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Abstract— A simply-structured high-level controller called
a ‘supervisor’ has recently been proposed in [1] for the pur-
pose of orchestrating the switching of a sequence of candi-
date set-point controllers into feedback with an imprecisely
modeled siso process so as to cause the output of the process
to approach and track a constant reference input. The pro-
cess is assumed to be modeled by a siso linear system whose
transfer function is in the union of a number of subclasses,
each subclass being small enough so that one of the can-
didate controllers would solve the set-point tracking prob-
lem, were the process’s transfer function to be one of the
subclass’s members. In [1] it is shown that in the absence
of unmodelled process dynamics the proposed supervisor
can successfully perform its function {i.e., achieve a zero
steady state tracking error} even if process disturbances are
present, provided they are constant. This paper proves that
without any further modification, the same supervisor can
also perform this function in the face of norm-bounded un-
modelled dynamics and moreover that none of the signals
within the overall system can grow without bound in re-
sponse to bounded disturbance and noise inputs, be they
constant or not.

I. INTRODUCTION

A simply-structured high-level controller called a “super-
visor,” has recently been proposed in [1] for the purpose of
orchestrating the switching of a sequence of candidate con-
trollers into feedback with an imprecisely modeled process
so as to stabilize the process and make its output track
a constant reference input. In [1], the process is assumed
to be modeled by a SISO linear system which i1s known
only to the extent that its transfer function is within the
union of a number of given subclasses, each subclass be-
ing small enough so that one of the candidate controllers
would solve the problem, were the process’s transfer func-
tion to be one of the subclass’s members. Each subclass
contains a “nominal process model transfer function” about
which the subclass is centered. The supervisor’s unique
feature, distinguishing it from other logics which might be
used for the same purpose, is that controller selection is
made by (i) continuously comparing in real time suitably
defined norm-squared output estimation errors or “perfor-
mance signals” determined by the nominal models and (ii)
by placing in the feedback-loop, from time to time, that
candidate controller whose corresponding performance sig-
nal 1s the smallest. The paradigm is a manifestation of
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the idea of certainty equivalence from parameter adaptive
control.

In [1] it is shown that in the absence of unmodelled pro-
cess dynamics the proposed supervisor can successfully per-
form its function {i.e., achieve a zero steady state tracking
error} even if process disturbances are present, provided
they are constant. The purpose of this paper is to prove
that without any further modification, the same supervisor
can also perform this function in the face of norm-bounded
unmodelled dynamics and moreover that none of the sig-
nals within the overall system can grow without bound in
response to bounded disturbance and noise inputs, be they
constant or not.

Relevant background material from [1] is briefly summa-
rized in §II. Included is a description of the class of ad-
missible process model transfer functions, a statement of
requisite properties of the candidate loop-controller trans-
fer functions, a characterization of the system which is to
be supervised, and a description of the estimator-based
supervisor which carries out the controller selection pro-
cess. The paper’s main result, Theorem 1, is presented in
§III. The theorem states, in essence, that the overall su-
pervisory control system performs its function in the face
of large nominal modeling errors as well as norm-bounded
unmodelled dynamics and constant disturbances. An ex-
plicit upper bound for the allowable norm-bound €,+ on the
unmodelled dynamics is given in subsection VII-A.

Theorem 1 is the main technical result of this paper.
Its proof employs an output-injection based argument [2]
which is to some extent similar to that used in [1]. The
correctness proof in [1] depend crucially on the readily
discernible fact that at least one of the supervisor’s per-
formance signals must be bounded. While this is also
true when norm-bounded unmodelled dynamics and dis-
turbances are present, it is no longer possible to conclude
that this is so without first delving into the detailed anal-
ysis of the system. For this reason the proof of Theorem 1
is much longer than its counterpart in [1].

The analysis of the system is carried out in five sections.
Section IV outlines the notation and explains the underly-
ing concepts upon which the analysis is based. Key math-
ematical relationships are enclosed in boxes. In analyzing
the system it is especially useful to distinguish between
two different types of supervision: perfect and imperfect.
Roughly speaking, the system is being {almost} perfectly
supervised whenever the controller in the loop is close to
the “correct” one. Otherwise the system is being imper-



fectly supervised. The concept of perfect supervision is
made precise in §V. This section also contains a technical
result, namely Proposition 1, which characterizes the be-
havior of a perfectly supervised system. The behavior of
an imperfectly supervised system is correspondingly char-
acterized by Proposition 2 which is stated and proved in
§VI.

The hypotheses of Propositions 1 and 2 include con-
straints on e,« of tlhe forms

Epr < — and €pr < =
respectively, Whergé) gp+ and gp» are positivegpsystem gains
depending only on the family of candidate loop-controllers
to be supervised, and on the estimator-based supervisor
which carries out the controller selection process. Explicit
formulas for g, and g, are given respectively by equa-
tion (26) in §V and equation (39) in §VI. These gains are
not optimized {but could be} with respect to the selec-
tions of the various quantities upon which they depend.
In any event, conservative but computable upper bounds
for both gy« and g,- can easily be derived using standard
techniques.

Theorem 1 is a more or less direct consequence of Propo-
sitions 1 and 2. A proof of Theorem 1 is given in subsection
VII-C. The proof of Proposition 1 is straightforward and is
given in the Appendix. All the difficulty in proving Propo-
sition 2 i1s hidden in the proof of Lemma 5 which is the
main technical result upon which the proposition’s proof
depends. The lemma’s proof relies on several key inequal-
ities implied by dwell-time switching. These inequalities
are derived in a self-contained subsection of §VIII and are
then used there to prove Lemma 5.

Preliminaries:

In the sequel prime denotes transpose. IR™*™ is the lin-
ear space of real n x m matrices. The norm of M € IR"**™,
written |M| is the sum of the magnitudes of its entries.
If f:[0,00) = IR" and ¢ : [0,00) = IR"™ are piecewise-
continuous time functions we sometimes write f — g if
normed difference |f(¢) — g(t)| goes to zero as t — oo; if p
is a positive number and | f(¢) — ¢(t)| goes to zero as fast as
e~ "' we sometimes denote this by writing f = g mod e™#¢.
Time functions such as f and g are bounded if they are
bounded in the £*[0, c0) sense.

A square time-varying matrix A is exponentially stable
if for some positive numbers a and p, the state transition
matrix of A satisfies |®(¢, 7)| < ae=#=7) vt > 1 > 0. If,
in addition, A depends on either a signal or parameter ¢
in some given family F, and a and p are the same for all
g € F, then A’s exponential stability is uniform over F.

Throughout this paper A is a fixed positive number {later
to be used in the definitions of performance signals} and 1L
denotes the linear space of all real, rational, proper transfer
functions in s, whose poles all lies to the left of the vertical
line s = —A in the complex plane. For a € I, |a| denotes
the norm

|a| = sup |a(jw — A)|
R

w
For any stable, proper, transfer function § and any
piecewise-continuous signal u : [0,00) — IR, o u denotes

the convolution product
t
Bou 2 / Bt — r)u(r)dr
0
where (3 is the inverse Laplace transform of 3.

II. BACKGROUND

The objective of this paper is to continue with the anal-
ysis of the estimator-based supervisory control system pro-
posed in [1]. The process to be controlled is taken to be a
linear system X p with control input u and controlled out-
put y.; Xp’s transfer function from u to y. is presumed
to be a member of a known class of admissible transfer
functions of the form

Cp = U C(p)
peP
where P is either a finite set of indices or a closed, bounded
subset of a real, finite-dimensional, normed linear space.
Here C(p) denotes the subclass
Clp) ={vp(14+0™) 44 :(6™,0%) € U}
where
,, &
14 ﬁp
is a prespecified, strictly proper, nominal transfer function,
U is a specified, bounded subset of I. ¢ I, and §™ and 6¢
are transfer functions representing unmodelled dynamics
of the multiplicative and additive types. It 1s assumed for
each p € P, that 3, is monic and that o, and 3, are co-
prime. Prompted by the requirements of set-point control,
it is further assumed that the numerator of each transfer
function in Cp is nonzero at s = 0. For each p € P, %C(p) is
required be at least small enough so that it can be robustly
stabilized with a single, fixed-parameter, linear controller.
Of course %Cp need not have this property. The specific
model of the process to be controlled is depicted in Figure
1. Here y is the process’s measured output, n is bounded
measurement noise, d is a bounded disturbance, 7+ is a
polynomial of degree less than that of 3,- and p* is a fixed
but unknown element of P.

