
SUPERVISORY CONTROL OF FAMILIES OFLINEAR SET-POINT CONTROLLERS - PART 2:ROBUSTNESSA. S. MorseDepartment of Electrical EngineeringYale UniversityNew Haven, Connecticut, 06520-208267Abstract|A simply-structured high-level controller calleda `supervisor' has recently been proposed in [1] for the pur-pose of orchestrating the switching of a sequence of candi-date set-point controllers into feedback with an impreciselymodeled siso process so as to cause the output of the processto approach and track a constant reference input. The pro-cess is assumed to be modeled by a siso linear system whosetransfer function is in the union of a number of subclasses,each subclass being small enough so that one of the can-didate controllers would solve the set-point tracking prob-lem, were the process's transfer function to be one of thesubclass's members. In [1] it is shown that in the absenceof unmodelled process dynamics the proposed supervisorcan successfully perform its function fi.e., achieve a zerosteady state tracking errorg even if process disturbances arepresent, provided they are constant. This paper proves thatwithout any further modi�cation, the same supervisor canalso perform this function in the face of norm-bounded un-modelled dynamics and moreover that none of the signalswithin the overall system can grow without bound in re-sponse to bounded disturbance and noise inputs, be theyconstant or not. I. IntroductionA simply-structured high-level controller called a \super-visor," has recently been proposed in [1] for the purpose oforchestrating the switching of a sequence of candidate con-trollers into feedback with an imprecisely modeled processso as to stabilize the process and make its output tracka constant reference input. In [1], the process is assumedto be modeled by a SISO linear system which is knownonly to the extent that its transfer function is within theunion of a number of given subclasses, each subclass be-ing small enough so that one of the candidate controllerswould solve the problem, were the process's transfer func-tion to be one of the subclass's members. Each subclasscontains a \nominal process model transfer function" aboutwhich the subclass is centered. The supervisor's uniquefeature, distinguishing it from other logics which might beused for the same purpose, is that controller selection ismade by (i) continuously comparing in real time suitablyde�ned norm-squared output estimation errors or \perfor-mance signals" determined by the nominal models and (ii)by placing in the feedback-loop, from time to time, thatcandidate controller whose corresponding performance sig-nal is the smallest. The paradigm is a manifestation ofThis paper is a revised version of a Yale UniversityTechnical Reportbearing the same name and dated November 11, 1994. Both thegeneral approach and results derived herein are the same as in the1994 report. The author acknowledges to help of Jo~ao Hespanhawith this revision. This research was supported by the Air ForceO�ce O�ce of Scienti�c Research, the Army Research O�ce, andand the National Science Foundation.

the idea of certainty equivalence from parameter adaptivecontrol.In [1] it is shown that in the absence of unmodelled pro-cess dynamics the proposed supervisor can successfully per-form its function fi.e., achieve a zero steady state trackingerrorg even if process disturbances are present, providedthey are constant. The purpose of this paper is to provethat without any further modi�cation, the same supervisorcan also perform this function in the face of norm-boundedunmodelled dynamics and moreover that none of the sig-nals within the overall system can grow without bound inresponse to bounded disturbance and noise inputs, be theyconstant or not.Relevant background material from [1] is brie
y summa-rized in xII. Included is a description of the class of ad-missible process model transfer functions, a statement ofrequisite properties of the candidate loop-controller trans-fer functions, a characterization of the system which is tobe supervised, and a description of the estimator-basedsupervisor which carries out the controller selection pro-cess. The paper's main result, Theorem 1, is presented inxIII. The theorem states, in essence, that the overall su-pervisory control system performs its function in the faceof large nominal modeling errors as well as norm-boundedunmodelled dynamics and constant disturbances. An ex-plicit upper bound for the allowable norm-bound �p� on theunmodelled dynamics is given in subsection VII-A.Theorem 1 is the main technical result of this paper.Its proof employs an output-injection based argument [2]which is to some extent similar to that used in [1]. Thecorrectness proof in [1] depend crucially on the readilydiscernible fact that at least one of the supervisor's per-formance signals must be bounded. While this is alsotrue when norm-bounded unmodelled dynamics and dis-turbances are present, it is no longer possible to concludethat this is so without �rst delving into the detailed anal-ysis of the system. For this reason the proof of Theorem 1is much longer than its counterpart in [1].The analysis of the system is carried out in �ve sections.Section IV outlines the notation and explains the underly-ing concepts upon which the analysis is based. Key math-ematical relationships are enclosed in boxes. In analyzingthe system it is especially useful to distinguish betweentwo di�erent types of supervision: perfect and imperfect.Roughly speaking, the system is being falmostg perfectlysupervised whenever the controller in the loop is close tothe \correct" one. Otherwise the system is being imper-



2fectly supervised. The concept of perfect supervision ismade precise in xV. This section also contains a technicalresult, namely Proposition 1, which characterizes the be-havior of a perfectly supervised system. The behavior ofan imperfectly supervised system is correspondingly char-acterized by Proposition 2 which is stated and proved inxVI.The hypotheses of Propositions 1 and 2 include con-straints on �p� of the forms�p� < 1gp� and �p� < 1�gp�respectively, where gp� and �gp� are positive system gainsdepending only on the family of candidate loop-controllersto be supervised, and on the estimator-based supervisorwhich carries out the controller selection process. Explicitformulas for gp� and �gp� are given respectively by equa-tion (26) in xV and equation (39) in xVI. These gains arenot optimized fbut could beg with respect to the selec-tions of the various quantities upon which they depend.In any event, conservative but computable upper boundsfor both gp� and �gp� can easily be derived using standardtechniques.Theorem 1 is a more or less direct consequence of Propo-sitions 1 and 2. A proof of Theorem 1 is given in subsectionVII-C. The proof of Proposition 1 is straightforward and isgiven in the Appendix. All the di�culty in proving Propo-sition 2 is hidden in the proof of Lemma 5 which is themain technical result upon which the proposition's proofdepends. The lemma's proof relies on several key inequal-ities implied by dwell-time switching. These inequalitiesare derived in a self-contained subsection of xVIII and arethen used there to prove Lemma 5.Preliminaries:In the sequel prime denotes transpose. IRn�m is the lin-ear space of real n�m matrices. The norm ofM 2 IRn�m,written jM j is the sum of the magnitudes of its entries.If f : [0;1) ! IRn and g : [0;1) ! IRn are piecewise-continuous time functions we sometimes write f ! g ifnormed di�erence jf(t) � g(t)j goes to zero as t!1; if �is a positive number and jf(t)�g(t)j goes to zero as fast ase��t we sometimes denote this by writing f = g mod e��t.Time functions such as f and g are bounded if they arebounded in the L1[0;1) sense.A square time-varying matrix A is exponentially stableif for some positive numbers a and �, the state transitionmatrix of A satis�es j�(t; � )j � ae��(t��); 8t � � � 0. If,in addition, A depends on either a signal or parameter qin some given family F , and a and � are the same for allq 2 F , then A's exponential stability is uniform over F .Throughout this paper � is a �xed positive number flaterto be used in the de�nitions of performance signalsg and Ldenotes the linear space of all real, rational, proper transferfunctions in s, whose poles all lies to the left of the verticalline s = �� in the complex plane. For � 2 L , � denotesthe norm � = sup!2IR j�(j! � �)jFor any stable, proper, transfer function � and anypiecewise-continuous signal u : [0;1) ! IR, b� � u denotes

