e., V € > 0 there
is a polynomial p such that \%(m) — 867’2(1')| < ¢ for all x € R(u); hence,
[fopu—poull <ed;pu(l). The set ASYMP of all games of bounded
variation that have an asymptotic value is closed in the bounded variation
norm and thus f oy has an asymptotic value.

The class of two-house w.m.g.s is an important class of simple monotonic
vector measure games. Theorem 1 provides conditions on the vector measure
= (p1, pe) that guarantee that for every quota 0 < ¢ = (q1,q2) < p(l) the
two-house w.m.g. [(q1,¢2); 1] has an asymptotic value. The conditions on
i = (pi1, 2) in Theorem 1 guarantee that the vector measure p = (1, p2)
satisfies a property, termed the zero-hitting-probability property, which is
described below. To every vector measure p we associate (see Section 3) a
right continuous and monotonic stochastic process Z* : [0,1] — R(u). The
vector measure j = (i, o) satisfies the zero-hitting-probability property
if for every vector ¢ with 0 < ¢ < p(I) the probability that there is t s.t.
ZH(t) = q, equals zero.

The vector measure j = (1, p2) has the g-zero-hitting-probability prop-
erty if the probability that the stochastic process Z* hits the quota ¢, namely
that there is t s.t. ¢ € {Z¥(t), Z"(t—)} (where ZF(t—) = limg_;— Z*(s)),
equals zero. This property of the pair p and ¢ enables us to prove that
[¢; 1] has an asymptotic value. Therefore, a corollary of the proof of Theo-

5A function f defined on a subset B of a Euclidean space is smooth if it is the restriction
of a continuously differentiable function g defined on a neighborhood of the closure of B.



rem 1 is that for every pair consisting of a two-dimensional measure p and
a quota ¢ = (qi, ¢2) such that p has the g-zero-hitting-probability property,
the two-house weighted majority game [g; u] has an asymptotic value.

If the two-dimensional vector measure v = (v, 15) has the zero-hitting-
probability property then also the vector measure u = (pu1, p12), where p; and
1o are two distinct convex combinations of v and 15, has the zero-hitting-
probability property.

The set of games having an asymptotic value is a linear space. Therefore,
our result for two-house w.m.g.s implies that every game in the linear span
of these two-house w.m.g.s has an asymptotic value. We now comment on
the linear span.

Let v = (v1,12) be a vector of two probability measures with the zero-
hitting-probability property. We define the algebra of coalitions B(v) as the
algebra (closed under finite unions and complements) of sets generated by
the sets of the form {S € C | Av1(S) + (1 — Nwa(S) > 60} or {S € C |
Avi(S) + (1 = Nva(S) > 0} where 0 < A < land 0 <0 < 1. A game v
is B(v)-piecewise constant if there is a finite partition of C, C = U_, By, s.t.
By, € B(v) and the restriction of v to each element B, of the partition is a
constant function. The linear span of the two-house w.m.g.s [¢; p], where 1
and py are two distinct convex combinations of 1y and v and 0 < ¢; < 1, is
the space of all games that are B(r)-piecewise-constant. Therefore, Theorem
1 is equivalent to the more general result that every B(v)-piecewise-constant
game has an asymptotic value.

A game v is B(v)-piecewise affine, respectively B(v)-piecewise smooth, if
there is a finite partition of C, C = U}_, By, s.t. B, € B(v) and the restriction
of v to each element B, of the partition is an affine function of v, respectively
a smooth function of v.

For a general monotonic game v it is known that v has an asymptotic
value whenever the simple games v® defined by v*(S) = T(v(S) > «) have
an asymptotic value for every o« > 0 [18, p. 2139]. If v is a monotonic
B(v)-piecewise-affine vector measure game then the simple game v* is B(v)-
piecewise-constant. Therefore, Theorem 1 implies that all monotonic B(v)-
piecewise-affine vector measure games have an asymptotic value.

Theorem 1 and its above-mentioned generalization will follow from The-
orem 2, which states that every B(v)-piecewise-smooth game has an asymp-
totic value.



2.4.2 Essentially Scalar Measure Games

A game v has a co-finite scalar measure game presentation if there is a fi-
nite set of players F' = {c¢1,..., ¢}, a probability measure v on (I,C), and
functions fg : [0,1] — R, G C F, with fj continuous at v()) = 0 and fr
continuous at v([I) = 1, such that

v(S) = fsnr(v(5)).

Note that if v = f o v is a vector measure game where v = (vy,..., V)
is a vector of probability measures such that (vs,...,1,,) has finite support
and f : R(v) — R continuous at v(()) and v(I) then v has a co-finite scalar
measure game presentation.

Note also that every co-finite scalar measure game is a scalar measure
game. Define a measure p by p(c;) = 377 and p(S) = D jieses 377 +v(S\
F)37%/2. As there are disjoint intervals Jg, G C F, such that u(S) € Jsnr
we can define a function ¢ : [0,u(/)] — R continuous at 0 and at p([)
such that v = g o u. It follows that every co-finite scalar measure game of
bounded variation is a scalar measure game of bounded variation and thus
has an asymptotic value.

2.5 Main Result

Our results are stated for the special case of two-dimensional vector measure
games as well as for the general case of m-dimensional vector measure games.
For simplicity of exposition, the detailed proof is given for the case of two-
dimensional vector measure games. Section 7 outlines the proof of the general
case of m-dimensional vector measure games.

Our first result, which is a special case of Theorem 2, identifies fami-
lies of two-house weighted majority games that have an asymptotic value.
Recall that not all nonatomic two-house weighted majority games have an
asymptotic value [19], and moreover for every two distinct nonatomic voting
measures f1 and ps there are quotas ¢; and ¢ such that the two-house w.m.g.
[(q1, q2); (1, pro)] does not have an asymptotic value. Our result states condi-
tions on the pair p; and uo of scalar measures that guarantee that for every
quota ¢; and gy the two-house w.m.g. [(¢1,¢2): (i1, pe)] has an asymptotic
value. Informally, the result asserts that whenever the vector measure p has
sufficiently many atoms then for every pair of quotas ¢; and ¢, the w.m.g.
[(q1,¢2); p] has an asymptotic value.



Theorem 1 Let v be a two-house weighted majority game induced by the
measures [y, Mo and quotas qi, qz. Assume that each one of the measures
Wi 18 a convex combination of two measures vy and vy. If the cardinality of
A1) U A(ra) is infinite and A(v1) N A(va) = 0 then v has an asymptotic
value.

Let v = (v1,...,Vm) be a vector of probability measures. Let BY, or B
for short, be the algebra of subsets of coR(v) generated by the sets B =
{(z1,...,2m) € cOR(V) | 11", cir; < q} and their closure B and where
Yoo =1,0<y<land0<g¢g<1l

A real-valued function f: coR(r) — R is B-piecewise-smooth if there is
a finite partition UleBj of coR(v) with B; € B such that the restriction of
f to each element B; of the partition is smooth.°

The set of all games of the form f o v where f is B-piecewise-smooth
is denoted LPS(v). The set LPS(v) is a linear space, and the main results
provide a condition on the vector measure v such that every game in LPS(v)
(and thus every game in its bounded variation closure) has an asymptotic
value.

Theorem 2 (Main result: Two-dimensional vector measure games)
Let v = (11, 12) be a vector of two probability measures for which the cardi-
nality of A(v1) U A(vs) is infinite and A(v1) NA(ve) =0. If f : coR(v) — R
is B-piecewise-smooth and continuous at p(I) and at p(0) and f(0) = 0, then
fov has an asymptotic value.

Theorem 2 is a special case of the following theorem.

Theorem 3 (Main result: m-dimensional vector measure games)
Let v = (v1,...,Vy) be a vector of probability measures for which the car-
dinality of A(v;), 1 < i < m, is infinite and A(v;) N A(v;) = 0 for all
1<i<j<m. If f:coR(v) — R is B-piecewise-smooth and continuous at
w(I) and at (D) and f(0) =0, then fowv has an asymptotic value.

6A function g : B — R is smooth if it has an extension to a C! function defined on a
neighborhood of the closure of B.
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3 The Stochastic Poisson Bridge Associated
with a Vector Measure

3.1 The Auxiliary Stochastic Bridge

Let 1 be an R¥-valued vector measure, A(u), or A for short, the countable set
of atoms of y and 4 the nonatomic part of y. Assume that A(u) = {a; |
j € N} with a; # a; whenever ¢ # j. Let X;, j = 1,2,..., be a sequence of
iid. r.v.s uniformly distributed on [0,1]. W.l.o.g. we assume that X; # X;
whenever ¢ # j. The stochastic bridge Z*, or Z for short, associated with the
vector measure p is the continuous time stochastic process Z : [0, 1] — R(pu)
defined by

Z(t) = tp™ (1) + ZM(%’)H(XJ' < ).

The stochastic process Z is called a bridge because its values at 0 and 1 are
the constant vectors p(0)) = 0 and p(I) respectively. The increments of the
process Z(t) are exchangeable: if h > 0 and 0 <t; <ty < ... <t <1—h
with ¢;,1 — t; > h then the finite sequence of the r.v.s Z(t; + h) — Z(t;),
1 < < k, is exchangeable; namely, for every permutation o : {1,... k} —
{1,...,k} the distribution of the vector (Z(t; + h) — Z(t1),..., Z(ti + h) —
Z(ti), ..., Z(ty + h) — Z(t)) and the distribution of the vector (Z(t,1) +
h) — Z(ta(l)), R Z(tc,(i) +h)— Z(to(i)), R Z(to—(k) +h) — Z(ta(k)) coincide.
Therefore, the stochastic process Z is a Poisson bridge. It is composed as
a sum of a linear (deterministic) drift, tx4(I), and a pure jump Poisson
bridge Y2, p(a) L(X; <t).

As the function t — Z(t) is monotonic everywhere, the limit, limj_o; Z(t—
h), exists everywhere, and is denoted Z(t—). We say that the Poisson
bridge Z hits the point y € RF (respectively, the set A C R¥) if 30 <
t < 1st. Z(t) = yor Z(t—) = y (respectively, 30 < ¢t < 1s.t. Z(t) €
Aor Z(t—) € A). The hitting probability of the point y € R* (respectively,
of the set A) by the process Z is Pr(30 <t < 1s.t. Z(t) =y or Z(t—) = y)
(respectively, Pr(30 <t < 1s.t. Z(t) € Aor Z(t—) € A)).

Our result on existence of the asymptotic value of a two-house w.m.g.
[(q1,q2); p] relies on the fact that the probability that the auxiliary Poisson
bridge Z* hits the quota (¢, g2) is zero. In fact, our proof shows that if p is
a two-dimensional vector measure and (0,0) < ¢ = (q1,¢2) < p(I) is a quota
s.t. the hitting probability of the point ¢ is 0, then for every smooth function
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f : R* — R the game v defined by v(S) = f(u(S)) if u(S) > ¢ and = 0
otherwise has an asymptotic value.

It is therefore most important for the study of the asymptotic value of
two-house w.m.g.s in particular, and of vector measure games in general, to
establish conditions on a vector measure p so that for every point 0 < ¢ <
wu(I) the probability that Z* hits the point ¢ is zero.

Lemma 1 Assume that p is an n-dimensional vector measure. Then the set
of points y € R™ such that Z hits y with positive probability has measure zero.

Proof. For every o € R let A, be the subset of points y = (y1,...,y,) € R"
such that Y "  y; = a. Note that the Poisson bridge is monotonic (s <
t = Z(s) < Z(t)) everywhere. Therefore, everywhere, for any two distinct
points y,y" € A, the path (¢t — Z(t)) does not hit both y and 3'; namely, if
either Z(t—) = y or Z(t) = y then for every 0 < s < 1 we have Z(s—) # ¢/
and Z(s) # y'. Therefore, the set of all points y € A, with P(30 < t <
1s.t. Z(t) =yor Z(t—) = y) > 1/k has less than k points, and thus there
are at most countably many points y € A, with P(30 <t < 1s.t. Z(t) =
yor Z(t—) =y) > 0. A subset of R" that intersects each set A, in at most
countably many points has measure zero. .