Fig. 1. Process Model

Presumed given is a family of candidate loop-controller

transfer functions K 2 {kp : p € P} possessing at least the
following property.

Stability Margin Property: For each p € P, the real
parts of all of the closed-loop poles of the feedback inter-
connection shown in Figure 2 are less than —A.
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Fig. 2. Feedback Interconnection

In addition K must be defined so that the assignment
vp — Kp is a well-defined function from the nominal pro-

cess model transfer function class A’ 2 {vp, :p € P} to K.
This is equivalent to the following.

Assumption 1: K and N have the property that x, = «,
whenever p,q € P are such that v, = v,.

Also presumed given is a family of ne-dimensional, stabi-
lizable realizations of the form

([ L)+ [5]m [5) a0

one for each «, € K. Here n¢ 2 2n, where n, is an upper
bound on the McMillan Degrees of the x, and (Ac, bc) is a
parameter-independent, n,-dimensional, siso, controllable
pair with A + A stable. All uncontrollable eigenvalue of
each realization, are presumed to have real parts less than
—A. The reader is referred to [1] for an explanation of why
realizations of this particular type are being considered.

Remark 1: In [1] it is explained how to construct such
realizations so that x, — [f, ¢, ] is a bijective function
from K to the space of such row matrices. This and As-
sumption 1 thus imply that [ f, ¢,]=[f; 94] whenever
vp =1y W

The sub-system to be supervised is of the form

e v 1 |u y
.
riﬁ)‘ IO 5 - % ‘l

Fig. 3. Supervised Sub-System

where X (o) is the ne-dimensional “state-shared” dynam-
ical system

. Ac 0 be 0
G KA R B P
vo= faxC +gaeTa (3)
called a multi-controller, v is the input to the integrator

u=w, (4)
eT 1s the tracking error

er 21— Y, (5)
and o is a piecewise constant switching signal taking val-
ues in P. The job of a supervisor is to generate o so as
to achieve 1. global boundedness {of all system signals} in
the face of arbitrary but bounded noise and disturbance
inputs, and 2. set-point regulation {i.e., er — 0} in the
event that the disturbance signal is constant and the noise
signal is zero. The supervisor considered in [1] which ac-
complishes this 1s an estimator-based algorithm of the hy-
brid type whose output 1s o and whose inputs are v and
y. Internally the supervisor consists of three subsystems:

a multi-estimator dynamic X.g, a performance-weight gen-
erator Xy, and a dwell-time switching logic Xp. Yg 1s a
ng-dimensional linear dynamical system of the form

. |4 O be 0

g 0 AE]Z‘E-I-[O]@/‘F[I)E]U (6)
where ng 2 2(ny + 1) and (Ag,bp) is a parameter-
independent, n, 4 1-dimensional siso, controllable pair with
A + Ag stable. Here n, is an upper bound on the McMil-

lan Degrees of the v,, p € P. In [1] it is explained how to
construct a function p — ¢, so that for each p € P,

{7 nl-[5]e 0] )

is a stabilizable realization of S, whose uncontrollable
eigenvalues have real parts less than —A. The ¢, are used
in the definition of Xy which will be given in a moment.
The ¢, also enable us to define output estimation errors

€p é CpZE —Y, PE P (7)
While these error signals are not actually generated by the
supervisor, they play an important role in explaining how
the supervisor functions.

In the sequel we will make use of the following technical
assumption.

Assumption 2: The functions p — ¢, and p —
[f» gp] are continuous on P.

This of course means that both the v, and the «, must vary
continuously as p ranges over any connected component of
P.

The supervisor’s second subsystem, Xy, 1s a causal dy-
namical system whose inputs are g and y and whose state
and output W is a “weighting matrix” which takes values
in a linear space W. W together with a suitably defined
performance function I1 : W x P — IR determine a scalar-
valued performance signal of the form

mp = (W, p) (8)
which is viewed by the supervisor as a measure of the ex-
pected performance of controller p. Xy and II are defined
by

/
W:—Q/\W—i—[xE] [”] (9)
) )
an

I(W,p) =[c, —1]W[e, 1Y (10)
respectively. The definitions of Yy and II are prompted

by the observation that if 7, are given by (8), then
(11)

p = —2Amp —l—e;, peP
because of (7), (9) and (10).

The supervisor’s third subsystem, called a dwell-time
switching logic Xp, i1s a hybrid dynamical system whose
input and output are W and o respectively, and whose
state is the ordered triple {X, 7, 0}. Here X is a discrete-
time matrix which takes on sampled values of W, and 7 is
a continuous-time variable called a timing signal. T takes
values in the closed interval [0, 7p], where 7p is a prespec-
ified positive number called a dwell time. Also assumed
prespecified is a computation time 7« < 1p which bounds
from above for any X € W, the time it would take a su-
pervisor to compute a value p = px € P which minimizes
TI(X, p). Between “event times,” 7 is generated by a reset
integrator according to the rule 7 = 1. Event times occur



when the value of T reaches either 7p — 7¢ or 7p; at such
times 7 is reset to either 0 or 7p — 7¢ depending on the
value of Xp’s state. Xp’s internal logic is defined by the

computer diagram shown in Figure 4 where px denotes a
value of p € P which minimizes TI( X p).

Fig. 4. Computer Diagram of X p

In the sequel we call a piecewise-constant signal & :
[0,00) = P admissible if it either switches values at most
once, or if it switches more than once and the set of time
differences between each two successive switching times is
bounded below by 7p. We write S for the set of all admis-
sible switching signals. Because of the definition of Xp, it
is clear its output o will be admissible. This means that
switching cannot occur infinitely fast and thus that exis-
tence and uniqueness of solutions to the differential equa-
tions involved is not an issue. .

III. MaIN REsULT

The overall supervisory control system just defined,
henceforth denoted by X, admits a block diagram descrip-
tion of the form

o 10 ¢ +l
r_.?ch(o) VL s, e

Fig. 5. Supervisory Control System X

Thus ¥ consists of the X p, the multi-controller ¥ defined
by (2) and (3), the integrator (4), the tracking error et
defined by (5), the multi-estimator dynamic g defined by
(6), the performance weight generator Xy defined by (9),

the performance function IT given by (10), and the dwell-
time switching logic ¥Xp.

Theorem 1: Let wg be the characteristic polynomial of
Ag. Let 7¢ > 0 be fixed. Let 7p be any positive number
no smaller than 7¢. There are positive numbers ¢;, [ € P,
for which the following statements are true. Suppose that
for some p* € P, Xp is as depicted in Figure 1 with transfer
function of the form

;ﬁu 8 + 4. (12)

are transfer functions in 1L satisfying

where (5;,1* and (5;,’1

Bor.
WE WE
Then the following statements are true.

1. Global Boundedness: For each constant set-point
value r, each pair of piecewise-continuous and bounded dis-

a5

ps | +

(13)

|5m| < gpe

turbance and noise inputs d and n respectively, and each
initialization of X, y., u, z¢, xg, W, and X are bounded re-
sponses.
2. Tracking and Disturbance Rejection: Suppose n =
0. For each constant set-point value r, each constant dis-
turbance input d and each initialization of X,

Ye — T
and u,z¢, zg, W, and X tend to finite limits, all as fast as
fast as e™*.