the convolution productb� � u �= Z t0 b�(t � � )u(� )d�where b� is the inverse Laplace transform of �.II. BackgroundThe objective of this paper is to continue with the anal-ysis of the estimator-based supervisory control system pro-posed in [1]. The process to be controlled is taken to be alinear system �P with control input u and controlled out-put yc; �P 's transfer function from u to yc is presumedto be a member of a known class of admissible transferfunctions of the form CP = [p2P C(p)where P is either a �nite set of indices or a closed, boundedsubset of a real, �nite-dimensional, normed linear space.Here C(p) denotes the subclassC(p) = f�p(1 + �m) + �a : (�m; �a) 2Ugwhere �p �= �p�pis a prespeci�ed, strictly proper, nominal transfer function,U is a speci�ed, bounded subset of L� L, and �m and �aare transfer functions representing unmodelled dynamicsof the multiplicative and additive types. It is assumed foreach p 2 P, that �p is monic and that �p and �p are co-prime. Prompted by the requirements of set-point control,it is further assumed that the numerator of each transferfunction in CP is nonzero at s = 0. For each p 2 P, 1sC(p) isrequired be at least small enough so that it can be robustlystabilized with a single, �xed-parameter, linear controller.Of course 1sCP need not have this property. The speci�cmodel of the process to be controlled is depicted in Figure1. Here y is the process's measured output, n is boundedmeasurement noise, d is a bounded disturbance, �p� is apolynomial of degree less than that of �p� and p� is a �xedbut unknown element of P.
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+ Fig. 1. Process ModelPresumed given is a family of candidate loop-controllertransfer functions K �= f�p : p 2 Pg possessing at least thefollowing property.Stability Margin Property: For each p 2 P, the realparts of all of the closed-loop poles of the feedback inter-connection shown in Figure 2 are less than ��:
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+ κp νpFig. 2. Feedback InterconnectionIn addition K must be de�ned so that the assignment�p 7�! �p is a well-de�ned function from the nominal pro-cess model transfer function class N �= f�p : p 2 Pg to K.This is equivalent to the following.Assumption 1: K and N have the property that �p = �qwhenever p; q 2 P are such that �p = �q.Also presumed given is a family of nC-dimensional, stabi-lizable realizations of the form��AC 00 AC �+ � bC0 � fp; � gpbCbC � ; fp; gp� ; (1)one for each �p 2 K. Here nC �= 2n� where n� is an upperbound on the McMillan Degrees of the �p and (AC ; bC) is aparameter-independent, n�-dimensional, siso, controllablepair with �I + AC stable. All uncontrollable eigenvalue ofeach realization, are presumed to have real parts less than��. The reader is referred to [1] for an explanation of whyrealizations of this particular type are being considered.Remark 1: In [1] it is explained how to construct suchrealizations so that �p 7�! [fp gp ] is a bijective functionfrom K to the space of such row matrices. This and As-sumption 1 thus imply that [ fp gp ] = [ fq gq ] whenever�p = �q. �The sub-system to be supervised is of the form
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eFig. 3. Supervised Sub-Systemwhere �C(�) is the nC-dimensional \state-shared" dynam-ical system_xC = �AC 00 AC �xC + � bC0 � v + � 0bC � eT (2)v = f�xC + g�eT; (3)called a multi-controller, v is the input to the integrator_u = v; (4)eT is the tracking erroreT �= r � y; (5)and � is a piecewise constant switching signal taking val-ues in P. The job of a supervisor is to generate � so asto achieve 1. global boundedness fof all system signalsg inthe face of arbitrary but bounded noise and disturbanceinputs, and 2. set-point regulation fi.e., eT ! 0g in theevent that the disturbance signal is constant and the noisesignal is zero. The supervisor considered in [1] which ac-complishes this is an estimator-based algorithm of the hy-brid type whose output is � and whose inputs are v andy. Internally the supervisor consists of three subsystems:

a multi-estimator dynamic �E , a performance-weight gen-erator �W , and a dwell-time switching logic �D. �E is anE-dimensional linear dynamical system of the form_xE = �AE 00 AE �xE + � bE0 � y + � 0bE � v (6)where nE �= 2(n� + 1) and (AE ; bE) is a parameter-independent, n�+1-dimensional siso, controllable pair with�I +AE stable. Here n� is an upper bound on the McMil-lan Degrees of the �p; p 2 P. In [1] it is explained how toconstruct a function p 7�! cp so that for each p 2 P,��AE 00 AE �+ � bE0 � cp; � 0bE � ; cp�is a stabilizable realization of 1s�p whose uncontrollableeigenvalues have real parts less than ��. The cp are usedin the de�nition of �W which will be given in a moment.The cp also enable us to de�ne output estimation errorsep �= cpxE � y; p 2 P (7)While these error signals are not actually generated by thesupervisor, they play an important role in explaining howthe supervisor functions.In the sequel we will make use of the following technicalassumption.Assumption 2: The functions p 7�! cp and p 7�![fp gp ] are continuous on P.This of course means that both the �p and the �p must varycontinuously as p ranges over any connected component ofP.The supervisor's second subsystem, �W , is a causal dy-namical system whose inputs are xE and y and whose stateand output W is a \weighting matrix" which takes valuesin a linear space W. W together with a suitably de�nedperformance function � :W �P ! IR determine a scalar-valued performance signal of the form�p = �(W; p) (8)which is viewed by the supervisor as a measure of the ex-pected performance of controller p. �W and � are de�nedby _W = �2�W + �xEy � �xEy �0 (9)and �(W; p) = [ cp �1 ]W [ cp �1 ]0 (10)respectively. The de�nitions of �W and � are promptedby the observation that if �p are given by (8), then_�p = �2��p + e2p; p 2 P (11)because of (7), (9) and (10).The supervisor's third subsystem, called a dwell-timeswitching logic �D, is a hybrid dynamical system whoseinput and output are W and � respectively, and whosestate is the ordered triple fX; �; �g. Here X is a discrete-time matrix which takes on sampled values of W , and � isa continuous-time variable called a timing signal. � takesvalues in the closed interval [0; �D], where �D is a prespec-i�ed positive number called a dwell time. Also assumedprespeci�ed is a computation time �C � �D which boundsfrom above for any X 2 W, the time it would take a su-pervisor to compute a value p = pX 2 P which minimizes�(X; p). Between \event times," � is generated by a resetintegrator according to the rule _� = 1. Event times occur



4when the value of � reaches either �D � �C or �D; at suchtimes � is reset to either 0 or �D � �C depending on thevalue of �D's state. �D's internal logic is de�ned by thecomputer diagram shown in Figure 4 where pX denotes avalue of p 2 P which minimizes �(X; p).
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Fig. 4. Computer Diagram of �DIn the sequel we call a piecewise-constant signal �� :[0;1)! P admissible if it either switches values at mostonce, or if it switches more than once and the set of timedi�erences between each two successive switching times isbounded below by �D . We write Sfor the set of all admis-sible switching signals. Because of the de�nition of �D, itis clear its output � will be admissible. This means thatswitching cannot occur in�nitely fast and thus that exis-tence and uniqueness of solutions to the di�erential equa-tions involved is not an issue. .III. Main ResultThe overall supervisory control system just de�ned,henceforth denoted by �, admits a block diagram descrip-tion of the form
1
s−

+
ΣP

u
r

yvT
e

σ

Σ  (σ)
C

ΣE

ΣD

ΣW

W

E
x

+
+

nd

ycFig. 5. Supervisory Control System �Thus � consists of the �P , the multi-controller �C de�nedby (2) and (3), the integrator (4), the tracking error eTde�ned by (5), the multi-estimator dynamic �E de�ned by(6), the performance weight generator �W de�ned by (9),

the performance function � given by (10), and the dwell-time switching logic �D.Theorem 1: Let !E be the characteristic polynomial ofAE . Let �C � 0 be �xed. Let �D be any positive numberno smaller than �C . There are positive numbers �l, l 2 P,for which the following statements are true. Suppose thatfor some p� 2 P, �P is as depicted in Figure 1 with transferfunction of the form�p��p� (1 + �mp� ) + �ap� (12)where �ap� and �mp� are transfer functions in L satisfying�p�!E �ap� + �p�!E �mp� � �p� (13)Then the following statements are true.1. Global Boundedness: For each constant set-pointvalue r, each pair of piecewise-continuous and bounded dis-turbance and noise inputs d and n respectively, and eachinitialization of �, yc; u; xC; xE;W; and X are bounded re-sponses.2. Tracking and Disturbance Rejection: Suppose n =0. For each constant set-point value r, each constant dis-turbance input d and each initialization of �,yc ! rand u; xC; xE;W; and X tend to �nite limits, all as fast asfast as e��t.The implications of Theorem 1 are clear: The supervi-sory control system under consideration performs its func-tion fi.e., controls �P 's set-pointg is the face of large nom-inal modeling errors, norm-bounded unmodelled dynamicsand constant disturbance. Moreover none of the signalswithin the overall system, namely yc; u; xC; xE;W; and X,can grow without bound in response to bounded distur-bance and noise inputs, be they constant or not. Apartfrom its ability to handle nominal modeling errors, thesupervisory control system's capabilities are the same asthose of a standard, non-self-adjusting linear set-point con-trol system. A bound for �p� which assures that the con-clusions of Theorem 1 hold, is given in xVII-A.IV. Basic ConceptsThe aim of this section is to outline basic concepts andkey equations which are central to proof of Theorem 1. Webegin by de�ning in xIV-A, a composite subsystem com-posed of �E and �C . This system has an important prop-erty: it is detectable through output estimation error epif controller p is in the feedback-loop f xIV-Bg. In xIV-Cwe de�ne an exponentially weighted 2-norm and discuss itsrelationship to the performance signals de�ned earlier. InxIV-D we summarize several key equalities and inequalitiesupon which the analysis of the overall system depends.A. Composite SubsystemIn the sequel we will analyze the closed-loop behavior ofthe system described previously assuming that the processmodel transfer function is in CP and that r is an arbitrary