A useful tool in analyzing the stochastic process is the reflection principle.
In its simplest form it states that the reversed Poisson bridge Z*, defined by
Z*(t) = tpNAI) + Y, I(X; > 1 —t), has the same distribution as Z. An
alternative definition of Z* is obtained by setting the r.v.s V; = 1 — X, and
defining Z*(t) = tpuNA(I)+ >, L(Y; < t). The reflection following a stopping
time is especially useful. Let F; be the o-algebra of events generated by the
random variables X;I(X; <t). A stopping time is a [0, 1]-valued measurable
function T defined on the probability space on which the random variables
X; are defined (and thus on which the Poisson bridge Z is defined), such
that the event T' < t is in F;. Given a stopping time 7" we can define the
Poisson bridge Z7* obtained by reflection following time 7. Namely, set
Vi=X;if X; <Tand Y; =1— X, +Tif X; > T, and define Z7*(t) =
tuNAT) + 3, w(a)I(Y; < t). As the r.v.s Y; are ii.d. uniformly distributed
on [0,1] we deduce that ZT* has the same distribution as Z.

Another helpful transformation is as follows. Assume that X;, ¢ > 1, and
Y;, i > 1, are independent i.i.d. uniformly distributed on (0,1). Assume
w.lo.g. that fori < j, X; # X; and Y; # Y}, and for all 4,5 X; #Y,. Let T
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be a stopping time w.r.t. F;. Define the stochastic bridge Z7"¥ by
2 (1) = 1™ A(1) + 3 plan) XY < ¢)

where X" = X, if X; < T and X”¥ = T +Y;(1 = T) if X; > t. The
important observation is that the distributions of Z and of Z7*¥ coincide.

An important concept, which is used implicitly in our proof, is that of
a two-sided stopping time. A two-sided stopping time is a [0, 1]-valued mea-
surable function T" s.t. T is a stopping time w.r.t. the increasing family of
o-algebras (Fi)o<t<1 and 1 — T is a stopping time w.r.t. the increasing fam-
ily of o-algebras (G;)o<i<1 where G; is the o-algebra generated by the r.v.s
X;I(X; >1—1).

Let A C RFst. o € A and y > x implies that y € A; then the A-entry
time of the Poisson bridge Z#* (where p is a k-dimensional vector measure),
namely, inf{t : Z"(t) € A}, is a two-sided stopping time.

A useful transformation that builds on a two-sided stopping time 7T is as
follows. Assume that X;, i > 1, and Yij ,17>1and 57 = 1,2, are independent
i.i.d. uniformly distributed on (0, 1). Assume w.l.o.g. that for i < ¢, X; # X,
and Y;j #* Yzj, and for ¢, ¢ X; # Y,. Let T be a two-sided stopping time w.r.t.
(Fi)+. Define the stochastic bridge

ZTY(t) = tu™A(I) + Z pla) (X <)

where X" =TY if X; < T, X" = X;if X, =T, and X" = T+Y?(1 -
T) if X; > t. The important observation is that the distributions of Z and
of ZTY coincide.

In fact, we will implicitly use a simple extension of the above-mentioned
transformation.

3.2 The One-Dimensional Poisson Bridge

In this section we fix a finite positive measure p on (I,C) with countably
many atoms {a;}3°;. Let a = p(I) — Y72, p(a;). Let {X;}3°; be i.id. ran-
dom variables, uniformly distributed on (0,1) and, as before, let Z(t)(w) =
Yoo p(a) - I(Xi(w) <t)+a-t. Let Im(Z) ={Z(t) | t € [0,1]} be a random
subset of [0,1], which is the image of the process Z(t). Note that surely
0,1¢ Im(2).

The first lemma is a direct application of Chebyshev’s inequality:

13



Lemma 2 ([15, Lemma 11]7) Assume that max;>; ju(a;) > 0. For all 0 <
t<t' <1 and for all ¢ > 0,
(t' —t) max;>1 p(a;)

- (1)

The second lemma is an application of the first lemma which uses the
monotonicity of the Poisson bridge.

Pr(| Z(t) = Z(t) = (t' =) - u(I) [> ¢~ u(1)) <

Lemma 3 ([15, Lemma 14]) For all ¢ > 0,

8 max;>1 ,LL(CLZ)

Pr(30 <t <1 s.t. |Z(t) — tu(I)| > cp(I)) < (D)

3.2.1 The Purely Atomic Case

We start by stating the essential result of Berbee [7].

Proposition 1 ([7, Theorem 3|) Assume that p is a purely atomic positive
scalar measure with infinitely many atoms a; s.t. p(a;) > 0, and 0 < ¢ <

w(l). Then
Pr(30 <t <1 s.t. Z(t)=q or Z(t—) =q) = 0.

Corollary 1 If p is purely atomic then for every e > 0 and 0 < ¢ < u([)
there exists 0 > 0 such that

Pr(3t € [0,1] Z(t) € [q—9d,q+9]) <e.

Proof. Fix a decreasing sequence 0 < ¢; | 0. Set A; = {w : 30 <t <
Ist. q—06; < Z(t) < q+6;}. If w € N;A; then for every i there is t; = t;(w)
such that ¢ — ¢; < Z(t;)(w) < ¢ + 0;. The sequence (t;); has a monotonic
subsequence (t;,);, such that either ¢;, is monotonic nonincreasing or strictly
increasing. If #;; is monotonic nonincreasing then, as Z is right continuous
everywhere, we deduce that Z(t) = ¢ where t = lim; ¢, and if ¢;, is strictly
monotonic increasing then Z(t—) = q. Therefore, using Proposition 1, we
deduce that P(N;A;) = 0. The sequence of events A; is decreasing and
therefore 0 = P(M;A;) = lim; o, P(A;), implying that for every £ > 0 there
is 7 such that P(A;) < e. .

7[15, Lemma 11] is formally stated for the case of a measure with finitely many atoms,
but the proof applies to the case of countably many atoms as well.
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3.2.2 The Mixed Case with Countably Many Atoms

Obviously, the conclusion of Corollary 1 does not extend to a process with a
nonatomic part. However, in that case, we shall show that if the measure u
has countably many atoms and one restricts attention to a sufficiently small
interval of time, then the hitting probability of the interval [¢ — d,q + ¢] is
bounded by e.

Lemma 4 Let o be a positive scalar measure with countably many atoms
and let 0 < q < u(I). Then, for any € > 0 there exists § > 0 such that for
all s € 10,1),

Pr(3t € [s,s+ ] s.t. Z(t)€[g—0d,q+0]) <e.

Proof. Z(t) converges in probability to 0 as ¢ — 0+ and to u(I) ast — 1—.
Therefore there is ; > 0 sufficiently small such that

P(Z(261) >q—061)+P(Z(1—01) < q+01) <e.

In particular, for every 0 < s < §; and § < 0; we have P(3t € [s,s +
8] Z(t) € [¢q—9,q+0]) < P(Z(261) > q—61) < ¢, and for every 1—9; < s <1
and § < 0; we have P(3t € [s,s+0d] Z(t) €[q—9,q+]) < P(Z(1—10,) <
q+ (51) < e.

Denote A(t) = >, u(a;) - L(X; < t), and recall that o = ¥4 (I). Recall
that we assumed w.l.o.g. that for every w and i # j we have X;(w) # X;(w).
Therefore, the function ¢ — Z(t)(w) is right continuous everywhere, and it
is left continuous at all points 0 < s < 1 with s ¢ {X;(w) : ¢ > 1}. For
every 0 < s < 1 the probability that there is ¢« > 1 s.t. X; = s equals
0. Therefore, for every fixed s € (0,1) the function ¢t — Z(t)(w) is w.p. 1
continuous at s. As p has countably many atoms the distribution of A(s)
(and thus also of Z(s)) is nonatomic (e.g., by using Berbee’s result) and thus
P(Z(s) = q) = P(A(s) = q — sa) = 0. Therefore, for every ¢ > 0 and
s € (0,1) there is 0 = d(s,e) > 0 such that P(3t € [s,s + ] s.t. Z(t) €
l[¢ — 0,q + 0]) < e. The left-hand side probability is, for each fixed § > 0,
continuous in s. Therefore, for each fixed § > 0 the set of s such that P(3t €
[s,5+0] s.t. Z(t) € [¢q—0,q+0]) < eisopenin [6;,1—0d;]. Using compactness
of [d1,1 — d1] there exists §; > § > 0 such that for every s € [01,1 — &;] we
have P(3t € [s,s+ 0] s.t. Z(t) € [¢ — J,q+ 0]) < e. This last inequality also
holds (as shown above) for every s < ¢; and for every s > 1 — 0. .
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3.2.3 The Mixed Case with a Nonatomic Part

The following lemma provides stochastic information about the Poisson bridge
induced by a scalar measure with a nonatomic part.

Lemma 5 Let p1 be a positive scalar measure with pN4(I) = a > 0 and
0<q<u(l). Then for every K

PE0<t<1st Z({t)—Z(t—) >0 and ¢ — Ko < Z(t) < ¢+ K9)

< 2m(8)0K /a —5_04 0

where m(8) is the number of different atoms a of p with mass p(a) > 4.

Proof. Let ay,as, ... be the sequence of atoms of p and assume without loss
of generality that p(a;) > p(a;s1). Observe that if for some value of ¢ we have
Z(t)— Z(t—) > ¢ then there is i < m(d) such that ¢t = X;. Let A; denote the
event ¢ — Ko < Z(X;) < q+ K. The event 30 <t < 1s.t. Z(t)— Z(t—) >
§ and ¢— K6 < Z(t) < g+ KJ) equals Uj<p5)A;. Therefore we have to prove
that P(Ui<pms)Ai) < 2m(0)0K /o and that 2m(0)6K /o — 0 as 6 — 0+.

For every fixed i let Z~* be the Poisson bridge Z~*(t) = ta+3_,, T(X; <
t. Note that for ¢’ > t we have Z7/(t') — Z7(t) > (¢ — t)a. Therefore,
given the values of X;, 1 < j # 4, the conditional probability of ¢ — K¢ <
Z(X;) < ¢+ K6, namely P(q — K§ < Z(X;) < q+ Kd§ | X;,5 # 1), is <
2K6/a. Therefore, P(A;) < 2K0/a. Therefore P(Uj<m)Ai) < 2m(8)Kd/a.
As Y%, p(a;) < oo we deduce that m(§)d — 0 as 6 — 0+ and therefore
2m(§)Kd/a — 0 as § — O+. .

3.3 The Two-Dimensional Poisson Bridge

In this section Z = (Z', Z?) is the Poisson bridge associated with the two-
dimensional vector measure v = (v, 15). Given ¢ € R? and § > 0 we denote
by Bs(q) the set of all points x € R? such that ||¢ — z|le < 6.

Lemma 6 Let vy have countably many atoms and assume A(v)NA(vg) = 0.
Furthermore, assume that either vy has countably many atoms or a positive
nonatomic part. Let ¢ = (q1,q2) € R? with v(D) < q < v(I). Then for all
e > 0 there exists § > 0 such that

Pr(3t € [0,1] s.t. Z(t) € Bs(q)) < e.
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Proof. Note that in the case that one of the measures is purely atomic we
have finished by Corollary 1. Assume that both measures have a nonatomic
part. Let ¢t denote the stopping time defined by

t(w) = inf{t : Z*(t) > q» — 6}.

