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Abstra
t
This thesis investigates various methods for 
arrying out approximate in-feren
e in intra
table probabilisti
 models. By 
apturing the relationshipsbetween random variables, the framework of graphi
al models hints at whi
hsets of random variables pose a problem to the inferential step. The approx-imating te
hniques used in this thesis originate from the �eld of statisti
alphysi
s whi
h for de
ades has been fa
ing the same type of intra
table 
om-putations when analyzing large systems of intera
ting variables e.g. magneti
spin systems. In general, these approximating te
hniques are known as mean�eld methods.The thesis provides a brief introdu
tion to the basi
 methodology of learn-ing and inferen
e in graphi
al models as well as a short review of the varioustypes of mean �eld approximations whi
h re
ently have been shown to bee�
ient for 
arrying out approximate inferen
e in intra
table probabilisti
models.Starting from the naive mean �eld approximation we derive for the in-dependent 
omponent analysis (ICA) model with instantaneous mixing gen-eral expressions for the posterior quantities needed to perform learning byExpe
tation-Maximization (EM). Furthermore, we explore the feasibility ofgoing beyond the naive mean �eld approximation for this model. In fa
t, itturns out that the over
omplete ICA problem 
an be solved using a simplelinear response 
orre
tion to the mean su�
ient statisti
s obtained by naivemean �eld approximation. In addition, we apply to the ICA problem an adap-tive version of the [Thouless, Anderson and Palmer 1977℄ (TAP) mean �eldapproa
h whi
h is due to [Opper and Winther 2000
℄.To illustrate the methodology on a real world problem, an explorativeanalysis of a fun
tional magneti
 resonan
e imaging (fMRI) dataset froma visual a
tivation study is 
arried out using ICA with binary sour
es. Itis shown this approa
h, whi
h is 
omputationally e�
ient, infers reasonablebrain a
tivation fun
tions.Finally, we outline various ways of 
arrying out approximate messagepassing in probabilisti
 models for whi
h marginalization over some of the
lique variables is intra
table.





Resumé (Abstra
t in Danish)
I nærværende afhandling undersøgers forskellige teknikker til at udføre ap-proximativ inferens i beregningsmæssigt tunge probabilistiske modeller. Medudgangspunkt i teorien om gra�ske modeller er det muligt direkte at få et in-dblik i, hvornår approximerende metoder er påkrævede. De teknikker, som erbenyttet i denne afhandling, har alle deres oprindelse i statistisk fysik. I løbetaf de sidste årtier har folk indenfor dette område udviklet approximerendemetoder for at kunne analysere systemer med mange vekselvirkende enhedersom f.eks. magnetiske spin systemer. Disse metoder går samlet under beteg-nelsen middelfeltsmetoder.Denne afhandling giver foruden en kort introduktion til inferens og pa-rameterestimation i gra�ske modeller også en oversigt over de forskelligemetoder, som i tidens løb har vist sig egnede for approximativ inferens iprobabilistiske modeller.Med udgangspunkt i den naive middelfeltsapproximation udleder vi ge-nerelle udtryk for kilde-posteriorsandsynligheden i en model for �indepen-dent 
omponent analysis� (ICA) hvor kilderne blandes instantant. For dennemodel undersøger vi fordelene ved at benytte mere advan
erede approxima-tioner. Det viser sig, at det underbestemte tilfælde, hvor der er �ere kilderend mikrofoner, kan løses ved en lineær responskorrektion af de su�
ientestatistikker, som fås fra den naive middelfeltsapproximation. Endeligt anven-der vi til dette ICA problem en adaptiv version af [Thouless, Anderson andPalmer 1977℄ (TAP) middelfeltsmetoden, som blev foreslået af [Opper andWinther 2000
℄.Vi illustrerer metoden i en explorativ analyse af en sekvens af dynamiskehjerneskanbilleder optaget under et visuelt aktiveringsstudie. Det er vist, atdenne metode, som er beregningsmæssig e�ektiv, rent faktisk er i stand tilat �nde plausible hjerneaktiveringsmønstre.Endelig gives der forslag til, hvordan det er muligt at lave approximativsekventiel inferens i probabilistiske modeller, hvor eksakt marginalisering overenkelte klikkepotentialer er umuligt.





Prefa
e
The present thesis has been submitted in partial ful�llment for the Ph.D.degree in ele
tri
al engineering. The work do
umented in this thesis has been
arried out at the Department for Informati
s and Mathemati
al Modelling,Se
tion for Digital Signal Pro
essing at the Te
hni
al University of Denmark.The proje
t was supervised by professor Lars Kai Hansen, asso
iate professorJan Larsen and Dr. Carl Edward Rasmussen. The work was 
ommen
ed inFebruary 1998 and 
ompleted in April 2001 with a six months stay at UCBerkeley in the fall of 1999.The reader is expe
ted to be well-versed in the most 
ommon ma
hinelearning te
hniques and terminology. These subje
ts are not introdu
ed in thisthesis sin
e ex
ellent treatments on these matters have existed for de
adeswhi
h means that the most 
ommon terminology and te
hniques of this �eldat the present time is regarded as well established. Furthermore, basi
 know-ledge of the prin
iples behind using magneti
 resonan
e imaging te
hniquesfor in vivo imaging of the human brain is appre
iated but not a prerequisite.I have tried to set out the text in su
h a way that the main features standout 
learly; it may sometimes seem that I go to great lengths to explain theobvious, but that is how I am.During the Ph.D. study the following papers have been written,� de Freitas J. F. G., Højen-Sørensen P. A. d. F. R., Jordan M. I.and Russell S.: Variational MCMC. Submitted to the 17th Conferen
e onUn
ertainty in Arti�
ial Intelligen
e. (2001).� Højen-Sørensen P. A. d. F. R., Winther O. and Hansen L. K.: Anal-ysis of Fun
tional Neuroimages using ICA with Adaptive Binary Sour
es.Submitted to Journal of Neuro
omputing (2001).� de Freitas J. F. G., Andrieu. C., Højen-Sørensen P. A. d. F. R., Ni-ranjan M. and Gee A. H.: Sequential Monte Carlo Methods for NeuralNetworks. In Sequential Monte Carlo Methods in Pra
ti
e. Dou
et A., deFreitas J. F. G. and Gordon N. (editors). Springer-Verlag. 2001.� Højen-Sørensen P. A. d. F. R., Winther O. and Hansen L. K.: MeanField Approa
hes to Independent Component Analysis. Submitted to Jour-nal of Neural Computation (2000).



vi� Højen-Sørensen P. A. d. F. R., Winther O. and Hansen L. K.: EnsembleLearning and Linear Response Theory for ICA. In Advan
es in NeuralInformation Pro
essing Systems, (NIPS 13), NIPS*00. (2000).� Højen-Sørensen P. A. d. F. R., de Freitas J. F. G. and Fog T.: On-lineProbabilisti
 Classi�
ation with Parti
le Filters. In Pro
eeding of IEEE In-ternational Workshop on Neural Networks for Signal Pro
essing. NNSP*00,(2000).� Højen-Sørensen P. A. d. F. R., Hansen L. K. and Rasmussen C. E.:Bayesian modelling of fMRI time series. In Advan
es in Neural InformationPro
essing Systems, (NIPS 12), NIPS*99. (1999).� Højen-Sørensen P. A. d. F. R., Hansen L. K. and Rostrup E.: ABayesian approa
h for estimating a
tivation in fMRI time series. In Pro-
eedings of the 5th Int. Conf. on Fun
tional Mapping of the Human Brain.NeuroImage (1999).Nomen
latureAn attempt has been made to use standard symbols and operators 
onsis-tently throughout the presentation. Although most symbols and operatorsare introdu
ed along the way, the reader should with no e�ort be able to in-fer the meaning of any non-de�ned symbol from its 
ontext. In some passagesof the text I have 
hosen to spontaneously suppress variables and indi
es tomake the main features stand out more 
learly. Again, the reader should beable to infer the exa
t details in these 
ases.In a hopeful attempt to make the present exposition more readable I have
hosen to make overloaded use of the expe
tation operator h�i. To be spe
i�
,given a fun
tion f(
) of a set of variables 
, we de�nehfi1j! � Z d(
n!)f(
) ; (0.1)where ! � 
, i.e. we integrate out all variables ex
ept the ones belongingto !. For instan
e, suppose f(x; y; z) is the joint probability density of therandom variables X;Y and Z. Then, the marginal density f(z) 
an be writ-ten as hf(x; y; z)i1jz. Furthermore, we de�ne h�i1 � h�i1j; su
h that e.g. thenormalizing 
onstant for an unnormalized probability density f is given byhfi1.
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1. Introdu
tion The Road goes ever on and onDown from the door where it began.Now far ahead the Road has gone,And I must follow, if I 
an,Pursuing it with eager feet,Until it joins some larger wayWhere many paths and errands meet.And wither then? I 
annot say.J.R.R. TolkienThe ability to make inferen
e is vital for any learning devi
e to adapt andmake de
isions in 
hanging environments. This is true for both human be-ings as well as ma
hine learning algorithms. While human beings are able to
arry out the inferential step quite e�
iently e.g. to make predi
tions intothe immediate future, this task is from a probabilisti
 point of view 
ompu-tationally intra
table sin
e it may involve 
al
ulations of high dimensionalsums or integrals. Needless to say, it would be of great s
ienti�
 and te
hno-logi
al importan
e to �nd e�
ient approa
hes to solve this problem sin
e itwould 
onstitute a signi�
ant step towards learning in stru
tures as 
omplexas the one found in the human brain.1.1 The Brain, Graphi
al Models and Statisti
al Physi
sThe human brain is made up of approximately 1011 neurons whi
h are or-ganized into 107 elementary networks, ea
h of whi
h 
onsists of 104 denselyinter
onne
ted neurons. Through fun
tional a
tivation studies many of theseelementary networks have been shown to be highly spe
ialized to a spe
i�
task. The 
olle
tive behavior of networks of densely inter
onne
ted neuronshas provided us with a highly adaptive learning ar
hite
ture whi
h enables usto adapt rapidly to 
hanging environments. Whereas many of these networkshave been spe
ialized and re�ned through biologi
al evolution others are be-ing modi�ed 
onstantly in our daily life. Another advantage of distributedar
hite
tures is that of robustness. Due to the dense 
onne
tivity we wouldexpe
t the performan
e to these ar
hite
tures to degrade gra
efully.From a pra
ti
al point of view it would be ni
e if there existed a frame-work we 
ould use in a prin
ipled way to 
ome up with (and solve) new andinteresting ma
hine learning algorithms and whi
h, in prin
iple, 
ould in
or-porate knowledge of how the brain is organized. Indeed there is su
h a frame-work, namely that of probabilisti
 networks and expert systems also knownas graphi
al models. This framework provides a prin
ipled way of mergingdi�erent experts or spe
ialized models into one system whi
h is probabilisti-
ally 
onsistent. Like the human brain, the resulting model is a highly stru
-tured sto
hasti
 system. One powerful property of the framework of graphi
al



2 1. Introdu
tionmodels is that it makes use of the prin
iple of modularity by exploiting thestru
ture of the system to make inferen
e by lo
al and (hopefully) e�
ient
omputations.For many systems, however, it turns out to be 
omputationally intra
tableto 
arry out these lo
al 
omputations. This happens in parti
ular when theelements (say the neurons in the brain or the random variables in a statisti-
al model) involved in the lo
al 
omputation are densely inter
onne
ted. Forseveral de
ades statisti
al physi
ists have been fa
ing the same type of in-tra
table 
omputations when analyzing large systems of intera
ting variablese.g. magneti
 spin systems. In the pursue to ta
kle this problem they havedeveloped a ri
h 
lass of approximating methods, 
olle
tively known as mean�eld methods, whi
h in the last de
ade have been su

essfully applied to alarge sele
tion of intra
table probabilisti
 models.1.2 Fun
tional neuroimagingAs mentioned already, it is of great s
ienti�
 and te
hnologi
al interest to beable to make inferen
e in highly stru
tured sto
hasti
 system of similar s
aleas the human brain. Provided the ultimate goal in this s
ienti�
 endeavor isto simulate the human brain we would need to have knowledge about e.g. the
onne
tivity in the networks of neurons and furthermore know the fun
tionalsigni�
an
e of the di�erent networks. Obviously, this 
an only be a
hievedthrough an enormous amount of interdis
iplinary e�orts. We will here take ona more pragmati
 position and use small s
ale ma
hine learning ar
hite
turesor probabilisti
 models to analyze data from fun
tional a
tivation studies.Hen
e, the goal of this, in 
omparison, modest task is to gain insights intothe distribution of the fun
tional areas in the human brain.Although it is well known that the brain undergoes physi
al 
hanges whenexposed to sensory input e.g. by modulating the strength of the synapti
jun
tion, I still fell that the following dis
laimer is imperative:If you 
hoose to pro
eed reading this text, you agree on getting your brainphysi
ally modi�ed. Oops � you already did � sorry.Thesis overviewThis thesis is organized into seven 
hapters and eight appendi
es. The �rst
hapter serves as an general introdu
tion to the present exposition, while theremaining 
hapters form the main part of the thesis 
on
erning methods forapproximate inferen
e in intra
table probabilisti
 models and their appli
a-tions to the analysis of fun
tional neuroimages. In more detail, the 
ontentsof the individual 
hapters and appendi
es are:Chapter 1 gives a general introdu
tion to the thesis.



1.2 Fun
tional neuroimaging 3Chapter 2 provides a short introdu
tion to learning and inferen
e in graphi-
al models. This 
hapter introdu
es two 
anoni
al models whi
h are usefulto have in mind throughout this thesis.Chapter 3 reviews some of the various mean �eld approximations whi
hhave been su

essfully used to 
arry out approximate inferen
e in in-tra
table probabilisti
 models.Chapter 4 makes use of advan
ed mean �eld methods to solve the in-tra
table inferen
e problem en
ountered in the generative model for pro-babilisti
 independent 
omponent analysis (ICA) with instantaneouslymixed sour
es.Chapter 5 presents a explorative analysis of fun
tional magneti
 reso-nan
e imaging (fMRI) data using probabilisti
 ICA with adaptive bi-nary sour
es. This 
hapter also 
onsiders the problem of determining thenumber of latent sour
es.Chapter 6 outlines various strategies for 
arrying out approximate messagepassing. However, this 
hapter, whi
h presents work in progress, somehowla
ks experimental support. The material has been in
luded sin
e it bindstogether most of the topi
s 
onsidered in this thesis.Chapter 7 summarizes the work presented and outlines possible 
on
lu-sions. Suggestions for some possible dire
tions to 
arry on this work arealso provided.Appendix A summarizes the useful results for marginalizing and 
ondition-ing on variables in the Gaussian probability density.Appendix B-H 
ontains reprints of sele
ted papers whi
h have been au-thored and 
o-authored during the Ph.D. study.





2. Learning and Inferen
e in Graphi
al Models
This 
hapter brie�y introdu
es the basi
 notion of 
onditional independen
ewhi
h together with graph theory provide the theoreti
al foundation of lo-
alized 
omputations for inferen
e in probabilisti
 models. The material 
on-sidered in this 
hapter is kept at a rather operational level, hen
e we will beomitting a large part of the proofs supporting the underlying theory. Readersinterested in su
h details are referred to the ex
ellent books of [Jensen 1996;Jordan 1998; Cowell et al. 1999; Jordan and Bishop 2001℄ whi
h this 
hap-ter strongly relies on. Besides of providing a brief introdu
tion to learningand inferen
e in graphi
al models, this 
hapter mainly serves the purpose ofintrodu
ing the terms and notation whi
h will be used throughout this thesis.2.1 Dire
ted A
y
li
 Graphs (DAGs)The idea of introdu
ing graph theory in probabilisti
 modeling might at �rstsight seem unne
essary. However, not only is the graph topology a useful toolto assist in the a
tual modeling pro
ess of a spe
i�
 problem, but it also barethe solution to how 
omputationally e�
ient algorithms for doing inferen
e
an be devised. Using probability theory as our main starting point we willmotivate the introdu
tion of the graph theoreti
al 
on
epts as they 
ome inhandy.In this se
tion we will 
onsider graphs whi
h are dire
ted and a
y
li
. Agraph is said to be dire
ted if all its edges are dire
ted and a
y
li
 if it doesnot possess any 
y
les (along any dire
ted path). A dire
ted path 
an never
ross itself and movement along a path never goes against the dire
tions ofthe edges. A dire
ted graph whi
h is a
y
li
 is 
alled a dire
ted a
y
li
 graph(DAG). One important feature of DAGs is that they possess a, however notunique, topologi
al ordering , i.e. it is always possible to �nd an ordering ofthe nodes su
h that for ea
h node Si all of its parents �i pre
edes it in theordering. The 
hain rule of probability theory states that any joint probabilitydistribution p(s) of N random variable (S1; S2; : : : ; SN ) 
an be fa
torized asp(s1; s2; : : : ; sN ) = NYi=1 p(sijs1; s2; : : : ; si�1) ; (2.1)
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al Modelswhere p(s1js0) � p(s1). Knowing this, we are now able to relate the fa
toriza-tion eq. (2.1) of an arbitrary joint distribution to the topology of a DAG. It isnoted that the 
onditional probability asso
iated to ea
h random variable Siin eq. (2.1) is 
onditioned on all the random variables (S1; S2; : : : ; Si�1), i.e.the random variables are in fa
t a valid topologi
al ordering with respe
t to
onditioning. Using the fa
t that we 
an always relabel the nodes of a DAGinto a topologi
al ordering we see that the parents �i of a node Si are justthe 
onditioning nodes in its 
onditional distribution, p(sijs1; s2; : : : ; si�1),in the fa
torization eq. (2.1). Figure 2.1(a) shows an example of a DAG withthree nodes. All possible joint probability distributions of three random vari-ables 
an be fa
torized a

ording to this DAG. At this point it is not 
learwhat insight we have a
hieved in relating the graph topology to the fa
-torization of the joint distribution with respe
t to the DAG. This, however,be
omes 
lear when edges starts to be removed from the graph. This naturallyleads us to the introdu
tion of Bayesian networks. A Bayesian network is adire
ted a
y
li
 graph whose stru
ture de�nes a set of 
onditional indepen-den
e properties. To ea
h node we asso
iate a (lo
al) 
onditional probabilitydistribution, where the 
onditioning is on the parents of the node. The jointdistribution is given byp(s) =Y p(sij�i) ; (2.2)where p(sij�i) are the lo
al 
onditional probabilities asso
iated with the graph.We say that eq. (2.2) is a re
ursive fa
torization a