5but constant input. In carrying out the analysis it is usefulto introduce the composite statex = � �xExC � (14)where �xE is the shifted state�xE �= xE + �A�1E bE0 � r (15)As noted in [1], these de�nitions imply that for all l 2 P,_x = (Al + bf�l)x+ (bg� + d)elv = f�lx+ g�elep = cplx+ el; p 2 PeT = el � [ cl 0 ]x 9>>=>>; (16)where, for each triple of points p; q; l in P,fql �= [�gqcl fq ] ; cpl �= [ cp � cl 0 ] ; (17)d �= 264�bE00bC 375 ; Al �= �A� d [ cl 0 ] ; b �= 264 0bEbC0 375 ;and �A �= 264AE 0 0 00 AE 0 00 0 AC 00 0 0 AC 375Remark 2: Recall that for p 2 P, cp has been de�ned sothat ��AE 00 AE �+ � bE0 � cp; � 0bE � ; cp�realizes 1s�p . Using this and the above de�nitions, it iseasy to verify that �p = �l whenever p and l are such thatcpl(sI � Al)�1b = 0. �B. DetectabilityAn important property of the matrices just de�ned isthat for any �xed p; l 2 P, the matrix pair (cpl; �I + Al +bfpl) is detectable. This is a consequence of certainty equiv-alence, the Stability Margin Property, and the requirementthat � be smaller than the negative of the real part of eacheigenvalue of AE and AC [1].One implication of detectability, is that each �I+Al+bfllmust be a stability matrix. This is because cll = 0; l 2P. Even more is true. Suppose q and l are such thatcql(sI � Al)�1b = 0. Then �q = �l because of Remark 2.Consequently [ fq gq ] = [ fl gl ] because of Remark 1.Therefore fql = fpl because of the de�nition of fql in (17).In other words, if cql(sI � Al)�1b = 0, then fql = fll andso �I + Al + bfql and �I + Al + bfll must be one and thesame. Since �I + Al + bfll is a stability matrix, it followsthat, for such q and l, �I + Al + bfql must be a stabilitymatrix as well. On the other hand, for values of q and lsuch that cql(sI �Al)�1b 6= 0, one can state the following.Lemma 1 (Dwell-Time Switching) Let l and q be el-ements of P such that cql(sI � Al)�1b 6= 0. There existbounded, vector-valued functions p 7�! �kp, p 7�! �hp on Pwhich, for any admissible switching signal �� : [0;1)! P,exponentially stabilizes the time-varying matrix�I + Al + bf��l + �k��c��l + �h��cqlMoreover, this is true uniformly over the class of all such��.A more general version of this result is proved in [1]. Thelemma will be used in the proof of Proposition 2 in xVI.

C. Norms and System GainsIt is especially useful to introduce the following. Forany piecewise-continuous function z : [0;1) ! IRn, letjjzjjft1;t2g denote the exponentially weighted 2-normjjzjjft1;t2g �=sZ t2t1 e2�tjz(t)j2dtwhenever t2 > t1 and the number zero otherwise. Theutility of this norm stems from the identitye2�t�p(t) = jjepjj2f0;tg+ �p(0); p 2 P (18)which, in turn, is a direct consequence of (11).We state without proof several easily derived facts. Ifz is bounded on [0;1) fin the L1 senseg, then so ise��tjjzjjf0;tg. If z ! 0 as t!1, then so does e��tjjzjjf0;tg.To proceed we need the following notation. Let_x = A(t)x+ B(t)u y = C(t)x+D(t)ube a linear system whose coe�cient matrices A; B; C,and D are piecewise continuous and bounded on [0;1).We denote by ��A BC D��the input-output system operator u 7�! y0, where y0 is thezero initial state, output response signalt 7�! Z t0 C(t)�(t; � )B(� )u(� )d� +D(t)u(t)on [0;1), and �(t; � ) is the state transition matrix of A .In the sequel we invariably write��A BC D�� � ufor y0(t) and [[A ]]� for �(t; � ).The gain of the above system, is the induced 2-norm



��A BC D��



 �= supU 



��A BC D�� � u



f0;1gwhere U �= fu : jjujjf0;1g � 1g. For strictly causal systems,we will also make use of the \1-gain"�������I + A BC 0 ������ �= supU supt�0 ������ �I + A BC 0 �� � fe�tug����It is easy to prove that both of these gains are �nite if�I +A is exponentially stable. It is also easily proved thatif A;B;C; and D depend on some function or parameterq in some family F , if A's exponential stability is uniformwith respect to q, and if there are �nite L1-bounds onB;C and D which are the same for all q 2 F , then the twogains just de�ned are uniformly bounded on F .D. Key EquationsSo far we've assumed that the process model transferfunction is in CP . On the other hand, we've not yet madeuse of the assumption that this transfer function is specif-ically as shown in (12) and consequently that the processis as depicted in Figure 1. It is shown in [1] that what thisassumption implies is thatep� = b�p� � v + b (19)where b = �ds�p�!E � n� ds�p�!E � d mod e��t; (20)



6 �p� = ���p�!E �ap� + �p�!E �mp�� ; (21)and !E is the characteristic polynomial of AE .Remark 3: Note that the transfer functions appearing in(20) and (21) are all proper and �p� is strictly proper. Thisis because the degrees of �p� and �p� are both less than�p� +1 which in turn is the degree of !E . Observe that thetransfer functions in (20) and (21) are also all stable. Thisis a consequence of the de�nition of !E and the assumedstability of �ap� and �mp� . It thus can be concluded that bwillbe bounded whenever n and d are. Notice also that becauseof the presence of the zero at zero in the numerators of thetwo transfer functions appearing in (20), b will tend to zerowhenever n and d equal or tend to constants. In fact, ifn and d are constant, the convergence of b to zero will beas fast as e��t because � is fby designg smaller than thenegative of the real part of each zero of !E . �The expression for ep� in (19) implies thatjjep� jjft0;tg � jjb�p� � vjjft0;tg + jjbjjft0;tg; t � t0 � 0Since for such t0 and t, jjb�p� � vjjft0;tg � jjb�p� � vjjf0;tg, itfollows thatjjep� jjft0;tg � jjb�p� � vjjf0;tg+ jjbjjft0;tg; t � t0 � 0 (22)This inequality can be simpli�ed. For this �rst recall that�p� is a proper rational function whose poles all lies to theleft of the vertical line s = �� in the complex plane. It iswell know that for any such rational function �, and anypiecewise-continuous signal u : [0;1)! IR,jjb� � ujjf0;tg � � jjujjf0;tgwhere b� is the inverse Laplace transform of �. Applyingthis to (22) thus yieldsjjep� jjft0;tg � �p� jjvjjf0;tg+ jjbjjft0;tg; t � t0 � 0Note next that �p� � �p�!E �ap� + �p�!E �mp� becauseof (21) and the fact that � is submultiplicative. Butthe hypothesis of Theorem 1 stipulates that �p�!E �ap� +�p�!E �mp� � �p� . What this clearly implies is that �p� ��p� and thus thatjjep� jjft0;tg � �p� jjvjjf0;tg+ jjbjjft0;tg; t � t0 � 0Therefore, for t � t0 � 0,jjep� jjft0;tg � �p� njjvjjf0;t0g + jjvjjft0;tgo+ jjbjjft0;tg(23)Finally, as we've already noted, the equations in (16)hold for all l 2 P. In the sequel, we will need these equa-tions evaluated at l �= p�:_x = (Ap� + bf�p� )x+ (bg� + d)ep�v = f�p�x+ g�ep�ep = cpp�x+ ep� ; p 2 PeT = ep� � [ cp� 0 ]x (24)V. Perfect SupervisionLet us consider for the moment the very special casewhen for some reason � happens to take the value p� for alltime. In other words, what we want to brie
y discuss is thehypothetical situation in which the supervisor has somehow�gured out what the \correct" control index ought to beand set � accordingly. If this were so, then Ap� + bf�p�

would be the constant matrix Ap� +bp�p� . But as we've al-ready noted in xIV-B, �I+Ap�+bfp�p� is a stability matrixso Ap� + bf�p� would have to be an exponentially stable.Starting with this, and then using (23) and (24), one couldthen easily derive a bound for �p� which would insure x'sboundedness and, if n and d were constant, even x's expo-nential convergence to zero. Our aim in this section is tocarry out this analysis not for the case when � takes on thesingle value p� but rather for the case when �'s values forall time are such that f�p� is close enough to fp�p� so thatAp� +bf�p� is an exponentially stable time varying matrix.In other words, what we intend to do next, is to focus onthe special case when the supervisor has somehow �guredout how to choose control indices in P corresponding con-trollers which are close to the correct one. We refer to thishypothetical situation as perfect supervision.For each l 2 P, let us pick a numberyl 2 (0; 1)and then de�neQl �= �p : jfpl � fll j 