The implications of Theorem 1 are clear: The supervi-
sory control system under consideration performs its func-
tion {i.e., controls X p’s set-point} is the face of large nom-
inal modeling errors, norm-bounded unmodelled dynamics
and constant disturbance. Moreover none of the signals
within the overall system, namely y., u, zc, zg, W, and X,
can grow without bound in response to bounded distur-
bance and noise inputs, be they constant or not. Apart
from its ability to handle nominal modeling errors, the
supervisory control system’s capabilities are the same as
those of a standard, non-self-adjusting linear set-point con-
trol system. A bound for ¢, which assures that the con-
clusions of Theorem 1 hold, 1s given in §VII-A.

IV. Basic CONCEPTS

The aim of this section is to outline basic concepts and
key equations which are central to proof of Theorem 1. We
begin by defining in §IV-A, a composite subsystem com-
posed of X and Y. This system has an important prop-
erty: it is detectable through output estimation error e,
if controller p is in the feedback-loop { §IV-B}. In §IV-C
we define an exponentially weighted 2-norm and discuss its
relationship to the performance signals defined earlier. In
§IV-D we summarize several key equalities and inequalities
upon which the analysis of the overall system depends.

A. Composite Subsystem

In the sequel we will analyze the closed-loop behavior of
the system described previously assuming that the process
model transfer function is in Cp and that r is an arbitrary



but constant input. In carrying out the analysis it is useful
to introduce the composite s[ate

x = iE] (14)
where Zg 1s the shifted state C_lb

As noted in [1], these definitions imply that for all | € P,

(Ai +b0fot)x + (bgo + d)eg

vo= fot+goe
ep = cprte, peP (16)
er = € — [ Cl O]l‘
where, for each triple of points p, ¢, in P,
A
fql:[_gqcl fal, epr = [ep —a 0], (17)
—bg 0
a2 0| 42A_qle 0], s\
0 be
and be 0
Ag 0 0 0
ia 0 Ag O 0

Ac 0

0 0 0 Ac
Remark 2: Recall that for p € P, ¢, has been defined so

Ag O n bg . 0 .
0 Ag 0™ |bg|” "
realizes %I/p . Using this and the above definitions, it is

easy to verify that v, = v; whenever p and [ are such that

cpl(sf — Al)_lb =0. &

B. Detectability

An important property of the matrices just defined is
that for any fixed p,l € P, the matrix pair (¢, Al + A +
bfpi) is detectable. This is a consequence of certainty equiv-
alence, the Stability Margin Property, and the requirement
that A be smaller than the negative of the real part of each
eigenvalue of Ag and Aq [1].

One implication of detectability, is that each AT+ A;+bf
must be a stability matrix. This is because ¢ = 0, [ €
P. Even more is true. Suppose ¢ and ! are such that
cq (sl — A;)7' = 0. Then v, = v because of Remark 2.
Consequently [fy g4] = [fi 9] because of Remark 1.
Therefore foi = fp because of the definition of fy; in (17).
In other words, if ¢y (s — A;)~'b = 0, then fy = fy and
so Al + A; + bfy and Al 4+ A; + bfy must be one and the
same. Since AI + A; + bfy is a stability matrix, it follows
that, for such ¢ and I, AT + A; + bfy, must be a stability
matrix as well. On the other hand, for values of ¢ and [
such that cy (s — A;)~'b # 0, one can state the following.

Lemma 1 (Dwell-Time Switching) Let [ and ¢ be el-
ements of P such that cy (sl — A;)7'b # 0. There exist
bounded, vector-valued functions p — l}p, p+—> ﬁp on P
which, for any admissible switching signal & : [0, 00) = P,
exponentlally stablhzes the time-varying matrix

A+ bfs1 + kscar +
Moreover, this is true unlf%rmly over tha cfass of all such

.
A more general version of this result is proved in [1]. The
lemma will be used in the proof of Proposition 2 in §VI.

C. Norms and System Gains

It is especially useful to introduce the following. For
any piecewise-continuous function z : [0,00) — IR", let
[|12||4¢,,6,3 denote the exponentially weighted 2-norm

ta
A
lellins 2/ [ el pa
t

1
whenever t5 > t; and the number zero otherwise. The
utility of this norm stems from the identity
A
e? () = ||6p||%0,t} +7(0), peP (18)

which, in turn, is a direct consequence of (11).

We state without proof several easily derived facts. If
z is bounded on [0,00) {in the £ sense}, then so is
e |z||10,¢1. If 2 = 0 as ¢ — oo, then so does e=*||z||10,¢}.

To proceed we need the following notation. Let

&= A(t)x+ B(t)u y=Ct)x+ D(t)u

be a linear system whose coefficient matrices A, B, C,
and D are piecewise continuous and bounded on [0, c0).

We denote by
A B
C D

the input-output system operator u — yg, where yg is the
zero initial stat?, output response signal

C(t)®(t, 7)B(m)u(r)dr + D(t)u(t)

0
n [0,00), and ®(¢, 7) is the state transition matrix of A .
In the sequel we invariably write

A B

¢ D

for yo(t) and [A], for ®(¢, 7).
The gain of the above system, is the induced 2-norm

¢ oylEwlie sh.,

C D
where i{ 2 {u: ||u||{0700} < 1}. For strictly causal systems,

we will also make use of the “co-gain”
2 sup sup

(et D2l MEY Dot

It is easy to prove that both of these gains are finite if
Al + A is exponentially stable. It is also easily proved that
if A, B,C, and D depend on some function or parameter
g in some family F | if A’s exponential stability is uniform
with respect to ¢, and if there are finite £°-bounds on
B, and D which are the same for all ¢ € F, then the two
gains just defined are uniformly bounded on F.

t—

A

D. Key Equations

So far we’ve assumed that the process model transfer
function is in Cp. On the other hand, we’ve not yet made
use of the assumption that this transfer function is specif-
ically as shown in (12) and consequently that the process
is as depicted in Figure 1. Tt is shown in [1] that what this
assumption implies is that

ep :gp* ov+b (19)
where o
bo 2 o0 s T g mod e, (20)
wE wE
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Opr = (wEé or oy ) , (21)
and wg 1s the characteristic polynomial of Ag.

Remark 3: Note that the transfer functions appearing in
(20) and (21) are all proper and d,+ is strictly proper. This
is because the degrees of F,. and a,+ are both less than
Vp+ + 1 which in turn is the degree of wg. Observe that the
transfer functions in (20) and (21) are also all stable. This
1s a consequence of the definition of wgy and the assumed
stability of 6. and d;%. Tt thus can be concluded that b will
be bounded whenever n and d are. Notice also that because
of the presence of the zero at zero in the numerators of the
two transfer functions appearing in (20), b will tend to zero
whenever n and d equal or tend to constants. In fact, if
n and d are constant, the convergence of b to zero will be
as fast as e™** because \ is {by design} smaller than the
negative of the real part of each zero of wg. @

The expression for ep+ in (19) implies that
t}<||5*OU|{tDt}+||b||{tD,t}a t>t >0
Since for such ¢y and ¢, ||5 e 0 U||{1g,1 < ||5 « o v||{o,}, 1
follows that

Spe o vllio.ey +1Ibllgrory, >t >0 (22)
This 1nequahty can be simplified. For this first recall that
dp+ 1s a proper rational function whose poles all lies to the
left of the vertical line s = —X in the complex plane. It 1s
well know that for any such rational function «, and any
piecewise-continuous signal u : [0, 0) = IR,
16 o ullfo.n < |aflullon

where a is the inverse Laplace transform of o. Applying
this to (22) thus yields

b < t>1t>0
Note next that |(5 | < dps —|—
of (21) and the fact that | Is submultlphcatlve. But
Bp+

the hypothesis of Theorem 1 stipulates that |wE dpe

< €,+. What this clearly implies is that |(5p*
we
ép» and thus that

|

Therefore, for ¢ >ty > 0,

0 < o {11lo,0y +1ollgen } + Bl
(23)

Finally, as we’ve already noted, the equations in (16)
hold for all I € P. In the sequel, we will need these equa-

), t>to>0

tions evaluated at | = p*

& = (Aps +b0fops)z+ (bygo + d)ep

Vo= foprT A+ Goeps

ep = Cpprxtep, pEP (24)
er = ep —[cpe O]