As A(r1)NA(rs) = 0 the stopping time ¢ is independent of the Poisson bridge
Z'. Obviously, on t(w) < 1— %5 where 8 = pYA(I), we have Z2(t(w) + %) S
G2 + 20 > qo + 6 . Therefore

Pr(3t € [0,1] s.t. Z(t) € Bs(q) and t(w) < 1 — 3—;) < (4)
< Pr(3t € [t(w), t(w) + %5] st. | ZYt) —q |< 0)

which, by Lemma 4, is less than /2, for sufficiently small §. For suffi-
ciently small 6 > 0 we have Pr(t(w) > 1 — %) < ¢/2. Therefore, Pr(3t €
0,1] s.t. Z(t) € Qs) < €. .

3.4 The k-Dimensional Poisson Bridge

Let p be an RF-valued vector measure and let Z = (Z(t))o<;<1 be the as-
sociated Poisson bridge. Let A(u) = {a; € I | i > 0} be a countable set
containing all atoms of ;1 and assume that a; # a; for @ # j.

A sequence of lists of vectors in Rﬁ, wy, .. wp wi g, .., wy, (together

with the implicit sequence of positive integers ¢,,) is called p-admissible if

l,, — o0;

ln
=1

max [lwj'|| —n—c0 0;

L <i<mn
Mn
n NA
E w — p ().
i=ln+1
Assume that wf,...,wp ,wi ,...,w,, is a p-admissible sequence.
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Let Z,, be the Poisson bridge defined by

where X; is the sequence of i.i.d. [0, 1]-valued uniformly distributed r.v.s that
define the stochastic process Z and Y}, j > 1, is another sequence of i.i.d.
0, 1]-valued uniformly distributed r.v.s and the sequence (X;) is independent
of the sequence (Y;).

3.4.1 Distance between Z,(t) and Z(t)
Proposition 2 Ve, 0 >0 N s.t. Vn > N

Pr(|| Z.(t) — Z(t) ||[<d Vte[0,1])>1—¢ and
Pr(|| Z,(t) = Z(t) ||[< d Vte[0,1] | (Xi)i>1) > 1—¢ everywhere.

Proof. It is sufficient to prove the proposition for £ = 1. Indeed, if for some
n we have Pr(|Zi(t) — Z9(t)] <6 Vt €[0,1]) > 1 —¢/kforal 1 < j <k,
then Pr(|| Z.(t) — Z(t) ||lo< & ¥Vt € [0,1]) > 1 —e. Assume that k = 1
and set a := pN4(I) and oy, = >, o, w. Let § > 0 be sufficiently
small, e.g., 6 < 1. Take N; sufficiently large so that Vn > N; we have
ngl [wit — p(ag)| + s, pla;) < 9/6 and @ —6/6 < a,, < a+ /6. Then

ln ()
|waI[(Xi <t)+ta, — Z,u(ai)]l(Xi <t)—ta| <d/3. (5)

Assume w.lo.g. that o < 1 and set Z5(t) = 7", | wpl(Y;* < t). As
Maxy, <i<m, Wi —n—co 0, it follows from Lemma 2 that for every ¢ > 0 there
is Ny sufficiently large such that for all n > Ny we have a,, < 4/3 and

Pr(|ant — Z5(t)| > §/3) < 26 /5. (6)

So far we have shown that Ve, d > 0, 3N, (sufficiently large) s.t. V¢ € [0, 1]
and Vn > N, inequality (6) holds.

Let M be a positive integer with M < 5/¢ and let {t; }jj‘io be an increasing
sequence in [0, 1] with to =0, tyy = 1, and t,41 — t; < 6/4.
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Inequality (6) implies in particular that Vn > Ny and V1 < j < M we
have Pr(|ZS(t;) — antj| > §/3) < e6/5. Therefore,

Pr(31 <j < Mst. |Z(t;) — antj| > 6/3) < Med/5 < e.

Ift; <t <tj4 and |Z5(t) — ant| > 20/3 then either Z¢(t) > ot + 26/3,
implying that Z,(t;41) > aytjy1 +60/3, or Z5(t) < a,t —26/3, implying that
ZE(t;) < ant; — /3. Therefore, the event {30 < ¢ < 1s.t. |Z5(t) — ayt]| >
26/3} is a subset of the event {3 1 < j < M s.t. |Z5(t;) — ant;| > 6/3}.
Therefore,

Pr(30 <t <1s.t. |Zo(t) — ant] > 20/3) < e

which together with inequality (5) implies that for all n > N := max(/Ny, N2)
we have

Pr(30 <t < st |Zu(t) — Z(8)| > 6 | (Xi)is1) < e. (7)

3.5 Hitting Affine Sets of Codimension 2

The result of this section is used for the proof of the result regarding the
asymptotic value of m-dimensional vector measure games. Therefore, it may
be omitted in a first reading.

Lemma 7 Assume that each one of the probability measures v;, 1 =1, ..., m—
1, has countably many atoms, that the probability measure v, has countably
many atoms or a positive nonatomic part, and that A(v;) N A(v;) = 0 for all
i # j. Let p = (u1,p2) be a vector of two distinct convexr combinations of
Vi, . s Vm. Then for all ¢ = (q1,q2) € R? with pu(0) < g < u(I) and € > 0
there is 6 > 0 such that

Pr(3t € [0,1] s.t. Z*(t) € Bs(q)) < e.

Proof. Let A = (Ay,...,\) and 0 = (04, .. .,0,,) be two distinct probability
vectors, namely, 0 < A;,0; and >0 \; = 1 = 37 0, such that y; =
Zj vy and pg = Zj Q;vj. Let J ={j:1<j<mst \b > \b; V1 <
i < m}. Note that J is nonempty and that for every j € J we have \; > 0
and 6;/\; < 1. Assume that there is j € J with 7 < m. (Otherwise, we
replace the set J defined above with the set J ={i: 1 <i <ms.t. §;\; >
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g\ V1 < j < m}.) Let 1’ be the restriction of the vector measure p to
the set UjesA(v;) and set u¢ = p — p’. The vector measure p’ is purely
atomic (with a countable set of atoms A(p’) = Uje A(v;)) and its range is
one-dimensional; there is a vector 0 # z € R2 such that for every z € R(u”)
there is 7 > 0 such that z = nx. Let y € R? be orthogonal to x with
{, 1(1)) = (g po(D) > 0. Whog. [lalls = lyll = 1. Set a1 — (a1, ), )

and ¢ = ((q1,42), y)-
If g < 0 then there is 0 > 0 sufficiently small such that Bs(¢) "R (u) = 0

and therefore Pr(3t € [0,1] s.t. Z¥(t) € Bs(q)) =0 < e.

If g = 0 then there is n > 0 sufficiently small such that Pr((Z#(n), z) <
@1/2Vn' <n) > 1—¢/2 and for a sufficiently small 6 > 0 we have Pr((Z*(n), y)
> 60) > 1—¢/2 and thus Pr({(Z*(n/),y) > 6 Vi > n) > 1 —¢/2. There is
0" > 0 sufficiently small such that if (Z*(n),y) > § V¥ > n and Vi <
n Z*(n )z < qx/2 then Z#(t) ¢ Bg(q) Y0 < t < 1. Therefore Pr(Z*(t) ¢
B(;/(q) Vo<t< 1) < e.

Assume that ¢ > 0. Set o = p™N4(I). If (o, y) = 0 then the positive scalar
measure ucy is purely atomic with countably many atoms and therefore there
is § > 0 sufficiently small such that Pr(30 < t < 1s.t. [(ZF(t),y) — G| <
J) < e and therefore for sufficiently small ¢’ > 0 Pr(30 < ¢ < 1 s.t. ZX(t) €
Bs/(q)) < e. Assume thus that (a,y) > 0. Note that Z*(t)(w) = ¢ only
if (Z¥(t)(w),y) = . The stochastic process t +— (ZF(t),y) is strictly
increasing and therefore there is at most one value of t = #(w) such that
(2 (1)), 1) = @

Define the stopping time w — s(w) by

s(w) :==1inf{0 <t < 1:(ZM1),y) > G} =inf{0 <t <: (Z"(1),y) > G}

The stopping time s is independent of the Poisson bridge Z #” . The distribu-
tion of Z*’(s) is nonatomic and therefore

0 = Pr((2"(s),2) = @ — (2" (s),))
= Pr((Z2"(s),z) = q1)
> Pr(30 <t <1s.t. Z(t) =q).

By the reflection principle we have Pr(30 <t < 1s.t. Z#(t—) = q) = 0 and
thus Pr(30 <t < 1s.t. ¢ € Z#(t) U Z*(t—)) = 0. Therefore, for every € > 0
there is § > 0 s.t.

Pr(3t € [0,1] s.t. Z*(t) € Bs(q)) < e.
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4 Preliminary Results

Our proof will make use of previously known results in value theory, which
for completeness will be now stated.

The first result states that the Shapley value of a finite w.m.g. with suffi-
ciently small weights is well approximated by the proportion of the weights.

Proposition 3 (Neyman [13]) For every e > 0 there ezists K(g) such that
if v=[qw,...,wy] is a w.m.g. such that

K(e)maijSqﬁzwj—K(5)manja (8)
J - J

J

D o —wi)> wl <e. (9)
i ¢

The next result states that all w.m.g.s have an asymptotic value. Given
a scalar measure p and a quota 0 < ¢ < p(I) we denote by [¢; | the w.m.g.

v defined by
1 if >
o) = i u(S)‘_ q
0 otherwise

then

and [g+; ] denotes the w.m.g. v defined by

U(S>:{1 if 1(S) > g

0 otherwise.

Proposition 4 (Neyman [15]) The asymptotic value of the weighted magjor-
ity game v = [q; u] where 0 < q < p(I) exists.

We now comment on several simple corollaries of the above-mentioned
propositions. Let K(g) be given by Proposition 3. Then for every quota ¢
and weights wy, ..., w,, satisfying inequalities (8) the Shapley value of the
w.an.g. v = [g+;wy,...,w,| satisfies inequality (9) and the Shapley value
of the simple game v defined by u(S) = 1if >, _cw; = ¢ and u(S) = 0
otherwise obeys

> Jibjul < 2. (10)

J
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Indeed, the wm.g. v = [g+;w1,...,wy] is the dual of the wm.g. w :=
>, wi — q;wa, ..., wy|, namely, for every coalition S C I :={1,...,m}

v(I) —v(S°) = w(9)

(where S¢ is the complement [ \ S of S in I) and therefore the Shapley
values of v and w coincide. Therefore the Shapley value of the game v
obeys inequality (9). The game u equals [g;ws,...,w,| — v and there-
fore |[1ju| = |¥jlg;ws, ..., wy] — Y| which by the triangle inequality is
< Wil wr, .. we] —wji/ Y, wel + v — w;/ Y, we|. Summing over j we
deduce that (10) holds.

Also, if p is a positive measure with atoms {a;}; and ¢ is a quota with
K (e)max; u(a;) < g < u(I) — K(e) max; u(a;), then the (asymptotic) value
v of the game v = [q; u| satisfies

lov(S) — p(S)/u(I)] <e/2  for every coalition S (11)
and the (asymptotic) value gu of the game u, u(S) = L(u(S) = q) satisfies
lpv(S) — u(S)/u(l)] < e for every coalition S. (12)

A direct corollary of the above-mentioned results asserts that if u is a
(mixed) scalar measure on (/,C) and ¢ is a quota such that for a given £ > 0
we have

K(e) max pa) < g < p(l) — K(e) max p(a)
a€A(p) a€A(p)
then the asymptotic values of the games v = [q;u], vT = [¢+;pu], v= =
lq =; p], where v=(S5) = 1 if u(S) = g and = 0 otherwise, have asymptotic
values ¢v, v, and v~ respectively, and for every coalition S we have
|v(S) — p(S)/u(D)] < &/2, [ev™(S) — u(S) /()| < £/2, and |pv=(S5)| <e.