��Al + bfll bI 0��



 < yl; p 2 P�(25)Since l 2 Ql, each such subclass is nonempty. In the se-quel we will say that the supervisor is performing perfectlywhenever �'s value is in Qp� . We can now state the follow-ing.Lemma 2: The matrix �I + Al + bf��l is exponentiallystable for every piecewise-constant signal �� : [0;1)! Ql.Moreover this is true uniformly over the class of all such ��.This standard perturbational result follows directly fromthe stability of �I+Al+bfll and the smallness of jfpl�fll jfor p 2 Ql. A proof will not be given.A. System GainFor each l 2 P, de�ne the perfect supervision system gaingl �= sup�� 



��Al + bf��l bg�� + df��l g�� ��



 (26)and the constantsal �= sup�� �������I + Al + bf��l bg�� + dI 0 ������bl �= supt0�0 sup�� jjf��l [[A + bf��l ]]t0 jjft0;1gcl �= supt0�0 sup�� supt�t0 j [[�I +Al + bf��l ]]t0 jwhere for each de�nition, the supremum with respect to�� is to be taken over the class of all piecewise-constantswitching signals �� taking values only in Ql. In view ofLemma 2, gl; al; bl and cl are �nite numbers.B. Behavior of x and vThe following proposition characterizes the closed-loopbehavior of x and v for those time intervals, if any, onwhich there is perfect supervision.



7Proposition 1: Suppose that�p� < 1gp� (27)If [ta; tb) is an interval on which � taking values only inQp� , then for all t 2 [ta; tb)jx(t)j � e��tne�tacp� jx(ta)j+ ap�(1� �p�gp�)�jjbjjfta;tg+�p�bp� jx(ta)j+ �p� jjvjjf0;tag�o (28)and jjvjjf0;tg � 1(1 � �p�gp� )njjvjjf0;tag + bp� jx(ta)j+gp� jjbjjfta;tgo (29)This result does not depend on dwell-time switching andcan be derived in a straight forward manner using wellknown results. To maintain continuity, we defer the propo-sition's proof to the appendix.Let us note that along any system trajectory, � can ex-hibit one of two possible types of behavior. Either theremust be a �nite time T beyond which � takes values onlyin Qp� , or no such time must exist. If the former is true, wesay the system is ultimately perfectly supervised. Otherwisethe system is said to be imperfectly supervised. It shouldbe noted that imperfect supervision is more likely to be therule than the exception, because of noise and disturbancesignals. In other words, if n and/or d are not constant, itis unlikely that � will eventually enter and remain in Qp�and even more unlikely that it will stop switching.For an ultimately perfectly supervised system, theasymptotic behavior of x is completely characterized byProposition 1. In particular, by applying the propositionto the interval [T;1) one can readily deduce that xmust bebounded on [0;1) and moreover that x must tend to zeroas t!1 if n and d are constant fie, if e��tjjbjj0;t! 0 ast!1g. Proving that x must have these same properties,even if supervision is imperfect, is much more challenging.VI. Imperfect SupervisionOur aim here is to characterize the behavior of x andv in the face of imperfect supervision. We will derive atechnical result fProposition 2g similar to Proposition 1which norm bounds x anr v for those values of t, if any, atwhich � 62 Qp� .To begin, let us note that the complement of Ql in P,written �Ql, is the subset�Ql �= �p : jfpl � fll j 



��Al + bfll bI 0��



 � yl; p 2 P�(30)Observe that �Qp� is a compact subset f�nite subset if Pis �niteg because of Assumption 2 and the compactness ofP. Recall thatSdenotes the set of all admissible switchingsignals. We can now state the following.Lemma 3: Fix l 2 P and suppose that �Ql is nonempty.There exist bounded functions (p; q) 7�! kpql and (p; q) 7�!hpql mapping P � �Ql into IR(nE+nC) which exponentiallystabilize the time varying matrix�I + Al + bf��l + k��qlc��l + h��qlcql

for every q 2 �Ql and every admissible switching signal ��.Moreover, this is true uniformly over �Ql �S.Proof of Lemma 3: In view of Lemma 1 and the com-pactness of �Ql, it is enough to show that cql(sI�Al)�1b 6= 0for all q 2 �Ql. Now the de�nition �Ql in (30), impliesthat fql 6= fll for all q 2 �Ql. Hence for all such q,[fq gq ] 6= [fl gl ] because of (17). From this and Re-mark 1 it follows that �q 6= �l for all q 2 �Ql. Thus byRemark 2, cql(sI �Al)�1b 6= 0 for all q 2 �Ql.A. System GainsThe purpose of this subsection is to de�ne an upperbound for �p� which, if satis�ed, guarantees bounds forx and v similar to those given in Proposition 1 but whichhold whenever �(t) 2 �Qp� . This will be done in severalsteps. In the sequel, we will assume that l is such that�Ql is nonempty and that kpql and hpql are �xed functionswhich have been de�ned in accordance with Lemma 3.To proceed, let us note because of Lemma 3, thatsupq2 �Ql sup��2S



��Al + bf��l + k��ql + h��qlcql k��qlI 0 ��



 <1Moreover, infq2 �Ql jcqlj > 0; this is because cql(sI �Al)�1b 6= 0; q 2 �Ql, as was just noted in the proof ofLemma 3. It it is thus possible to de�ne a positive numberdl which is su�ciently small so thatdl � infq2 �Ql jcqlj (31)and1dl > supq2 �Ql sup��2S



��Al + bf��l + k��ql + h��qlcql k��qlI 0 ��



(32)With dl so de�ned, we can then state the following.Lemma 4: Let �1 and �2 be positive numbers. Underthe conditions of Lemma 3, the matrix�I + Al + bf��l + k��ql(c��l � �c� ~c) + h��ql(1�  )cqlis exponentially stable for every q 2 �Ql, every �� 2 S, andevery triple of piecewise-continuous functions �c : [0;1)!IR1�(nE+nC), ~c : [0;1) ! IR1�(nE+nC), and  : [0;1) !IR satisfyingsupt�0 j�c(t)j � dl; Z 10 j~c(s)jds � �1; and Z 10 j (s)jds � �2respectively. Moreover this is true uniformly over theCartesian product of �Ql�Swith the set of all such triples.This lemma can be proved in two steps. First it can beshown that[f�I +Al + bf��l + k��qlc��l + h��qlcqlg � k��ql�c]must be uniformly exponentially stable because of (i) theuniform exponential stability off�I + Al + bf��l + k��qlc��l + h��qlcqlgnoted in Lemma 3, (ii) the smallness of j�c(t)j and (iii) thesmallness of dl required by the inequality in (32). Theuniform exponential stability of[f�I+Al+bf��l+k��ql(c��l+h��qlg�k��ql�c]�fk��ql~c+h��ql cqlgcan then be deduced directly from this and the uniformL1[0;1) boundedness of all such ~c and  . Since these