V. PERFECT SUPERVISION

Let us consider for the moment the very special case
when for some reason o happens to take the value p* for all
time. In other words, what we want to briefly discuss is the
hypothetical situation in which the supervisor has somehow
figured out what the “correct” control index ought to be
and set o accordingly. If this were so, then Ap« + bf5p+

would be the constant matrix Ay« +b,+,+. But as we’ve al-
ready noted in §IV-B, AT+ Ap« +bf,+p+ is a stability matrix
so Aps + bf,p+ would have to be an exponentially stable.
Starting with this, and then using (23) and (24), one could
then easily derive a bound for ¢, which would insure z’s
boundedness and, if n and d were constant, even x’s expo-
nential convergence to zero. Our aim in this section is to
carry out this analysis not for the case when o takes on the
single value p* but rather for the case when o’s values for
all time are such that f,,+ is close enough to fp+,+ so that
Ap+ +bf5p+ 1s an exponentially stable time varying matrix.
In other words, what we intend to do next, is to focus on
the special case when the supervisor has somehow figured
out how to choose control indices in P corresponding con-
trollers which are close to the correct one. We refer to this
hypothetical situation as perfect supervision.
For each | € P, let us pick a number

n € (0,1)
5 Splem rer)
(25)

Since [ € @y, each such subclass is nonempty. In the se-
quel we will say that the supervisor is performing perfectly
whenever o’s value is in Qp+. We can now state the follow-
ing.

Lemma 2: The matrix A + A; 4+ bfs; 1s exponentially
stable for every piecewise-constant signal & : [0, 00) — Q.
Moreover this is true uniformly over the class of all such &.

and then define

Q2 {P Nt = fu

This standard perturbational result follows directly from
the stability of A+ A4; + by and the smallness of | fpr — fu|
for p € Q;. A proof will not be given.

A. System Gain

For each | € P, define the perfect supervision system gain

A Ar+bfs bga-l-d}}H
o o {7

and the constants

A H{AIJrAlerfgl bgg+d}}‘
= Sup T 0

(26)

a;
A
b0 = supsup||fa [A+bfs];, [lito,00)
to>0 &
¢ 2 supsupsup|[[/\I+Al—|—bfgl]]t |

to>0 & t>to
where for each definition, the supremum with respect to
o 1s to be taken over the class of all piecewise-constant
switching signals o taking values only in Q;. In view of
Lemma 2, g;, a;, b; and ¢; are finite numbers.

B. Behavior of x and v

The following proposition characterizes the closed-loop
behavior of # and v for those time intervals, if any, on
which there is perfect supervision.



Proposition 1: Suppose that 1

(27)
If [ta,ts) is an interval on Whlgcph o taking values only in
Q,+, then for all t € [t,,1)

epr < —

0l < e MM a(t, Gp* b
I e IR e (L[
ey by [ (ta)| + 6 N1l 0. ) } (28)
and 1
v < — 4|y O ezt
bllon < gy {llhon + b letea)

bl | (29)
This result does not depend on dwell-time switching and
can be derived in a straight forward manner using well
known results. To maintain continuity, we defer the propo-
sition’s proof to the appendix.

Let us note that along any system trajectory, ¢ can ex-
hibit one of two possible types of behavior. Either there
must be a finite time 7" beyond which o takes values only
in Qp+, or no such time must exist. If the former is true, we
say the system is ultimately perfectly supervised. Otherwise
the system is said to be imperfectly supervised. It should
be noted that imperfect supervision is more likely to be the
rule than the exception, because of noise and disturbance
signals. In other words, if n and/or d are not constant, it
is unlikely that o will eventually enter and remain in Qp«
and even more unlikely that 1t will stop switching.

For an ultimately perfectly supervised system, the
asymptotic behavior of x is completely characterized by
Proposition 1. In particular, by applying the proposition
to the interval [T, o) one can readily deduce that # must be
bounded on [0, o0) and moreover that  must tend to zero
as t — oo if n and d are constant {ie, if e=*||b||g; — 0 as
t — co}. Proving that & must have these same properties,
even if supervision is imperfect, is much more challenging.

+gp*

VI. IMPERFECT SUPERVISION

Our aim here is to characterize the behavior of = and
v in the face of imperfect supervision. We will derive a
technical result {Proposition 2} similar to Proposition 1
which norm bounds x anr v for those values of ¢, if any, at
which o & Q.

To begin, let us note that the complement of Q; in P,

ritten Q,, is the subset
- A +0b b
Q 2 {Pi | for — ful {{ H} Ju 0}}“ > 0, PEP}
(30)

Observe that Qp* is a compact subset {finite subset if P
is finite} because of Assumption 2 and the compactness of
P. Recall that S denotes the set of all admissible switching
signals. We can now state the following.

Lemma 3: Fix | € P and suppose that Q; is nonempty.
There exist bounded functions (p, ¢) — kpq and (p, q) —
hpq mapping P x Q into R(nE+ne)

stabilize the time varying matrix
M+ A+ bfs1 + kzqicar + haqicy

which exponentially

for every ¢ € Q; and every admissible switching signal &.
Moreover, this is true uniformly over Q; x S.

Proof of Lemma 3: In view of Lemma 1 and the com-
pactness of Q, it is enough to show that cq(sI—A)71h£0
for all ¢ € Q;. Now the definition Q; in (30), implies
that fu # fu for all ¢ € Q;. Hence for all such g,
[fs 9q] # [fi @] because of (17). From this and Re-
mark 1 it follows that v, # v, for all ¢ € Q;. Thus by
Remark 2, g (s — A;)71b £ 0 for all ¢ € Q. n

A. System Gains

The purpose of this subsection is to define an upper
bound for ¢,+ which, if satisfied, guarantees bounds for
z and v similar to those given in Proposition 1 but which
hold whenever o(t) € Qp*. This will be done in several
steps. In the sequel, we will assume that [ is such that
Q; is nonempty and that kpq and hpq are fixed functions
which have been defined in accordance with Lemma 3.

To proceed, let us note because of Lemma 3, that

{{ A+ bf51 4+ kogr + hogicq kag }H
I 0

sup sup < o0

qeQ, TES
Moreover, inf cg, [cu| > 0; this is because cy (sl —
AN # 0, ¢ € Qp, as was just noted in the proof of
Lemma 3. It 1t is thus possible to define a positive number

0; which is sufficiently small so that

o < inf e (31)
qEQ
nd
1 _ _ _ _
— > sup sup {{Al + bfal + ];aql + haqlcql kBql }}H
t qeQ, TES

(32)

With 9; so defined, we can then state the following.

Lemma 4: Let p1 and po be positive numbers. Under
the conditions of Lemma 3, the matrix

M4+ A 4+ bfs1+ koq(cor —¢— &) + hoq(1 —tp)eq

1s exponentially stable for every ¢ € Qy, every ¢ € S, and
every triple of piecewise-continuous functions ¢ : [0, c0) —
R ¥ (etnc) 5. [0,00) — IRY*(Etne) and o - [0,00) —
IR satisfying

(o)l <o, and [ [us)lds < g
0]

respectively. Moreover this is true uniformly over the
Cartesian product of @; x S with the set of all such triples.

sup [e(t)| < o,
>0

This lemma can be proved in two steps. First it can be
shown that
UM+ A+ bf51 + koqicor + hoqicq } — kaqi )
must be uniformly exponentially stable because of (i) the
uniform exponential stability of
M4+ A+ bfz1 4 kzqicar + hagica }

noted in Lemma 3, (ii) the smallness of |¢(¢)| and (iii) the
smallness of d; required by the inequality in (32). The
uniform exponential stability of

HAT+ A +bf51+ksqi(cai+hsq t —kzq el —{kzqé+hsqicqy }
can then be deduced directly from this and the uniform
£0,00) boundedness of all such ¢ and . Since these



claims can be easily justified using well-known perturba-
tional results, a proof of the lemma will not be given.