ording to the DAG. Asan example, 
onsider the DAG in �gure 2.1(b) whi
h is a subgraph of theDAG shown in �gure 2.1(a). Comparing the 
hain rule fa
torization eq. (2.1)with the re
ursive fa
torization eq. (2.2) for this Bayesian network it is seenthat p(s3js1; s2) = p(s3js2), i.e. S3 is 
onditionally independent of S1 givenS2 whi
h we usually write as S3 ? S1jS2. This shows that missing edges inthe graph have a probabilisti
 interpretation in terms of 
onditional indepen-den
e. Taking this example to the extreme by removing all edges we arriveat the DAG shown in �gure 2.1(
) whi
h implies that S1, S2 and S3 areindependent random variables. This is easily veri�ed using the re
ursive fa
-torization and Bayes rule. It is important to note that whereas missing edgesin the graph ne
essarily do imply independen
e the edges that are present donot ne
essarily imply dependen
e.We have now seen that a graphi
al model is asso
iated with a family ofprobability distributions. In fa
t, as edges are being removed from the DAGthe harder it gets to be a member of the asso
iated family of probability dis-tributions. Figure 2.1(a-
) illustrated this by 
onsidering su

essive subgraphsstarting from the large family 
ontaining all joint distribution of three ran-dom variables and ending at the small family 
ontaining only fully fa
torizedjoint distributions. The 
onditional independen
e relation implied by thesesimple DAGs was readily obtained using Bayes rules but for large Bayesiannetworks su
h dire
t pro
edures of determining 
onditional independen
e be-
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(a) (b) (
)Fig. 2.1. Three DAGs 
onsisting of 3 nodes implying di�erent 
onditional indepen-den
e assumption; (a) implies no 
onditional independen
e relations and thus ableto 
apture all joint distribution 
onsisting of three random variables; (b) impliesthe 
onditional independen
e relation S3 ? S1jS2; (
) implies independent randomvariables.tween random variables be
omes quite tedious. It turns out, however, that thetopology of the graph provides the inferential ma
hinery for answering ques-tions about probability distributions without one having to resort to dire
t
al
ulations whi
h, when done by hand, are prone to errors. This naturallyleads to the introdu
tion of the notion of d-separation.2.1.1 d-separationThe notion of d-separation (shorthand for �dire
ted separation�) allows 
on-ditional independen
ies to be read dire
tly from the graph. It is essentiallythe probabilisti
 
ounterpart to naive graph separation in the sense that itlooks at the probabilisti
 
onne
tivity instead of just the topologi
al 
onne
-tivity of the edges in the DAG. Using Bayes rule one 
an easily determine theprobabilisti
 
onne
tivity of the serial, diverging and 
onverging 
onne
tionshown in �gure 2.2. The arrows in the �gure shows the probabilisti
 
onne
-tivity of the DAG and the shaded nodes are the instantiated nodes. E.g.,�gure 2.2(
) shows that two nodes in a 
onverging 
onne
tion are marginalindependent but not 
onditional independent given the intermediate node.This behavior is typi
ally referred to as explaining away .In addition to the serial, diverging and 
onverging 
onne
tions it is usefulto 
onsider the 
onne
tion between a single parent and its single 
hild. Todetermine the probabilisti
 
onne
tivity of su
h boundary 
onne
tion it isuseful to note that the 
onditional independen
e statement SA ? SB jSC is aproperty of the marginal distribution p(sA; sB ; sC). Sin
e marginalizing overa 
hildless node is equivalent to simply removing the node (and all its edgesto its parents) we 
an basi
ally just add an extra node while leaving thejoint distribution of the original parent and 
hild invariant. We see that validinsertions of an extra node leads to either a serial or diverging 
onne
tion andwe 
an now read of the probabilisti
 
onne
tivity of the boundary 
onne
tionsimply by using �gure 2.2.
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Serial connection Diverging connection Converging connection

(a) (b) (
)Fig. 2.2. Summarizes the 
on
ept of d-separation. The �gure illustrates how twonodes 
ommuni
ates (shown as arrows) when their intermediate node yields an (a)serial (b) diverging and (
) 
onverging 
onne
tion. The top row shows the 
asethere the intermediate node is not instantiated and the lower row shows the 
asewhen 
onditioning on the intermediate node (shown as shading). It is seen that theserial 
onne
tion and the diverging 
onne
tion is d-separated when 
onditioning onthe intermediate node whereas the 
onverging 
onne
tion is d-separated when theintermediate node is not instantiated.By repeatedly using the probabilisti
 
onne
tivity of the serial, divergingand 
onverging 
onne
tions we are able to answer questions about 
ondi-tional independen
e in 
ompli
ated DAGs. This pro
edure is the Bayes ballalgorithm of [Sha
hter 1998℄. We have now motivated the following de�nitionof d-separation.De�nition 2.1.1 (d-separation). [Jensen 1996℄ Two variables A and B ina dire
ted a
y
li
 graph are d-separated if for all paths between A and B thereis an intermediate variable C su
h that either1. the 
onne
tion is serial or diverging and the state of C is known2. the 
onne
tion is 
onverging and neither C nor any of C's des
endantshave re
eived eviden
e.An extension to d-separation is, however, needed to determine 
onditionalindependen
e relationships in Bayesian networks in whi
h some of the nodesare deterministi
ally determined given their parents. This leads to the notionof D-separation [Geiger et al. 1990℄. The extension 
onsists of regarding thenodes whi
h are deterministi
ally related to observed nodes as instantiated.
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i j

k

S S

SFig. 2.3. Shows the Markov blanketM i (illustrated by the shaded nodes) of nodei. Instantiating node j removes the possibility of �explaining away� dependen
iesdue to node k.The Markov blanket M i of a variable Si is the parents of i, the 
hildrenof i and the variables sharing a 
hild with i. An example of a Markov blanketis shown in �gure 2.3. Clearly, a node will always be d-separated from therest of the network when all variables in its Markov blanket are instantiated.In se
tion 2.4.2 we will 
onsider a parti
ular DAG whi
h is able to 
ap-ture a large 
lass of interesting models used in statisti
s, in parti
ular Hid-den Markov models, the Kalman �lter/smoother and independent 
omponentanalysis.2.2 Undire
ted Graphi
al ModelsOne appealing property of Bayesian networks is that the joint probabilitydistribution 
an be expressed as a produ
t of lo
al fun
tions on the DAGasso
iated to the network. In fa
t, these lo
al fun
tions turned out to be thelo
al 
onditional probabilities p(sij�i). The general pro
edure for performinge�
ient inferen
e in graphi
al models does not, however, dire
tly exploitthe topologi
al stru
ture of DAGs. Instead it makes use of the stru
ture ofanother 
lass of models referred to as undire
ted graphi
al models or MarkovRandom Fields (MRFs). A graph is said to be undire
ted if all the edges inthe graph are not dire
ted. Undire
ted and dire
ted a
y
li
 graphs are bothspe
ial 
ases of 
hain graphs whi
h are graphs that have no dire
ted 
y
les.As for a Bayesian network, the joint probability distribution of an undi-re
ted graphi
al model 
an be expressed as a produ
t of lo
al fun
tions. Inparti
ular, we say that a probability density p(s) fa
torize with respe
t to agiven undire
ted graph G if
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al Modelsp(s) = 1Z Y
2C �
(s
) ; (2.3)where the produ
t is over the set of all 
liques, C, in the graph and �
 isthe potential fun
tion asso
iated with 
lique 
, i.e. a non-negative fun
tiondepending only on the nodes, S
, in the 
lique. A 
lique is a 
omplete graphwhi
h is maximal in the sense that the graph 
an not be extended to in
ludeadditional nodes without losing the property of being 
omplete. A graph is
alled 
omplete if every pair of nodes are pairwise linked, i.e. the graph isfully 
onne
ted . The normalization 
onstant, Z, (also known as the partitionfun
tion) have been introdu
ed expli
itly in eq. (2.3) sin
e there is no guar-antee that a produ
t of arbitrary fun
tions is normalized and hen
e de�nesa probability distribution.It is easily seen that the fa
torization eq. (2.3) implies that SA is inde-pendent of SB given SC if the set of nodes C separates the nodes A fromthe nodes B, where by separation we mean naive graph-theoreti
 separation.A spe
i�
 
ase of this is shown in �gure 2.4. Let V denote the set of nodesasso
iated with the undire
ted graph. Let ~A denote the union of A and thenodes in V nC whi
h are rea
hable from A and let ~B = V n( ~A [ C). Clearly,every 
lique is 
omposed of nodes from either ~A [ C or ~B [ C, hen
ep(s) = p(s ~A; s ~B ; sC) = 1Z � Y
2( ~A[C)�
�� Y
2( ~B[C)�
� (2.4)= 1Z f(s ~A; sC)f(s ~B ; sC) ; (2.5)whi
h expli
itly shows that the joint distribution is a produ
t of two fun
tions;one fun
tion depending on sA and the other depending on sB . The 
onditionalprobability is thenp(s ~A; s ~B jsC)= f(s ~A; sC)f(s ~B ; sC)hf(s ~A; sC)i1jsC hf(s ~B ; sC)i1jsC (2.6)= p(s ~A; sC)p(s ~B ; sC)hp(s ~A; sC)i1jsC hp(s ~B ; sC)i1jsC (2.7)= p(s ~AjsC)p(s ~B jsC) ; (2.8)whi
h shows that S ~A ? S ~B jSC , hen
e SA ? SB jSC . The property that SAis independent of SB given SC if the set of nodes C separates the nodes Afrom the nodes B is often referred to as the global Markov property . Thatthe fa
torization eq. (2.3) implies the global Markov property suggests thata produ
t of potential fun
tions is indeed the natural fa
torization of thejoint distribution when 
onsidering undire
ted graphi
al models. Indeed, forstri
tly positive probability distributions the reversed impli
ation, i.e. thatthe global Markov property implies the fa
torization eq. (2.3), 
an be ob-tained using the Hammersley-Cli�ord theorem.
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A

A
C

B
B

~~

Fig. 2.4. The set C separates A from B sin
e all paths from A to B have to passthrough C. The same is seen to be true for the extended sets ~A and ~B. Obviouslyis it su�
ient to show that ~A is 
onditional independent of ~B given C.The potential fun
tions are 
ommonly parameterized as �
 = exp(�E
),where E
 is a un
onstrained fun
tion. The joint probability distribution isthen spe
i�ed in term of the Boltzmann distributionp(s) = 1Z e��E(s); (2.9)where E(s) = P
2C E
 is denoted the energy fun
tion and � is known asthe inverse temperature. The inverse temperature is not dire
tly part of theprobabilisti
 model spe
i�
ation and it is 
lear that � = 1 in this 
ase. Sin
ethe inverse temperature 
ontrols the smoothness of the joint distribution p(s)it is, however, a useful quantity to have at hand when solving 
ombinatorialoptimization problems whi
h have been 
asted onto undire
ted graphs, seee.g. simulated annealing [Kirkpatri
k et al. 1983℄ and mean �eld annealing[Peterson and Söderberg 1989℄).In 
ertain appli
ation domains it is more natural to state the generativemodel in terms of an undire
ted graphi
al model. Markov random �elds havebeen widely used in image pro
essing and 
omputer vision ever sin
e theywere introdu
ed in this 
ontext in the 
lassi
 paper of [Geman and Geman1984℄. A ni
e treatment of various appli
ations of MRFs to 
omputer visionas well as an extensive list of referen
es 
an be found in [Li 1995℄. In se
-tion 2.4.1 we will as an example of a MRF 
onsider the Boltzmann Ma
hinewhi
h is an extension of the Hop�eld network to in
lude hidden units [Hertzet al. 1991℄. In 
hapter 3, the Boltzmann Ma
hine will due to its 
onne
-tion to statisti
al physi
s be our 
anoni
al example in the treatment of mean�eld methods for approximate inferen
e. To see why and when su
h approx-
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A

B C

A

B C

D

E F

D

E F(a) (b)Fig. 2.5. Shows the pro
ess of graph moralization. (a) Shows the original graph (insolid) as well as the edge added (in dashed) in the �rst step of �marrying� parents.(b) Shows the moralized graph.imations are needed we have to 
onsider the 
omputational 
omplexity inarbitrary graphi
al models. This is the subje
t of the next se
tion.2.3 Inferen
e in Graphi
al ModelsIn this se
tion we des
ribe the general pro
edure for doing e�
ient inferen
ein graphi
al models. As mentioned in se
tion 2.2, this e�
ien
y is a
hievedby exploiting the stru
ture of the undire
ted graphi
al model. Often, how-ever, the generative model has been spe
i�ed in terms of a dire
ted graphi
almodel. Hen
e we need to 
onsider how a dire
ted graph 
an be re
ast into aundire
ted graph. This lead us to the 
on
ept of the graph moralization.2.3.1 Graph MoralizationThe joint distribution for the dire
ted and undire
ted graphi
al model isgiven by respe
tively eq. (2.2) and eq. (2.3), i.e. in both 
ases a produ
t oflo
al fun
tions on the graph. It is tempting just to drop the edge dire
tionsof the DAG and then identify the potential fun
tion �
(s
) with the lo
al
onditional probability p(sij�i) for whi
h the set of nodes fsig[�i is 
ontainedin 
. This is, however, not in general a valid potential fun
tion sin
e thereis no guarantee that the set of nodes fsig [ �i is 
ontained in any 
lique,the reason being that some of the parents �i might not be inter
onne
ted.The way to deal with this problem is to 
onstru
t the moral graph, i.e. addundire
ted edges to all 
o-parents whi
h are not 
urrently joined and �nallydrop the dire
tions of all remaining dire
ted edges (see �gure 2.5). Clearly,the probability distribution asso
iated with the original DAG will still be amember of the family of distributions asso
iated with the moral graph. Thepotential fun
tions asso
iated with 
lique 
 in the moral graph is then theprodu
t of all the lo
al 
onditional probabilities p(sij�i) for whi
h fsi [ �igis 
ontained in 
. Obviously, we 
an now equivalently restate the Markovblanket M i of node Si as being the set of its neighbors in the moral graph.



2.3 Inferen
e in Graphi
al Models 132.3.2 The generalized potential representationSin
e an arbitrary joint probability distribution 
annot in general be ex-pressed as a produ
t of marginals, the fa
torization eq. (2.3) leaves us withlittle hope of equating the potential �
 with the marginal p(s
). There is,however, an alternative way of expressing the joint distribution in whi
h thepotentials indeed 
an be identi�ed with the marginals. As in se
tion 2.2, 
on-sider a triple (A;B;C) of disjoint subsets of the vertex set V of an undire
tedgraph G, su
h that C separates A from B; this time, however, with the addi-tional 
onstraint that GC is a 
omplete subgraph of GV and V = (A[B[C).Su
h a triple is said to form a de
omposition of the graph. Furthermore, wesay that an undire
ted graph G is de
omposable if either it is 
omplete, or itpossesses a proper de
omposition (A;B;C) su
h that both subgraphs GA[Cand GB[C are de
omposable. A de
omposition (A;B;C) is proper if both Aand B are non-empty. Consider the graph de
omposition ( ~A; ~B;C) shown in�gure 2.4. Clearly, the joint distribution with respe
t to the graph 
an beexpressed as in eq. (2.5), i.e.p(s) = p(s ~A; s ~B ; sC) = 1Z f(s ~A; sC)f(s ~B ; sC) ; (2.10)and by dire
t integration we �ndp(s ~A; sC) = 1Z f(s ~A; sC) ~f(s ~B ; sC) ; (2.11)where ~f(s ~B ; sC) = hf(s ~B ; sC)i1js ~A;sC . Note that the 
onstrain that GC is a
omplete subset of V makes sure that ~f(s ~B ; sC) 
an be represented in termsof 
omplete subgraphs of GC . Similar results are obtained for the marginals,p(s ~B ; sC) and p(sC), whi
h implies that p(s ~A; sC) and p(s ~B ; sC) fa
torizewith respe
t to the subgraphs G ~A[C and G ~B[C respe
tively, and that thejoint distribution is given byp(s ~A; s ~B; sC) = p(s ~A; sC)p(s ~B ; sC)p(sC) : (2.12)Conversely, let p(s ~A; sC) and p(s ~B ; sC) fa
torize with respe
t to the subgraphsG ~A[C and G ~B[C , respe
tively. Clearly, if p(s) satis�es eq. (2.12) then it alsofa
torize with respe
t to G. If the graph G happens to be de
omposable we
an apply eq. (2.12) re
ursively. This shows that the joint distribution p(s)asso
iated to a de
omposable graph 
an be expressed asp(s) = Q
2C �
(s
)Q
02S �
0(s
0) ; (2.13)where C is the set of 
liques and S is the set of separators, i.e. the interse
-tion of the adja
ent 
liques, in the de
omposable graph G. Equation (2.13) is
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A

B

A

B C

E F

D

C

E F

D(a) (b)
ABC

BCDEFBCBCDE CDEFCDE

ABC

BC (
) (d)Fig. 2.6. Two triangulated graphs obtained from the DAG shown in �gure 2.5 usingnode elimination ordering (a) fA;B; �g and (b) fA;D; �g; (
,d) shows the jun
tiontree asso
iated with the triangulated graph (a) and (b), respe
tively.known as the generalized potential representation. It 
an be shown that anundire
ted graph G is de
omposable if and only if it is triangulated [Cowellet al. 1999℄. An undire
ted graph is said to be triangulated (or 
hordal) ifthere are no 
y
les of length 4 or more distin
t nodes without a short-
ut. Ob-viously, a graph whi
h is not triangulated 
an always be made so by addingextra edges in a suitable way. One su
h way is using a simple eliminationpro
edure in whi
h nodes are being su

essive removed from the graph; priorto removing a node Si any non-
onne
ted neighbors of Si are 
onne
ted byadding �ll-in edges. The union of Si and its neighbors 
onstitute the elimi-nation 
lique 
orresponding to Si. The edges of the triangulated graph areobtained as the union of the set of edges in the original (undire
ted) graphand the set of �ll-in edges. The 
liques in the triangulated graph 
an then beinferred from the elimination 
liques. It is important to note that triangula-tion of a graph is not unique. Figure 2.6(a,b) shows two valid triangulationsof the moral graph in �gure 2.5(b), obtained using two di�erent eliminationorderings, namely fA;B; �g and fA;D; �g. Figure 2.6(
,d) shows the jun
tiontree 
orresponding to the two triangulated graphs. A tree of 
liques is a jun
-tion tree if for ea
h pair of 
liques A, B, all 
liques on the (unique) pathbetween A and B 
ontain the interse
tion A \ B. Indeed, it 
an be shownthat there exists a jun
tion tree of 
liques for the graph G if and only if G isde
omposable [Cowell et al. 1999℄.
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A BC