5 Values of Smooth Vector Measure Games

The main result of this section, Theorem 4, establishes an asymptotic prop-
erty of values of smooth vector measure games with finitely many players.
This asymptotic property is used later in the proof of our main result. In
addition, we derive Theorem 5 as a corollary of Theorem 4.
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Fix an R*-valued vector measure pu. Recall that a sequence of lists of
vectors in RY, wy, ..., w ,wp ;... ,wy,  is called p-admissible if

My
n
£ = o0, St = )|~ O
Mn
max ||w}'|| =n-00 0, and Z wl — pNA(I).
U <i<mp, et

The limiting results of this section assume a fixed R*-valued vector mea-
sure 4 and a p-admissible sequence wy, ..., wy ,wy ., ..., wy,, and a con-
tinuously differentiable function f defined on a convex subset R O R(u)
of R* such that for every n and S C {1,...,m,} the vector >, gwl is
in R. It follows that all the games v, := [f;w},...,w}, |, defined by
v, (S) = f(D_ ;e w}), as well as the game f oy are well defined.

The Shapley value of player 7 in the game v, is denoted V;,. Z is the
Poisson bridge associated with the vector measure p. Recall that Z(t) =

NAL) + 5372, I(X; < t)p(a;) where X1, Xo, ... is a sequence of i.i.d. r.v.s
that are uniformly distributed on [0, 1].

The proofs will make use of additional Poisson bridges. For every i set
Z7(t) = Z(t)—T(X; < t)u(a;). The Poisson bridges Z, are defined by means
of an enlarged sequence Xi,Y;, X5, Ys, ... of i.i.d. r.v.s that are uniformly
distributed on [0,1]. For every n and every i < £, set Z,(t) = 3o, T(X; <

Hwy + 370, WYy < Hwjf and Z(t) = Z,(t) — T(X; < t)w} (namely,

J
Zn ( ) Zl<]<£n JFL ]I(X < t)w + Z] =ln+1 ]7& ]I(YJ < t)w;l)
The marginal contribution of player ¢ < /,, in the game [f;w?, ... w! |

Mn

and in the order induced by the values of X;(w), ..., X (w), Yo, 11(w), ..., Y, (W)

equals f(Z,(X;(w))(w))—f(Zn(Xi(w)—)(w)) (where Z,,(X;(w)—) denotes the
limit limy; x,(w) Zn(t)). Therefore,

Vin = E(f(Zu(Xs)) — f(Za(Xi-))). (13)
As Z,(X;) = Z74(X;) + wl and Z,(X;—) = Z,(X;) we have

Vi = E(f(Z,"(X:) + wi') — f(Z,"(X))). (14)

Theorem 4 Assume that f is continuously differentiable on a neighborhood
of R. Then, there exists a vector p € R* and a series W; with 3722 [W;] < oo
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such that

zo

S W 0wl e 0

]:Zn"l‘l

where - stands for the inner product, and

lim \Ilj,n = \I/j.

n—oo

The vector p is given by

b= E(VA(Z0)d

Proof. Recall that V;,, = E(f(Z,.(Y;)) — f(Z.(Y;—))) for £, < j < m,,.
By the mean value theorem, for every ¢, < 7 < m, and every w there is
0 <0 <1 such that

J(Za(¥}) = F(Zu(Y;=)) = VF(Za(Y;=) + 0u) - .

Zn(Yj) = (Zn(Yj=) + 0w}) = (1 — 0)w}. Therefore, as f is continuously
differentiable, we deduce that for every ¢ > 0 there is 6 > 0 such that if
|[w?]| <, then

IV(Z,(Y))) = V(Zu(Y;—) + 0uw})|| < e
and therefore
|[(Za(Y))) = [(Zu(Y;—)) = Vf(Zu(Y))) - w}| < ellw] |-

For n sufficiently large, for every £, < j < m, we have |[w}| < J, and
therefore

(Wi — E(V(Za(Y)) - wi| < ellwf]] Ve, < j < m.

The r.v. supg<;<1 || Zn(t) — Z(t)|| converges in probability to 0 as n — oo.
Therefore, maxy, <j<m, [|Vf(Za(Y;)) — VF(Z(Y}))|| —n-0e 0 in probabil-
ity. As Vf is bounded in a neighborhood of R O R(u) we deduce that
maxy, <j<m, | E(Vf(Z.(Y;))) — E(Vf(Z(Y;)))|| =n—o 0 and therefore that
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for every ¢ > 0 there is n(e) such that for every n > n(e) and every
l, < 7 <m, we have

I‘I’j,n—/o E(Vf(Z@))dt-wi| = [V, = E(ENV[(Z(Y))]Y;)) - wj]
= ¥ = E(V(Z(Y))) - wj]
< 2efjwil

and thus 3 7", [V, —p-w}| <237, i, [|w}], implying that the sum

> w1 [Win — p - wj| converges to 0 as n — oo.
By equation (14) and the convergence in probability of supg<,<; || Z,(t) —

Z(t)|| to 0 as n — oo, we have

lim ¥, = B(f(Z(X,)) - J(Z(X,—))) == U

n—oo

A corollary of the above theorem is

Theorem 5 Let pu be a vector measure and assume that f is a smooth func-
tion defined on the range of . Then fop has an asymptotic value o(f o ).
For every coalition S C I the asymptotic value (f o pu)(S) is given by

where p = B(f, V(Z(t))dt).

As mentioned earlier, the existence part of Theorem 5 follows from the
known inclusion pM C ASY M P. A game of the form fop where f is smooth
on the range of the vector measure p is in pM, the closed space generated
by polynomials of scalar measure games. Step 1: approximate f o p with
g o with g a polynomial. Step 2: if g is a polynomial then g o y is a linear
combination of polynomials of scalar measures and thus in pM.

Formula (15) of the asymptotic value generalizes the classical diagonal
formula for the value of smooth nonatomic vector measure games. Indeed, if

25



 is a nonatomic vector measure then Z(t) = tu(I). Therefore, the formula
reduces to the classical diagonal formula

o(fo / Vf(tu(l))dt - pu(S / Fues) (I

The Poisson bridge Z#(t) is thus termed the diagonal of the vector measure
L.

6 Proof of Main Result

Let v = (v, 112) satisfy the conditions of Theorem 2. We begin the proof by
illustrating that any game in LPS(v) is a linear combination of games, or
duals of games, in the following two classes of games:

1. v=(for)I(Ay+(1—=N)wy € L), where L = {g € R? | \¢+ (1= \)g2 =
0,0 <¢q <y(I)},0<A<10<86 < p(l), and f bounded and
piecewise smooth on L.

2. v = (fov)I( > q and py > q2), where p; = Ay + (1 — Aj)vp, 0 <
N<1,0<q<p(l)fori=1,2 and L ={x € R? | u;(I) > z; > q;},
and f continuously differentiable on {z € R? | 0 < z < v(I)}.

Denote the first class of games by U;, and the second class of games by Us.
Note that the first class of games, U;, also includes all games of the form

3. f(x) =1(x = (¢q1,q2)) for some 0 < (q1,q2) < v(I).

For any smooth function, f, defined on the rectangle [0, ()] x [0, v2(1)]
and any R C [0,v4(])] x [0,v5(])], we can define the game vg as follows.

vr(S) = {f(V(S)) if v(S) € R

0 otherwise.

Next we illustrate classes of sets R so that the games vg defined above are
linear combinations of games of the form 1 or 2 above.

In order to prove that every game in LPS(v) is a linear combination of
games in U; U Uy we define three classes of games. The first class R is the
class of all such games where R is a nonincreasing line segment: let 0 < A =
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Figure 1: The region R

(x1,y1) <v(I) and 0 < B = (x2,y2) < v(I) with (z1 — x2)(y1 — y2) < 0 and
if A= B then A &€ {0,u(I)}. Then any game in R, is obviously a linear
combination of games in .

Next consider the class Ry where the set R is defined by means of two
vectors 0 < A = (z1,y1) < v(I) and 0 < B = (29,92) < v(I) with 27 > x5
and y; < yo as follows. z € R if and only if z is in the convex hull of the
points A, B, and C := (x1,ys2). See Figure 1.

We will show that v := vg is a linear combination of games in U; U Us.

W.l.o.g. we assume that f is a smooth function defined on the rectangle
0, 1(1)] x [0, 5(1)]. Set A = (y2—11)/ (Yo —y1+21—22), p = A1+ (1= N)v,
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and ¢ = Az + (1 — A)y; = Axa + (1 — A)yo. Define the following games.

w(S) = flv if u(S) >q
¢ 0 otherwise

n(S) = f(v if 11(S) > x1 and p(S) > ¢
! B 0 otherwise

v (S) _ f if VQ(S) > Yo and ,u(S) >
2 B 0 otherwise

vs(S) = if v1(S) > 1 and v5(S) > Yo
5 B 0 otherwise.

The game v — vy + v; + v9 — v3 is a linear combination of games in U,
and therefore any game v € R is a linear combination of games in Uy U Us.

The class R3 is obtained by setting D = (z3,y;) and R is the convex hull
of A, B, and D. Then, a similar decomposition illustrates that every game
v € R3 is a linear combination of games in U; U Us.

As the linear combinations of the games in R; U Ry U Rj3 include all
games in LPS(v), it is sufficient to show that every game in U; UlUs has an
asymptotic value in order to conclude the validity of Theorem 2.

6.1 Setting the Stage

Throughout the proof we fix a coalition C' € C and a C-admissible sequence
{11, }22 ;. The set of atoms of II,, is denoted A(II,).

Let v = (v1, 1) satisfy the conditions of the main theorem, 0 < A\; <
Ay < 1, and p; = Ny + (1 — \)re. Let A(v) = {a;}52,, and set o =
pi(l) = 32520 wilay) = pi (1), i = 1,2.

Let (¢;)2; be a sequence of distinct elements of I s.t. {¢; |i > 1} D {a; |
i > 1} and for every n and every a € II,, there is ¢ > 1 s.t. ¢ € a. Let
(X;)2, be a sequence of i.i.d. r.v.s that are uniformly distributed on [0, 1]
and w.l.o.g. assume that for all ¢ # j X; # X, everywhere.

For every a € I we denote by 7,(a) the unique atom of II,, that contains
a. For every a € A(Il,) we denote by i(a) = min{i | ¢; € a} and X = X (4.

Let € be the sample space on which all these random variables are defined
and let P denote the probability measure on €2. The Poisson bridge associated
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with a vector measure p is defined by
ZH(t) = ple) WX < t) + tpNA().

The Poisson bridge associated with the finite field II,, and a vector measure
1 is given by

Zit) = > pla)I(X <),

acA(Il,,)
Let Z and Z,, stand for Z" and Z. Set

Qn,d) ={weQ :Y0O<t<1 |Z.,(t)— Z(t)| <},
and recall that by Proposition 2
P(Q2(n,0)) —n—oo 1. (16)

For every game v, a positive integer n and an atom a of II,, we define the
random variable Awv,(a) by

Avy(a) =ov( Y dIX" < X)) —o( Y bI(X" < X))
beA(I,,) beA(In)

where >y ) bI(X,™ < X!n) stands for the union of all b € A(Il,,) such
that X, < XM and 37, bI(X,™ < X]") stands for the union of all
b € A(IL,) such that X, < X,

Let v,, stand for the finite game vy,,. Recall that for every atom a of I,
we have

1/”}71(@) = E(Avn(a)).

Let F; denote the o-field generated by all the random variables X;-I(X; <
£),j>1.