What we intend to do next is to derive a result similar
to Proposition 1 for those times, if any, at which o takes
values 1n Qp*. For this we need the following. Set

rep o) (53)

A
b = 1
! nE<+ 2

Next define [F; to be the family of all quadruples of the form
{¢,¢,¢,g} where ¢ : [0,00) — R *(netre) & . [0,00) —
R *(nmtnc) y [0,00) = [0,1] and g : [0,00) — TR are

piecewise-continuous functions satisfying

swple(t)] < (34)
/Ooo lé(s)lds < (ng)(tp + 7c)00 (;lelp lepel)  (35)
/000 [¥(s)|ds < 7p+71C (36)

sup[g(t)] < o (37)

t>0

Note that any functions ¢, ¢ and ¢ satisfying (34)-(36), also
satisfy the conditions of Lemma 4. Thus Al + A; + bf5 +
koqi(cat — ¢ =€) 4+ hoq (1 — ¥)cq must be exponentially
stable, uniformly over @; x S x If;. Note in addition, that
1 1s bounded because its codomain is bounded.

Set

A=A +bfs + koq(car — € — &) + haq

B2 [—btrksq

G20 g5 0]

1— 1/))6(1[
k&qlﬁ + bg& +d+ h&ql(l - 1/)) h&ql]

(38)

Define finally the imperfect supervision system gain

a _3supsupsup H{{fl G}}H

and the constants B

_ H{ M+A B
a; = Jsupsupsup
Q 8 I I 0

(39)

SUpsup sup o1 TATo 110,003
Qo 8

o 2 supsupsupsup | [Al + A], |

9 5 F t20
Note that g;, @;, b; and ¢ must all be finite because of
Lemma 4 and the boundedness of ¢ and g.

B. Behavior of x and v

Let 1o 2 ﬁsuppep [[e;, —1]]|. The following proposi-
tion characterizes closed-loop behavior of z and v for values
of ¢, if any, at which o € Qp+.

Proposition 2: Suppose that Q,. is nonempty and that

1

(40)

€pr < g
e

Then
sl < o

Qp+

x(0)| + ﬁ
prop*

(ep*E .

()

bl + 3oy 7O | (41)

and

1 _

v < — 1 by

o < —o{b
2
+2oy/ IO |

at any time ¢ at which the value of ¢ is in Qp*.
This proposition proves to be a simple consequence of the
following lemma.

Lemma 5: Let T be any time at which o(T) € Qp*

and let ¢ 2 o(T). There exists a quadruple of functions
{¢,8,v,g} € Fp+, depending on 7', such that

2 (O)1+ & (1Ibll10.0

(42)

(1 = ¥)eqllfory < wQoO)l  (43)
and
Ie (W (0)] (44)
where
62 —feo—(I=g)ep = e+ ), 120 (45)
The proof of this lemma involves a number of steps. For

continuity, the proof will be deferred to §VIII.

Proof of Proposition 2: Let {¢,é 1, g} and € be as in
() — 1)e,]". Then

VW (0)] (46)
because of Lemma 5. Observe that the differential equation
for # and the equation for v in (24) can be rewritten as

&= Az + Be (47)

Lemma 5 and define & 2 [ ep

and B
v = foprx+ GE
respectively, where A, B and G are as in (38) with { 2 p*

_A
and ¢ = o. Hence

v=Toe+ ®x(0)

where 1 B
A A
r= {{fo‘p* G}} and o =[A],
Therefore
llollgory < Do éllggry + [[P2(0)]| {0,
< T Hlellgo,ry + [1®]l{0,73|(0)]
Gp* | _
< %H@H{O,T}‘Fbp* z(0)]
_ 2
< & 20/

+by,+ |2(0)] (48)
Inequality (42) follows at once from this and key inequality
(23). So does the inequality

1 ~
G —— W .
- (1_% gp*){gp (bp

+0 2o/ VO + 1bllo) b (49
It is possible to rewrite (47) as
d _ _
E{e”x} = (M + A){eMa} + B {Me}

z(0)]

Thus
{eMz} =T o {eMe} + Oz(0)
where
Té{{/\I;_A g}} and  ©@2[AI4A],



Therefore

M) < [To{eMe| +|0x(0)}]
< Tl 1lellgo,ry + O]l (0)]
Gpe | _
< = llellory + e 12 (0)]
_ 2
< Ope <||€p* {o,T}-i'gm |W(0)|)

+cp+ [2(0)]
From this and (49) it follows that (41) is true. Il

VII. PERFECT OR IMPERFECT SUPERVISION

The goal of this section is to prove Theorem 1. This will
be done by first combining, in §VII-B, the characterizations
of z and v given by Propositions 1 and 2, into a single pair
of inequalities which are valid for all time. This will lead at
once, in §VII-C, to a validation of the claims of Theorem
1. We begin by specifying a bound for ¢p-.

A. A Bound for ¢p+
Suppose that

1
9p*

€pr <
P .
mm{1 L

if Q,+ is empty
' (50)

Gp* 7 Gp*

} if Qp* 1s nonempty

where gy« and g,+ are as defined in (26) and (39) respec-
tively. In the sequel it will be shown that if ¢y« is so
bounded, then the conclusions of Theorem 1 are correct.

B. Behavior of x and v

Whether Qp* is empty or not, we claim that there are
nonnegative constants ¢y, cs, ..., cg such that for ¢t > 0

lz(®)]e* < ealw(0)] + ezlbllfo,iy + eay/[W(0)]

lvllgosy < calz(0)[ 4 csl[bllfo,y + co v/ [W(0)]

B1)
In the event Qp* 1s empty, Proposition 1 applies on
[ta,ts) = [0,00). Therefore in this case one can de-
fine the ¢; in the obvious way, in terms of the constants
€p*, @p*, Opr, bp« and c,+ appearing in the inequalities in
(28) and (29).

Suppose Qp* is nonempty. Therefore the inequalities
in Propositions 1 and 2 both hold at the times specified.
Establishing the existence of nonnegative constants ¢; for
which the inequalities in (51) hold is the same as estab-
lishing the existence of 2-vectors h, k, and 1, each with
nonnegative entries, such that the vector inequality

|z (t) e
< hlz(0)| + Kk|[blljo,s + LWV/IW(0),  (52)
vll0,e3
holds component-wise, for all ¢ > 0. Note that the inequali-
ties of Proposition 2 can be written in this form for suitably
defined hy, ky, and 1; depending on ¢,-, g+, ap*,Ep* and

¢,+. Meanwhile the inequalities in Proposition 1 can be
written together as

|z (t)|e | (ta)] e
<M +ka|[blljz,3, t € [ta, o)

vll0,e3 v]l0,e.3
(53)
where M 2 [hz m], ,; here hy, ks, and m are

2-vectors with nonnegative components depending on
€p*, Gp*, Op+, bps and cps.

Suppose that o,?, and ?, are successive times such that
o([to,ta)) C Qp+ and o([ts,ts)) C Qp+. Then (52) is valid
for t € [to,ta) if {h,k,1} £ {hy,k;,1;} where as (53) is
valid for ¢ € [tq,t5). From this it follows that (52) holds for
t € [ta,ty) provided {h k,1} £ {Mh;, Mk; + ko, M1, }.
Therefore (52) must hold for ¢ € [tg,t5) if provided
{h,k,1} 2 {hj, ks, 15} where hy 2 max{h;, Mh,}, ks =
max{k;, Mk; + ks} and 13 2 max{l;, M1;}!. Since this is
true for every such tg,t, and fp, it must be true that if ¢y 1s
any time at which o(tg) € Q,+ and {h,k,1} 2 {hs, ks, 15},
then (52) holds for all t € [tg, 00).