φ φ φA C BFig. 2.7. Two 
liques A and B and the separator C = A\B between them. Duringthe message passing s
heme the 
lique and separator potentials are modi�ed. Inea
h message passing update the separator potential stores a 
opy of the messagewhi
h is absorbed by the re
eiving 
lique. After a 
omplete set of updates the twopotentials have be
ome 
onsistent.2.3.3 Message Passing on Jun
tion TreesSuppose there are only two 
liques A and B in the triangulated graph; thise.g. turned out to be the 
ase in �gure 2.6(b,d). Now, let C = A \ B bethe separator of A and B. The s
enario is illustrated in �gure 2.7. Sin
e thegraph is triangulated and hen
e de
omposable then a

ordingly to eq. (2.13)the joint distribution 
an be written asp(s) = �A(sA)�B(sB)�C(sC) : (2.14)However, from the spe
i�
ation of a probabilisti
 model we known the 
liquepotentials �A and �B and furthermore we know that the joint distributionfa
torize as p(s) / �A(sA)�B(sB). Thus, a reasonable guess would be toinitialize the separator potential to the partition fun
tion, �C = Z. We 
an,however, without any loss of generality ignore the partition fun
tion and ini-tialize �
 = 1. Sin
e our obje
tive is to interpret the potential fun
tions asmarginals we need a prin
ipled way of modifying the 
lique and separator po-tentials. Consider the following set of marginal-propagation updates [Jensen1996℄.��C = h�Ai1jsC ; ��B = (��C=�C)�B ; ��A = �A���C = h��Bi1jsC ; ���A = (���C =��C)��A ; ���B = ��B (2.15)We 
an think of ��C as a message passed from A to B and think of ���C asa message passed from B to A. It is easily shown that ea
h update (mes-sage passing) leaves the joint distribution invariant. After a 
omplete set ofupdates the link between the two potentials have be
ome 
onsistent, that ish���A i1jsC = h���B i1jsC . This follows dire
tly from eq. (2.15),h���A i1jsC = ���C��C h��Ai1jsC = ���C = h���B i1jsC : (2.16)Using the invarian
e of the joint distribution and eq. (2.16) we 
an now
al
ulate the marginal
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al Modelsp(sA) = hp(sA; sB ; sC)i1jsA = ���A (sA)���C (sC) h���B (sB)i1jsC = ���A (sA) ; (2.17)and similarly p(sB) = �B and p(sC) = �C . This shows that inferen
e 
anbe seen as the pro
ess of a
hieving lo
al 
onsisten
y between the potentialfun
tion of neighboring 
liques. For arbitrary jun
tion trees it is obvious thatthe jun
tion tree property is a su�
ient 
ondition for lo
al 
onsisten
y to im-ply global 
onsisten
y, hen
e the inferen
e problem 
an be solved by a set oflinked lo
al 
omputations in whi
h links between neighboring 
liques are be-ing made 
onsistent. These lo
al 
omputations 
an be 
arried out e�e
tivelyusing the following proto
ol.Proto
ol 1 (Message passing s
heme) [Jensen 1996℄ A node A 
an sendexa
tly one message to a neighboring 
lique B, and it may only be sent whenA has re
eived a message from ea
h of its other neighboring 
liques.The update, eq. (2.15), shows that the key to e�
ient inferen
e algorithmsis to form triangulated graphs whi
h have small 
liques, in terms of theirstate spa
e. Thus, 
onsidering the example shown in �gure 2.5 and 2.6 we
ould obtain the most e�
ient inferen
e pro
edure by performing messagepassing on the jun
tion tree shown in �gure 2.6(
). This example shows thatwe need to �nd a good elimination ordering in order to obtain the triangu-lated 
over whi
h minimizes the sum of the state spa
e sizes of the 
liques.Unfortunately, it turns out that this is in general a NP-hard problem. Hen
e,various heuristi
s have been developed for triangulating non-
hordal graphs.One su
h heuristi
 whi
h is due to [Kjærul� 1990℄ is restated in the ex
ellentpro
edural guide to inferen
e in graphi
al models by [Huang and Darwi
he1996℄. During an elimination pro
edure the heuristi
 suggests 
hoosing thenode that 
auses the least number of �ll-in edges to be added, breaking tiesby 
hoosing the node that indu
es the 
liques with the smallest state spa
e.It turns out that this greedy heuristi
 produ
es reasonable triangulations inreal world settings [Huang and Darwi
he 1996℄.In many appli
ations we are interested in 
al
ulating the most probable
on�guration of all the dynami
al variables instead of the entire marginalsdistributions. This 
al
ulation 
an be 
arried out 
omputationally e�
iently,merely by substituting the marginalizations by max-operators in the messagepassing updates eq. (2.15). This time, after a 
omplete set ofmax-propagationupdates the 
liques have be
ome max-
onsistent, i.e. for every pair of neigh-boring 
liques A and B separated by C we have maxAnC ���A = maxBnC ���B[Jensen 1996℄. One highly 
elebrated spe
ial 
ase of max-propagation is theViterbi algorithm [Rabiner 1989℄ whi
h is widely used in spee
h signal pro-
essing to �nd the MAP hidden sequen
e in Hidden Markov Models.
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al models 172.4 Two 
anoni
al modelsBefore pro
eeding to the problem of learning in graphi
al models let us 
on-sider two 
anoni
al graphi
al models; the �rst being undire
ted and the se
-ond being dire
ted.2.4.1 The Boltzmann ma
hineThe Boltzmann ma
hine (BM) [Hertz et al. 1991℄ is an undire
ted graphi
almodel de�ned on a set S = fV [Hg of N binary random variables Si =f�1; 1g where V and H is the set of visible and hidden units, respe
tively.The (Hop�eld) energy fun
tion of a BM is at most quadrati
, i.e. in generalof the formE(s) = �12 NXi;j=1 Jijsisj � NXi=1 �isi = �12 NXi;j=0 Jijsisj ; (2.18)where the intera
tions-weights are 
hosen symmetri
 su
h that Jij = Jji. Thelast equality is obtained by introdu
ing an extra node S0, whi
h is 
lampedto state +1 and de�ne Ji0 to be equal to the threshold �i. Sin
e the self-intera
tion weights, Jii(i > 0), leave the probability distribution invariantwe 
an without loss of generality let Jii = 0 for i > 0. When referring tothe BM we will therefore, unless otherwise mentioned, be using the followingparameterizationE(s) = �12 NXi;j Jijsisj � NXi=1 �isi ; (2.19)where Jii = 0. This undire
ted graphi
al model has a physi
al analog in theIsing model whi
h is a model of magneti
 systems. In the Ising model node,Si represents the orientation of the spin at latti
e site i; the spin is oriented�up� if Si = 1 and �down� if Si = �1.2.4.2 A hidden state spa
e modelIn spite of their simple fa
torization, the graphi
al models 
onsidered in thisse
tion are able to a

ount for a large 
lass unsupervised models whi
h havebeen proposed through time for modeling multidimensional data. All the gen-erative models fa
torize a

ording to the DAG shown in �gure 2.8 whi
h alsoshows one of the possible jun
tion trees asso
iated to this DAG. Hen
e, withthis fa
torization we assume that the i'th observable Yi is generated from thehidden state Xi whi
h evolves a

ording to a simple �rst-order Markov dy-nami
s. The parti
ular 
ase where both the hidden state and observation areobtained as a linear mapping of the 
onditioning state 
orrupted with Gaus-sian noise is 
onsidered in [Roweis and Ghahramani 1999℄. Starting from this
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Fig. 2.8. Shows the DAG for the hidden state spa
e model and one of the possiblejun
tion trees asso
iated to it. The observation Yi is 
onditional independent giventhe hidden stateXi whi
h evolves a

ording to a �rst order hidden Markov dynami
.generative model they re
over various well known statisti
al models as e.g.fa
tor analysis, prin
ipal 
omponents analysis (PCA) and Kalman �lter mod-els. Furthermore, by applying additional non-linear mappings it is possibleto obtain ve
tor quantization, hidden Markov models (HMMs) and the gen-erative model for independent 
omponent analysis (ICA). In the next se
tionwe follow [Jordan and Bishop 2001℄ and [Murphy 1998℄ and illustrate themessage passing s
heme on the Gaussian linear state spa
e model or lineardynami
al system. In 
hapter 6 we 
onsider the same DAG in the 
ontext ofa on-line 
lassi�
ation model where approximate message passing is needed.2.4.3 The Gaussian linear state spa
e modelIn this se
tion we 
onsider the Gaussian linear model whi
h gives rise to the
lassi
al Kalman �lter and Rau
h-Tung-Striebel (RTS) re
ursions [Roweisand Ghahramani 1999℄. This model whi
h have been extensively investigatedby the engineering and 
ontrol 
ommunities for de
ades takes the formX0 � N (�0;�)Xt = AXt�1 + �t ; �t � N (0;��)Y t = BXt + "t ; "t � N (0;�") ; (2.20)
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anoni
al models 19where A is the state transition matrix, B is the observation matrix andf�tg and f"tg are mutually independent white Gaussian noise sequen
es with
ovarian
e�� and�", respe
tively. In the following derivation of the Kalman�lter and RTS re
ursions we will be using the 
anoni
al parameterizationof the Gaussian density, see appendix A. Hen
e, for this model the lo
al
onditional probabilities asso
iated to the DAG shown in �gure 2.8 are givenby p(x0) / e� 12 (x0��0)T��10 (x0��0) / e� 12xT0 �0x0+(�0�0)Tx0p(xtjxt�1) / e� 12 (xt�Axt�1)T��1� (xt�Axt�1)/ e� 1224xt�1xt 35T24AT��A �AT�����A �� 3524xt�1xt 35p(ytjxt) / e� 12 (yt�Bxt)T��1" (yt�Bxt)/ e� 1224xtyt35T24BT�"B �BT�"��"B �" 3524xtyt35 : (2.21)
To solve the inferen
e problem using the message passing s
heme, every 
liquehas to ex
hange exa
tly one bidire
tional message with ea
h of its neighborsin su
h a way that the message passing proto
ol is upheld. We a
hieve thisby assigning one of the 
liques in the jun
tion tree as root and then 
arry outtwo sweeps ea
h following the message passing proto
ol. In the �rst (forward)sweep every 
lique ex
ept the root sends a message towards the root node andin the se
ond (ba
kward) sweep messages are distributed from the root 
liqueto all other 
liques. Following [Murphy 1998; Jordan and Bishop 2001℄ weassign the 
lique fXT�1; XT g to be the root 
lique. The separator potentialsare initialized, i.e.  = ~ = 1, and the 
lique potentials � are easily identi�edas �(x0;y0) = p(x0)p(y0jx0) = N����0�00 � ; ��0 +BT�"B �BT�"��"B �" ���(xt;xt+1) = p(xt+1jxt) = N���00� ; �AT��A �AT�����A �� ���(xt;yt) = p(ytjxt) = N���00� ; �BT�"B �BT�"��"B �" �� (2.22)Sin
e the result of un
onditional inferen
e follows dire
tly from the theory,we will now 
onsider the 
ase there eviden
e is present at fY ig = f _yig. Herethe dot is used to emphasize instantiated random variables. We start byhaving a look at the forward sweep in whi
h messages are being send towardsthe root. A

ording to the message passing proto
ol the potential �(xt;xt+1)has to wait sending its message toward the root until it has absorbed themessages stored in the updated separator potentials  �(xt) and ~ �(xt+1).
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al ModelsProvided that the separator potential  (xt) has already been updated, i.e.we have 
tjt and �tjt su
h that �(xt) / e� 12xTt �tjtxt+
Ttjtxt ; (2.23)we 
an easily let the potential �(xt;xt+1) absorb the message stored in �(xt),�Æ(xt;xt+1) =  �(xt)�(xt;xt+1) (2.24)/ N���
tjt0 �� Ktjt �AT�����A �� �� ; (2.25)whereKtjt = AT��A+�tjt : (2.26)The supers
ript Æ is used to emphasize that the 
lique potential has onlybeen partially updated. Sin
e �Æ(xt;xt+1) is proportional to p(xt;xt+1j _yt1)we 
an at this point �nd the one-step-ahead predi
tion or time update bymarginalizing xt,p(xt+1j _yt1) = N�(
t+1jt;�t+1jt) ; (2.27)where
t+1jt = ��AK�1tjt 
tjt (2.28)�t+1jt = �� ���AK�1tjtAT�� : (2.29)In order to 
omplete the update of the 
lique potentials �(xt;xt+1) we �rstneed to update the eviden
e dependent separator potentials whi
h is easilydone ~ �(xt) = hÆ(yt � _yt)�(xt;yt)i1jxt (2.30)/ e� 12xTt BT�"Bxt+(BT�" _yt)Txt ; (2.31)whi
h in turn yields the updated 
lique potential��(xt;xt+1) = ~ �(xt+1)�Æ(xt;xt+1) (2.32)/ N��� 
tjtBT�" _yt+1� ; � Ktjt �AT�����A �� +BT�"B�� : (2.33)Finally, we obtain  �(xt+1) by marginalizing the updated 
lique potentialwith respe
t to xt whi
h yields the following datum or measurement updates
t+1jt+1 = 
t+1jt +BT�" _yt+1 (2.34)�t+1jt+1 = �t+1jt +BT�"B : (2.35)To initialize the forward sweep in whi
h messages are being send towardthe root we need to know the boundary 
ondition for the re
ursions. This isreadily obtained
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al models 21 �(x0) = hÆ(y0 � _y0)�(x0;y0)i1jx0 (2.36)/ e� 1224x0_y035T24�0 +BT�"B �BT�"��"B �" 3524x0_y035+(�0�0)Tx0 (2.37)/ N� ��0�0 +BT�� _y0;�0 +BT�"B� : (2.38)Equations (2.26), (2.28), (2.29), (2.34) and (2.35) together with the bound-ary 
ondition eq. (2.38) 
onstitute the information �lter equations whi
h arealgebrai
ally equivalent to the usual Kalman �lter re
ursions [Anderson andMoore 1979℄.We now turn to the ba
kward sweep in whi
h messages are being dis-tributed from the root 
lique to all other 
liques. The derivations of theba
kward re
ursions follows along the same lines as the ones leading to theforward re
ursions, i.e. we start by assuming that the separator potential �(xt+1) has already been updated ��(xt+1) / e� 12xTt+1�t+1jTxt+1+
Tt+1jTxt+1 ; (2.39)whi
h is then used to update the 
lique potential���(xt;xt+1) =  ��(xt+1) �(xt+1) ��(xt;xt+1)/ N��� 
tjt�t+1jT� ; � Ktjt �AT�����A Lt+1jT �� ; (2.40)where we have introdu
ed�t+1jT = BT�" _yt+1 + 
t+1jT � 
t+1jt+1 = 
t+1jT � 
t+1jt (2.41)Lt+1jT = �� +BT�"B +�t+1jT ��t+1jt+1 : (2.42)Given the updated 
lique potential ���(xt;xt+1) we may now update the nextseparator potential along the 
hain, i.e. 
al
ulate  ��(xt) = h���(xt;xt+1)i1jxtwhi
h yields the following re
ursions
tjT = 
tjt +AT��L�1t+1jT (
t+1jT � 
t+1jt) (2.43)�tjT = Ktjt �AT��L�1t+1jT��A : (2.44)Similarly, we update the last set of separator potential, i.e.~ ��(xt+1) = h���(xt;xt+1)i1jxt+1/ e� 12xTt+1 ~�t+1jTxt+1+~
Tt+1jTxt+1 ; (2.45)where ~
t+1jT = �t+1jT +��AK�1tjt 
tjt (2.46)~�t+1jT = Lt+1jT ���AK�1tjtAT�� : (2.47)The base 
ase  ��(xT�1) for the ba
kward re
ursion of  are found straight-forwardly by the marginalizing the root potential ���(xT�1; xT ) with respe
tto xt.
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V HFig. 2.9. Illustration of the generi
 learning problem for graphi
al models. Given aset of visible nodes V , we want to estimate the model parameters (not shown in the�gure) in the presen
e of a set of hidden nodes H. Hen
e, to 
arry out ML learningwe have to be able to 
al
ulate the posterior density of the hidden variables.2.5 Learning in Graphi
al ModelsThis se
tion des
ribes two di�erent ways for learning the parameters in graph-i
al models in the maximum likelihood framework, i.e. to 
hoose the modelparameters maximizing the marginal probability density of a given set of vis-ible (eviden
e) nodes. The general situation is depi
ted in �gure 2.9 in whi
hthe node set S of the graphi
al model has been partitioned into the set ofvisible nodes V and the set of hidden nodes H.2.5.1 Boltzmann LearningThe Boltzmann learning rule [Hertz et al. 1991℄ was introdu
ed by Hintonand Sejnowski as a pro
edure for doing supervised learning of Boltzmann ma-
hines. However, we will here 
onsider a general undire
ted graphi
al modelwith node set S = fV ;Hg, where V is the set of visible nodes and H isthe set of hidden nodes. Let E� denote the energy fun
tion asso
iated to theundire
ted graphi
al model with parameters � = f�ig. The joint probabilitydistribution then takes the formp(sj�) = 1Z e�E�(s) ; (2.48)where Z = 
e�E�(s)�1 is the partition fun
tion asso
iated to the joint dis-tribution. To do maximum likelihood parameter estimation we need to 
al-
ulate the (log) probability of the visible nodes given the model parameters,i.e. marginalize out the hidden nodeslog p(vj�) = log� 1Z e�E�(v;h)�1jv = log ZvZ ; (2.49)
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al Models 23where we have introdu
ed the partition fun
tion Zv = 
e�E�(s)�1jv asso
iatedto the posteriorp(hj�;v) = 1Zv e�E�(h;v) : (2.50)This 
learly shows that we have to be able to make inferen
e (about hiddenstates) in order to 
arry out learning. Using the simple relation� logZ��i = 1Z ���i De�E�(s)E1 = ���E�(s)��i �p ; (2.51)the Boltzmann learning rule is readily obtained as the gradient as
ent on thelikelihood, i.e.��i = �(���E���i �pjv����E���i �p) ; (2.52)where � is the learning rate. Equation (2.52) shows that the learning pro
ess
onsists of an unlearning (or student) 
omponent, h�ip, in whi
h the parame-ters are free to move and a learning (or tea
her) 
omponent, h�ipjv, in whi
hthe visible nodes are 
lamped. As an example 
onsider applying the Boltz-mann learning rule (2.52) on the Boltzmann ma
hine eq. (2.19). It is seen thatthis requires the 
al
ulation of 
orrelations between nodes. This is, however,
omputational infeasible if the system 
ontains large 
liques. For su
h sys-tems we need to 
onsider approximating methods for 
al
ulating 
orrelationswhi
h will be the subje
t of 
hapter 3.2.5.2 Learning by Expe
tation Maximization (EM)The EM algorithm was proposed by [Dempster et al. 1977℄ as an iterativeapproa
h for doing maximum likelihood estimation in the presen
e of hiddenvariables. Again we 
onsider a graphi
al model with node set S = fV ;Hg,where V is the set of visible nodes andH is the set of hidden nodes. The jointprobability density asso
iated with the model is p(v;hj�), where � = f�ig isthe 
olle
tion of model parameters. Like for Boltzmann learning the obje
tiveof the EM algorithm is to maximize the likelihood, i.e.L(�) = log p(vj�) = log hp(v;hj�)i1jv : (2.53)A lower bound on the likelihood 
an be obtained using Jensens inequality1,L(�) = log�p(v;hj�)q(h) �q � �log p(v;hj�)q(h) �q = L�(q;�) ; (2.54)1 Jensens inequality states h�(X)i � �(hXi), where � is a 
onvex fun
tion. [Coverand Thomas 1991℄
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e in Graphi
al Modelswhere q(h) is an arbitrary probability density over the hidden variables. It
an now be shown that the EM algorithm essentially performs gradient as
enton the lower bound, L� [Neal and Hinton 1998℄. Noting that the likelihood isindependent of the hidden variables H, the sla
k � between the likelihoodand the lower bound is readily obtained� = L(�)� L�(q;�) = �log q(h)p(vj�)p(v;hj�) �q = KL(qkpH) ; (2.55)where pH = p(hjv;�) is the posterior probability of the hidden states Hand KL(q k p) = hlog q=piq is the Kullba
k-Leibler (KL) distan
e (or diver-gen
e) between q and p. The EM algorithm alternates between maximizingL� with respe
t to the distribution, q (E-step), and the parameters � (M-step), respe
tively, keeping the other �xed. In the E-step the KL distan
e isminimized when q is equal to the posterior, p(k)H = p(hjv;�(k)) of the hiddennodes, eq. (2.55). Alternatively, this 
an be seen by performing free-form op-timization of q on the lower bound, L�. Sin
e q does not depend on � theM-step amounts to maximizing the expe
ted 
omplete likelihood , p(v;hj�)with respe
t to p(k)H ,�(k+1) = argmax� hlog p(v;hj�)ip(k)H : (2.56)Sin
e the bound is tight at the beginning of ea
h M-step and furthermore,the E-step does not 
hange �, the 
ombined EM step is guaranteed to notde
rease the likelihood after ea
h 
ombined EM step, i.e.L(�(k�1)) = L�(q(k);�(k�1)) � L�(q(k);�(k)) � L(�(k)) ; (2.57)where the �rst equality follows after having performed the E-step and the�rst inequality 
omes from the M-step and the last inequality follows fromthe lower bound eq. (2.54). When the EM algorithm has 
onverged to a �xed-point �� we know that �� is a maximum for L�(q;��) and that L and L� areequal at ��. Assuming L and L� are both di�erentiable this implies that �� isa stationary point (not ne
essarily a lo
al maximum) of L. In pra
ti
e, how-ever, 
onvergen
e to saddle points or lo
al minima in the likelihood is rarelyseen. The big advantage of using EM is that we 
an make expli
it use of thefa
torization of the 
omplete log likelihood and hen
e de
ouple the estimationproblem. All we need to 
al
ulate is the expe
ted su�
ient statisti
s (withrespe
t to the posterior of the hidden variables) and solve a maximizationproblem. As mentioned already in se
tion 2.3.3, it is in general not possibleto solve the inferen
e problem exa
tly. Likewise, it might be the 
ase that themaximization problem has no analyti
ally solution. However, sin
e both theexpe
tation step and maximization step in turn maximizes the same lowerbound on the likelihood, we are allowed to make only partial E-steps andM-steps without loosing the monotoni
 in
rease in the likelihood, eq. (2.57).
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al Models 25In this 
ase the EM algorithm is 
alled a generalized EM (GEM) algorithm.E.g. instead of using the true posterior in the E-step we 
ould 
onsider a fam-ily of tra
table distributions and pi
k the member minimizing �. Similarly,we are allowed to use our favorite numeri
al optimizer to either partially or
ompletely solve the maximization step. It should be noted, however, that byusing an approximation to the true posterior we are no longer guaranteed toget the same estimates as ML-estimation. This is due to the fa
t that it maybe impossible to a
hieve L� = L within the 
hosen family of approximatingdistributions. Hopefully, we have 
hosen the family of approximating distri-butions large enough to be 
lose (in the KL sense) to the true posterior. Insu
h 
ase the GEM algorithm would yield reasonable ML estimates.