6.2 The Case v=1(v = (q,q))

Proposition 5 Let 0 < (q1,¢2) < v(I) and f(z) = Iz = (q1,92)). Then
fov has an asymptotic value (= 0).
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Proof. By Lemma 6, for every € > 0 there is ¢ > 0 sufficiently small so that
the Poisson bridge Z(t) associated with the vector measure v = (v, 15) will
hit Bs(q) :=={z € R? : ||z — (g1, ¢2)|| < 6} with probability < e.

Fix a sufficiently large n(d) such that for every n > n(d) we have

Pr(sup [|Z.(t) — Z(t)|| > §/2) < e.
0<t<1
On || Z.(t) — Z(t)|| < /2 and info<i<q ||g — Z(¢ )H > § we have f(Z,(t)) —
f(Zn(t=)) =0Vt . Therefore, > c s, [/(Z W(X ) — f(Z, (X2 =) =0 on
a set of probability > 1 — 2¢. As ZaeA 1y | f(Zn(X3) = f(Zn (X5 )| <
|lv]] < 2 everywhere we deduce that for n > n(d) we have |y, (C)| < 4e.
Therefore lim sup,, |vn, (C')| < 4e. As this holds for every ¢ > 0 we deduce
that lim,, . ¢vy, (C') = 0, which completes the proof. .

6.3 v=(fov)II(u=20)

Proposition 6 Assume that = Ay + (1 — AN, 0 <A <1, 0<6 < u(l),
L={qeR | A+ (1 —-Ng =0,0<gq <)}, and f bounded and
piecewise smooth on L. Then, v has an asymptotic value pv, and if p does
not have a finite support then pv = 0.

Proof. If i has a finite support, then v is a scalar measure game and thus
has an asymptotic value.

Assume thus that i does not have a finite support. Fix e > 0. If pN4(I) =
0 then p is purely atomic with infinitely many atoms. Therefore, by Corollary
1, for sufficiently small 6 > 0 the probability that there is 0 < ¢ < 1 such that
|ZH(t) — 0| < 26 is < € and therefore there is m sufficiently large such that for
every n > m the probability that there is 0 <t < 1 such that |Z*(t) — 60| < o
is < 2¢. Therefore, for sufficiently large n we have |[¢v,(C)| < 2¢||v]|. Thus,
limsup,, ., [Yv,(C)| < 2¢||v||. As this inequality holds for every ¢ > 0 we
deduce that lim,, ., ¥v,(C) = 0.

Assume that « = pN4(I) > 0. It is sufficient to prove that for every
e > 0 we have

lim sup |[¢v,(C)| < e.

n—oo

As f is piecewise smooth on L, there is a set D of finitely many points
q = (q1, @) such that L\ D is a finite union of intervals L, and f is Lipschitz
on each interval L.
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Fix € > 0. There is §; > 0 sufficiently small such that for every k
|f(x) = fy)l <e Va,y€ Ly st [z —yllo < 65

and

S (@) = flmim)| <& Vag < a1 <. < @ € L st |2 — 2l < 601
=1

(The last condition is obviously redundant whenever 0 < A < 1.)
We will fix a sufficiently large constant K and a sufficiently small § > 0.

6.3.1 Definition of K

Let K > 3 be a sufficiently large constant such that for all weights 0 <
Wi, ..., W, and quota 6 with

Kmaxwi/BSQSZwi—Kmaxwi/?), (17)

the value of the w.m.g. u = [f;wy,...,w,] satisfies
U — <e. 18
T (18)

The existence of such a constant K follows from Proposition 3.

As in the closing comments in Section 4, it follows that if 0;wq, ..., w,,
obey the above conditions (17) then the Shapley value of the simple game u*
with player set {1,2,...,m} and defined by u*(S) = T(w(S) = @) satisfies

D ] < 2e.
J

Indeed, set u™ = [0+; w1, ..., wy] and @ = [ 7, w; — 0wy, ..., wy]. Then,

u* = u —u", Yut = Yu, and the weighted majority games u and u obey
conditions (17).
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6.3.2 Definition of §
Let r be the stopping time
r(w) :=inf{0 <t < 1| Z¥(t) > 60}.

As ZM(t) —41- p(I) and ZF(t) —4_0yr (D) = 0 in probability, we
deduce that there exists & > 0 such that

PRE<r<1—-2)>1—c¢. (19)

Set m(d) =[{j > 1 : ||v(¢j)|1 > 0}| where for a set S we denote by |S| the
number of elements in S. Note that m(0)d —s_o+ 0. Let Dgs = UgepBks(q)
(where, as in Section 3.3, Bgs(q) = {x € R? : ||z — q|lcc < KJ}). Recall that
Z and Z, stand for Z” and Z} respectively. It follows from Lemma 6 that

Obviously,
> el =04 0.

Jillv(es) <o
Let 0 > 0 be sufficiently small so that

max;—i 2 V,LNA(I)

2K + 2K6 - + > el <6 (20)
Jillvlen)h<s
m(9)0K
21
a  <° (21)
and
P30 <t <1st. Z(t) € Dgs) < €. (22)

6.3.3 The Stopping Time s = s;
Define the (F;);-stopping time sg, or s for short, by
s(w)=1inf{t > 0| Z*(t) > 0 — Kd}.

Note that s is a two-sided stopping time. Define the (F;);-stopping time s;
by

s(w)+2Kd0/a if s(w) <1—2Kd/a and ZH(s(w)) < 6
s1(w) =<1 if s(w) >1—2K§/a and ZH(s(w)) < 6

S otherwise.
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We now call attention to an implicit (but essential) property of the stopping
times s and sj, which is used implicitly in the proof. For every sequence of
independent r.v.s Xj, Y;j ,7=20,2,3 and ¢ > 1 that are uniformly distributed
on (0,1), the [0, 1}-valued random variables X, defined by

YO (w)s(w) if X;(w) < s(w)

s(w) = X;(w) if X;(w) = s(w)

s(w) + (s1(w) — s(w))Y? if s(w) < Xi(w) < s1(w)
s1(w) + (1 —s1(w))Y? if 51(w) < X;(w),

are i.i.d. uniformly distributed on (0, 1).

6.3.4 Partitioning the Probability Space

Recall that Z and Z,, stand for Z” and Z! respectively.

Let Q(m) be the event of all w such that Z(s(w)) € Dgs, Z"(s(w)) <
0 — (K — 1)), and s(w) < 1 —2¢. Let Q(+) be the event of all w such that
Z*(s(w)) > 6 + K6.

Lemma 8

P(Q(+)UQ(m)) >1— 3.

Proof. Recall that ;V4(I) = a > 0 by assumption. If w & Q(+) U Q(m)
then either there is 0 < ¢ < 1 such that Z(t) € Dgs, or there is ¢t with
0—Ké<ZMt) <0+ Ko and ZH(t) — ZH(t—) > 9§, or s(w) > 1 — 2. Using
Lemma 5 with inequality (21), and inequalities (22) and (19) completes the
proof. "

We continue by deriving a useful inequality about the distance between
Z(s) and Z(s1).
For every 7 > 1 we have

S1— S

PX; € (5,51] | F) < 222

Therefore, on s(w) < 1 —2¢ <1 —2Kd/a, and thus in particular on Q(m),
we have for every j > 1 that

K6
P(X; € (s,s1] | Fs) < oz_f‘
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Therefore, using inequality (21), on s(w) <1 —2¢ <1 — 2K/, we have
P(3j st. |lv(c)|i =0 and X; € (s,s1] | Fs) < ¢ (23)
and thus, by using inequality (20),
P(|Z(s1) = Z(8)|]|lo = 01 | Fs) <eons<1—2¢. (24)

It follows in particular that for w € (m) there is k such that whenever
x,y € Lsatisty Z(s)—(01,01) < z,y < Z(s)+2(01,01) then z,y € Ly and thus
in particular |f(z)— f(y)| < ¢, and whenever xy < 21 < --- < x,,, € L (which
is possible only when A(1 — \) = 0) and Z(s) — (61,01) < o, Tm < Z(8) +
2(01, 01) then zg, x,, € Ly and thus in particular > " | f(z;) — f(@i—1)] < e.

6.3.5 The Random Decomposition of v,

We will define auxiliary finite games v (w), v} (w), v3(w), v3(w), and u}(w).

It will follow from the definition of the auxiliary random games that
[op (@) + l[og (@)l + llva @)+ lloa @) < ol Vn, (25)

Yua(C) = E(ypv(C) + v, (C) + vy (C) + v (C)), (26)

and for sufficiently large n
P([pul(C)| >m) <e V0<i<3. (27)
It follows that for sufficiently large n
P([¢up(C) +1v,(C) + ¢up(C) + Yvp(C)] = 4m) < dey, (28)

and thus
[, (C)] < 4y + deq[|v]]. (29)

The set of players of v’ (w) is the set of atoms of II,, and it is partitioned
into a set of null players D! (w) and a set of essential players S’ (w). Note that
some essential players may be null players as well. This partition is however
useful as it enables us to define the game v/, (w) by specifying v’ (w)(S) for
subsets S of the set of essential players S? (w).

The sets S’ (w) are defined by means of the two (F;);-stopping times,
the two-sided stopping time s = s5 and s;. The two stopping times s and
sp partition the interval [0,1] into 4 random intervals: Jy(w) = [0, s(w)),
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Ji(w) = [s(w), s(w)], J2(w) = (s(w),s1(w)], and J3(w) = (s1(w), 1]. Note
that Jy(w) may be empty.

The set S’ (w) of essential players in v? (w) is the set of all atoms a of IT,,
such that X'"(w) € J;(w).

For a coalition S C S/ (w) we define

VA(S) = 0a(Uj<iS3(w) U ) = v (Ui ().

n

Note that by convention a union over an empty class of sets is the empty set
and thus v2(S) = v,(S) for S C S%(w).
Assume without loss of generality that || f||, ||v] < 1.

Observe that for every w € Q(+) and n with supy<,<; |Z}(t) — Z¥(t)| < 6

the games 12 (w), v} (w), v3(w), and v3(w) vanish, and therefore

3

{weQ+) : D Puh(w)(C) # 0} €\ Qn, ).

=0
Therefore, for sufficiently large n we have

3

P({w e Q(+) : Y _vu(w)(C) #0}) <e. (30)

=0

1

Similarly, for w € Q(m) N Q(n,d) the games v9(w), v} (w), and v3(w) vanish.

Therefore, for sufficiently large n we have !
P({w € Q(m) : Y, (w)(C) + Y, (W) (C) + Y, (w)(C) # 0}) <e. (31)

On Q(m) we approximate the game v2(w) by a game u,(w). This is a
crucial step in the proof.

We provide an alternative definition of v2(w) for w € Q(m) with Z*(s(w))
< 6. Denote by v"(w) the vector measure on II,, that is given by

SIS = Y va)(sw) < X < si(w)),

a€A(Il,):aCS

and by p"(w) the scalar measure on II,, that is given by

@) = Y @) I(sw) < XM < 51 (w)).

a€A(Il,):aCS
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For w € Q(m) with Z*(s(w)) < 6 we have for every coalition S € 1I,,

H(Zy(s(w)) + v (w)(S)) if Z}(s(w)) + p"(S) =0
0 otherwise.

v (w)(S) = {

For w € Q(m) with Z#(s(w)) < 6 the game v?(w) is approximated by the
game u,(w) that is given by

f(x(Z(s(w)))) if Zf(s(w)) + p"(S) =0
0 otherwise

un(w)(S) = {

where for 0 < y < v(I) we denote by z(y) the unique point in L of the
form (1 — B)y + (). It follows that for w € Q(m) N Q(n,d;) with Z(s;) <
Z(s) + (01,01), we have (assuming w.l.o.g. that |[v| < 1 and that § > 0 is
sufficiently small so that on Q(m) we have x(Z(s)) < Z(s) + (d1,01)),

|02 (w) — un(w)]| < 3e.