8claims can be easily justi�ed using well-known perturba-tional results, a proof of the lemma will not be given.What we intend to do next is to derive a result similarto Proposition 1 for those times, if any, at which � takesvalues in �Qp� . For this we need the following. Setvl �= nE �1 + supp2P jcpljdl �nE (33)Next de�ne Fl to be the family of all quadruples of the formf�c; ~c;  ; �gg where �c : [0;1) ! IR1�(nC+nE), ~c : [0;1) !IR1�(nE+nC),  : [0;1) ! [0; 1] and �g : [0;1) ! IR arepiecewise-continuous functions satisfyingsupt�0 j�c(t)j � dl (34)Z 10 j~c(s)jds � (nE)(�D + �C)vl(supp2P jcplj) (35)Z 10 j (s)jds � �D + �C (36)supt�0 j�g(t)j � vl (37)Note that any functions �c, ~c and  satisfying (34)-(36), alsosatisfy the conditions of Lemma 4. Thus �I + Al + bf��l +k��ql(c��l � �c � ~c) + h��ql(1 �  )cql must be exponentiallystable, uniformly over �Ql �S� Fl . Note in addition, that is bounded because its codomain is bounded.Set�A �= Al + bf��l + k��ql(c��l � �c� ~c) + h��ql(1�  )cql�B �= [�vlk��ql k��ql�g + bg�� + d+ h��ql(1�  ) h��ql ]�G �= [0 g�� 0 ] 9>=>;(38)De�ne �nally the imperfect supervision system gain�gl �= 3 sup�Ql supSsupFl 



�� �A �Bf��l �G��



 (39)and the constants�al = 3 sup�Ql supSsupFl �������I + �A �BI 0 �������bl �= sup�Ql supSsupFl jjf��l [[ �A ]]0 jjf0;1g�cl �= sup�Ql supSsupFl supt�0 j [[�I + �A ]]0 jNote that �gl; �al; �bl and �cl must all be �nite because ofLemma 4 and the boundedness of  and �g.B. Behavior of x and vLet w �= p2 supp2P j [ cp �1 ] j. The following proposi-tion characterizes closed-loop behavior of x and v for valuesof t, if any, at which � 2 �Qp� .Proposition 2: Suppose that �Qp� is nonempty and that�p� < 1�gp� (40)Thenjx(t)j � e��t��cp� jx(0)j+ �ap�1� �p��gp� ��p��bp� jx(0)j+jjbjjf0;tg+ 23wpjW (0)j�� (41)

andjjvjjf0;tg � 11� �p��gp� ��bp� jx(0)j+ �gp��jjbjjf0;tg+23wpjW (0)j�� (42)at any time t at which the value of � is in �Qp� .This proposition proves to be a simple consequence of thefollowing lemma.Lemma 5: Let T be any time at which �(T ) 2 �Qp�and let q �= �(T ). There exists a quadruple of functionsf�c; ~c;  ; �gg 2 Fp� , depending on T , such thatjj(1�  )eq jjf0;Tg � jjep� jjf0;Tg + wpjW (0)j (43)and jjbejjf0;Tg � jjep� jjf0;Tg+ wpjW (0)j (44)wherebe �= 1vp� fe� � (1� �g)ep� � (�c+ ~c)xg ; t � 0 (45)The proof of this lemma involves a number of steps. Forcontinuity, the proof will be deferred to xVIII.Proof of Proposition 2: Let f�c; ~c;  ; �gg and be be as inLemma 5 and de�ne �e �= [ be ep� ( � 1)eq ]0. Thenjj�ejjf0;Tg � 3jjep� jjf0;Tg + 2wpjW (0)j (46)because of Lemma 5. Observe that the di�erential equationfor x and the equation for v in (24) can be rewritten as_x = �Ax+ �B�e (47)and v = f�p�x+ �G�erespectively, where �A; �B and �G are as in (38) with l �= p�and �� �= �. Hence v = � � �e+ �x(0)where� �= �� �A �Bf�p� �G�� and � �= [[ �A ]]0Thereforejjvjjf0;Tg � k� � �ekf0;Tg + jj�x(0)jjf0;Tg� k�k jj�ekf0;Tg + jj�jjf0;Tgjx(0)j� �gp�3 jj�ejjf0;Tg + �bp� jx(0)j� �gp� �jjep� jjf0;Tg + 23wpjW (0)�+�bp� jx(0)j (48)Inequality (42) follows at once from this and key inequality(23). So does the inequalityjjep� jjf0;Tg � 1(1� �p��gp�)��p���bp� jx(0)j+�gp� 23wpjW (0)j�+ jjbjjf0;Tg� (49)It is possible to rewrite (47) asddtfe�txg = (�I + �A)fe�txg+ �B �e�t�e	Thus fe�txg = � � �e�t�e	+ �x(0)where� �= ���I + �A �BI 0 �� and � �= [[�I + �A ]]0



9Thereforee�tjx(t)j � ��� � �e�t�e	��+ j�x(0)gj� j�j jj�ejjf0;Tg + j�jjx(0)j� �ap�3 jj�ejjf0;Tg +�cp� jx(0)j� �ap� �jjep� jjf0;Tg + 23wpjW (0)j�+�cp� jx(0)jFrom this and (49) it follows that (41) is true.VII. Perfect or Imperfect SupervisionThe goal of this section is to prove Theorem 1. This willbe done by �rst combining, in xVII-B, the characterizationsof x and v given by Propositions 1 and 2, into a single pairof inequalities which are valid for all time. This will lead atonce, in xVII-C, to a validation of the claims of Theorem1. We begin by specifying a bound for �p� .A. A Bound for �p�Suppose that�p� < 8<: 1gp� if �Qp� is emptyminn 1gp� ; 1�gp� o if �Qp� is nonempty (50)where gp� and �gp� are as de�ned in (26) and (39) respec-tively. In the sequel it will be shown that if �p� is sobounded, then the conclusions of Theorem 1 are correct.B. Behavior of x and vWhether �Qp� is empty or not, we claim that there arenonnegative constants c1; c2; : : : ; c6 such that for t � 0jx(t)je�t � c1jx(0)j+ c2jjbjjf0;tg+ c3pjW (0)jjjvjjf0;tg � c4jx(0)j+ c5jjbjjf0;tg+ c6pjW (0)j (51)In the event �Qp� is empty, Proposition 1 applies on[ta; tb) = [0;1). Therefore in this case one can de-�ne the ci in the obvious way, in terms of the constants�p� ; gp� ; ap� ; bp� and cp� appearing in the inequalities in(28) and (29).Suppose �Qp� is nonempty. Therefore the inequalitiesin Propositions 1 and 2 both hold at the times speci�ed.Establishing the existence of nonnegative constants ci forwhich the inequalities in (51) hold is the same as estab-lishing the existence of 2-vectors h, k, and l, each withnonnegative entries, such that the vector inequality24 jx(t)je�tjjvjjf0;tg 35 � hjx(0)j+ kjjbjjf0;tg+ lpjW (0)j; (52)holds component-wise, for all t � 0. Note that the inequali-ties of Proposition 2 can be written in this form for suitablyde�ned h1, k1, and l1 depending on �p� ;�gp�; �ap� ; �bp� and

�cp� . Meanwhile the inequalities in Proposition 1 can bewritten together as24 jx(t)je�tjjvjjf0;tg 35 �M24 jx(ta)je�tajjvjjf0;tag 35+ k2jjbjjfta;tg; t 2 [ta; tb)(53)where M �= [h2 m ]2�2; here h2, k2, and m are2-vectors with nonnegative components depending on�p� ; gp� ; ap� ; bp� and cp� .Suppose that t0; ta and tb are successive times such that�([t0; ta)) � �Qp� and �([ta; tb)) � Qp� . Then (52) is validfor t 2 [t0; ta) if fh;k; lg �= fh1;k1; l1g where as (53) isvalid for t 2 [ta; tb). From this it follows that (52) holds fort 2 [ta; tb) provided fh;k; lg �= fMh1;Mk1 + k2;Ml1g.Therefore (52) must hold for t 2 [t0; tb) if providedfh;k; lg �= fh3;k3; l3g where h3 �= maxfh1;Mh1g; k3 �=maxfk1;Mk1 + k2g and l3 �= maxfl1;Ml1g1. Since this istrue for every such t0; ta and tb, it must be true that if t0 isany time at which �(t0) 2 �Qp� and fh;k; lg �= fh3;k3; l3g,then (52) holds for all t 2 [t0;1).Let us now note that one of the following must be true:either �([0;1)) � Qp� or there must be a least time t0 � 0such that �(t0) 2 �Qp� . If the former is true, then, be-cause of (53) and the de�nition ofM, it must be that withfh;k; lg �= fh2;k2; 0g, (52) holds for all t � 0 . On theother hand, if the latter is true then (52) must hold fort 2 [0; t0) with fh;k; lg �= fh2;k2; 0g and for t 2 [t0;1)with fh;k; lg �= fh3;k3; l3g. It therefore follows that un-der any conditions, (52) must hold for all t � 0 providedh �= maxfh2;h3g, k �= maxfk2;k3g, and l �= l3. Thistherefore establishes the validity of the inequalities in (51)for the case when �Qp� is nonempty.C. Proof of Theorem 1Observe that the convolution product b�p� �v in key equa-tion (19) can also be written asb�p� � v = e��t �ne�tb�p�o � �e�tv	�From this and (19) it follows thatjep�(t)j � ce��tjjvjjf0;tg+ jb(t)j; t � 0 (54)wherec �= sup�supt�0 ���fe�tb�p�g � fe�tvg��� : jjvjjf0;1g � 1�Note that c < 1 because the inverse Laplace transformof e�tb�p� , namely �p� (s � �); is a stable, strictly propertransfer function fcf Remark 3g. From (54) and inequalityfor v in (51), it follows thatjep�(t)j � ce��t nc4jx(0)j+ c5jjbjjf0;tg+ c6pjW (0)jo+jb(t)j; t � 0 (55)As noted in Remark 3, b will be bounded if n and d areand will tend to zero as fast as e��t if n and d are bothconstant. In view of (51) and (55), x and ep� must alsobehave in the same manner. In other words, x and ep� will1Here the max operation is to be interpreted component-wise.