3. Mean Field Approximations
The previous 
hapter showed that our su

ess of making probabilisti
 learn-ing and inferen
e in dense grahi
al models depends on the size of the largest
lique in the triangulated graph sin
e we potentially need to sum over allposible 
on�gurations of the 
lique variables. This 
hapter reviews some ofthe various types of mean �eld (MF) methods that have been proposed in
ontext of statisti
al physi
s for 
omputing the partition fun
tion whi
h is themost intra
table sum we need to 
onsider for probabilisti
 models. Commonfor the mean �eld approa
hes are that they only are stri
tly valid in the limitof in�nite numbers of degrees of freedom. This makes MF approa
hes parti
-ularly well suited for analyzing systems behavior in the thermodynami
 limit(N ! 1) as well as solving 
ombinatorial optimization problems (� ! 1)whi
h have been 
asted onto graphi
al models. However, mean �eld approx-imations may still be a valid approximation for �nite system size sin
e densegraphs 
an be probabilisti
ally simple e.g. averaging phenomena 
an makenodes relatively insensitive to the parti
ular 
on�guration of its neighboringnodes. In this 
hapter we let without loss of generality � = 1 to ease thenotation.3.1 The saddle-point approximationThe saddle-point approximation1 (also known as the method of steepest de-s
ent) was proposed by [Peterson and Anderson 1987℄ as a method to over-
ome the 
omputational intensive task of learning of BMs and later proposedas a method for solving 
ombinatorial optimization problems [Peterson andSöderberg 1989℄. The main idea of the saddle-point approa
h is to repla
e asum over dis
rete variables by a integral over a set of auxiliary variable. Tobe spe
i�
, given a system of N dynami
al variables with energy fun
tion,E(s), we are interested in an approximation to the partition fun
tion1 The term saddle-point approximation originates from the fa
t that the real andimaginary parts of an analyti
 fun
tion, f(z) = u(x; y) + jv(x; y), where z =x+ jy, must satisfy the Cau
hy-Riemann equations, that is �u=�x = �v=�y and�u=�y = ��v=�x.



28 3. Mean Field ApproximationsZ = Z dse�E(s) : (3.1)By inspired hindsight we de�ne the N -dimensional Dira
 delta fun
tion asÆ(x) = � 12��N Z dhejhTx ; (3.2)whereby the partition fun
tion 
an be 
al
ulated asZ = Z dmdsÆ(s�m)e�E(m) / Z dhdme�Ee(m;h) ; (3.3)where we have de�ned the e�e
tive (
omplex) energy fun
tionEe(m;h) = E(m) + (jhTm�X log Z dsiejhisi) : (3.4)Sin
e the introdu
tion of the auxiliary variables have rendered the dynami-
al variables, S, independent, the sum over the state spa
e has now be
ometra
table. Assuming that Ee is an analyti
 fun
tion the integral 
an be ap-proximated using saddle-point integration [Marsden and Ho�man 1987℄,Z / e��Ee(m�;h�) (3.5)where the saddle-points (m�;h�) are given by the mean �eld equations�Ee�hi = 0) m�i = R dsisiehisiR dsiehisi ; �Ee�mi = 0) h�i = � �E�mi : (3.6)For the moment being we have to think of the �xed-point solution, fm�i g, asa set of order parameters i.e. 
ombinations of dynami
al variables that do notaverage to zero for any value of 
ontrol parameters, in the thermodynami
allimit. To 
ir
umvent this problem, a modi�
ation to the des
ribed saddle-point approximation has been proposed by [Bhatta
haryya and Keerthi 1999℄whi
h relies on the generalized steepest des
ent theorem [Marsden and Ho�-man 1987℄. The generalized steepest des
ent theorem yields the asymptoti
expansionZ
 d�f(�)e�Ee(�) / f(�0)e�Ee(�0) ; (3.7)where f(�) is a bounded 
ontinuous fun
tion on the path of integration 
 and�0 is the �xed-point solution E0e(�0) = 0. Sin
e the fa
tor of proportionality isindependent of f we 
an apply saddle-point integration to both the nominatorand denominator of hf(S)i, that ishf(S)i = R dsf(s)e��E(s)R dse��E(s) = R
 d�f(�)e��Ee(�)R
 d�e��Ee(�) = f(�0) ; (3.8)
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e hSii = m�i and hSiSji = m�im�j . It is seen that this approximationdire
tly addresses the problem of 
al
ulating averages of dynami
al variablesin a system with energy fun
tion E. However, in the the next se
tion we willdetermine the nature of the �xed-point solution m� for the original saddle-point approximation as stated in [Peterson and Anderson 1987℄.3.2 Variational methodsGenerally, variational methods seek 
omputationally tra
table bounds on thepartition fun
tion by simplifying the intra
table joint probability distribu-tion e.g. by modifying the lo
al 
onditional probability fun
tions. Variationalmethods 
ome in various �avors; however, in the present review we mainly
onsider the Kullba
k-Leibler variational bound whi
h provides a lower boundon the partition fun
tion. The �rst appli
ation of the KL variational bound toBNs was done by [Saul et al. 1996℄ in the 
ontext of sigmoid belief networksand re
ently in a Bayesian setting for graphi
al models [Attias 2000℄. An al-ternative, however 
losely related, approa
h to obtain tra
table bounds is tomake use of the 
on
ept of 
onvex duality [Ro
kafellar 1970℄. This was donein [Jaakkola and Jordan 1999℄ to obtain an upper bound on the probabilityof positive �ndings in the QMR database.3.2.1 Kullba
k-Leibler variational boundDue to its operational simpli
ity, the KL variational bound is presently themost 
ommon mean �eld method for approximate learning and inferen
e ingraphi
al models. Given an intra
table energy fun
tion, E, we are interestedin the partition fun
tion, Z, of the probability densityp(s) = 1Z e�E(s) : (3.9)Consider a family of tra
table distributions, q, for whi
h the partition fun
tionZ0 is tra
table. Now, our goal is to pi
k the member of q whi
h approximatesp the best. As our measure of 
loseness between the two distributions we willuse the KL divergen
eKL(qkp) = hlog q=piq = hlog qiq � hlog piq : (3.10)Sin
e KL(qkp) � 0 we get the lower bound, Z�q , on the partition fun
tionlogZ � logZ�q = �hEiq � hlog qiq ; (3.11)where the average, hEiq of the energy fun
tion with respe
t to the tra
tabledistribution is 
alled the variational energy . The equality (3.11) 
an equiva-lently be expressed in terms of the variational free energy , F �q , whi
h providesan upper bound on the free energy



30 3. Mean Field ApproximationsF = � logZ � F �q = hEiq + hlog qiq = hEiq �H(q) ; (3.12)where we have introdu
ed the di�erential entropy of q [Cover and Thomas1991℄,H(q) = �hlog qiq : (3.13)Inserting q into eq. (3.11) we re
over what is known in statisti
al physi
s asthe Gibbs-Bogoliubov-Feynman inequality [Zhang 1996℄,logZ � logZ0 � hE �E0iq ; (3.14)where E0 is the energy fun
tion of the tra
table probability distribution.Equation (3.11) has translated the problem of minimizing the KL distan
ebetween the approximating distribution, q, and the intra
table distribution,p, into a problem of maximizing a lower bound on the partition fun
tion.This shows that the feasibility of the KL variational bound depends in ourability to 
al
ulate the variational free energy F �q . A widely used family of ap-proximating distributions is obtained by the naive mean �eld (NMF) ansatz[Parisi 1988℄,q(s) =Y qi(si) ; (3.15)in whi
h all the dynami
al variables, fSig, are independent, i.e. the approxi-mating distribution is the family of non-intera
ting systems. Cal
ulating thevariational (fun
tional) derivative of the variational free energy F �q with re-spe
t to qi we readily obtain the free-form optimized marginal distributionqi / e�hE(s)iqni ; (3.16)whi
h we will denote the naive mean �eld distribution of Si. The averageh�iqni is taken with respe
t to the marginal distribution qni = Qj 6=i qj . Notethat the equality in eq. (3.11) is attained if and only if the target distributionis fa
torized. This follows dire
tly from the identityKL(qkp) = 0, q = p : (3.17)An important property of the NMF approa
h is that only lo
al operationsare needed for updating the mean �eld distribution eq. (3.16) [Haft et al.1999℄. This is easily seen by expressing the energy fun
tion in terms of thejoint distributionqi / ehlog p(sijsni)p(sni)iqni / ehlog p(sijsni)iqni (3.18)/ ehlog p(sijM i)iqMi ; (3.19)where we in the last line have introdu
ed the Markov blanket, M i, of thevariable Si. This is a very important property sin
e it shows the optimization
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ess itself leads to 
oupling of dynami
al variables even though they areassumed independent.Whereas the interpretation of the �xed-points of the saddle-point methodis not very transparent, this is more straightforward in the variational ap-proa
h. Assume that the order statisti
m�i of the saddle-point approximationis to be interpreted as the mean of node Si with respe
t to its naive mean�eld distribution qi, i.e.m�i = hSiiqi : (3.20)Comparing eq. (3.6) and eq. (3.16) it follows that the saddle-point methodand the NMF approa
h are equivalent, i.e. they yield the same results, ifhE(S)iqni = Si �E(m)�mi : (3.21)In the 
ase of the BM we see that 
ondition (3.21) holds and for both ap-proa
hes we re
over the 
lassi
 mean �eld equationshSiiqi = tanh0�Xj 6=i Jij hSjiqj + �i1A : (3.22)Usually, the marginal distribution, qi, is assumed to be of some spe
i�
form parameterized with a set of additional variational parameters, f�ig, fromwhi
h the 
orresponding averages 
an be inferred. The bound optimizationis then performed with respe
t to the variational parameters [Jordan et al.1998℄. To illustrate this, 
onsider the node Si of the Boltzmann ma
hineshown in �gure 3.1. We wish to approximate the target distribution in a familyof approximating distributions where all the nodes are independent and ea
hnode distribution, qi, is parameterized by �i. Equation (3.19) showed that Siwill be 
oupled to the nodes in its Markov blanket and hen
e 
oupled to thevariational parameters in its Markov blanket.Another advantage of the variational methods is that the approximatingdistribution 
an be aimed more dire
tly at the fa
torization of the targetdistribution, hen
e obtaining a better approximation. Instead of using thenaive mean �eld ansatz it is possible to exploit substru
tures of the originaldistribution whi
h are 
omputational tra
table [Saul and Jordan 1996℄. Thisfeature of the KL variational bound was exploited in 
ontext of fa
torial hid-den Markov model [Ghahramani and Jordan 1997℄. However, for some ar
hi-te
tures, su
h as the QMR database and the layered sigmoid belief network,it is not straightforward to identify tra
table substru
tures. Alternatively we
ould just 
hoose a spe
i�
 family of approximating distributions, q, whi
hwe think is able to 
apture parti
ular properties of the target distribution.For instan
e, in [Jaakkola and Jordan 1998℄ a mixture of mean �eld distribu-tions were used to 
apture higher-order intera
tions of a multimodal targetdistribution.
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Si λiSj λj(a) (b)Fig. 3.1. (a) A node Si in a Boltzmann Ma
hine. (b) KL variational transforma-tion using the NMF ansatz. The mean �eld equations of Si yields a deterministi
relationship whi
h only depends on the mean �elds of the nodes in the Markovblanket of Si. The deterministi
 relationship is illustrated by the dashed lines.3.2.2 Linear Response Corre
tionA limitation of variational mean �eld theory using fa
torized trial distri-butions is that it only treats �self-intera
tions� 
orre
tly, while produ
ingtrivial se
ond moments, i.e. hSiSii = hSiihSji for i 6= j. As pointed out by[Kappen and Rodríguez 1998b℄ this naive mean-�eld approximation may fail
ompletely in some 
ases when applied to Boltzmann learning whi
h wasintrodu
ed in this 
ontext by [Peterson and Anderson 1987℄. Instead, theywent on to propose an e�
ient learning algorithm based on linear response(LR) theory. Linear response theory gives a re
ipe for 
omputing an improvedapproximation to the 
ovarian
es dire
tly from the solution to the NMF equa-tions [Parisi 1988℄. Consider an intra
table distribution p 
orresponding to asystem with energy fun
tion E. The tri
k is to impose an external �eld (orbias) h = fhig to the intra
table system, i.e. we 
onsider a modi�ed (andstill intra
table) system with energy fun
tionEh = E �Xhisi : (3.23)The mean of the random variable Si with respe
t to the probability distri-bution of the modi�ed system 
an be obtained utilizing the external �eldhSiiph = 1Zh �Zh�hi (3.24)where Zh = 
e�Eh(s)�1 is the partition fun
tion of the modi�ed system withprobability density ph. The mean of the random variable Si with respe
tto the probability distribution, p, of the original system is straightforwardlyobtained by simply removing the external �eld, i.e.hSii = hSiiph ���h=0 : (3.25)
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ond moment 
an be obtained following the same pro
edurehSiSjiph = 1Zh d2Zhdhjdhi = 1Zh dZh hSiiphdhj (3.26)= hSiiph hSjiph + d hSiiphdhj ; (3.27)whi
h follows dire
tly using eq. (3.24) repeatedly. Equation (3.27) whi
h isvalid for expe
tations with respe
t to the density ph of the modi�ed in-tra
table system is known as the linear response theorem [Parisi 1988℄. How-ever, provided hSiiqh obtained by the NMF approa
h is a reasonable ap-proximation to hSiiph , this equation 
an indeed be used to get a nontrivialapproximation to the 
ovarian
e with respe
t to the modi�ed system�hij = hSiSjiqh � hSiiqh hSjiqh = d hSiiqhdhj ; (3.28)whi
h in turn 
an be used to obtain a nontrivial approximation to the 
o-varian
e with respe
t to the original intra
table distribution�ij = �hij��h=0 : (3.29)In the 
ase where h is in itself the linear terms in E the mean is given dire
tlyby hSii = 1Z �Z�hi ; (3.30)where Zh = 
e�E(s)�1 in the partition fun
tion of the intra
table distributionp. Similar, we get the following relation between the mean and 
ovarian
e�ij = hSiSji � hSii hSji = d hSiidhj ; (3.31)whi
h is the basi
 expression for getting an improved estimate of the 
ovari-an
e within the mean �eld ansatz.3.2.3 KL versus ba
kward KL minimizationThe main reason for using the KL divergen
e as the distan
e measure betweenthe tra
table approximating density, q, and the target density, p, is that itonly requires 
omputations of expe
tations with respe
t to the tra
table dis-tribution. However, as pointed out by [Jordan et al. 1998℄, another motivationfor using the KL distan
e is its 
onne
tion to the 
on
ept of 
onvex duality[Ro
kafellar 1970℄. It 
an be veri�ed that the log partition fun
tionlogZ = logDe�E(s)E1 ; (3.32)
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onvex fun
tion of �E. Hen
e, the log partition fun
tion 
an be expressedin terms of an integral2 of�E over a variational kernel q and the dual fun
tionof logZ, more spe
i�
allylogZ = supq f� hEiq � f�(q)g ; (3.33)where the dual fun
tion f� of logZ is given byf�(q) = supE f� hEiq � logZg : (3.34)Hen
e, to 
al
ulate the dual fun
tion f� we need to �nd the energy fun
-tion E� that maximizes �hEiq � logZ. The maximizing energy fun
tion isobtained straightforwardly by free-form optimization whi
h yields the resultE� = � logZq : (3.35)Inserting the maximizing energy fun
tion eq. (3.35) into eq. (3.34) we get thedual fun
tion of logZ,f�(q) = hlog qiq = �H(q) ; (3.36)whi
h we re
ognize as minus the di�erential entropy of q. Finally, by insertingthe dual fun
tion into eq. (3.33) we re
over the KL variational lower boundeq. (3.11).In se
tion 3.2.1 we found the optimal trial distribution qi within the mean�eld ansatz was given by the naive mean �eld distribution eq. (3.16) whenusing KL(qkp) as our measure of 
loseness. Due to the asymmetry of the KLdivergen
e it is natural to ask what would be the optimal trial distributionif we instead use KL(pkq) as our distan
e measure between q and p. Let usdenote this distan
e as the ba
kward KL divergen
e (BKL) between q and p,BKL(qkp) = KL(pkq) = hlog p=qip : (3.37)Hen
e, to 
al
ulate the ba
kward KL distan
e we have to take expe
tationswith respe
t to the intra
table density p. The optimal trial distribution qiwithin the NMF ansatz is readily obtained by free-form optimizing BKL, i.e.ÆÆqiKL(pkq) = � ÆÆqi hlog qiip + �i (3.38)= � Z ds0p(s0)Æ(s0i � si)=qi(s0i) + �i (3.39)= �p(si)=qi(si) + �i = 0 ; (3.40)2 For 
onvex f(x) we have f(x) = supqfqTx � f�(q)g, where the dual fun
tionf�(q) = supxfqTx� f(x)g and q = fqig is the set of variational parameters. Inthis 
ase we take the linear 
ombination to the in�nite limit hen
e treating thesum as an integral and q as a fun
tion instead of a set of parameters.