Let us now note that one of the following must be true:
either o([0,00)) C Q,+ or there must be a least time 2y > 0
such that o(ty) € Qp-. If the former is true, then, be-
cause of (53) and the definition of M, it must be that with

{h,k,1} 2 {hs,k2,0}, (52) holds for all ¢ > 0 . On the
other hand, if the latter is true then (52) must hold for
t € [0,0) with {h,k,1} 2 {hy,ky,0} and for ¢ € [ty, o0)
with {h k,1} 2 {hs, ks,15}. Tt therefore follows that un-
der any conditions, (52) must hold for all ¢ > 0 provided
h 2 max{hy, h3}, k 2 max{ks, ks}, and 1 2 15. This
therefore establishes the validity of the inequalities in (51)
for the case when Q,+ is nonempty. H

C. Proof of Theorem 1

Observe that the convolution product gp* ov in key equa-
tion (19) can also be written as

gp* oV = e_M ({e”gp*} o {e”v})
From this and (19) it follows that
leps ()| < ce™[|v]]50,3 + [b(2)],

t>0  (54)

where
A
¢ £ sup {sup ol < 1}
>0

Note that ¢ < oo because the inverse Laplace transform
of e*d,., namely &, (s — A), is a stable, strictly proper
transfer function {cf Remark 3}. From (54) and inequality
for v in (51), it follows that

e (O < ee™ {eala(0)] + eslIbl o, + cov/ TV (0]}
+b(B)], t>0 (55)

As noted in Remark 3, b will be bounded if n and d are
and will tend to zero as fast as e™*' if n and d are both

constant. In view of (51) and (55), « and e,+ must also
behave in the same manner. In other words, z and e, will

{e”gp*} o {eMv}

Here the max operation is to be interpreted component-wise.
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be bounded if n and d are and will tend to zero as fast as
e~ if n and d are both constant.

Suppose that n and d are bounded. Since z and ¢,- are
bounded, z¢ and #g must be bounded because of (14) and
(15). So must be v and et because of (24). In view of (5),
y must be bounded. Thus W must be bounded because of
(9) and y. must be bounded because y. = y — n. Finally
note that u must be bounded because of the boundedness
of y. and v and because of the observability of the cas-
cade interconnection of (4) with any minimal state space
representation of ©p 2. This proves claim 1 of Theorem 1.

Now suppose that n and d are both constant. Since
z — 0 and ep» — 0 as fast as e~*, so must the pairs
{xc,zp} and {v, e} because of (14) and (24) respectively.
In view of (5) and (15), y must tend to r and zg must tend
to a finite limit, each as fast at e™*'. Thus W must tend
to a finite limit because of (9) and y. must tend to r — n
because y. = y—n. Finally note that « must tend to a finite
limit because y. and v do and because of the observability
of the cascade interconnection of (4) with any minimal state
space representation of ¥ p. This proves claim 2 of Theorem

1. |

VIII. DWELL-TIME SWITCHING

The ultimate goal of this section is to prove Lemma 5.
This will be done in three steps. First in §VIII-A we will
derive several key inequalities which are consequences of
dwell-time switching. Subsection VIII-A is almost com-
pletely self-contained and can be read without reference
to anything else in the paper other that the definition of
the performance signals 7, in (8) and (10), key equation
(18) which relates these performance signals to the expo-
nentially weighted 2-norm || - [|{s, ,}, and of course the
description given in §II of the dwell-time switching logic
itself. Second in §VIII-B we will briefly outline several
elementary algebraic ideas under the heading of “strong
bases”. §VIII-B is completely self-contained and can be
read without reference to anything else in the paper. Fi-
nally we will carry out the proof of Lemma 5 in §VIII-C.

A. Consequences of Dwell-time Switching

The purpose of this section is to derive certain key prop-
erties characteristic of dwell-time switching. In the sequel,

to 2 0, t; denotes the ith time at which ¢ switches and p;
is the value of o on [t;_1,1;); if o switches at most k& < oo

times then 541 2 % and P41 denotes ¢’s value on [ty 00).
We write ¢ for that piecewise-constant signal on [0, o)
whose value on each switching interval [¢;_1,¢;) is ¢. Thus
o = p,. Any time X takes on the current value of W is
called a sample time. We shall also call T' = 0 a sample
time, even though W 1s not actually sampled at time zero.
For ¢ > 1, we write &; for the set consisting of sample time
ti_1 — 7¢ and all sample times in the open half interval
[ti—1+ 7D —7c,t; —7¢) - and Sy is the set consisting of the

2 Observability of this interconnection is a consequence of the stand-
ing assumption that the numerator of the transfer function of ¥ p from
u to y is nonzero at s = 0.

time 7" = 0 and all sample times in the open half interval
[TD — Tc,tl — Tc).

A typical time segment, partitioned in this manner, is
shown in Figure 6. Here dots {-}, circles {o}, stars {x},
and squares {m} represent sample times in S;_1, S;, Sit1,
and S;4a respectively.

tio1 1 tig tiyo tits

Fig. 6. Segment of Partitioned Time Axis

The utility of this partition stems from the fact that each

S; 1s the set of times at which it 1s known for sure that
(1) < m(T), peP, TES, (56)

This is true for all 7" in all &; with the exception of T'= 0.
The validity of (56) is a direct consequence of the definition
of ED.

The following inequality captures the essence of dwell-
time switching.

Lemma 6: For each i > 1

Iep,

|W(0)|a pEP, TESZa

(57)

10,13 < llepllyo,ry + 10

where 10 = \/isuppep [[e, —1]]
Proof: Fixi>0and T € §;. If T'= 0, (57) holds because
|- [lt0,7y = 0. Suppose 7" # 0 in which case (56) is valid.

By multiplying both sides of this inequality by ¢**” and
then using key equation (18) there results
Ilep. %O,T} + mp,(0) < ||ep||%0,T} +mp(0), peP

But
o2
Im ()] < W ()], peP

because of (8), (10) and the definition of to. Tt thus follows
that

Iep,

fory < lepllfory + (Imp, (0) + 75 (0)])
< Mlepllfo ry + w0 [W(0)]
This implies (57) which completes the proof. B

The problem with the inequality in Lemma 6 is that it
does not typically provide a norm bound for e, during the
time period when ¢ = p;, which is just when controller
p; 18 in the feedback-loop. The reason for this stems from
causality and cannot be avoid unless computation time is
ignored and 7p = 0. The consequences of this are deep and
would be encountered with any certainty equivalence based
adaptive control algorithm, were one to take into account
computation time. For the problem at hand, it 1s possible
to circumvent this obstacle by using suitably defined pro-
jections with finite supports. This will be demonstrated in
a moment. But first we need the following.

For ¢ > 0, let ¢° denote the largest sample time less than
or equal to t. For i > 1 and each finite time ¢ € [t; — 7¢, 1],
let us write ¢° for the largest sample time less than ¢; — 7¢.
Note that {for finite ¢}

° ,
es ) e

tE€[tici,ti — 70)
i S [tz - TCati]

=

— (59)



and that
teltic,ti—7¢) = t—t°<m+r1c P> 1
tE[ti—Tc,ti] — t—tOSTD—I—TC -

(59)
We can now state and prove
Lemma 7: For each switching interval [t;_1,¢;) and each
finite time T' € [t;_1,1;] , there is a piecewise-constant sig-
nal ¥;p : [0,00) — {0, 1} such that
(1= Wir)epdliory < lleplliory

+rov/[W(0)], p€P (60)

/ |\IJZ'T|dS < 1+ 71C (61)
0

Proof: If T € [t;—1,t;i — 7¢), set T = T° and de
fine Wir(t) = 1, t € [1°,1) and ¥;r(t) = 0 other-
wise. If T € [t; — 7¢,1;], set T = T° and define define
U,r(t) =1, t € [T°,T) and U;p(t) = 0 otherwise. In ei-
ther case, (61) must hold because of (59), 7" must be in
S; because of (58), and [|[(1 — W;7)ep, ||0,71 = Ilep, 0,7}
because of the definitions of ¥,p and 7. Since T € S;,
we can use (57), with 7' playing the role of T, to obtain

lepllio, 1y < lleplljo,ry + 0/ IW(0)], p € P. Therefore
(1= Wir)ep, [l1o,ry < llepllio,ry +10/[W(0)], p € P. But
llep |l 0,7y < llepllfo,ry because T' < T'so (60) must be true.
|

Let us note that for each 7" and 2, ¥;7 is idempotent
and thus a projection with finite support. In the following
we will make use of a more complicated projection, con-
structed from such W¥;p, which also has finite support. The
significance of this technical result will become apparent in
§VIII-C.