10be bounded if n and d are and will tend to zero as fast ase��t if n and d are both constant.Suppose that n and d are bounded. Since x and ep� arebounded, xC and xE must be bounded because of (14) and(15). So must be v and eT because of (24). In view of (5),y must be bounded. Thus W must be bounded because of(9) and yc must be bounded because yc = y � n. Finallynote that u must be bounded because of the boundednessof yc and v and because of the observability of the cas-cade interconnection of (4) with any minimal state spacerepresentation of �P 2. This proves claim 1 of Theorem 1.Now suppose that n and d are both constant. Sincex ! 0 and ep� ! 0 as fast as e��t, so must the pairsfxC; �xEg and fv; eTg because of (14) and (24) respectively.In view of (5) and (15), y must tend to r and xE must tendto a �nite limit, each as fast at e��t. Thus W must tendto a �nite limit because of (9) and yc must tend to r � nbecause yc = y�n. Finally note that umust tend to a �nitelimit because yc and v do and because of the observabilityof the cascade interconnection of (4) with any minimal statespace representation of �P . This proves claim 2 of Theorem1. VIII. Dwell-Time SwitchingThe ultimate goal of this section is to prove Lemma 5.This will be done in three steps. First in xVIII-A we willderive several key inequalities which are consequences ofdwell-time switching. Subsection VIII-A is almost com-pletely self-contained and can be read without referenceto anything else in the paper other that the de�nition ofthe performance signals �p in (8) and (10), key equation(18) which relates these performance signals to the expo-nentially weighted 2-norm jj � jjft1;t2g, and of course thedescription given in xII of the dwell-time switching logicitself. Second in xVIII-B we will brie
y outline severalelementary algebraic ideas under the heading of \strongbases". xVIII-B is completely self-contained and can beread without reference to anything else in the paper. Fi-nally we will carry out the proof of Lemma 5 in xVIII-C.A. Consequences of Dwell-time SwitchingThe purpose of this section is to derive certain key prop-erties characteristic of dwell-time switching. In the sequel,t0 �= 0, ti denotes the ith time at which � switches and piis the value of � on [ti�1; ti); if � switches at most k < 1times then tk+1 �=1 and pk+1 denotes �'s value on [tk;1).We write ' for that piecewise-constant signal on [0;1)whose value on each switching interval [ti�1; ti) is i. Thus� = p'. Any time X takes on the current value of W iscalled a sample time. We shall also call T = 0 a sampletime, even though W is not actually sampled at time zero.For i > 1, we write Si for the set consisting of sample timeti�1 � �C and all sample times in the open half interval[ti�1+ �D� �C ; ti� �C) - and S1 is the set consisting of the2Observability of this interconnection is a consequence of the stand-ing assumption that the numeratorof the transfer function of �P fromu to y is nonzero at s = 0.

time T = 0 and all sample times in the open half interval[�D � �C ; t1 � �C).A typical time segment, partitioned in this manner, isshown in Figure 6. Here dots f�g, circles f�g, stars f?g,and squares f g represent sample times in Si�1, Si, Si+1,and Si+2 respectively.t� -�C t� -�C t� -�C �� -�C ?� -�C ?� -�C � -�C � -�C� -�D � -�D � -�D � -�Dti�1 ti ti+1 ti+2 ti+3� = pi � = pi+2� = pi+1 � = pi+3Fig. 6. Segment of Partitioned Time AxisThe utility of this partition stems from the fact that eachSi is the set of times at which it is known for sure that�pi(T ) � �p(T ); p 2 P; T 2 Si; (56)This is true for all T in all Si with the exception of T = 0.The validity of (56) is a direct consequence of the de�nitionof �D.The following inequality captures the essence of dwell-time switching.Lemma 6: For each i � 1jjepijjf0;Tg � jjepjjf0;Tg +wpjW (0)j; p 2 P; T 2 Si;(57)where w = p2 supp2P j [ cp �1 ] jProof: Fix i > 0 and T 2 Si. If T = 0, (57) holds becausejj � jjf0;Tg = 0. Suppose T 6= 0 in which case (56) is valid.By multiplying both sides of this inequality by e2�T andthen using key equation (18) there resultsjjepijj2f0;Tg + �pi(0) � jjepjj2f0;Tg + �p(0); p 2 PBut j�p(0)j � w22 jW (0)j; p 2 Pbecause of (8), (10) and the de�nition of w. It thus followsthat jjepi jj2f0;Tg � jjepjj2f0;Tg + (j�pi(0)j+ j�p(0)j)� jjepjj2f0;Tg +w2jW (0)jThis implies (57) which completes the proof.The problem with the inequality in Lemma 6 is that itdoes not typically provide a norm bound for epi during thetime period when � = pi, which is just when controllerpi is in the feedback-loop. The reason for this stems fromcausality and cannot be avoid unless computation time isignored and �D = 0. The consequences of this are deep andwould be encountered with any certainty equivalence basedadaptive control algorithm, were one to take into accountcomputation time. For the problem at hand, it is possibleto circumvent this obstacle by using suitably de�ned pro-jections with �nite supports. This will be demonstrated ina moment. But �rst we need the following.For t � 0, let t� denote the largest sample time less thanor equal to t. For i � 1 and each �nite time t 2 [ti��C ; ti],let us write t� for the largest sample time less than ti� �C .Note that ffor �nite tgt 2 [ti�1; ti � �C) =) t� 2 Sit 2 [ti � �C ; ti] =) t� 2 Si � i � 1 (58)



11and thatt 2 [ti�1; ti � �C) =) t� t� � �D + �Ct 2 [ti � �C ; ti] =) t� t� � �D + �C � i � 1(59)We can now state and proveLemma 7: For each switching interval [ti�1; ti) and each�nite time T 2 [ti�1; ti] , there is a piecewise-constant sig-nal 	iT : [0;1)! f0; 1g such thatjj(1� 	iT )epi jjf0;Tg � jjepjjf0;Tg+wpjW (0)j; p 2 P (60)Z 10 j	iT jds � �D + �C (61)Proof: If T 2 [ti�1; ti � �C), set �T = T � and de-�ne 	iT (t) = 1; t 2 [T �; T ) and 	iT (t) = 0 other-wise. If T 2 [ti � �C ; ti], set �T = T � and de�ne de�ne	iT (t) = 1; t 2 [T �; T ) and 	iT (t) = 0 otherwise. In ei-ther case, (61) must hold because of (59), �T must be inSi because of (58), and jj(1 � 	iT )epi jjf0;Tg = jjepi jjf0;�Tgbecause of the de�nitions of 	iT and �T . Since �T 2 Si,we can use (57), with �T playing the role of T , to obtainjjepi jjf0;�Tg � jjepjjf0;�Tg + wpjW (0)j; p 2 P. Thereforejj(1�	iT )epi jjf0;Tg � jjepjjf0;�Tg +wpjW (0)j; p 2 P. Butjjepjjf0;�Tg � jjepjjf0;Tg because �T � T so (60) must be true.Let us note that for each T and i, 	iT is idempotentand thus a projection with �nite support. In the followingwe will make use of a more complicated projection, con-structed from such 	iT , which also has �nite support. Thesigni�cance of this technical result will become apparent inxVIII-C.Lemma 8: Let [tm�1; tm) be a switching interval and Ta time in [tm�1; tm). Suppose there are �m � m positiveintegers i1; i2; : : : ; i �m, such thati1 < i2 < : : : < i �m = m; (62)There exists a piecewise constant function �	 : [0; 1) !f0; 1g, namely�	 �= 1�8<:(1� 	i �mT ) �m�1Yj=1 (1�	ij tij )9=; ; (63)which satis�esZ 10 j( �	)(s)jds � �m(�D + �C); (64)and has the following property. For any set of real numbersG �= fgij : i � 1; j 2 f1; 2; : : : ; �mggsatisfying gij = 0; i > ij ; j 2 f1; 2; : : : �m� 1g; (65)the inequalityjj(1� �	) �mXj=1 g'jepij jjf0;Tg � �mfsupGgnjjepjjf0;Tg+wpjW (0)jo (66)is valid for all p 2 P.Proof: The de�nition of �	 ensures that its codomain isf0; 1g and that its support is contained in the union of thesupports of the �m functions 	i1ti1 ; 	i2ti2 ; : : : ;	i �m�1ti �m�1 ;	i �mT . But by Lemma 7, each of these functions has sup-port of length no greater �D + �C . It therefore follows that(64) is true.