3.2 Variational methods 35where �i is the Lagrange multiplier insuring the normalization of qi. Thisshows that the optimal qi is given byqi = p(si) : (3.41)That is, qi is obtained by mat
hing the moments of the marginal p(si). To gainadditional insight into the di�eren
e between the two distan
e measures letus 
onsider a spe
i�
 example where the approximating probability densityis taken from the exponential familyq(xj�) = 1Z� e��Tf(x) = e��Tf(x)�logZ� : (3.42)Start by 
onsidering the KL divergen
e as our measure of 
loseness betweenthe family of approximating densities q and the target density p. To �nd theminimizing parameter �� we take the derivative of the KL distan
e��� hlog q=piq = � ��� ��T hfiq + logZ� + hlog piq� (3.43)= ��� ��� hf iTq �� + ��� hlog piq� (3.44)= �� � ��� hlog piq ; (3.45)where the se
ond equality makes use of hf iq = �(�=��) logZ�. In the lastequality we have made use of the linear response 
orre
tion 
al
ulation fromse
tion 3.2.2 to show that� ��� hfiTq = �fT ��� ��Tf + logZ���q (3.46)= �fT �f + ��� logZ���q (3.47)= DfT �f � hfiq�Eq = � ; (3.48)where � is the 
ovarian
e matrix given by� = 
ffT �q � hfiq 
fT �q : (3.49)Due to the 
hanged sign of the bias term � the sign has 
hanged in theseexpressions for the mean and 
ovarian
e 
ompared to the similar expressionsobtained in se
tion 3.2.2. The last term in eq. (3.45) 
an be 
al
ulated as� ��� hlog piq = �� ��� ��Tf + logZ��� log p�q (3.50)= D�f � hfiq� log pEq (3.51)= hf log piq � hfiq hlog piq (3.52)



36 3. Mean Field ApproximationsThis shows that the minimizing parameter �� for the KL distan
e has tosatisfy��� = hfiq hlog piq � hf log piq : (3.53)Now 
onsider the ba
kward KL distan
e as the measure of 
loseness. Tak-ing the derivatives of BKL yields��� hlog p=qip = � ��� hlog qip = � ��� ��Tf + logZ���p (3.54)= hf ip � hfiq (3.55)where we in the �rst equality use that p is independent of �. This shows thatthe minimizing parameter �� for the BKL distan
e has to satisfyhfip = hfiq : (3.56)Provided the target distribution p is also from the exponential familyp(xj�0) = 1Z�0 e��T0 f(x) = e��T0 f(x)�logZ�0 ; (3.57)the minimizing parameter �� must satisfy�(�� � �0) = 0 and hf ip = hf iq ; (3.58)for KL and BKL minimization, respe
tively.Let us 
onsider a spe
i�
 example where the target and approximatingdistribution is given respe
tively byp(xj�0) / e� 12�(x��)2(x+�)2 and q(xj�) / e� 12 �(x��)2 ; (3.59)where � and � is the mean and pre
ision of the Gaussian trial distribution.We start by minimizing the KL distan
ehlog q=piq=12 
log � + �(x4 � 2x2�2)� �(x2 + �2 � 2x�)�q +K (3.60)=12 �log � + � 
x4�q � (2��2 + �) 
x2�q + ��2�+K (3.61)=12 �log � + � 
x4�q � 2��2 ���1 + �2�� 1�+K ; (3.62)where K is a 
onstant independent of � and � . In this example, the KLdistan
e only depends on the �rst, se
ond and fourth order moment of theGaussian trail density. Using tables of standard integrals (e.g. [Gradshteynand Ryzhik 1980℄), a general expression for 
al
ulating moments of the Gaus-sian eq. (3.59) 
an be obtainedhxniq = �nn! bn=2
Xk=0 (2��2)�k(n� 2k)!k! ; (3.63)
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h in turn is used to 
al
ulate the fourth order moment
x4� = �4 + 6��1�2 + 3��2 : (3.64)The derivative of eq. (3.62) with respe
t to the mean of the approximatingGaussian is given by��� hlog q=piq = �� �2�2 + 6��1 � 2�2� ; (3.65)whi
h shows that the stationary points of the KL divergen
e must satisfy� = 0 or �2 = �2 � 3��1 where �2 � 3��1 : (3.66)For � = 0 the stationary points are attained at� = ���2 �p�(��4 + 6) : (3.67)However, only the positive solution is a valid solution sin
e we know as a fa
tthat � is positive. The stationary points 
orresponding to �2 = �2 � 3��1are attained at�� = 2���2 �p�(��4 � 3)� where �4 � 3=� : (3.68)The valid stationary point 
an be found by taking a 
loser look at the twopossible solutions �� in eq. (3.68) when � is large. We see that �2�� ! 0for �4 � 3=�, hen
e violating the 
ondition that �2 � 3��1 in eq. (3.66).However, for all valid 
hoi
es of � and � we have �2�+ � 6 whi
h indeedsatis�es �2 � 3��1. Hen
e, in the bifur
ating � region the solution to thepre
ision is given by �+. By 
omputing the Hessian of the KL divergen
e it
an be veri�ed that these stationary points indeed 
orrespond to the maximaof the KL divergen
e, whi
h is summarized in(�; �) = ( (0;���2 +p�(��4 + 6)) for �4 < 3=�(�p�2 � 3��1; 2���2 +p�(��4 � 3)�) for �4 � 3=� (3.69)Figure (3.2)(a-b) shows as a fun
tion of �, the optimal mean � and the pre-
ision � of the Gaussian trial distribution in the 
ase where � = 3, i.e. wherethe phase transition appears at � = 1. Furthermore, the �gure shows the 
or-respondingMCMC estimates of the mean and pre
ision obtained by averaging200 parameter estimates obtained by Hybrid Monte Carlo simulations [Neal1993; Ma
Kay 1998℄; ea
h of whi
h draws 10000 samples (dis
arding 1000as burn-in samples) using 10 leapfrog iterations with step size 0.1 and unitvarian
e Gaussian momentum updates. This simulation shows that samplingbased methods (at least phenomenologi
al) examine the same type symme-try breaking as the ones o

urring when minimizing the KL divergen
e. By
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(
) (d) (e)Fig. 3.2. Symmetry breaking in the KL divergen
e. Shows (a) the true and simu-lated mean � and (b) the true and simulated pre
ision � in the 
ase where � = 3.The target density (solid) and the possible approximating densities (dashed) isshown for (
) � = 0:99, i.e. just before the phase transition (d) for � = 1:01 i.e.immediately after the phase transition and (e) for � = 2:0 i.e. in the 
ase of wellseparated modes in target density. Both bifur
ated solutions are shown in (d) and(e).varying the Hybrid Monte Carlo parameters and hen
e the di�usion lengthof the sampler the lo
ation of bifur
ation point 
an be 
hanged. However,the key point is that for any values for these 
ontrol parameters the MonteCarlo methods will for a parti
ular � undergo a phase transition whi
h fur-thermore suggests that the mean �eld approximation in some sense possessesan intrinsi
 temperature. The observation that sample-based methods andthe naive mean �eld approximation, at least quantitatively, yield the sameresults shows that mean �eld methods in fa
t are a reasonable approa
h forapproximating intra
table densities; give and take the usual pros and 
ons ofboth methods.We know from eq. (3.41) that the optimal fa
torized trial distributionobtained by minimizing the BKL divergen
e simply mat
hes the moments ofmarginal of the target distribution. Hen
e, for every 
hoi
e of � the mean ofthe Gaussian trial density is 
onstantly � = 0 whi
h in turn implies that no



3.2 Variational methods 39phase transition will appear when using the BKL divergen
e as the measureof distan
e between the target and fa
torized trail density.Besides the 
omputational issues mentioned in the beginning of the se
-tion this example suggests another reason for favoring the KL divergen
e overthe BKL divergen
e when approximating intra
table densities. Clearly, themoment mat
hing property of the BKL is undesirable when approximatingmultimodal densities, e.g. 
onsider the 
ase shown in �gure 3.2(e). Obviously,we would not 
onsider a Gaussian with mean 0 as being a useful approxima-tion for this target density. Indeed, a mu
h more reasonable approximationwould be to pi
k up one of the modes like the approximation obtained byminimizing the KL distan
e. When 
onsidering graphi
al models with hiddenvariables su
h multi-modality is likely to appear in the marginal densities ofthe 
hildren of the hidden variables. This is espe
ially true then the hiddenvariables are multinomial.The main point of the se
tion was to highlight some of the qualitativelydi�eren
es between approximation obtained by minimizing the KL versus theBKL divergen
e. Loosely speaking, the KL divergen
e pla
es emphasis on notinferring unlikely values at the 
ost of not inferring some of the likely values,whereas the BKL divergen
e pla
es emphasis on inferring all likely values atthe 
ost of inferring some of the unlikely values [Frey 1998℄. Indeed, we seein �gure 3.2 that the mean �eld approximation tends to underestimate thevarian
e of the true target density.Re
ently, some authors (e.g. [Ghahramani and Beal 2000℄) have suggestedusing importan
e sampling from the KL variational approximation to obtainunbiased estimates of various quantities of interest. However, a good impor-tan
e sampler should in general be more heavy tailed than the target density.Hen
e, sin
e the KL variational approximation tends to underestimated thevarian
e this endeavor to yield unbiased estimates should be 
arried out with
aution. The situation is best illustrated by 
onsidering the varian
e of theimportan
e weights, i.e.
(p=q)2�q � (hp=qiq)2 = 
p2=q�1 � 1 (3.70)= ZqZ2p Z dxe�2Ep(x)+Eq(x) � 1 ; (3.71)where we in the last equation have expressed the target density p and ap-proximating density q in term of the Boltzmann distribution with energyfun
tion Ep and Eq , respe
tively. Hen
e, the varian
e 
onverges if Eq � 2Epand diverges otherwise. E.g. assume that both the target and approximatingdensity are Gaussians with varian
e �2p and �2q respe
tively. In that 
ase thevarian
e of the importan
e weights diverges if �2q � �2p=2. When the varian
eof the importan
e weights diverges the varian
e of the importan
e estimateof say hfi will also tend to diverge provided the fun
tion f does not de
ayfast enough towards zero. Depending on the fun
tional form of the target andapproximating density this e�e
t be
omes more or less pronoun
ed.



40 3. Mean Field Approximations3.3 Perturbational methodsWe have seen that the analysis of the partition fun
tion Z is 
entral in mean�eld theory be
ause on
e it is 
al
ulated all statisti
al information about thesystem 
an be dedu
ed from it. This suggests that the quality of the inferredstatisti
s depends strongly upon how well the approximating partition fun
-tion mat
hes the true partition fun
tion of the system. One inherent limita-tion of the KL variational bound methods is that they do not suggest ways totighten the bound beyond the family of approximating distributions e.g. thefamily of fa
torized densities. However, by extending the idea of variationalbounds, it is possible to derive methods in whi
h more a

urate approxima-tions 
an be a
hieved in a systemati
 way. Common for these methods isthat they perturb parti
ular fun
tions around a 
omputationally tra
tabledensity.3.3.1 The Plefka expansionThe naive mean �eld distribution eq. (3.16) was obtained by minimizing thevariational free energy in the family of fa
torized distributions. However, asmentioned in se
tion 3.2.1 the minimized variational free energy will be dif-ferent from the true free energy when the target distribution is not fa
torized,i.e. it is impossible to get an arbitrary approximation to the free energy withinthis framework. Instead of minimizing the variational free energy F �q subje
tto the 
onstraint that the trial density q is fa
torized we now minimize aslightly modi�ed variational free energy F �q;� subje
t to the 
onstraint thatq belongs to the family of distributions for whi
h hSiq = m [Opper andWinther 2000a℄, i.e.G�(m) = minq fF �q;�g subje
t to hSiq =m ; (3.72)where the modi�ed variational free energy is given byF �q;� = h�Eiq + hlog qiq : (3.73)The modi�ed variational free energy essentially rede�nes the energy of thesystem to be �E. This minimization problem is easily solved by taking thefun
tional derivativeÆF �q;�Æq = ÆÆq �� hEiq + hlog qiq +Xhi(mi � hsiiq)� (3.74)= �E(s) + log q + 1�Xhisi ; (3.75)where we in the �rst line have introdu
ed a set of Lagrange multipliers fhigenfor
ing the 
onstraint hSiq =m. Equating eq. (3.75) to zeros we �nd theoptimal distribution within the family is given by



3.3 Perturbational methods 41q�;h / e��E(s)+Phisi ; (3.76)where the dependen
e of � and h is shown expli
itly in the subs
ript ofq = q�;h. Finally, by inserting the optimal probability density into eq. (3.72)we getG�(m) =Xhimi � logZq�;h =Xhimi + Fq�;h ; (3.77)where h is given impli
it by the 
onstraint m = hSiq�;h and Zq�;h is thenormalizing 
onstant of q�;h. Sin
e the mean ve
tor m is physi
ally moremeaningful than h, it is appropriate to 
onsider it as free and treat h asbeing dependent on m. The set of mean �eld equations are obtained by�G��mi =Xi0 �G��hi0 �hi0�mi (3.78)=Xi0  mi0 +Xk hk �mk�hi0 � ��hi0 logZq�;h! �hi0�mi (3.79)=Xi0 Xk hk �mk�hi0 �hi0�mi = hi ; (3.80)where we have assumed that m = hSiq�;h 
an be uniquely solved for any�xed m and �, su
h that �m=�h is the inverse of �h=�m. The �rst steptowards getting the original free energy is to set h = 0 whi
h translates themean �elds equation into�G��mi = 0 ; (3.81)Unfortunately, we are not in a position to evaluate G� at � = 1 whi
h wouldgive us the Gibbs free energy G for the system we are a
tually interested in.Clearly, the normalization of q�;0 is as intra
table as the normalization of theoriginal density so it is not 
lear what we have gained by this approximationto p. However, the parameter � makes it possible to interpolate between thefa
torized distribution (� = 0) and the distribution of interest qh (� = 1).As proposed by [Plefka 1982℄, the tri
k is to expand eq. (3.77) as around thetra
table solution at � = 0. In other words, sin
e m = hSiq�;h is intra
tablefor all � 6= 0 and tra
table for � = 0 we approximate G� around � = 0, i.e.G�(m) = G0(m) + 1Xk=1 1k! �kG���k �����=0�k : (3.82)In [Bhatta
haryya and Keerthi 1999℄ the Plefka expansion is seen moredire
tly from a KL variational perspe
tive. Again the starting point is to
onsider a modi�ed density
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SiSi

ξ ξ
hi

Fig. 3.3. The Plefka expansion from a KL variational bound perspe
tive. (a) Themodi�ed target system is obtained by adding a global �eld � (
hange temperature,
ontrolling the intera
tion) to the original system. (b) The approximating system isobtained by adding an additional external �eld (dashed lines) to the modi�ed targetsystem. The approximating density is now found minimizing the KL distan
e.q�;h(s) = 1Z�;h e��E(s)+Phisi ; (3.83)where Z�;h = 
e��E(s)+Phisi�1 is the asso
iated partition fun
tion. Remem-ber that p = q1;0 is the target distribution of interest. Let q� = q�;0 be theapproximating density. By using the Kullba
k-Leibler distan
e as the measureof 
loseness between the two distributions we obtainKL(q�;h kq�) = hlog q�;h=q�iq�;h (3.84)= logZ� � logZ�;h +Xhi hSiiq�;h ; (3.85)where the last equation makes use of the fa
t that � hEi 
an
els out due to itsappearan
e in both log q�;h and log q�. Note that the approximating familyof densities have the target distribution as a member whi
h obviously impliesthat it is possible to obtain the exa
t free energy of the target system. Usingthe fa
t that KL(�k �) � 0 we re
ognize eq. (3.77) as the right hand side ofF� � F�;h +Xhi hSiiq�;h : (3.86)This view of the Plefka expansion is illustrated s
hemati
ally in �gure 3.3.Let us have a 
loser look at the zeroth order term in the Plefka expansion.Noting that the partition fun
tion is independent of S = fSig, we 
an writethe zeroth order term asG0(m) =Xhimi � logZq0;h = DXhiSi � logZq0;hEq0;h (3.87)= �log ePhiSiZq0;h �q0;h = hlog q0;hiq0;h = �H(q0;h) : (3.88)This shows that the zeroth order term is just the negative entropy of thefa
torized distribution. Before 
al
ulating any higher order derivatives of the



3.3 Perturbational methods 43Gibbs free energy it is important to note that1Z �Z�� = �hEiq�;h +X �hi�� mi ; (3.89)sin
e h is in fa
t a fun
tion ofm and � due to the 
onstraintm = hSiq�;h . Letus for simpli
ity just 
onsider the �rst and se
ond derivatives of the Gibbsfree energy. Using eq. (3.89) the �rst derivative readily be
omes�G��� = ��� �Xhimi � logZq�;h� = hEiq�;h ; (3.90)whi
h in turn is used to 
al
ulate the se
ond derivative�2G���2 = ��� hEiq�;h = �E(�E +X �hi�� Si)�q�;h� hEiq�;h 1Z �Z�� (3.91)= hEi2q�;h � 
E2�q�;h +�EX �hi�� (Si �mi)�q�;h : (3.92)To 
al
ulate the se
ond order derivative we need to evaluate�hi�� �����=0 = �2G����mi �����=0 = ��mi hEiq0;h ; (3.93)whi
h is obtained using eq. (3.80) and (3.90). We see that the KL variationalbound eq. (3.11) and (3.12) is obtained as the �rst order expansion of G. In[Kappen and Rodríguez 1998a℄, the linear response 
orre
tion to the 
orre-lations was given by the Hessian of the Gibbs free energy. To illustrate thebasi
 methodology of the Plefka expansion let us as an example 
onsider our
anoni
al example of the BM. Dire
t use of eq. (3.76) shows that for � = 0any system of binary variables Si 2 f�1; 1g has an optimal distribution givenby q0;h(s) =Y ehisiehi + e�hi ; (3.94)and hen
e the mean of hSii is given bymi = ehi � e�hiehi + e�hi = tanh(hi) ; (3.95)whi
h in turn is used to solve for the Lagrange multipliershi = 12 log 1 +mi1�mi : (3.96)Inserting eq. (3.96) into eq. (3.94) shows that we, not surprisingly, 
ould haveparametrized the fa
torized distribution dire
tly in terms of the means, i.e.