Using inequality (24) the probability that w € Q(m) and Z(s;1) is not <Z(s)+
(01,01) is < e. Therefore, we deduce that for sufficiently large n,

PH{w € Q(m) : ||v2(w) — un(w)| > 3e}) < 3¢
and therefore
P({w € Q(m) : [Yv;(w)(C) = Yun(w)(C)] > 3¢}) < 3e. (32)

Note that for w € Q(m) with Z#(s(w)) < 6 the game u, (w) is a constant
f(z(Z(o(w)))) times a simple game T(u"(S) =0 — ZH(s(w))).

The probability that w € Q(m) and the quota § — Z*(s(w)) and weights
(p(a))aca,) of the simple game 1(p"(S) = 6 — Z*(s(w))) violate condition
(17) is < 2e. Indeed, the conditional probability, given Fj, that there is j
with p(c;) > 0 and s < X; < s1is <eon s < 1—-2¢, and for sufficiently large
n the probability P(sup, |Z#(t) — ZF(t)| > 0) is < €. Therefore (assuming
w.lo.g. that |f(z)| <1 for all z € L),

P{w € Q(m) : |[Yu,(C)| > e}) < 2¢
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which together with (32) implies that
P({w € Q(m) : [Yv2(w)(C)| > 4¢}) < be.

Combined with (31) we conclude that

3

P({w e Q(m) : | > v (w)(C)] > 4e}) < 6e. (33)

=0

Therefore, using Lemma 8, (33), and (30), for sufficiently large n we have
3
PweQ: deﬁl(w)(C)\ > 4e}) < 10e.
i=0

As |00 vl (w)(C)] < 320, vk (w)]| < ||lv]| < 1 everywhere we deduce that
for sufficiently large n we have

3

[on(C)] < E(| Y ¢y (@)(O)]) < 4e + 10e.

=1

Therefore,
lim sup [¢v, (C)| < 4e + 10¢,

n—oo

and as this holds for every £ > 0 we conclude that lim,, . Yv,(C)=0. =

6.4 v=(fou)l(u >q and us > go)

Proposition 7 Assume that p; = A1 +(1=X\)e, i = 1,2, 0 < Ay < A\ < 1,
0<q < w(l), L ={xe€R| ) >z > q}, and [ continuously
differentiable on {x € R* | 0 <z < u(I)}. Then, the game v = (fopu) My >
q1 and iz > qz), namely,

o(8) = {gws» i u(S) e L

otherwise,

has an asymptotic value.
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Proof. We have to prove that the limit, lim, .. ¥vn, (C), exists and is
independent of the C-admissible sequence (I1,,),.

We assume w.lo.g. that |[v|| < 1, |f(z)] < 1 Va, 1,(I) = 1, and
IVf(2)|lo < 1/2 Va. Let f be the function that coincides with f on L
and equals 0 on the complement of L.

We start by describing the structure of the proof. (2, P) is the probability
space on which the Poisson bridge Z(t) is defined. (I,C) is the measurable
space of players. We define (below) a random measure w — 7(w) on (1,C)
and (in Section 6.4.1) a random coalitional game w +— ¥(w) such that o(w)
is a smooth vector measure game (and thus has an asymptotic value v (w))
and the entire proof in Section 6.4 will show that the asymptotic value of v
exists and is given by the formula

pu(S) = E(7(S) + ¢0(5)).

The random measure 7 and the random smooth vector measure game v
are defined by means of the (F;);-stopping time r that is defined as the entry
time of the Poisson bridge Z*(t) into the set L.

The (Fi)o<i<1-stopping time 7 is defined by

r(w) = inf{t s min(Z" (1) - q,) = 0},

The random measure 7(w) is the “jump” of the process at the stopping
time r, namely,

f(Zr(r)) if djst. ¢; € Sand X; =7
F(Z0(r) s if 204 (r) = g; and Z295-4(r) > g5,

T(w)(S) = {
Note that the probability that there is j such that X; = r and Z#(r) ¢ L is 0,
and if uN4(I) = 0 then the probability that Z*i(r) = ¢; equals 0. Therefore
7 is well defined almost everywhere.

The random coalitional game ¥(w) is the smooth vector measure game
defined by the marginal contribution to the coalition of players appearing up
to time r, namely,

DwW)(S) = F(Z"(r) + (1= )N AS) + Y ule) WX, > r(w)) = F(24(r)).
jic; €S
Given € > (0 we approximate the stopping time r by a stopping time s < r

and a stopping time s; > r; see Sections 6.4.3 and 6.4.4 respectively.
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The two stopping times s and s; partition the interval [0, 1] into 4 random

1]
intervals: Jo(w) = [0,5(w)), Ji(w) = [s(w), s(w)], J2(w) = (8% w), s1(w)], and

J3(w) = (s1(w),1]. The random partition of the interval [0,1] induces a
random partition of the players A(Il,) (of v,) according to the values of
XMn: Sk (w) is the set of atoms a € A(I1,) such that X' (w) € Jy(w). For a
coalition S € II,, we define

Un(W)(8) = vn(UjcrSi (w) U (S N S5(w))) — va(UjcrSi(w))-

It follows from the definition of s and s; that s is a (two-sided) stopping
time and s; is measurable with respect to F,. Therefore,

3

Yon(C) = E(Y_¢up(C)).

k=0

We will show that
Y2 (C) is approximately ¢o(C),

Yl (C) is approximately 0, and
Yol (C) + o2 (0) is approximately 7(C).
Therefore for sufficiently large n

3

Zz/wﬁ((])) is approximately 7(C') + ¢0(C)

and therefore

Y, (C) = E( Z Yu¥(C)) is approximately pv = E(7(C) + 0o(C)).

k=0

By conditioning on the values of Z*(s) and s we partition in Section 6.4.5
the probability space Q into three parts: Q(+), Q(m) = Q;(m)UQs(m)), and
Qc) == Q\ (2+)UQ(m)). It will turn out that P((c)) is sufficiently small;
see Lemma 9. Therefore, it suffices to establish the approximations on £(+)
and Q(m).

The approximations (for sufficiently large n) of ¥v* k = 0,1,2,3, on
Q(+) is essentially straightforward; see Section 6.4.7: for sufficiently large
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n we show that on Q(+), ¥v2(C) = 0 with high probability, ¥vl(C) is
approximately 7(C'), and v?(C) is approximately po(C). Similarly, the
approximation of ¥v?, yvl and ¢v? on Q(m) is essentially straightforward,
(see (58), (60), and Section 6.4.7): for sufficiently large n we show that
on Q(m), ¥v2(C) = 0 with high probability, ¥v}(C) = 0, and ¥v3(C) is
approximately ©0(C). The delicate point is the approximation of ¥v? on
Q(m).

We approximate v2(w) by a scalar measure game u,(w), which is a prod-
uct of a constant times a weighted majority game: if w € Q;(m) then

un(W)(S) = F(ZEsO)C D pula) > ¢ — Z4i(s))-

a€A(Ilp):aCS
s<Xg M (@)<s1

On Q;(m), the norm distance between v?(w) and u, (w) is bounded by || Z#(s;)—
Z*(s)|l1, which is, by our construction, small with high probability. There-
fore, yv? is approximated by vu,,, and we prove that 1u,(C) approximates
7(C).

We continue by introducing some notations that will enable us to illustrate
and derive our probabilistic approximations. For two random variables C' and
D and an event ' C Q and a scalar € > 0 we write

C~.D on@

whenever the event {w € Q' : |C(w) — D(w)| > ¢} has probability < e,
and for a vector € = (e1,&5) we write C' ~. D on {2 whenever the event
{weQ :|C(w) — D(w)| > &1} has probability < e,.

Several straightforward properties of the relation ~. follow. If C' ~. D
on Q" and F' ~, G on ¥ then C + F ~., D+ G on &, and if C' ~(, .,y D
on ' then C ~pax. e, D on . Also, if |C|,|D| < 1 and C' ~. D on € them
|E(C)—E(D)| <3¢, and if C ~y D on Q and C' ~,, D on Qy then C' ~yy, D
on Ql U Qg.

This symbolism enables us to summarize the previous mentioned approx-
imations by the relations
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0~ Yup(C)  on Q(+) UQ(m)
T(C) ~ep Yr,(C) on Q(+)

0 = P*(0) on Q(+)
(34)
7(C)  ~. W0E(0) on Q(m)

0~ $OMC)  on Qm)

90(C) ~e Yp(C)  on Q(+) UQ(m)
which hold for sufficiently large n. In fact we will prove these approximations
with 61 = ey = ¢4 = ¢, 63 = 14¢, and 5 = 3¢
The approximations in (34) (with 61 = g3 = ¢4 = €, e3 = 14e, and
g5 = 3¢) imply that for sufficiently large n

3

Zzﬂvﬁ(C’)) ~o0e T(C) + @0(C)  on Q(+) UQ(m)

k=0

and therefore, using the inequalities P(£2(+)

U
9) and | Y2} vu(C))) — (7(C) + ¢0(0))| <
and ||7 4+ 0|| < [Jv]| < 1), we have

Q(m)) > 1 — 3¢ (see Lemma
3
2 (as | o unll < vl <1

[E(Y dui(C))) = B(r(C) + ¢(C))| < 66e.

The first part of the proof provides a formula for the candidate pv of the
asymptotic value of v. Along the way we make several comments which are
not used in the definition of v but are used later in the proof.

6.4.1 The formula of pv

Recall that f is a smooth function on {z : 0 < z < u(I) = [1,1]}. In
particular it is defined on L; = {0 <z < u(I) | 1 = ¢ and z2 > ¢2} and on
Lo={0<z<pu(l)|z2=qand z1 > ¢ }.

For every w € 2 we define a smooth vector measure game o(w) = g(w) o
f(w) where g(w) is a smooth function defined on {y — Z#(r(w)) : Z*(r(w)) <
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y < u(I) by
gy — Z"(r(w))) = f(y) — f(Z"(r(w))),

and ji(w) is a vector measure on (I,C) with atomic part ji*(w) given by

A @)(S) = Y ple) (X > r(w))

j:CjES

and nonatomic part

AN w)(S) = (1 = r(w)u"(S).

Observe that w +— ¥(w) is F.-measurable. The vector measure game o(w)
has, by Theorem 4, an asymptotic value ¢o(w), and

VSeC,  ¢iw)(S) =pw) AN+ D Uy(w)

j:CjGS

where p(w) € R? The maps w — p(w), w — ¥;(w), and w — ¢(w) are
F.-measurable.

For every coalition S € C, 7(5) and ¢0(S) are real-valued random vari-
ables, w +— 7(w)(S) and w — Yv*(w)(S) respectively. The candidate v of
the asymptotic value is the measure pv on (/,C) defined by

pu(S) = E(7(5) + ¢o(5)).
We will prove that Ve > 0 we have

lim sup [¢on, (C) — pv(C)] < e. (35)

n—oo

As inequality (35) holds for every € > 0 we deduce that lim,, .., vy, (C) =
ov(C'), which finishes the proof.

Fix ¢ > 0 and assume without loss of generality that ¢ < 1. As f is
smooth, there is §; > 0 sufficiently small such that

[f (@) = FWI V(@) =V <e VO <zy < pl) st. [l =yl <(51>-
36
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6.4.2 Definition of K

Let K > 3 be a sufficiently large constant such that for every weighted

majority game u = [0;wy, ..., w,,]| with
K%)Bﬁwj/Sgegzwj—Kl?fﬁwj/3 (37)
‘]:
we have . .
Zh[)ju—wj/ZwA <e. (38)
j=1 =1

The existence of such a constant K follows from Proposition 3. (E.g., set
K = max(4,3K(e)) where K (¢) is given by Proposition 3.)
6.4.3 Definition of ¢
As ZH(t) ——1- p(I) and Z#(t) =0y u(@) = 0 in probability, we deduce
that there exists £ > 0 such that

P2 <r(w)<1—-2)>1—c¢. (39)
Set m(6) = [{j > 1 : ||u(c;)]| > d}|- Note that

Therefore, o; > 0 = m(0)dK /(&) —s—04 0.