To prove (66), it will �rst be shown thatjj(1� �	)g'jepij jjf0;Tg � fsupGgnjjepjjf0;tijg+wpjW (0)jo; p 2 P;j 2 f1; 2; : : : �m � 1g (67)For this, �x j 2 f1; 2; : : : �m� 1g. Then tij � tm�1 becauseof (62). Since T 2 [tm�1; tm), it follows that tij � T . Nextobserve that g'j = 0; t 2 [tij ; T ) because of (65) and thede�nition of '. Thereforejj(1� �	)g'jepij jjf0;Tg = jj(1� �	)g'jepij jjf0;tijg (68)From (63) 1� �	 = (1� 	i �mT ) �m�1Yj=1 (1�	ij tij ) (69)But each factor in this product is norm bounded by 1 on[0;1). Thereforejj(1� �	)g'jepij jjf0;tijg � jj(1�	ij tij )g'jepij jjf0;tijgsojj(1� �	)g'jepij jjf0;tijg � fsupGgjj(1� 	ijtij )epij jjf0;tijg(70)Moreover by Lemma 7jj(1� 	ijtij )epij jjf0;tijg � jjepjjf0;tijg + wpjW (0)j; p 2 PFrom this, (70) and (68) it now follows that (67) is true.Similar reasoning applies to the case when j = �m. Inparticularjj(1� �	)g' �mepi �m jjf0;Tg � jj(1�	i �mT )g' �mepi �m jjf0;Tg� fsup Ggjj(1�	i �mT )epi �m jjf0;Tg� fsup Ggnjjepjjf0;Tg+wpjW (0)jo; p 2 P (71)Here we've used (69) and Lemma 7, just as before.Using (67) and (71) we can now writejj(1� �	) �mXj=1 g'jepij jjf0;Tg � �mXj=1 jj(1� �	)g'jepij jjf0;Tg� �mXj=1fsupGgnjjepjjf0;tijg+wpjW (0)jo= �mfsupGgnjjepjjf0;Tg+wpjW (0)jo; p 2 PThus (66) is true.B. Strong BasesThe de�nitions of the the functions �c; ~c and �g which ap-pear in the statement of Lemma 5 depend on the projec-tions de�ned in the preceding lemmas as well as upon sev-eral elementary algebraic constructions. Here we digressbrie
y to discuss what these constructions are.LetX be a subset of a real, �nite dimensional linear spacewith norm j � j and let � be a positive number. A nonemptylist of vectors fx1; x2; : : : ; x�ng in X is �-independent ifjx�nj � �; (72)



12and, for k 2 f1; 2; : : :; �n� 1g,������xk + �nXj=k+1�jxj������ � �; 8�j 2 IR (73)fx1; x2; : : : ; x�ng �-spans X if for each x 2 X there is a setof real numbers fa1; a2; : : : ; a�ng, called �-coordinates, suchthat �����x� �nXi=1 aixi����� � � (74)The following lemma gives an estimate on how large these�-coordinates can be assuming X is a bounded subset.Lemma 9: Let X be a bounded subset which is �-spanned by an �-independent list fx1; x2; : : : ; x�ng. Sup-pose that x is a vector in X and that a1; a2; : : :a�n is a setof �-coordinates of x with respect to fx1; x2; : : : ; x�ng.Then jaij � �1 + supX� ��n ; i 2 f1; 2; : : :; �ng (75)This lemma is proved in the Appendix.Now suppose that X is an �nite list of vectorsx1; x2; : : : ; xm in a real n-dimensional vector space. Sup-pose, in addition, that jxmj � �. It is possible to extractfrom X an ordered subset fxi1 ; xi2; � � � ; xi�ng, with �n � n,which is �-independent and which �-spans X . Moreover theij can always be chosen so thati1 < i2 < i3 < � � � < i�n = m (76)and also so that for suitably de�ned aij 2 IR������xi � �nXj=k+1aijxij ������ � �; i 2 fik + 1; ik + 2; : : : ; ik+1g;k 2 f1; 2; : : : ; �n� 1g (77)������xi � �nXj=1 aijxij ������ � �; i 2 f1; 2; : : : ; k1g (78)In fact, the procedure for doing this is almost iden-tical to the familiar procedure for extracting fromfx1; x2; : : : ; xmg, an ordered subset which is linearly in-dependent fin the usual senseg and which spans the spanof fx1; x2; : : : ; xmg. The construction of interest herebegins by de�ning an integer j1 �= m. j2 is then de�ned tobe the greatest integer j < j1 such thatjxj � �xj1 j � � 8� 2 IR;if such an integer exists. If not, one de�nes �n �= 1 andi1 �= j1 and the construction is complete. If j2 exists, j3 isthen de�ned to be the greatest integer j < j2 such thatjxj � �1xj1 � �2xj2j � � 8�i 2 IR;if such an integer exists. If not, one de�nes �n �= 2 andik �= j �m+1�k; k 2 f1; 2g .... and so on. By this processone thus obtains an �-independent, �-spanning subset ofX for which there exist numbers aij such that (76)-(78)hold. Since such aij; j 2 f1; 2; : : : ; �ng, are �-coordinates ofxi; i 2 f1; 2; : : :; �ng, each coordinate must satisfy the samebound inequality as the ai in (75). Moreover, because �ncannot be larger than the dimension of the smallest linearspace containing X , �n � n.With these preliminaries complete, we now turn to theproof of Lemma 5

C. Proof of Lemma 5Set  �= 	qT where 	qT is the projection de�ned in theproof of Lemma 7. Then  satis�es (36) and (43) is true.To complete the proof it is therefore enough to constructfunctions �c, ~c, and �g such thatsupt�0 j�c(t)j � dp� (79)Z 10 j~c(s)jds � nE(�D + �C)vp� (supp2P jcpp� j) (80)supt�0 j�g(t)j � vp� (81)and jjbejjf0;Tg � jjep� jjf0;Tg+ wpjW (0)j (82)wherebe �= 1vp� fe� � (1� �g)ep� � (�c+ ~c)xg ; t � 0 (83)For clarity, we write ci for cpip� throughout the remainderof this proof. In view of the key equation for ep in (24),e� � ep� = c'x; t � 0 and epi � ep� = cix; i � 1 (84)where, as before, ' is that piecewise-continuous signalwhose value is i on switching interval [ti�1; ti).Suppose T 2 [tm�1; tm). Then pm = q. Thus jcmj � dp�because of the de�nition of dp� in (31) and (32). It istherefore possible to extract from the list fc1; c2 : : : ; cmg,a dp� -independent sublist fci1 ; ci2 : : : ; ci �mg which dp�-spansfc1; c2 : : : ; cmg in such a way that �m � nE andi1 < i2 < i3 < � � � < i �m = m (85)Thus there must be numbers gij such that������ci � �mXj=k+1 gijcij ������ � dp� ; i 2 fik + 1; ik + 2; : : : ; ik+1g;k 2 f1; 2; : : :; �m� 1g������ci = �mXj=1 gijcij ������ � dp� ; i 2 f1; 2; : : :; k1gMoreover because of the bound given by (75) in Lemma 9and the fact that �m � nE ,jgijj � �1 + supp2P jcpp� jdp� �nEThis can be written as jgijj � vp�nE (86)because of the de�nition of vp� in (33). It follows that if weextend the domain of de�nition of gij to f1; 2; 3 : : :1g �f1; 2; : : : ; �mg by settinggij = 0; i > ij ; j 2 f1; 2; : : : �m � 1g (87)then (86) must hold for all such i and j and������ci � �mXj=1 gijcij ������ � dp� ; i 2 f1; 2; : : :;mg (88)Since (85) and (87) are the same as conditions (62) and(65) of Lemma 8 respectively, it is possible to de�ne via(63), a projection �	 in such a way thatZ 10 j( �	)(s)jds � nE(�D + �C); (89)andjj(1��	) �mXj=1 g'jepij jjf0;Tg � vp� njjep� jjf0;Tg +wpjW (0)jo(90)