44 3. Mean Field Approximationsq0;h(s) =Y�1 +mi2 �Æsi;1 �1�mi2 �Æsi;�1 : (3.97)The zeroth order term, i.e. the entropy, of this binary probability distributionwith Si 2 f�1; 1g is then given byG0 =X�1 +mi2 � log�1 +mi2 �+�1�mi2 � log�1�mi2 � : (3.98)In order to 
al
ulate higher order terms we need to introdu
e the energyfun
tion of the spe
i�
 system under 
onsideration. The �rst order derivativeneeded in a Plefka expansion of the Boltzmann ma
hine eq. (2.19) is easilyobtained using eq. (3.90),�G��� �����=0 = hEiq�;h����=0 = �12Xi;j Jijmimj �Xi �imi : (3.99)Using the fa
t that�hi�� �����=0 = �Xj 6=i Jijmj � �i ; (3.100)the se
ond order derivative 
an be obtained by tedious 
al
ulations�2G���2 �����=0 = �12XJ2ij(1�m2i )(1�m2j ) : (3.101)The se
ond order mean �eld equations are readily found by solving eq. (3.81)using the se
ond over Plefka expansionmi = tanh0��i +Xj 6=i Jijmj +Xj 6=i J2ijmi(1�m2j )1A : (3.102)This 
onstitutes the 
lassi
 TAP equations derived in [Thouless et al. 1977℄ forthe SK model of disordered magneti
 materials [Sherrington and Kirkpatri
k1975℄. However, 
ontrary to the original derivation of the TAP equations theperturbational derivation does not assume any knowledge about the distribu-tion of the 
ouplings. This is a useful property of the perturbational methodssin
e the distribution of the 
ouplings is usually not part of the spe
i�
ationof a probabilisti
 model. Finally, one should always keep in mind that therange of validity of perturbational methods is determined by the 
onvergen
edomain of the resulting power series although this is di�
ult to a

ess inpra
ti
e.Re
ently, various alternative approa
hes for performing approximate in-feren
e in intra
table probabilisti
 models have been proposed by severalauthors. As for the Plefka expansion, most of these approa
hes rely in a per-turbational expansion in a power series where ea
h 
oe�
ient is evaluatedin some tra
table distribution, although there are ex
eptions to this, see e.g.[Leisink and Kappen 2000℄.



3.3 Perturbational methods 453.3.2 Variational 
umulant expansionsIn the variational 
umulant expansion of [Barber and van de Laar 1999℄ thefollowing modi�ed energy fun
tion is 
onsideredE� = �E1 + (1� �)E0 ; (3.103)where E1 is the energy fun
tion of the density of interest, E0 is some tra
tableenergy fun
tion and � is the perturbational parameter interpolating betweenthe two 
orresponding densities. The log partition fun
tion of the modi�edsystem is then given bylogZ� = logDe�E0��(E1�E0))E1 = logDZ0e��(E1�E0))Ep0 (3.104)= logZ0 + logDe�(E0�E1))Ep0 ; (3.105)where the last term is re
ognized as the 
umulant generating fun
tion asso-
iated to the moment generating fun
tion sin
edkd�k De�(E0�E1))Ep0 �����=0 = 
(E0 �E1)k�p0 : (3.106)The partition fun
tion of the density of interest 
an now be found by Taylorexpanding the 
umulant generating fun
tion around � = 0,logZ1 = logZ0 + 1Xk=1 1k!�k;0 (3.107)= logZ0 + lXk=1 1k!�k;0 + 1(l + 1)!�l+1;� ; (3.108)where �k;� is the k'th 
umulant of E0�E1 with respe
t to p� . The intra
tableremainder in the last equation follows from the mean value theorem where0 � � � 1. For the �rst order approximation we re
over the KL variationalbound through the Gibbs-Bogoliubov-Feynman inequality eq. (3.14),logZ1 = logZ0 + h(E0 �E1)ip0 + 12�2;� (3.109)� logZ0 + h(E0 �E1)ip0 ; (3.110)where the inequality follows from the non-negativity of the varian
e �2;� forany value of �. However, for higher order expansions it is not possible to obtainsu
h a bound. Hen
e, maximizing the lower bound is no longer a reasonableapproa
h for optimizing the variational parameters. Instead, it is possible touse an independen
e 
riterion due to the fa
t that the partition fun
tion ofthe density of interest is independent of the variational parameters f�ig, i.e.d logZ1d�i = 0 (3.111)



46 3. Mean Field ApproximationsIn [Barber and van de Laar 1999℄ this approa
h is applied on the Boltzmannma
hine to re
over the TAP solution eq. (3.102) as a se
ond order expansionby imposing the additional 
onstraint that the se
ond order solution shouldbe 
lose to the �rst order solution.3.3.3 The information geometri
al viewpointIn [Tanaka 2000℄ the mean �eld approximation is seen from an informationgeometri
al point of view. Essentially this view boils down to 
onsideringthe Gibbs free energy eq. (3.77) used in the Plefka expansion. In this 
ase,however, the perturbational parameter is not a single s
alar parameter � butinstead the entire set of parameters mitigating intera
tions between dynam-i
al variables, i.e. all parameters ex
ept bias parameters. The 
oe�
ients inthe resulting power series expansion are found to be the 
umulants of theapproximating density. Taking on su
h information geometri
al point of viewmakes it possible to gain some additional insight into to relationships be-tween the naive mean �eld approa
h and more advan
ed approa
hes. It 
anbe shown that the KL distan
e between a fa
torized density q0 and a targetdensity p 
an be expanded into two 
ontributionsKL(q0 kp) = KL(q0kq) +KL(qkp) ; (3.112)where q is a density whi
h belongs to the same of the family of densitiesas p, i.e. shares the same 
anoni
al parameters, and furthermore satis�eshSiq = hSiq0 . The situation is illustrated in �gure 3.4. The relationshipeq. (3.112) quanti�es the intuition that the naive mean �eld ansatz is a rea-sonable assumption when the target density is 
lose to being fa
torized. Inaddition, it shows that higher order mean �eld approa
hes essentially takesinto a

ount the distan
e between the family (or manifold) of distributions,A, of whi
h the target density is a member and the family of fa
torized dis-tributions A0. This means that the rea
tor terms in the higher order mean�eld methods arise from the KL(q0 kq) term.A 
losely related approa
h is found in [Kappen and Wiegerin
k 2000℄whi
h makes use of the BKL and the fa
t that the naive mean �eld distri-bution, qi, in this 
ase is equal to the marginal distribution pi. Sin
e themarginal distribution pi is intra
table they propose expanding log pi aroundqi in terms of 
hanges of all the parameters whi
h give rise to intera
tionsbetween dynami
al variables.3.3.4 The 
avity approa
h and adaptive TAPThe adaptive TAP approa
h of [Opper and Winther 2000
℄ 
onsiders proba-bilisti
 models of the typep(s) = 1Z�(s)e 12 Pi;j siJijsj+P �isi ; (3.113)
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A0Fig. 3.4. Illustration of the information geometri
al viewpoint of mean �eld ap-proximations. The KL divergen
e between the approximating density q and thetarget density p, both of whi
h lives on the same manifold of distributions A, isgiven by KL(q k p) = KL(q0 k p) � KL(q0 k q), where q0 lives on the manifold offa
torized densities A0. To �rst order this yields the naive mean �eld approximationi.e. KL(q kp) � KL(q0 kp). The dashed line illustrates the distributions satisfyingthe 
onstraint in eq. (3.72).where the intera
tion-weights are symmetri
, Jij = Jji, and Jii = 0 su
hthat all self-intera
tions are 
ontained in the single variable 
onstraint �(s) =Q �(si). The derivation of the adaptive TAP equations is based on the 
avityapproa
h introdu
ed by [Mezard et al. 1987℄. The starting point of the 
av-ity approa
h is the following exa
t equation for the marginal density of thedynami
al variable Si,p(si) = Z dsnip(s) / �(si) Z dsniesi(hi+�i)p(sni) ; (3.114)where p(sni) is the marginal distribution of all the remaining variables whenSi is ex
luded from the system. Sin
e the dynami
al variable Si only intera
tswith the remaining variables through the �eld hi =Pj Jijsj it is 
onvenientto introdu
e the 
avity distribution, i.e. the distribution of the �eld hi at thelo
ation of the missing variable Si,p(hi) = Z dsniÆ(hi �Xj Jijsj)p(sni) : (3.115)The marginal distribution of Si 
an now be expressed in terms of the 
avitydistribution instead of the marginal p(sni), i.e.p(si) = 1Zi �(si)esi�i 
esihi�ni = 1Zi �(si)esi�ie�Ei ; (3.116)where Zi is the partition fun
tion asso
iated to the marginal and h�ini isthe average with respe
t to the 
avity distribution and the (minus) energyfun
tion is re
ognized as the 
umulant generating fun
tion
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esihi�ni =Xk �(i)kk! ski ; (3.117)where �(i)k are the 
umulants of the 
avity distribution. The basi
 assump-tion of all 
avity derivations of the TAP mean �eld theory is that all variablesfSig have only weak mutual dependen
ies. Mathemati
al expressed withinthe so-
alled 
lustering hypothesis this be
omes equivalent to the vanish-ing of all 
umulants �(i)k with k > 2 for fully 
onne
t systems [Opper andWinther 2000
℄. The �rst two 
umulants are given by �(i)1 = hhiini andVi � �(i)2 = 
h2i �ni � hhii2ni. Hen
e, under the assumption of vanishing higherorder 
umulants the marginal distribution of Si is given byp(si) = 1Zi �(si)e 12Vis2i+(�i+hhiini)si (3.118)The �rst set of TAP equations 
onsists of the expe
tations of fSig obtainedby using the partition fun
tion, Zi, of the marginal distribution eq. (3.118),hSii = ���i logZi : (3.119)To 
lose the set of mean �eld equation we need to derive expressions for hhiiniand Vi. An expression of the average 
avity �eld hhiini is obtained byhhii = 1Zi Z dsi�(si)esi�i ��si 
esihi�ni = hhiini + Vi hSii ; (3.120)where the last equality follows from using the trun
ated power series ex-pansion of the 
umulant generating fun
tion eq. (3.117). The last term ineq. (3.120) is often referred to as the Onsager rea
tion term . While thenaive mean �eld approa
h negle
ts the rea
tion term by setting Vi = 0 theadaptive TAP approa
h seeks to estimate the varian
e Vi by requiring self-
onsisten
y between two estimates of hS2i i � hSii2; one obtained using theTAP equations of the expe
tations dire
tly and the other obtained by thelinear response theorem from the naive mean �eld solution. The linear re-sponse theorem expresses the 
ovarian
e matrix in terms of the mean, i.e.�ij = hSiSji � hSii hSji = � hSii��j : (3.121)Provided that perturbations of the TAP equations leave the varian
es fVigun
hanged the linear response 
orre
tion to the 
ovarian
e matrix 
an befound by solving the set of linear equations given by



3.3 Perturbational methods 49�ij = � hSii��j = � hSii��i ��i��j + � hSii� hhiini � hhiini��j (3.122)= � hSii��i  Æij + � hhiini��j ! (3.123)= � hSii��i  Æij +Xk (�ik � VkÆik)�kj! ; (3.124)where the last equality follows from using eq. (3.120). This set of linear equa-tions 
an easily be solved with the result�LR = (�� J)�1 ; (3.125)where J = fJijg is the matrix of intera
tion-weights and� � diag (�1; �2; : : : ; �N) ; where �i � Vi +�� hSii��i ��1 : (3.126)The set of TAP equations of the varian
es fVig is obtained by requiring self-
onsisten
y in the estimates of hS2i i� hSii2, i.e. we equate the estimate �MFiiobtained by dire
t use of the mean �eld equations and the linear response
orre
ted estimate �LRii ,� hSii��i = [(�� J)�1℄ii ; (3.127)and solve for the varian
es fVig. The Gibbs free energy used in the Plefka ex-pansion in se
tion 3.3.1 was obtained by free-form minimization of a modi�edversion of the variational free energy F �q;� subje
t to the 
onstraint the traildensity q had to belong to the family of distributions for whi
h hSiq = m.The TAP free energy is obtained in a similar way by imposing the additional
onstraint hS2iq =M , i.e.G�(m;M) = minq fF �q;�g s.t. hSiq =m and hS2iq =M ; (3.128)where the modi�ed variational free energy is de�ned byF �q;� = ��12sT (�J)s+ sT� + log �(s)�q + hlog qiq : (3.129)Again, the perturbational parameter � makes it possible to interpolate be-tween the fa
torized trial density (� = 0) and the density of interest (� = 1).The optimizing trial density is readily found by free-form optimization of themodi�ed variational free energy F �q;� , i.e.q�;
;� / �(s)e 12 sT (�J)s+sT�+P 
isi+ 12 P�is2i ; (3.130)



50 3. Mean Field Approximationswhere f
ig and f�ig are the Lagrange multipliers enfor
ing the 
onstraintof the means fmig and se
ond moments fMig, respe
tively. Substituting theoptimizing trial density ba
k into eq. (3.128) yields the TAP free energy ofthe modi�ed systemG�(m;M) =Xi 
imi + 12Xi �iMi � (3.131)log Z ds�(s)e 12 sT (�J+�)s+sT (�+
) ; (3.132)where we have introdu
ed the matrix � = diag(�1; �2; : : : ; �N ) and the ve
tor
 = f
ig of variational parameters. By 
onstru
tion, the solution to �
G� = 0and ��G� = 0 yields the �xed-point 
onditions m = hSiq� andM = hS2iq� ,respe
tively. To 
al
ulate the free energy of the system of interest, G1, wemake use of the following integral relationG1 �G0 = Z 10 d� �G��� = �12 Z 10 d� 
sTJs�q� (3.133)= �12 Z 10 d�Tr�(�� + hsiq� hsiTq�)J� (3.134)= �12 �mTJm+ Z 10 d� Tr(��J)� (3.135)The remaining integral gives rise to the Onsager 
orre
tion and 
an be evalu-ated using the linear response 
orre
tion eq. (3.125) to the 
ovarian
e [Opperand Winther 2000
℄,�G = �12 Z 10 d�Tr(��J) = �12  log det�+Xi Vi�ii �Xi log�ii!(3.136)Hen
e the TAP free energy of the system of interest is given byG1 = G0 � 12mTJm+�G ; (3.137)where the �rst term is the TAP free energy evaluated with the fa
torized trialdensity at � = 0,G0 = � logZ ds�(s)e 12sT�s+sT (�+
) +Xi 
imi + 12Xi �iMi (3.138)The se
ond term in eq. (3.137) is the naive mean �eld energy. As a san-ity 
he
k, we should re
over the adaptive TAP equations dire
tly from thefree energy eq. (3.137). Indeed, we see that the solution to �hSiiG� = 0 and�hS2i iG� = 0 yields the �xed-point 
onditions 
i = hhiini and �i = Vi, respe
-tively.