Lemma 8: Let [tym—1,tm) be a switching interval and T
a time in [{;m_1,%m). Suppose there are m < m positive
integers i1, 22, ..., im, such that

N<is<...<tm=m, (62)

There exists a piecewise constant function ¥ : [0, oo) —
{0, 1}, namely
n—1
vE- ) [TO0=%ie) .  (63)
j=1
which satisfies
[(T)(s)|ds < m(mp + 7¢), (64)

and has the follgwing property. For any set of real numbers
G2 gy:i>1, je{l2... m}}

- 1}a

satisfying

gij:O, i>ij,j€{1,2,...ﬁl (65)

the inequality

(1 —w Zgwep,

m{squ}{llepH{o,T}

+ro\/TW(0)1}
1s valid for all p € P.

Proof: The definition of ¥ ensures that its codomain is
{0, 1} and that its support is contained in the union of the
supports of the m functions W; ¢, , Wiye, oo, Wi 12,
¥, . But by Lemma 7, each of these functlons has sup—
port of length no greater 7p + 7¢. It therefore follows that
(64) is true.

ljo,ry <

(66)

11

To prove (66), it will first be shown that
101 = W)gsep, {sup GH{llepllgo.e.,p

+m\/|W<o>|}, peP,

ljo,ry <

je{l,2,...m—1} (67)
For this, fix j € {1,2,. —1}. Then t;, < t —1 because
of (62). Since T € [tm—_1,t ) it follows that t;, <T. Next

observe that g,; = 0, t € [t;;,1) because of (65) and the

definition of ¢. Therefore
11— )gwepz l{o,ry = 111 — \I’)gw’emj
From (63)

o,y (68)

-1
1-0=(1-¥,7) [JQ-¥,
i=1

]_
But each factor in this product is norm bounded by 1 on
[0, 00). Therefore

(69)

||( )gW]epz |{0t } < ||( zj)gw‘jepzj |{0,tzj}
0= g loes s < Bup@YIL = ¥ Jep [li0r, s
(70)

Moreover by Lemma 7

(=i, Jepi, Mo,y < Hleplliory + 0V IW(0), peP

From this, (70) and (68) it now follows that (67) is true.
Similar reasoning applies to the case when j = m. In

particular

10 = W)gemen,,, Loy < 11— Wi r)gemen,, llo,1)
< {swpGHIO = in)ep,, oy
< fsup GH{llepllory

(71)

+roy/W(O)I}, peP
Here we’ve used (69) and Lemma 7, just as before.
Using (67) and (71) we can now write
- ‘i’) Zgwjep,j lory < Z I1(1 gwep, l{o,71
=1
<

Z{squ}{Hepn{o,t,j}
j=1

+1o IW(O)I}
= m{supg}{||€p||{0,T}
+1 IW(O)I}’ peP

Thus (66) is true. W

B. Strong Bases

The definitions of the the functions ¢, ¢ and g which ap-
pear in the statement of Lemma 5 depend on the projec-
tions defined in the preceding lemmas as well as upon sev-
eral elementary algebraic constructions. Here we digress
briefly to discuss what these constructions are.

Let X be a subset of a real, finite dimensional linear space
with norm |- | and let € be a positive number. A nonempty
list of vectors {a1, ®a, ..., x5} in X is e¢-independent if

|zn| > €, (72)
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and, for k € {1,2,...,n— 1},

7
Tp + Z wix;| > e, Yp; ERR
G=kt1

(73)

{@1, 29, ..., 25} e-spans X il for each # € X there is a set
of real numbers {ay,as, ..., az}, called e-coordinates, such
that

n

J:—Zaixilge

=1
The following lemma givels an estimate on how large these

e-coordinates can be assuming A’ is a bounded subset.

Lemma 9: Let X be a bounded subset which is e-
spanned by an e-independent list {1, 2s,...,25}. Sup-
pose that z is a vector in A’ and that ai,as,...a; is a set
of e-coordinates of a with respect to {x1, a2, ..., @z}
Then

(74)

sup X

)n, ie{l,2,...,n} (75)

This lemma is proved in the Appendix.

Now suppose that A is an finite list of vectors
Z1, &2, ..., Ty 1n areal n-dimensional vector space. Sup-
pose, in addition, that |2,,| > €. It is possible to extract
from X an ordered subset {x; ,z;,, -, ;. }, with n < n,
which is e-independent and which e-spans A'. Moreover the
#; can always be chosen so that

lai| < <1+

€

1 <ig<ig<---<izg=m (76)
and also so that for suitably defined a;; € IR
T — Z aijri;| < 6 i€{ip+1, w+2, ..., k1),
j=k+1
ked{l,2,...,n—1} (77)
xz_zamxzj S €, ZE{l,Q,,k’l} (78)
j=1

In fact, the procedure for doing this is almost iden-
tical to the familiar procedure for extracting from
{@1, 2, ..., 2n}, an ordered subset which is linearly in-
dependent {in the usual sense} and which spans the span
of {#1, 22, ..., &;m}. The construction of interest here
begins by defining an integer j; 2 m. Jj2 1s then defined to
be the greatest integer j < j1 such that
|zj — paj, | > € Vu€lR,

if such an integer exists. If not, one defines n 2 1 and

1 2 j1 and the construction is complete. If j5 exists, j3 is
then defined to be the greatest integer j < jo such that
|z — pawj, — powj,| > € Vi € 1R,
if such an integer exists. If not, one defines n 22 and
ik 2 Jm+i—k, k € {1,2} .... and so on. By this process
one thus obtains an e-independent, e-spanning subset of
X for which there exist numbers a;; such that (76)-(78)
hold. Since such a;;, j € {1,2,..., 7}, are e-coordinates of
z;, 1€ {1,2,...,n}, each coordinate must satisfy the same
bound inequality as the a; in (75). Moreover, because n
cannot be larger than the dimension of the smallest linear
space containing X', n < n.
With these preliminaries complete, we now turn to the
proof of Lemma 5

C. Proof of Lemma 5

Set 9 = W,r where W, is the projection defined in the
proof of Lemma 7. Then ¢ satisfies (36) and (43) is true.
To complete the proof it is therefore enough to construct
functions ¢, ¢, and g such that

suple(t)]” < 0y (79)
t>0
| elds < nnte + el (suplee) - (0
0 peEP
suplg(t)] < o, (81)
t>0
and
|[ello, 7y < lleps[l{o,ry + 0/ [W(0)] (82)
where
62 —{eo—(I=g)ep — (e}, 120 (83)

For clarit§, we write ¢; for ¢ p+ throughout the remainder
of this proof. In view of the key equation for e, in (24),
€o —epr = cCoit, 1 >0 and ey, —epr = ¢z, i > 1 (84)
where, as before, ¢ is that piecewise-continuous signal
whose value is ¢ on switching interval [t;_1,1;).
Suppose T € [tm—1,tm). Then p, = ¢. Thus |epm| > 0ps
because of the definition of ?p+ in (31) and (32). It is

therefore possible to extract from the list {¢1,¢a...,¢m},
a 0p+-independent sublist {¢;,,¢i, ..., ¢, } which d,+-spans
{e1,¢9...,¢m} in such a way that m < ng and
<ta<ig<- - <ilp=m (85)
Thus there must be numbers g;; such that
m
Cc; — Z 9ijCi; < Dp*, iE{ik—l—l, w2, ..., ik+1},

j=k+1
ke{l,2,....m—1}
Ci:Zgijcij < Dp*, iE{l,Q,...,k’l}
j=1
Moreover because of the bound given by (75) in Lemma 9
and the fact that m < ng,
)

This can be written as b

lgij| < == (86)

because of the definition of v« inE(33). It follows that if we
extend the domain of definition of g;; to {1,2,3...00} x
{1,2,...,m} by setting

9i; =0, ©>1;, je{l,2,...m—1}
then (86) must hold for all such ¢ and j and

SUPpep |epps

gl <11
|g]|_<+ e

(87)

Ci_zgijcij SDP*, iE{l,Q,...,m} (88)
i=1

Since (85) and (87) are the same as conditions (62) and
(65) of Lemma 8 respectively, it is possible to define via
(63), a projection ¥ in such a way that

[(®)(s)|ds < np(rp + 7¢), (89)

0
and

(1) Zgwjep,j
j=1

{or} T 10 |W(0)|}

(90)

oy < ope {llepe



In writing these inequalities, we’ve made use of (86) and
the fact that m < ng.