As |Vf(2)|lee < 1V¥(0,0) < a < (1,1) = p(l) by assumption, for all
(0,0) < 2,y < p(l) we have |f(z) — f(y)| < |ly — x[|1, and for all increasing
sequences (0,0) <z =2z(0) <z(1) <...<z(m)=1y < p(l) we have

m

Do) = fa( =) < lly = . (41)

=1

Let Bgs(q) denote the set of all points o = (x1,22) € R? such that
max;—12|z; — ¢;| < Kd. Note that if § = (61, 62) is the unique point in R?
such that \;6;+(1—X\;)0> = g; then there is n > 0 such that for every § > 0 we
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have ||z —0|| < nKé whenever (A\jz1+ (1 —A1)xo, Aoy + (1 —A2)xs) € Bks(q).

Therefore, it follows from Lemma 6 that
P30 <t <1s.t. Z%(t) € Bgs(q)) —s—0+ 0.
Let 0 > 0 be sufficiently small so that
P(30 <t <1s.t. Z¥(t) € Brs(q)) < e,

and for ¢ = 1,2 we have

a>0= Y fule)l <

J:lluley)l<é

;> 0= 266 By w(e;)| < 61/2,
o jrllu(czj)|§5 [ 1)l /
2m(0)0 K
a;§
WK

()

a; > 0= <e,

a; > 0= [[u™ (1)L

<e/2,

and

6.4.4 The Stopping Time s = s;
Define the (F;)o<t<1-stopping time ss, or s for short, by
ss(w) = inf{t : max(q; — 2" (t)(w)) < Kd}.

Note that s = s is a two-sided stopping time.

6.4.5 Partitioning the Probability Space
Define the events ©;(m), ¢ = 1,2, and Q(+) by

(48)

Q(m) ={w: Z"(s(w)) < ¢ — (K —1)0 and Z"*~(s(w)) > q3—; + K¢ (49)

and s(w) < 1—2¢}
and
Q(+) = {w - min(Z" (s(w)) — ) > K6).

2
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Lemma 9

P(Q(+) UQ(m) UQy(m)) > 1 — 3e.
Proof. If w & Q(+) U Qy(m) U Qy(m) then either
we Q= {w:s(w)>1-2¢,

or
we N ={w:30<t<1st. ZMt) € Bys(q)},

or w € 7 U where
QF={w:30<t<1st. ¢ — Kd< ZM(t) < q+ Ko
and Z"(t) — ZM(t—) > 60}.

As s < 7, inequality (39) implies that P(Q¢) < e. Inequality (42) implies
that P(Q9) < e. If a; > 0 then (45) implies that P() < /2. If a; = 0 then
inequality (47) implies that P(Q}) < /2. Altogether, P(QSUQIUQUQ) <
3e and therefore P(Q(+) U Qy(m) U Qa(m)) > 1 — 3e. .

We define the (F;);-stopping time s; as follows. s1(w) = s(w) + 2K/
if a; > 0 and w € Q;(m), and s1(w) = s(w) otherwise.

We continue with deriving a useful inequality about the distance between
Z(r) and Z(s1) on €;(m) in the case that o; > 0. On Q;(m), s(w) <1 —2¢
and a; > 0= 1—-2{ <1—2KJ/a; by (45). Therefore for every j > 1 we
have K
P(X; € (s,81] | Fy) < 811_85 <

Therefore, using inequality (45), we have

on ;(m).

P(3j s.t. ||pi(cj)|| > 6 and X; € (s,51] | Fs) < e/2 on ;(m)  (51)
and thus, by using inequality (44),
P(l|Z(s1) = Z(s)| Z 01 | Fo) <e/2 on Qi(m). (52)
As Z(s) < Z(r) < Z(s1) on Q;(m), it follows that
PIZ(r) — Z(s)ll 2 61| F) < /2 on Q(m) (53)
and therefore also

P(f(Z2(r) = f(Z(s1)| Zz e | Fo) <e/2 on Qi(m). (54)
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We have ZH(sy) — ZH(s) = (s1 — s)pNA(I) + doime)I(s < X; <
s1). In what follows we bound the conditional probability, given F;, that
5, lnlep)|[U(s < X; < 1) > 2.

For every j, E(I(s < X; < s1) | Fs) = (s1 — 5)/(1 — s). Therefore,

BC Y et < X <) | F) = 2= >ty

J:llmles)lI<o J:lln(ei)lI<é

On Q;(m), s<1—2¢ and s1 — s = 2a—fi‘5 and therefore $=* < %. By (43),

Zj:”p(cj)HSﬁ ()| < e?€a;. Therefore,
E( Y ule)i(s < X; < s1) | Fo) < Kée> on Qi(m).
3illu(es)lI <o
Using Markov’s inequality we deduce that
P( Y el T(s < X; < s1) > 2Kde | Fo) </2  on Qi(m).
3illu(es)lI <o
Therefore, using (51), we have
PO lule) (s < X; < s1) > 2Kde | F)) < & on Qi(m),
J
implying in particular that
P({w € Qi(m) : Y [lu(cy)| (s < X; < s1) > 2Kde}) <. (55)
J
6.4.6 The Random Decomposition of vy,

Let v, stand for the finite game vy;,. We will define auxiliary finite games
12 (w), vl (w), v2(w) and v3(w), and an auxiliary smooth vector measure game
v¥(w). In addition, we define an auxiliary finite game u,(w) which is a
product of a constant and a w.m.g.

It will follow from the definition of the auxiliary random games that
[ (@) + [lvn @) + [l (@) + la @) < Jlvll- vn (56)

and

Vv, = E(uld + pup + ol 4+ ¢od). (57)

46



The set of players of v/ (w) is the set of atoms of II,, and it is partitioned
into a set of null players D! (w) and a set of essential players S’ (w). Note that
some essential players may be null players as well. This partition is however
useful as it enables us to define the game ! (w) by specifying v’ (w)(S) for
subsets S of the set of essential players.

The sets S’ (w) of essential players in v/, (w) are defined by means of the two
(F:)e-stopping times s and s;. The two stopping times s and s; partition the
interval [0, 1] into 4 random intervals: Jo(w) = [0, s(w)), J1(w) = [s(w), s(w)],
Jo(w) = (s(w), s1(w)], and J3(w) = (s1(w), 1].

The set S! (w) of essential players in v, (w) is the set of atoms a € A(Il,)
such that X!"(w) € J;(w). For a coalition S C S¢ (w) we define

(@)(S) = va(UjciS (W) U S) — va(Uj<ilSh (W)

I

(Y

Note that on Q(+) N Q(n,d) and on Q;(m) N Q(n,d) the game v°(w)
vanishes. Also, s; = s on Q(+), and therefore the game v? vanishes on Q(+),
and on ;(m) N Q(n,d) the game v} (w) vanishes. As P(Q(n,d) —, 00 1 we

deduce that for sufficiently large n we have

Pu2(C) ~. 0 on Q(+)UQ(m) (58)
Yu2(C) ~. 0 on Q(+) (59)
Yol (C) ~. 0 on Q(m). (60)

For every w € Q(+) there exists a unique j such that X; = s and 7(w)(C) =
f(Z*(s(w))) if ¢; € C and = 0 otherwise. The continuity of the function
f and the convergence in probability of Z¥(s) and Z*(s—), to Z"(s) and
Z"(s—) respectively, imply that for sufficiently large n we have f(Z#(s—)) ~¢/2
0 and f(Z1(s)) ~e2 F(Z"(s)) on (+) and therefore

Yol (C) ~. 7(C) on Q(+). (61)

n

6.4.7 Yv3(C) ~sz. p0(C) on Q(+) U Q(m)

To every w € Q and n we associate the finite game ¥,(w) on the set of
players A(Il,), defined as follows. S (w) = {a € A(Il,) : X!I» < r} and

n

SH(w) ={a € A(1L,,) : X > ¢} and for S C A(Il,) we define

Un(W)(S) = v(SUS, (W) = v(S, (w))-
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It follows from Theorem 4 that

P (C) —n—oo p0(C).

The next lemma asserts that for sufficiently large n with high probability the
bounded variation norm distance between @, and v3 is small.

Lemma 10 Let B = max{||Vf(z)[|lw : 0 < 2 < p(l)} and B(w) =
?2X{||Vf(x)—vf(y)|loo 0 <zy < pl) with |lz—yl <[ 2"(s1)—=2"(s)]]}-
19 (w) = va (@) < Bl Z} (1) — Zi(s)]l1 + 2B(w).

Proof. Given an order R of the players A(Il,) and an atom a € A(Il,,) we
set

AT =y, R, @) = 0 (w) (P Ua) =0, (@) (P Ua) = (8a(w) (Pr) = v (w) (P))-
We have to prove that for every order R we have

Y 1A@ — v Ra)| < B[ Z2"(s1) = 2"(s)|l: + 2B(w).

acA(Ily)
If a € Sn (w) then 0,(w)(PF U a) = 0,(w)(PF) and v3(w)(P* Ua) =
v3(w)(PR), and therefore A(7,(w) —v3(w), R, a) = 0. IfaES*(w) \ S3(w))
thenv 3(w)(PRUG) — v3(w)(PR) = 0 and [5,(w) (PR Ua) — 8, (w)(FR) = 0] <

B|\p(a)||1. Therefore,

Y. A@L R a) < Bllu(S; @\Sy @)l < Bl Zk(s1)—=Zi()1.
aeSt (@)\S3())

If a € S3(w)) then

MWW?U@—mWW?waéaU@+wm»mww

where x = u(S, U PR), and

W3(W) (PR Ua) — o () (PR) = A<Vﬂy+WW»MW»ﬁ
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where y = pu(P* U (A(IL,) \ S} (w))). Note that ||z —ylly < [|Z¥(s1) — Z"(s)]|
and therefore |03 (w)(PRUa) —v3 (w)(PR) — (¥, (w) (PR Ua) — 0, (w)(PR))| <
B(w)|[p(a)|l. Therefore, as 3 cqs [[(a)[lr = |(S3)|]1 < 2, we deduce that

> |A(®G, — 0] R, a)| < 2B(w).

a€S3 (w)

Altogether,

> IA(G, = v3, R a)| < B||Z(s1) — Z*(s)|l; + 2B(w).

aGA(Hn)

Lemma 11 ¢v3(C) ~s3. 00,(C) on Q(+) UQ(m).

Proof. As Z!(r) and Z"(s1) converge in probability to Z*(r) and Z*(s;)
respectively, we deduce from (53) that for sufficiently large n

P({w e Q(m) : |2"(r) — Z;(s1)l| = 201}) < 2,
and therefore, by using (36), we deduce that
P{w € Q(m) : B(w) > 2¢}) < 2e.
On Q(+) we have v3 = 0,. As d; < e and B < 1, we conclude that

P2 (C) ~ae 0, (C) on Q(+) U Q(m).