4. Independent Component Analysis
In this 
hapter we develop mean �eld approa
hes for probabilisti
 indepen-dent 
omponent analysis (ICA). The sour
es are estimated from the meanof their posterior distribution and the mixing matrix (and noise level) isestimated by maximum a posteriori (MAP). The latter requires the 
ompu-tation of (a good approximation to) the 
orrelations between sour
es. Forthis purpose we investigate three of the mean �eld methods 
onsidered inthe previous 
hapter, namely the KL variational bound, linear response andadaptive TAP approa
h. These in
reasingly advan
ed mean �eld algorithmsare tested on a number of problems. On syntheti
 data the advan
ed mean�eld approa
hes are able to re
over the 
orre
t mixing matrix in 
ases wherethe variational mean �eld theory fails. For hand-written digits, sparse en
od-ing is a
hieved using non-negative sour
e and mixing priors. For spee
h, themean �eld method is able to separate in the underdetermined (over
omplete)
ase of two sensors and three sour
es. One major advantage of the proposedmethod is its generality and algorithmi
 simpli
ity. Finally, we point outseveral possible extensions of the approa
hes developed here.4.1 Introdu
tionRe
onstru
tion of statisti
ally independent sour
e signals from linear mix-tures is an a
tive resear
h �eld with numerous important appli
ations, forba
kground and referen
es see e.g. [Lee 1998; Girolami 2000℄. Blind signalseparation in the fa
e of additive noise typi
ally involves four estimationproblems: Estimation of sour
e signals, sour
e distribution, mixing 
oe�-
ients, and noise distribution.A full Bayesian treatment of the 
ombined estimation problem is possiblebut requires extensive Monte Carlo sampling [Belou
hrani and Cardoso 1995℄,therefore several authors have proposed variational (also known as mean �eldor ensemble) approa
hes in whi
h the posterior distributions are either ap-proximated by fa
torized Gaussians and/or integrals over the posteriors areevaluated by saddle point approximations [Attias 1999; Belou
hrani and Car-doso 1995; Lewi
ki and Sejnowski 2000; Lappalainen and Miskin 2000; Hansen2000; Rowe 1999; Knuth 1999℄. The resulting algorithm is an Expe
tation-Maximization (EM) like pro
edure in whi
h the four estimation problems



52 4. Independent Component Analysisare performed sequentially. One important problem with these approxima-tions arises from the assumed posterior independen
e of sour
es. In parti
-ular, variational mean �eld theory using fa
torized trial distributions onlytreats �self-intera
tions� 
orre
tly, while produ
ing trivial se
ond moments,i.e. hSiSii = hSiihSji for i 6= j. This is a poor approximation when estimatingthe mixing matrix and noise distribution sin
e these estimates will typi
allydepend upon 
orrelations.Re
ently, Kappen and Rodríguez [Kappen and Rodríguez 1998b℄ pointedout that for Boltzmann Ma
hines this naive mean-�eld (NMF) approxima-tion � introdu
ed in this 
ontext by [Peterson and Anderson 1987℄ � mayfail 
ompletely in some 
ases. They went on to propose an e�
ient learningalgorithm based on linear response (LR) theory. Linear response theory givesa re
ipe for 
omputing an improved approximation to the 
ovarian
es di-re
tly from the solution to the NMF equations [Parisi 1988℄. In this 
hapter,we give a general presentation of LR theory and apply it to the probabilisti
ICA problem. We also brie�y outline the supposedly more a

urate adaptiveTAP mean �eld theory [Opper and Winther 2000
℄ and 
ompare this methodto the NMF and LR approa
h. The a
tual derivation of the adaptive TAPmean �eld approa
h in 
ontext of the probabilisti
 ICA model is presented in
hapter 5. Whereas estimates of 
orrelations obtained from variational mean�eld theory and its linear response 
orre
tion in general di�er, adaptive TAPis 
onstru
ted su
h that it is 
onsistent with linear response theory.We expe
t that advan
ed mean �eld methods su
h as LR and TAP 
anbe useful in the many 
ontexts within neural 
omputation, where variationalmean �eld theory already have proven to be useful, e.g. for sigmoid beliefnetworks [Saul et al. 1996℄. In our experien
e, the main di�eren
e betweenvariational mean �eld and the advan
ed methods lies in the estimates of 
or-relations (often needed in algorithms of the EM-type) and the 
al
ulationof the likelihood of the data. We will, however, postpone the dis
ussion ofthe latter to 
hapter 5 where a general method for 
omputing the likelihoodfrom the 
ovarian
e matrix is presented. In ICA simulations, we �nd thatthe variational approa
h 
an fail typi
ally by ignoring some of the sour
esand 
onsequently overestimating the noise 
ovarian
e. The LR and TAP ap-proa
hes on the other hand su

eed in all 
ases studied. However, we donot �nd a signi�
ant improvement using TAP (whi
h is also somewhat more
omputationally intensive), suggesting that LR is 
lose to being the optimalmean �eld approa
h for the probabilisti
 ICA model.The derivation of the mean-�eld equations is valid for a general sour
eprior (without temporal 
orrelation) and tra
table for priors that 
an beintegrated analyti
ally against a Gaussian kernel. This in
ludes mixture ofGaussians, Lapla
ian and binary distributions. For other priors, one has toevaluate an extensive number of one dimensional integrals numeri
ally. Alter-natively, one 
an 
onstru
t 
omputationally tra
table ICA algorithms usingpriors that are only de�ned impli
itly. To illustrate this point we de�ne one
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 ICA 53su
h algorithm whi
h approximately 
orresponds to the prior having a powerlaw tail.To underline the �exibility and 
omputational power of the probabilisti
ICA framework and its mean �eld implementation, we give two quite di�erentreal world examples of re
ent interest that straightforwardly 
an be solvedwithin this framework. The �rst example is that of separating spee
h in theover
omplete setting of two sensors and three sour
es [Lewi
ki and Sejnowski2000℄ using a heavy tailed sour
e prior su
h as a Lapla
ian or the (approx-imative) power law prior des
ribed above. The se
ond real world problem
onsidered in this 
hapter is that of feature extra
tion in images. For images,it is natural to work with a non-negativity 
onstraint for the mixing matrixand sour
es as in [Lee and Seung 1999℄. In the probabilisti
 framework thistype of prior knowledge is readily build into the mixing matrix and sour
epriors.Throughout this 
hapter we 
on�ne ourselves to �xed sour
e priors. Thereare, however, no theoreti
al problems in extending the EM algorithm to esti-mating hyperparameters. In fa
t, we will address this problem in 
hapter 5.Alternatively, see e.g. [Attias 1999℄ for a ni
e example of the methodology ofestimating the sour
e prior parameters within the EM framework. Hen
e, inthis 
hapter we are mainly 
on
erned with the inferential step of the learningproblem, whi
h in general is the hard part of any learning algorithm.The 
hapter is organized as follows. In se
tion 4.2 the basi
 probabilisti
ICA model and the asso
iated learning problem is stated. Se
tion 4.3 
on-
erns the inferen
e part of the learning problem; we will see that variationalmean �eld theory, linear response theory and the adaptive TAP approa
h 
anbe seen as stepwise more re�ned ways of estimating 
orrelations. Applyingthe advan
ed mean �eld methods to independent 
omponent analysis is themain 
ontribution of this 
hapter. Another 
ontribution is the generality ofthe framework. In se
tion 4.4 we examine various types of expli
itly givensour
e priors whi
h in turn leads us to de�ne an impli
itly given sour
e prior.The impatient or appli
ation minded reader might 
onsult se
tion 4.4.1 whi
hshows a table summarizing all priors 
onsidered in this 
hapter. Se
tion 4.5shows some simulation results on both syntheti
 data and on real world data.The pseudo-
ode for the algorithm is outlined in se
tion 4.6 and some addi-tional priors not dire
tly used in this 
hapter are given in se
tion 4.7. Finally,obvious ways to extend this work is outlined in the dis
ussion given in se
-tion 4.8.4.2 Probabilisti
 ICAWe formulate the ICA problem as follows [Hansen 2000℄: The measure-ments are a 
olle
tion of N temporal D-dimensional signals X = fXdtg,d = 1; : : : ; D and t = 1; : : : ; N , where Xdt denotes the measurement at the
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2Fig. 4.1. The generative model for noisy ICA in the 
ase of I = 3 sour
es andD = 2 sensors. A priori, the sour
es fSig are mutually independent but a posteriorithey be
ome 
oupled through the observation fXig due to �explaining away� e�e
ts.dth sensor at time t. Similarly, let S = fSitg, i = 1; : : : ; I , denote a 
olle
-tion of I mutually statisti
al independent sour
es, where Sit is the ith sour
eat time t. The measured signal X is assumed to be an instantaneous linearmixing of the sour
es 
orrupted with additive white Gaussian noise � thatis X = AS + � ; (4.1)whereA is a (time independent) mixing matrix and the noise is assumed to bewithout temporal 
orrelations and with a time independent 
ovarian
e matrix�, i.e. we have �dt�d0t0 = Ætt0�dd0 . Thus, we have the following likelihood forparameters and sour
esp(X jA;�;S) = (det 2��)�N2 e� 12 Tr(X�AS)T��1(X�AS) : (4.2)Figure 4.1 shows the generative model for noisy ICA in the 
ase of I = 3hidden sour
es and D = 2 sensors. The aim of independent 
omponent anal-ysis is to re
over the unknown quantities given a set of observables; namelythe sour
es S, the mixing matrix A and the noise 
ovarian
e �.The main di�
ulty is asso
iated with the estimation of the sour
e signals.The estimation problems for the mixing matrix and the noise 
ovarian
e ma-trix are relatively simple, given the su�
ient sour
e statisti
s. Hen
e, ourprimary obje
tive is to improve on the estimate of su�
ient statisti
s fromthe posterior distribution of the sour
es. The mixing matrix A and the noise
ovarian
e � are then in turn estimated by maximum a posteriori (MAP)(or maximum likelihood II (ML-II)). This naturally leads to a EM-type al-gorithm where the expe
tation step amounts to �nding the posterior meanand 
ovarian
es of the sour
es and the maximization step is the MAP/ML-IIestimation. Mean �eld methods espe
ially the advan
ed ones are well suitedfor the non-trivial expe
tation step.



4.2 Probabilisti
 ICA 55Given the likelihood eq. (4.2), the posterior distribution of the sour
es isreadily given byp(SjX ;A;�) = p(XjA;�;S)p(S)p(XjA;�) ; (4.3)where p(S) is a prior on the sour
es whi
h might in
lude temporal 
orrelations(although we will postpone this problem to a future 
ontribution [Højen-Sørensen et al. 2001a℄).4.2.1 Estimation of mixing matrix and noise 
ovarian
eThe likelihood of the parameters is given byp(X jA;�) = Z dSp(XjA;�;S) p(S) : (4.4)The problem of estimating the mixing matrix and noise 
ovarian
e nowamounts to �nding the saddle-points of the likelihood eq. (4.4) with respe
tto the mixing matrix and noise 
ovarian
e. We note that the saddle-pointswill be given in terms of averages over the sour
e posterior. Alternatively, we
ould as our starting point have used the EM approa
h and 
onsidered the
omplete log-likelihood and the mean su�
ient statisti
s dire
tly. It is easilyseen that the two approa
hes in this 
ase are equivalent due to the Gaussianlikelihood. It is the 
omputation of mean su�
ient statisti
s with respe
t tothe posterior whi
h pose the main 
hallenge for mean �eld approa
hes sin
ethe sour
es will be 
oupled through the observations.The mixing matrix A will be estimated by maximum a posteriori (MAP)and the noise by ML-II for 
onvenien
eAMAP = argmaxA p(AjX;�) (4.5)�MLII = argmax� p(X jA;�) ; (4.6)where the posterior of A is given by p(AjX;�) / p(XjA;�)p(A), wherep(A) is the prior on A. For the optimization in eqs. (4.5) and (4.6), we needthe derivatives of the likelihood term��A log p(XjA;�) = ��1(XhSiT �AhSST i) (4.7)��� log p(XjA;�) = 12��1h(X�AS)(X�AS)T i��1�N2 ��1 ; (4.8)where h�i = h�iSjA;�;X denotes the posterior average with respe
t to thesour
es given the mixing matrix and noise 
ovarian
e. Equating eq. (4.8) tozero leads to the well known result for �,�MLII = 1N h(X �AS)(X �AS)T i : (4.9)
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ular 
ase of measurements with i.i.d. noise we 
an simplify the
ovarian
e � = �2I , hen
e �2 = Tr�MLII=D, where D is the number ofsensors.For A, we 
onsider two fa
torized priors p(A) = Qdi p(Adi), a zeromean Gaussian p(Adi) / exp(��diA2di=2) and the Lapla
e distributionp(Adi) / exp(��dijAdij). Furthermore, we 
onsider optimizing Adi both un-
onstrained and 
onstrained to be non-negative. Clearly, the MAP approa
ho�ers a �exibility for en
oding prior knowledge about A whi
h is not avail-able in the maximum likelihood II approa
h, i.e. one 
an en
ode sparseness[Hyvärinen and Karthikesh 2000℄ and non-negativeness (for e.g. images andtext, see se
tion 4.5 and [Lee and Seung 1999℄).Un
onstrained mixing matri
es. A straightforward 
al
ulation gives us thefollowing iterative equation for the MAP estimate of A,A(k+1) = �XhSiT ��(�A(k) + �sign(A(k)))� hSST i�1 ; (4.10)where we have in
luded both priors and set �di = � and �di = �. Thisequation 
an be solved expli
itly for the Gaussian prior with equal noisevarian
e on all sensors, i.e. � = 0 and � = �2I , and yields the resultA =XhSiT �hSST i+ ��2I��1 : (4.11)The ML-II estimate is the spe
ial 
ase obtained by setting � = 0.Non-negative mixing matri
es. To enfor
e non-negative A, we introdu
e aset of non-negative Lagrange multipliers Ldi � 0 and maximize the modi�ed
ost: log p(AjX;�) + TrLTA. Solving for the Lagrange multipliers we getL = ��1(AhSST i �XhSiT ) + �A + � : (4.12)We 
an write down an iterative update rule for Adi > 0 using the Kuhn-Tu
ker 
ondition LdiAdi = 0 [Luenberger 1984℄ together with the result forthe Lagrange multipliersA(k+1)di = [��1XhSiT ℄di[��1A(k)hSST i℄di + �A(k)di + �A(k)di : (4.13)In the 
ase of no prior knowledge i.e. � = 0 and � = 0, we get an update rulesimilar to the image spa
e re
onstru
tion algorithm used in positron emissiontomography (see e.g. [Pierro 1993℄ for referen
es) or the more re
ently pro-posed non-negative matrix fa
torization pro
edure of [Lee and Seung 1999℄.4.3 Mean Field TheoryWe will present three di�erent mean �eld approa
hes that give us estimatesof the sour
e se
ond moment matrix of in
reasing quality. First, we derive



4.3 Mean Field Theory 57mean �eld equations using the standard variational mean �eld theory. Next,using linear response theory, we obtain dire
tly from the variational solu-tion improved estimates of hSST i needed for estimating A and �. Finally,we present the adaptive TAP approa
h of Opper and Winther [Opper andWinther 2000
℄ whi
h goes beyond the simple fa
torized trial distribution ofvariational mean �eld theory to give a theory whi
h is self-
onsistent to withinlinear response 
orre
tions. From mean �eld theory we also get an approxi-mation to the likelihood p(XjA;�) whi
h 
an be used for model sele
tion[Hansen 2000℄.1 In appendix 4.6, we summarize all mean �eld equations andgive an EM-type re
ipe for solving them.The following derivation is valid for any sour
e prior without tempo-ral 
orrelations. Spe
i�
 sour
e priors are dis
ussed in se
tion 4.4. Althoughequations for the mean �eld estimates of the mean and 
ovarian
e of thesour
es are written with equality in this se
tion, it is to be understood thatthey are only approximations.4.3.1 Variational Approa
hWe adopt the standard KL variational mean �eld theoreti
 approa
h andapproximate the posterior distribution, p(SjX;A;�), in a family of produ
tdistributions q(S) = Qi;t q(Sit).2 For a Gaussian likelihood p(XjA;�;S),the optimal 
hoi
e of q(Sit) is given by a Gaussian times the prior [Csatóet al. 2000℄q(sit) / p(sit)e� 12�its2it+
itsit ; (4.14)where we use the 
anoni
al parameterization of the Gaussian density. Thisresult is obtained straightforwardly by using of the fun
tional form of thenaive mean �eld distribution, eq. (3.16). Also, it turns out to be useful to
onsider the 
anoni
al parameterization of the Gaussian likelihood for themodel parameters fA;�gp(X jA;�;S) = p(XjJ ;h;S) = 1ZL e� 12 Tr(STJS)+Tr(hTS) ; (4.15)where logZL = N2 log det 2�� + 12 TrXT��1X is the log partition fun
tionof the likelihood, and we have introdu
ed the M �M intera
tion-matrix Jand the data dependent external �eld h (having same dimension as S) givenrespe
tively by,J = AT��1A (4.16)h = AT��1X : (4.17)1 The variational approximation is a lower bound to the exa
t likelihood whereasthe TAP and LR approximations � not given here � are not bounds, buthopefully more a

urate.2 Note that q(Sit) is also the variational mean �eld approximation to the marginaldistribution R Qi0 6=i;t0 6=t dSi0t0p(SjX;A;�).
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ts as an external �eld from whi
h all moments of the sour
es
an be obtained. This is the key property that we will make use of in thenext se
tion when we derive the linear response 
orre
tions. The startingpoint of the variational derivation of mean �eld equations is the Kullba
k-Leibler divergen
e between the produ
t distribution q(S) and the true sour
eposterior, i.e. KL(qkp) = Z dSq(S) log q(S)p(SjX;A;�)= log p(XjA;�)� log p(XjA;�;NMF) (4.18)log p(XjA;�;NMF) =Xi;t log Z dsitp(sit)e� 12�its2it+
itsit (4.19)+12Xit (�it � Jii)hS2iti+Tr(h� 
)T hSi+12 TrhST i(diag(J)� J)hSi � logZL ;where p(XjA;�;NMF) is the naive mean �eld approximation to the likeli-hood and diag(J) is the diagonal matrix of J . The Kullba
k-Leibler is zerowhen q = p and positive otherwise. The parameters of q should 
onsequentlybe 
hosen as to minimize KL(q kp). The saddle points de�ne the mean �eldequations:3��hSiKL(qkp) = 0 : 
 = h� (J� diag(J))hSi (4.20)��hS2itiKL(qkp) = 0 : �it = Jii : (4.21)The remaining two equations depend expli
itly on the sour
e prior, p(S);��
itKL(qkp) = 0 : hSiti = ��
it log Z dsitp(sit)e� 12�its2it+
itsit� m(
it; �it) (4.22)���itKL(qkp) = 0 : hS2iti = �2 ���it log Z dsitp(sit)e� 12�its2it+
itsit :(4.23)The variational mean m(
it; �it) plays a 
ru
ial role in de�ning the mean�eld algorithm sin
e all dependen
e upon the prior is impli
it in m (as wellas in �m�
 for the advan
ed mean �eld methods). In se
tion 4.4, we 
al
ulate3 The requirement that we should be at a lo
al minima of log p(XjA;�;NMF) isful�lled when the 
ovarian
e matrix eq. (4.27) is positive de�nite. To test whetherwe are at the global minima is harder. However, when the model is well-mat
hedto the data, we expe
t the problem to be 
onvex.
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it; �it) for some of the prior distributions found in the ICA literature.Finally, by inserting the saddle points into eq. (4.19), the naive mean �eldapproximation to the likelihood redu
es tolog p(XjA;�;NMF) =Xi;t log Z dsitp(sit)e� 12�its2it+
itsit (4.24)+12 TrhST i(J � diag(J))hSi � logZL : (4.25)This approximation to the likelihood 
an be used to determine the numberof latent sour
es. We will, however, postpone this subje
t until 
hapter 5.4.3.2 Linear Response TheorySo far we have not dis
ussed how to obtain mean �eld approximations to the
ovarian
es �tt0ii0 � hSitSi0t0i � hSitihSi0t0i :Sin
e variational mean �eld theory uses a fa
torized trial distribution, the
ovarian
es between di�erent variables is trivially predi
ted to be zero. How-ever, using linear response theory, we 
an improve the variational mean �eldsolution. As mentioned earlier, h a
ts as an external �eld. This makes it pos-sible to 
al
ulate the means and 
ovarian
es as derivatives of log p(XjJ ;h),i.e. hSiti = � log p(XjJ ;h)�hit (4.26)�tt0ii0 = �2 log p(XjJ ;h)�hi0t0�hit = �hSiti�hi0t0 : (4.27)These relations are exa
t when using the exa
t likelihood. However, we 
analso use the NMF likelihood through the mean �eld equations (4.20), (4.21)and (4.22) to derive an approximate equation for �tt0ii0 ,�tt0ii0 = �m(
it; �it)�
it �
it�hi0t0= �m(
it; �it)�
it 0�� Xi00;i00 6=i Jii00�tti00i0 + Æii01A Ætt0 : (4.28)As a dire
t 
onsequen
e of the la
k of temporal 
orrelations in the presentsetting, the �-matrix fa
torizes in time, i.e. �tt0ii0 = Ætt0�tii0 . We 
an straight-forwardly solve for �tii0�tii0 = �(�t + J)�1�ii0 ; (4.29)where we have de�ned the diagonal matrix



60 4. Independent Component Analysis�t = diag (�1t; : : : ; �It) ; �it � ��m(
it; �it)�
it ��1 � Jii : (4.30)For 
omparison, the naive mean �eld result is �t;NMFii0 = Æii0 �hSiti�hit whi
hfollows dire
tly from eq. (4.23).Why is the 
ovarian
e matrix obtained by linear response more a

u-rate? Here, we give an argument that 
an be found in Parisi's book on sta-tisti
al �eld theory [Parisi 1988℄: Let us assume (as always impli
it in anymean �eld theory) that the approximate and exa
t distribution are 
losein some sense, i.e. q(S) � p(SjX;A;�) = ". Then by dire
t appli
ationof the fa
torized distribution we have hSitSi0tiExa
t = hSitSi0tiNMF + O(").On the other hand sin
e KL(q k p) is non-negative the NMF theory log-likelihood gives a lower bound on the log-likelihood, see eq. (4.18). Con-sequently, the linear term vanishes in the expansion of the log-likelihood:log p(XjA;�) = log p(XjA;�;NMF) + O("2). Obtaining moments of thevariables through derivatives of the approximate log-likelihood, i.e. by linearresponse, is therefore more pre
ise than to use the trial distribution dire
tly.For some spe
i�
 
ases it is possible to demonstrate the improvementdire
tly. Consider the Gaussian prior4 p(sit) / exp(�s2it=2). In this 
ase thevariational mean �eld, eq. (4.22) is given by f(
; �) = 
=(1 + �). Thus, thevariational mean �eld theory predi
ts�t;NMFii0 = Æii0 �hSiti�hit = 1=(1 + �it) = 1=(1 + Jii) : (4.31)However, the linear response estimate eq. (4.29) gives �t;LRii0 = �(I + J)�1�ii0and hen
e re
onstru
ts the full 
ovarian
e matrix identi
al with the exa
tresult obtained by dire
t integration.4.3.3 Adaptive TAP Approa
hSo far we have derived two di�erent estimates of the 
ovarian
e matrix fromvariational mean �eld theory: �t;NMFii0 = Æii0 �hSiti�hit and �t;LRii0 = �(�t + J)�1�ii0 .Obviously there is no guarantee that the two estimates are identi
al. Vari-ational mean �eld theory is thus not self-
onsistent within linear response
orre
tions. The adaptive TAP approa
h [Opper and Winther 2000
℄ on theother hand goes beyond the fa
torized trial distribution and requires self-
onsisten
y for the 
ovarian
es estimated by linear response. This is a
hievedby introdu
ing a set of IT additional mean �eld (or variational) parame-ters, the varian
es �it in the marginal distribution eq. (4.14), su
h that thediagonal term �t;TAPii obeys4 It is noted that a Gaussian sour
e prior is not suitable for doing sour
e separation.We merely use it here to show that the linear response 
orre
tion in this 
asere
overs the exa
t result.