13In writing these inequalities, we've made use of (86) andthe fact that �m � nE .De�ne�g �= (1� �	) �mXj=1 g'j; �c �= c' � �mXj=1 g'jcij ; ~c �= �	 �mXj=1 g'jcij(91)Then �c satis�es (79) and �g satis�es (81) because of (88)and (86) respectively - and ~c satis�es (80) because of (86)and (89).The de�nitions of �c and ~c in (91) imply thatc' = (1� �	) �mXj=1 g'jcij + �c+ ~cMultiplying both sides by x and then using (84) we gete� � ep� = (1� �	) �mXj=1 g'j(epij � ep� ) + �cx+ ~cxTherefore, in view of the de�nitions of be in (83) and �g in(91) we get be = 1vp� (1 � �	) �mXj=1 g'jepijFrom this and (90) it follows that (82) is true.IX. Concluding RemarksProblems similar to the one considered here have beenunder study within the adaptive control �eld for at least�fteen years. During this period a number of clever ideashave been devised to deal with non-parametric modelingerrors, disturbances and measurement noise. Typical ap-proaches include the use of various types of tuner modi�-cations, deadzones, and parameter projection techniques.Many of these ideas are discussed in [3]. The approachtaken in [4] is perhaps the closest to the one followed here.Despite the similarities, the ideas developed in this paperand in [1] di�er in many ways from those found in main-stream adaptive control. At the formulational stage, con-ventional adaptive control emphasizes identi�cation and in-variably focuses on parameter update algorithms aimed atreducing parameter errors or some combination of param-eter errors and augmented errors. Parameter space is typi-cally a compact, convex continuum and the class of admis-sible plant models is usually linearly parameterized on thisspace. Parameter tuning is generally done recursively ordynamically and is based on some type of pseudo-gradientalgorithm - and results for the constant disturbance noise-free case, do not typically establish exponential convergenceof the process output to its set-point. In contrast, the ap-proach taken is this paper and in [1] focuses primarily oncontroller update algorithms aimed at minimizing every sooften, a continuously evolving, normed output estimationerror. Parameter space may be either a �nite set or a com-pact continuum but convexity is not crucial, and the classof admissible nominal plant models need not be linearlyparameterized. In sharp contrast with conventional adap-tive control, loop-controller updating is done via switchingrather than by recursive or dynamic adjustment - and forthe constant disturbance noise-free case, the process outputconverges to its set-point exponentially fast.

From the results obtained in this paper, it is possiblefbut tediousg to derive positive gains G1, G2, and G3, suchthatjjeTjjf0;tg � G1jjnjjf0;tg+ G2jjdjjf0;tg+G3jx�(0)j; t � 0for every for every initialization x�(0) of the overall sys-tem � shown in Figure 5, and for every pair of piecewise-continuous noise and disturbance inputs n and d respec-tively. These gains could then be used as measures of per-formance, and one might try to develop a synthesis the-ory for choosing system components to reduce or minimizetheir values. This approach would thus be following in thefootsteps of robust, non-adaptive control.While such an approach would have merit, it would notbe taking into account the fact that an adaptive systemsuch as the one we've been discussing, can have two kindsof behavior depending on whether or not the system isbeing perfectly supervised. It might, for example, be moreuseful to have two measures of performance, one for when asystem is being perfectly supervised and the other for whenit is not. The development of a performance theory forperfectly supervised systems should not be too di�cult. Onthe other hand, for imperfectly supervised systems, it is notclear at this point how to formalize what good performanceought to mean, let alone how one might seek to achieve it.If one adopts the point of view that imperfect supervisionwill occur intermittently, in response to either a processchange or large intermittent disturbance inputs, then onemight aim to develop a performance theory which seeksto limit excursions from desired loop-controllers while atthe same time trying to induce a quick recovery from theimperfectly supervised mode. The concept of bursting [5],may prove relevant in this regard.X. AppendixProof of Proposition 1:De�ne �� : [0;1)!Qp� and �e : [0;1)! IR so that�� = ( � for t 2 [ta; tb)p� otherwise�e = ( ep� for t 2 [ta; tb)0 otherwiseThen �� is a piecewise constant switching signal taking val-ues only in Qp� . In addition_x = (Ap� + bf��p� )x+ (bg�� + d)�e; t 2 [ta; tb) (92)and v = f��p�x+ g���e; t 2 [ta; tb)because of the equations for x and v in (24). Since �e = 0for t < ta, v = � � �e +�x(ta); t 2 [ta; tb) (93)where � �= ��Ap� + bf��p� bg�� + df��p� g�� ��and � �= f��p� [[Ap� + bf��p� ]]taTherefore for t 2 [ta; tb),jjvjjfta;tg � k� � �ekfta;tg + jj�x(ta)jjfta;tg� k� � �ekf0;tg + jj�jjfta;1gjx(ta)j� k�k jj�ekf0;tg + jj�jjfta;1gjx(ta)j� gp� jj�ekf0;tg + bp� jx(ta)j



14Since jj�ejjf0;tg = jjep� jjfta;tg for t 2 [ta; tb), it follows thatjjvjjfta;tg � gp� jjep� jjfta;tg + bp� jx(ta)j (94)and thus thatjjvjjf0;tg � gp� jjep� jjfta;tg + jjvjjf0;tag + bp� jx(ta)jInequality (29) follows immediately from this and (23)while the inequalityjjep� jjfta;tg � 1(1� �p�gp� )n�p� jjvjjf0;tag + �p�bp� jx(ta)j+jjbjjfta;tgo; t 2 [ta; tb) (95)is a consequence of (94) and (23).Using the di�erential equation for x in (24) and the pre-ceding de�nitions of �� and �e we can write, for t 2 [ta; tb),ddtfe�txg = (�I + Ap� + bf��p�)fe�txg+ (bg�� + d)fe�t�egThus for such values of tfe�txg = � � fe�t�eg+�fe�tax(ta)gwhere � �= ���I + Ap� + bf��p� bg�� + dI 0 ��and � �= [[�I +Ap� + bf��p� ]]taThereforee�tjx(t)j � ��� � fe�t�eg��+ j�fe�tax(ta)gj� j�j jj�ejjf0;tg+ j�je�tajx(ta)j� ap� jj�ejjf0;tg+ cp�e�ta jx(ta)j= ap� jjep� jjfta;tg + cp�e�ta jx(ta)j; t 2 [ta; tb)From this and (95) it follows that (28) is true.Proof of Lemma 9: For k 2 f1; 2; : : : ; �ng letyk �= �nXi=k aixi (96)We claim thatjakj � jykj� ; k 2 f1; 2; : : :; �ng (97)Now (97) surely holds for k = �n, because of (72) and theformula jy�nj = ja�njjx�nj which, in turn, is a consequence of(96). Next �x k 2 f1; 2; ; : : : ; �n � 1g. Now (97) is clearlytrue if ak = 0. Suppose ak 6= 0 in which caseyk = ak0@xk + �nXj=k+1�jxj1Awhere �j �= ajak . From this and (73) it follows that jykj �jakj�, k 2 f1; 2; : : : ; �ng, so (97) is true.Next write y1 = (y1 � x) + x. Then jy1j � jy1� xj+ jxj.But jxj � supX because x 2 X and jy1 � xj � � becauseof (74) and the de�nition of y1 in (96). Thereforejy1j� � �1 + supX� � (98)From (96) we have that yk+1 = yk � akxk; k 2f1; 2; : : : ; �n � 1g. Thus jyk+1j � jykj + jakjjxkj; k 2f1; 2; : : : ; �n � 1g. Dividing both sides of this inequalityby � and then using (97) and jxkj � supX , we obtain theinequalityjyk+1j� � �1 + supX� � jykj� ; k 2 f1; 2; : : : ; �n� 1gThis and (98) imply thatjykj� � �1 + supX� �k ; k 2 f1; 2; : : : ; �ngIn view of (97), it follows that (75) is true.
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