6.4.8 Y2~ 7(C) on Q;(m)

For w € Q;(m) and n with Z"i(s(w)) < ¢; we approximate the game v?(w) by
the auxiliary game u,(w) where S2(w) is the set of essential players of u,,(w)
and for every coalition S C S2(w)

un(w)(5) =

va(w)(I) if Zii(s(w)) + (S) > @i
0 otherwise.
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Recall that 2(n,d) = {w € Q: supgc;; [|Z(t) — Zn(t)|| < 6}. Observe that
for every n and w € Q(n, §)NQ;(m) the game u,(w) is a product of a constant
v2(w)(I) and a w.m.g. T(p;(SNS%(w)) > ¢ — Z#i(s(w))) and the game v2 (w)

obeys v2(w)(S) = v,(SUSY(w) U S} (w)) for every S C S?(w). Letting pu"(w)
stand for the vector measure on II,, that is given by

@)= Y pla)Isw) < X < si(w)),

acA(Ilp):aCS

it follows that on ;(m)NQ(n, §) we have (using the assumption ||V f(2)]|c <
1/2 Vz)

7 (@) = un (@)l < [I" (@)(D)]]1 - (62)
It follows from (52) that P({w € Q;(m) : || Z(s1) — Z(s)||1 > 61}) < e. As
sup,{||Zn(t) — Z(t)||1} converges in probability to 0, it follows that for every
d" > 41, we have for sufficiently large n that P{w € Q;(m) : ||Z.(s1) —
Zn(s)|[1 > ¢'}) < € and thus P{w € Q;(m) : ||p"(w)(I)|y > ¢'}) < e
Together with inequality (62) we deduce that for sufficiently large n, P({w €
Qu(m) : [[02(w) — un(w)]| > 2}) < =, namely,

lva(w) = un (W)l ~c 0 on Qi(m). (63)

By the weak contraction property of the Shapley value, |02 (C)—u, (C)|
is < ||v2(C) — u,(C)]||, and thus, for sufficiently large n we have

P({w € Qi(m) : [Yv;(w)(C) — Yun(w)(C)] > €}) <e,

namely,
P2 (C) ~ Yu,(C)  on Q;(m). (64)
As I1,, is admissible, max,cam,) i *(a) — 0 as n — oo, and for every
1 <i < j there is a sufficiently large n(i, j) such that for every n > n(i, j) the
field II,, separated ¢; from ¢;, namely, m,(c;) # m,(c;). Therefore, we have
that max;|.c,)|<s ||14(mn(ci))|| < 6 for sufficiently large n. It follows from (51)
that P({w € Q;(m) : Ji s.t. ||p(c)| = d and X; € (s,s1]}) < £/2. Therefore,
for sufficiently large n, the probability that w € €;(m) and the quota and
weights of the w.m.g. T(u?(S) > ¢; — Z'(s(w))) violate condition (37) is < e.
Therefore (using also the assumption that ||v|| < 1), for sufficiently large
values of n we have

pi (w)(C)

P € Qim) : [pun(@)(C) = wnlw)(1) 250

| >¢e}) <e, (65)
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namely, for sufficiently large values of n

1 (C)
i (1)

Recall that sup, || Z,(t) — Z(t)|| converges in probability to 0. Therefore,
using (55), for sufficiently large n

Y (C) ~e up (1) on §;(m). (66)

i) ~arsee) (51— 8)u (1) = 26 on Qy(m),
and similarly
1 (C) ~@rsee) (51— ) (C)  on Qy(m)
and therefore

piC) o ome)
i) e o o0

By (54), f(Z(r)) ~c f(Z(s1)) on Q;(m). As f(Z,(s1)) converges in prob-
ability, as n — oo, to f(Z(s1)), we deduce that for sufficiently large n we
have

f(Z(r)) ~ae f(Zn(s1)) = un(I) on Qi(m),

and therefore

H0) = HZEN T sy D on g, (69

The three properties, (64), (66), and (68), prove that for sufficiently large
n we have

Y2 (C) ~(7e6e) T(C)  on ;(m). (69)

7 Outline of the Proof of Theorem 3

Assume that v = (vq,...,v,) is a vector of probability measures that sat-
isfies the conditions of Theorem 3, and let v € LPS(v). There are finitely
many distinct pairs (p;,¢;), ¢ = 1,..., k, where y; is a convex combination of
V1,..., Uy and 0 < ¢; < 1, such that for every list of inequality (or equality)
signs € = (€y,...,€,) € {<,=,>1}* the restriction of v to the set of coalitions
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Cc.:={S €C:Vipu(9) € q} is a smooth function of v. Namely, for every
list of inequality (or equality) signs € = (e1,...,€e) € {<,=,>}* there is a
smooth function f, : [0,1]" — R such that

v(S) = fe(v(S)) whenever S € C..

We assume without loss of generality that |f(z)| < 1 and ||V fe(z)]|s < 1 for
every x € [0,1]™ and every € € {<,=,>1}F.

Let f : R(v) — R with v(S) = f(v(S)). Note that f need not be
continuous. However, for every x € R(v), the limits lim. o f((1 — )z +
ev(I)) and lim. o1 f((1 — &)x + ev(0)) = lim. o1 f((1 — €)x) exist and are
denoted f*(x) and f~(x) respectively.

Throughout the proof we fix a coalition C' € C and a (C-admissible se-
quence {II,,}>°,. The set of atoms of II,, is denoted A(Il,). Let (¢;)$2, be
a sequence of distinct elements of I s.t. {¢; | ¢ > 1} D {a; | « > 1} and
for every n and every a € II, there is i > 1 s.t. ¢ € a. Let (X;)2; be a
sequence of i.i.d. r.v.s that are uniformly distributed on [0, 1] and w.l.o.g.
assume that for all ¢ # j X; # X, everywhere. For every a € I we denote
by m,(a) the unique atom of II, that contains a. For every a € A(Il,) we
denote by i(a) = min{i | ¢; € a} and X'* = Xj().

Let Q2 be the sample space on which all these random variables are defined
and let P denote the probability measure on 2. The Poisson bridge associated
with a vector measure v is defined by

Z°(t) =Y w(e)W(X; <)+ tNA(T).

=1

We define the stopping times r; by
r; =1inf{0 <t <1:ZM(t) > ¢}

For every j > 1 and 1 < i < k we have Pr(Z*(X;) = ¢;) = 0 and by
Lemma 7 we have

Pr(Z"(r;) = q; and Z" (r;) = qv) =0 V1 <i#i <k,

Therefore, Pr(Z*i(r;) = ¢ and r; =ry) =0 V1 <i# 4 <k, and thus we
can assume without loss of generality that

Vi#d, ZM(r) =qi =1 # 1y
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For every w there is a permutation 7 on {1,...,k} such that r(w)
rr2)(w) < ... < rrey(w). The above assumption implies that if 7 (w)
Pa(irn) (W) then ZH0 (rr) ) (W) > Gr(py and ZH760 (rr40)) (@) > Griit)-

First we define the candidate for the asymptotic value. For every 1 <1
k we define a random nonatomic measure 7; on (I,C) by

7i(w)(S) = {(f+(ZV<7"i)) - f_(Z”(rl)))Zgz((f)) if 70 (ry) = g

|IVAN

IA

0 otherwise.

Note that when on Z*i(r;) = ¢;, the point Z”(r;) may be a point of discon-
tinuity of f.

For every j > 1 we define a random atomic measure 77 on (I,C) by
f(Z"(X;)) — f(Zz7(X;) I <i<kst X;=r

0 otherwise.

7 (w)(S) = {

Note that almost everywhere Z¥(X;) is a point of continuity of f.
Set 7y = rr(y, To = 0, and 7,41 = 1. Define the random vector measure
w — vi(w) by

V(8) = (7 — T )N AS) + Y (e Wiy < X; < 7).
jic;€S

Note that on 7; = 7;_; the measure v* vanishes.
The random smooth coalitional game v;, 1 <7 < k + 1, is defined by

5:(S) = fH(Z"(Fica) + V' (9)) = fH(ZY (Fizr)).-

The asymptotic value of v is given by

o(8) = EQ_mi(8) +3_(S) + 3 ¢mi(S)).

Fix € > 0. Fix a sufficiently small £ > 0 such that for every 1 <1 < k we
have

Pr(26 < ZFi(r;)) <1—2¢) > 1—¢/k.

Next we define a sufficiently large positive constant K and a sufficiently
small 9 > 0. Thereafter, we define for every i two stopping times s; and s;.
The stopping time s; is defined by

s =1inf{0 <t <1:2M(t) > q — Kd}.
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Set s = 0 and s, = 1.
Set

Qi(m) ={w: Z"(s;) < g — (K —1)§ and Z"(s;) < 1 — 2¢},
Qi(+) = {w € Uj<iQi(+) : 2" (i) = ¢ + K07},
Q(+) = U;Q(+) and Q(m) = U;Q;(m).
The stopping time s; is defined by

(o) = | 5@+ 2D i pAT) > 0 and w € Qi(m)
S si(w) otherwise.

The stopping times s; and 3; enable us to define the random games v%(w),
¢=0,1,2and i =1,...,k, as follows. First, let

Iw)={1<i<k:weQm)UQ+)}

If w e Q;(+) then there is j s.t. s;(w) = X;(w) and then 7,(c;) is the
unique essential player of v!*(w), and

v (W) (Tnley) = F(Z7(X5) — f(Z7(X;-).
If w € Q;(m) the unique essential player of v!*(w) is the atom a € II,, with
XMn = g, if there is such an atom, and then

v (w)(a) = f(Z(Xa") = F(Z(Xg),

n

and otherwise v (w) is identically zero. The set of essential players of v2%(w)
is the set of all atoms a € II, such that X € Jy;(w) where Jy;(w) =
(max;,, <, 5;(w), s;), and for a coalition S of essential players of v)"(w), we
have
WH()(S) = F(ZH mass 55(0)) + ¥(S)) — F(Z4( s 5,(0).

The essential players of v2(w) is the set of all atoms a € II, such that
XM e Jyi(w) where Jp;(w) = (si(w), 5i(w)], and for a coalition S of essential
players of v>(w), we have

v (W)(S) = F(Z)(si(w) + v(8)) = f(Zy (si(w)).
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As in the proof of Theorem 2, we have
(e Zwv“

and one proves that

D_vwi(C) ~ D r(C) o Q+) (70)

Yol (C) ~ 0 on  ;(m) (71)

PYu2(0) ~ 7(0) on Q;(m) (72)

Yu2(C) ~ 0 on  Q(+) (73)

Y (C) ~ @i (C) on  Qi(+) UQi(m). (74)
P(Q;(m)NQ;(m)) is sufficiently small whenever ¢ # j, and P(€2;(m)N8;(+))

is sufficiently small for all i, 7. Also, P(2(m) U UQ(+)) is sufficiently close
to 1. Therefore,

;wv#iw) ~ 3P on  Q+) (75)
D_tut(C) ~ 0 on  Q(m) (76)
i@bvi’i(C) ~ D om(C) on  Q(m) (77)
iwuz;i(c) - on  Q(+) (78)

Zwvsz) ~ ) wh@(C)  on Q(+)UQ(m), (79)

%

and thus
‘ k E+1
EQ woi(C) = EQ_m(C)+ ) m(C)+ > i) (C)
it i=1 j>1 i=1

is sufficiently small and thus |y, (C) — ¢v(C)| is sufficiently small.

The proof of (70), (71), and (73), is similar to the proof of (61), (60), and
(59), respectively. The proof of approximations (72) and (74) is similar to
the proof of Sections 6.4.8 and 6.4.7, respectively. .
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8 Necessary and Sufficient Conditions for the
Zero-Hitting-Probability Property

The essential property of the vector measure v = (v, 1) that is crucial for
the result is that v has the zero-hitting-probability property.

Therefore, the question of the existence of the asymptotic value boils
down to a question of hitting probabilities. We conjecture that the following
conditions are necessary and sufficient in order for the Poisson bridge Z* to
have the zero-hitting-probability property. Given a finite set A we denote by
v~4 the restriction of v to the complement of A.

Conjecture 1 The vector measure v = (v1,2) has the zero-hitting-probability
property if and only if one of the following conditions is satisfied:

(a) There is a finite set A and a positive projection T such that T o v~
15 purely atomic with countably many atoms.

(b) For every finite set A, the image of the idealized process, Z”_A(t), is
two-dimensional.
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