Define - - -
_ LA
- 9) Zgw’a ¢ - Zgchij’ = Z 9ejCi;
j=1 j=1 j=1
(91)

Then ¢ satisfies (79) and g satisfies (81) because of (88)
and (86) respectively - and ¢ satisfies (80) because of (86)
and (89).

The definitions of € and ¢ in (91) imply that

Co = (1_‘1’)Zgchij tete

j=1
Multiplying both sides by = and then using (84) we get

v) Z gwj(eplj -

Therefore, in view of the definitions of € in (83) and g in

(91) we get
Zgwep,

From this and (90) it follovvs that (82) is true. W

(-

eo —epr = (1 — ep) + Cx + Ex

8:

IX. CoNCLUDING REMARKS

Problems similar to the one considered here have been
under study within the adaptive control field for at least
fifteen years. During this period a number of clever ideas
have been devised to deal with non-parametric modeling
errors, disturbances and measurement noise. Typical ap-
proaches include the use of various types of tuner modifi-
cations, deadzones, and parameter projection techniques.
Many of these ideas are discussed in [3]. The approach
taken in [4] is perhaps the closest to the one followed here.

Despite the similarities, the ideas developed in this paper
and in [1] differ in many ways from those found in main-
stream adaptive control. At the formulational stage, con-
ventional adaptive control emphasizes identification and in-
variably focuses on parameter update algorithms aimed at
reducing parameter errors or some combination of param-
eter errors and augmented errors. Parameter space is typi-
cally a compact, convex continuum and the class of admis-
sible plant models is usually linearly parameterized on this
space. Parameter tuning is generally done recursively or
dynamically and is based on some type of pseudo-gradient
algorithm - and results for the constant disturbance noise-
free case, do not typically establish exponential convergence
of the process output to its set-point. In contrast, the ap-
proach taken is this paper and in [1] focuses primarily on
controller update algorithms aimed at minimizing every so
often, a continuously evolving, normed output estimation
error. Parameter space may be either a finite set or a com-
pact continuum but convexity is not crucial, and the class
of admissible nominal plant models need not be linearly
parameterized. In sharp contrast with conventional adap-
tive control, loop-controller updating 1s done via switching
rather than by recursive or dynamic adjustment - and for
the constant disturbance noise-free case, the process output
converges to its set-point exponentially fast.
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From the results obtained in this paper, it is possible
{but tedious} to derive positive gains &1, &5, and &3, such
that

ller|[1o,e1 < &1l[nlyo,¢y + Sold]l1o, t6+®3|1‘2 t>0

for every for every initialization 2x(0) of the overall Sys-
tem X shown in Figure 5, and for every pair of piecewise-
continuous noise and disturbance inputs n and d respec-
tively. These gains could then be used as measures of per-
formance, and one might try to develop a synthesis the-
ory for choosing system components to reduce or minimize
their values. This approach would thus be following in the
footsteps of robust, non-adaptive control.

While such an approach would have merit, it would not
be taking into account the fact that an adaptive system
such as the one we’ve been discussing, can have two kinds
of behavior depending on whether or not the system is
being perfectly supervised. It might, for example, be more
useful to have two measures of performance, one for when a
system is being perfectly supervised and the other for when
it 18 not. The development of a performance theory for
perfectly supervised systems should not be too difficult. On
the other hand, for imperfectly supervised systems, it is not
clear at this point how to formalize what good performance
ought to mean, let alone how one might seek to achieve it.
If one adopts the point of view that imperfect supervision
will occur intermittently, in response to either a process
change or large intermittent disturbance inputs, then one
might aim to develop a performance theory which seeks
to limit excursions from desired loop-controllers while at
the same time trying to induce a quick recovery from the
imperfectly supervised mode. The concept of bursting [5],
may prove relevant in this regard.

X. APPENDIX

Proof of Proposition 1:
Define 7 : [0,00) — Qp+ and € : [0,00) — IR so that
o fort € [te,ts)

p*  otherwise

o

epr fort € [tq, 1)

0 otherwise

Then & is a piecewise constant switching signal taking val-
ues only in @,+. In addition

&= (Ap +bfgp Yo + (bgs + d)e,

e =

te [ta,tb) (92)

an
vzf&p*x'i'g&éa te[taatb)

because of the equations for # and v in (24). Since € = 0

for t < t,,

v=Toe+®x(ly), 1€ [tals) (93)
where
ra {{Ap* +bfopr  bgs + d}}
f&p* 9z

and A

Q= fope [Ape +bfope 1,
Therefore for t € [ta,15),

Wolliasy < T oellg, o + P2l
< IP ol + NP5t 007 |2(ta)]

IT(Hellto,e3 + 1@l 2,003 [2(ta)]
z(ta)]

INIA
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Since ||e][{0,:7 = ||ep
Nvllgea,e1 < gpe

{ta,ty Tor t € [ty 1y), it follows that
{tat} T bpe [2(La)] (94)
and thus that
1olg0,61 < @pellepslliea,er + vl 0,0,y + bpe |2 (ta)]
Inequality (29) follows 1immediately from this and (23)
while the inequality

|eps

6p*

2(la)]

(95)

{tat} < Vll{0,t.} + €pe bp

-t
(1- €p*9p*){ :
bl o ¢ Tart)
is a consequence of (94) and (23).

Using the differential equation for z in (24) and the pre-
ceding definitions of & and € we can write, for ¢ € [t,,1s),

d
_t{eMx} = (/\I + Ape + bf&p*){‘f)\tl’} + (bg5 + d){‘f)\té}
Thus for such values of ¢

{eMa} = Yo {eMe} 4+ 0{eMan(ty)}

where
,r é AI =+ Ap* =+ bfa-p* bg& + d
I 0
and A
@ = IIAI —|— Ap* —|— bfg;p* ]]ta
Therefore
Ma(t)] < |To{eMe}] +|0{eMx(tl)}]
< Y] lello,ey + 1©1eX =]z (ta)]
< apellellio,n + e el (ta)]

= Opr|leps ||{tq,0) T Cp*eMa|x(ta)|a t € [ta,tb)
From this and (95) it follows that (28) is true. ll
Proof of Lemma 9: For k € {1,2,...,n} let

A
Yk = g ;T

i=k

(96)

We claim that
|y |

lag| < —, ke{l,2,...,n} (97)
Now (97) surely holdsgfor k = n, because of (72) and the
formula |yz| = |az||2s| which, in turn, is a consequence of
(96). Next fix k € {1,2,,...,7n — 1}. Now (97) is clearly
true if ay = 0. Suppose ai # 0 in which case

ve = ak [ oe+ > piu;
j=k+1
where 5 2 Z—i From this and (73) it follows that |yz| >
lagle, k € {1,2,...,n}, so (97) is true.
Next write 41 = (y1 — ) + «. Then |y1| < |pn — 2| + |z|.
But || < sup X because € X and |y; — z| < ¢ because
of (74) and the definition of y; in (96). Therefore

X
|y—1<<1+¥ 98)

; (
From (96) we have that yr11 = yr — arxs, Kk €
{1,2,...,n — 1}. Thus |yks1] < |ye| + |akllze], * €
{1,2,...,n — 1}. Dividing both sides of this inequality
by € and then using (97) and |zx| < sup X', we obtain the
inequality

X
ka+1|§(1+sup )@ kef{l,2,...,n—1}
€

€ €
This and (98) imply that
k
X
el o (7, e . ke{1,2,...,a)

€ €
In view of (97), it follows that (75) is true. Il
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