4.4 Sour
e Models 61�hSiti�hit = �(�t + J)�1�ii ; (4.32)where �it and 
it now depend upon �it through the relations�it = ��tii��1 � �it (4.33)
it = hit �Xi0 (Jii0 � �i0tÆii0 )hSi0ti : (4.34)To re
over the variational mean �eld equations (4.30) and (4.20), we justlet �it = Jii. It is beyond the s
ope of this 
hapter to derive the adaptiveTAP mean �eld theory. Instead, the reader is referred to se
tion 3.3.4 fora derivation of the adaptive TAP approa
h valid for models with quadrati
intera
tions and general variable prior. In 
hapter 5, the mean �eld equationsfor the noisy ICA model have been derived using the 
avity approa
h insteadof the KL variational bound approa
h. We have 
hosen to present and testthe resulting theory here be
ause it o�ers the most advan
ed (and hopefullythe most pre
ise) mean �eld approximation for this type of model.4.4 Sour
e ModelsIn this se
tion we 
al
ulate for various sour
e priors the variational mean m,eq. (4.22) and the derivative �m=�
 needed for the linear response 
orre
tionand adaptive TAP updates. The priors that we are 
onsidering are all 
hosensu
h that the variational mean 
an be 
al
ulated using tables of standardintegrals, e.g. [Gradshteyn and Ryzhik 1980℄. It turns out to be 
onvenient tointrodu
e the Gaussian kernel D with unit varian
e and its asso
iated 
umu-lative distribution fun
tion (
df.) � in order to keep the following expressionsof a manageable size, i.e.D(x) = 1p2� exp��12x2� ; D0(x) = �xD(x) (4.35)�(x) = Z x�1D(t)dt ; �0(x) = D(x) : (4.36)4.4.1 Summary of sour
e priorsTable 4.1 summarizes the variational means and response fun
tions 
orre-sponding to the priors des
ribed in this paper. It should be mentioned thatthis is by no means a 
omplete list of all priors for whi
h it is possible to
al
ulate these quantities, e.g. the Rayleigh distribution is one su
h prior.
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e Prior p(s) Mean Fun
tion Response Fun
.m(
; �) = hSi �hSi�
Binary 12Æ(s� 1) + 12 Æ(s+ 1) tanh(
) 1� hSi2Gaussian Mix. eq. (4.37) eqs. (4.39) & (4.41)Gaussian 1p2� exp(�s2=2) 
=(1 + �) 1=(1 + �)Heavy tail not analyti
 
� � � 
��+
2 1� + � 
2���(��+
2)2Uniform 1b�a�(s� a)�(b� s) eq. (4.65) eq. (4.66)Lapla
e 12 exp(�jsj) eq. (4.43) eq. (4.45)Pos. Gauss q 2� exp(�s2=2)�(s) eq. (4.60) eq. (4.62)Exponential exp(�s)�(s) eq. (4.47) eq. (4.48)Table 4.1. The variational mean and response fun
tion 
orresponding to varioussour
e priors. The three �rst rows des
ribe sour
e priors having negative, zero andpositive kurtosis, respe
tively. The fourth row express non-negative priors. Thestep�fun
tion is de�ned as �(s) = 1 for s > 0 and zero otherwise.4.4.2 Mixture of Gaussians sour
e priorIn this se
tion we 
onsider a general mixture of Gaussians, i.e.p(sj�;�) = NiXk=1 �kp(sj�k; �k) ; s 2 R (4.37)where ea
h of the Ni individual mixture 
omponents are parametrized byp(sj�k; �k) = 1p2��2k e� 12 (s��k)2=�2k : (4.38)Using this sour
e prior the generative ICA model be
omes the indepen-dent fa
tor analysis model proposed in [Attias 1999℄. Sin
e the main s
ope ofthis 
hapter is 
on
erned with reliable inferring mean su�
ient statisti
s withrespe
t to the sour
es we will in 
ontrary to [Attias 1999℄ always regard thesour
e parameters as �xed, e.g. we are at no times adapting the sour
e priorsto data. However, it is straightforward to extend the proposed methodologyto allow for this possibility, e.g. in a EM setting where the improved mean�eld solutions are being used in the posterior expe
tation of the 
ompletelog-likelihood.Trivial but tedious 
al
ulations shows that the variational mean m(
; �)of a mixture of Gaussians is given bym(
; �) = PNik=1 �k 
�2k+�k��2k+1 e�kPNik=1 �ke�k ; (4.39)where we have introdu
ed
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e Models 63�k = �kp��2k + 1 ; and �k = �12 �(�k=�k)2 � (
�k + �k=�k)2��2k + 1 � : (4.40)The derivative with respe
t to 
 is easy to obtain but are left out in theinterest of spa
e. For the spe
ial 
ase of a mixture of two Gaussians (Ni = 2)with 
ommon varian
e �2 and means �k = �� we getm(
; �) = 1��2 + 1 �
�2 + � tanh( 
���2 + 1)� : (4.41)For �2 = 0 and � = 1, we re
over the variational mean for the binarysour
e p(s) = 12Æ(s � 1) + 12Æ(s + 1): m = tanh(
). This parti
ular 
hoi
eof the bi-Gaussian sour
e distribution (eq. 4.41) whi
h is also known as thesymmetri
 Pearson mixture density, was proposed in [Girolami 1998℄ as asimple way of a
hieving a negative kurtosis (sub-Gaussian) density fun
tion.To be
ome familiar with the m-fun
tion and its derivative, 
onsider the vari-ational mean of the bi-Gaussian with �2 = 1 shown in �gure 4.2(a,b) for twovalues of �; namely � = 1, for whi
h the density fun
tion is uni-modal and� = 4 for whi
h the density fun
tion is signi�
antly bimodal. We see that themore bimodal the sour
e distribution is the more 
ompa
t the region of high
urvature be
omes. By introdu
ing additional mixture 
omponents it is pos-sible to form the region of high 
urvature, whi
h is illustrated in �gure 4.2(g)in the 
ase of a mixture of �ve Gaussians.4.4.3 Lapla
e sour
e priorAlthough a sub-Gaussian distribution may be a reasonable sour
e prior forsome appli
ations, e.g. tele
ommuni
ations (dis
rete priors, see e.g. [van derVeen 1997℄) or pro
essing of fun
tional magneti
 resonan
e images [Petersenet al. 2000℄, there are, however, a large 
lass of interesting real world signals,su
h as spee
h, whi
h have heavier tails than the Gaussian distribution. Wetherefore need to 
onsider sour
e priors whi
h have positive kurtosis (super-Gaussian). One su
h 
hoi
e whi
h have been widely used in the ICA 
ommu-nity is p(s) = 1=(� 
osh s) [Bell and Sejnowski 1995; Ma
Kay 1996℄. Usingthis prior, however, it is not possible to 
al
ulate the variational mean ana-lyti
ally. Instead, we 
onsider the Lapla
e or double exponential distributionwhi
h is very similar. The Lapla
e density is given byp(s) = �2 e��jsj ; s 2 R; � > 0: (4.42)where � > 0 is the de
ay rate of the Lapla
ian. The variational mean 
an be
al
ulated asm(
; �) = 1p� �+�+ + �����+ + �� ; (4.43)
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γFig. 4.2. Shows the variational mean m (left row) and its derivative m0 (right row)as a fun
tion of 
 and �. (a) and (b) shows the bi-Gaussian 
ase with �2 = 1 for�i = �1 and �i = �4, respe
tively. (
) and (d) shows the Lapla
ian prior for de
ayrates � = 1=2 and � = 2, respe
tively. (e) and (f) shows the exponential prior forde
ay rates � = 1=2 and � = 2, respe
tively.; (g) shows the variational mean m andthe derivative m0 of a mixture of �ve Gaussian with mixing proportions �i = 1=5,means �i = f�4;�1; 0; 1; 4g and standard deviations �i = f1; 2; 4; 2; 1g. (h) showsthe heavy tailed prior eq. (4.51) with � = 1.
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e Models 65where we have introdu
ed�� = 
 � �p� ; and �� = �(���)D(��) : (4.44)Using eqs. (4.35) and (4.36), the derivative is found to be�m�
 = 1� �1� ���+ +D(�+)D(��) �+ � ���+ + �� +p� (�+�� + ���+)(�+ + ��) m� :(4.45)Figure 4.2(
,d) shows the variational mean and its derivative for a slowlyde
aying (� = 0:5) and a fast de
aying (� = 2) Lapla
ian prior. The Lapla
ianprior have, 
ontrary to the bi-Gaussian sour
e, its region of high 
urvaturefor numeri
al large values of 
.4.4.4 Exponential sour
e priorSome appli
ation domains naturally restri
t the possible range of the hiddensour
es and the mixing matrix due to the physi
al interpretation of thesequantities in the generative model. This is for instan
e the 
ase when themeasured signal is known to be a positive superposition of latent 
ountingnumbers or intensities. Positivity 
onstrains are relevant, e.g., in �parts basedrepresentations� of natural images, de
onvolution of the power spe
trum ofnu
lear magneti
 resonan
e (NMR) spe
trometers and latent semanti
 anal-ysis in text mining [Lee and Seung 1999℄. In this se
tion we 
onsider theexponential sour
e prior parameterized byp(s) = �e��s ; s 2 R+ ; � > 0 (4.46)where � > 0 is the de
ay rate of the exponential density. The variationalmean and response fun
tion asso
iated to this sour
e prior are given bym(
; �) = 1p� ��(�) +D(�)�(�) (4.47)�m�
 = 1� + D(�)p��(�)m ; (4.48)where we, as for the Lapla
ian 
ase, have introdu
ed� = 
 � �p� : (4.49)Figure 4.2(e,f) shows the variational mean and its derivative for the expo-nential sour
e prior. It is veri�ed that the exponential variational mean isnon-negative. At this point we will make some short remarks on some al-gorithmi
 issues when the normal 
df. � appears in the denominator of thevariational mean. Spe
ial 
are has to be taken when � ! �1, e.g. when
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 � � < 0 and � is small, i.e. for small self-intera
tions. Using l'Hospital'srule together with eqs. (4.35) and (4.36), it is seen thatD(�)�(�) ! �� for � ! �1 ; (4.50)whi
h in turn implies that the variational mean m ! 0 and its derivative(�m=�
) ! 1=� for � ! �1. In se
tion 4.5.4, we will use this prior tolearn a set of sparse lo
alized basis fun
tions in images. The sour
e priors
onsidered until now are just some examples of priors where the variationalmean 
an be 
omputed analyti
ally. However, in se
tion 4.7 we simply statesome additional examples of priors for whi
h this 
al
ulation 
an be 
arriedout analyti
ally.4.4.5 Power law tail priorIn the previous se
tions we have only 
onsidered sour
e priors for whi
h itwas possible to 
arry out the integration eq. (4.22) analyti
ally. For arbitrarysour
e priors, however, the one dimensional integral may be solved usingstandard approa
hes for numeri
al integration. Alternatively, we 
ould sim-ply use the insight gained in the previous se
tions, where we 
onsidered thefun
tional form of the variational mean of various sour
e priors, to 
ome upwith 
omputationally tra
table m fun
tions dire
tly. To give an example ofthis, we will 
onstru
t an m whi
h for large j
j=p� 
orresponds to a dis-tribution with a power law tail p(s) / jsj�� for jsj large. In this limit theintegral in eq. (4.22) is dominated by its saddle-point. The saddle-point valueof s is s0 = 
2� (1 +q1� 4��
2 ) � 
� � �
 . This gives the behavior of the meanfun
tion for large 
. We 
an now straightforwardly 
onstru
t a mean fun
tionthat has this asymptoti
 behavior and is well-de�ned for small values of 
,m(
; �) = 
� � �
�� + 
2 : (4.51)Figure 4.2(h) shows the heavy tail m-fun
tion as a fun
tion of 
 and �.Figure 4.3 shows for a �xed � = 1 the variational mean and derivative forsome of the un
onstrained sour
e priors 
onsidered so far. For 
 ! 1, theGaussian and the uniform (improper) prior give respe
tively the the lowerand upper value for m for the priors 
onsidered. The variational means andderivatives for the priors 
onsidered in this 
hapter are summarized in thetable in se
tion 4.4.1.4.5 SimulationsIn this se
tion we 
ompare the performan
e of the di�erent mean �eld ap-proa
hes des
ribed in the previous se
tions, i.e. NMF, LR 
orre
tion and
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Fig. 4.3. Shows the variational mean (top) and derivative (lower) as a fun
tion of
 for various sour
e priors and �xed � = 1. From top to bottom the legends are;[- -℄ Gaussian with unit mean and varian
e; [� � � ℄ Mixture of two Gaussians with 0mean and std. 1 and 2; [- -℄ Mixture of two Gaussians with unit varian
e and meanat �3; [�℄ and [-�-℄ Lapla
ian with � = 1 and � = 1=4, respe
tively; [�-�-℄ Heavytail with � = 1=2; [- -℄ Uniform (improper) distribution.



68 4. Independent Component Analysisadaptive TAP. To begin with, we 
ondu
t two experiments with arti�
ialgenerated data. The sour
e priors used in these experiments are equal to thesour
e prior whi
h generated the dataset. We 
onsider both the 
omplete 
asein whi
h 2 binary sour
es are mixed into 2 sensors and the over
omplete 
aseof 3 
ontinuous sour
es mixed into 2 sensors. Finally, we apply the linearresponse 
orre
ted mean �eld approa
h to perform ICA on two real worlddatasets; namely spee
h signals and parts of the MNIST handwritten digitdatabase.4.5.1 Syntheti
 binary sour
es in a 
omplete settingIndependent 
omponent analysis of binary sour
es has been 
onsidered e.g. indata transmission using binary modulation s
hemes su
h as MSK or biphase
odes [van der Veen 1997℄. Here, we 
onsider a binary sour
e S = f�1g withprior distribution p(s) = 12 [Æ(s � 1) + Æ(s + 1)℄. In this 
ase we re
over thewell known mean �eld equations hSi = tanh(
). Figure 4.4(a) shows the
olumn ve
tors of the mixing matrix and 1000 samples generated from theICA generative model using a fairly low noise varian
e, �2 = 0:3. Ideally, thenoise-less measurements would 
onsist of the four 
ombinations (with sign)of the 
olumns in the mixing matrix. However, due to the noise, the measure-ments will be s
attered around these prototype observations (shown as + in�gure 4.4(a)). Figure 4.4(b) shows, for ea
h of the mean �eld approa
hes,the varian
e as a fun
tion of iteration number. At these moderate noise vari-an
es an improvement in the 
onvergen
e rate is obtained by using the linearresponse 
orre
ted mean �eld solution. The adaptive TAP approa
h, on theother hand, is seen to have a slower 
onvergen
e rate and only a marginalimprovement in the estimated noise varian
e and mixing matrix is obtained.This is due to the fa
t that this approa
h is 
riti
ally sensitive to how wellthe variational parameters have been determined.Figure 4.4(
,d,e) shows, for the di�erent mean �eld approa
hes, the tra-je
tories of the �x-point iterations. All the methods use the same initial 
on-ditions ('�') and the �nal point in the traje
tory is marked 'Æ'. The dashedlines are +=� the 
olumn ve
tors of the true mixing matrix. In this 
ase thereis no signi�
ant di�eren
e in the mixing matrix estimated using the di�erentmean �eld approa
hes.We now in
rease the noise varian
e to �2 = 1. In this 
ase it is hard toidentify the prototype signals from the measured data (see �gure 4.5(a)). Thenaive mean �eld approa
h fails in re
overing the mixing matrix. Figure 4.5(
)shows that one of the dire
tions in the mixing matrix vanishes during the�xed-point iterations whi
h in turn result in the noise varian
e being overes-timated (see �gure 4.5(b)). However, the linear response 
orre
ted mean �eldapproa
h and adaptive TAP re
over the true mixing matrix.
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(e)Fig. 4.4. Binary sour
e re
overy for a low noise varian
e, �2 = 0:3. (a) Shows 1000measurements (s
atter plot), +=� the 
olumn ve
tors of the true mixing matrix(the solid axis) and the measurement prototypes (+) for the noise-less 
ase. (b)Shows the estimated varian
e for NMF, LR and TAP as a fun
tion of iterations.The thi
k solid line is the true empiri
al noise varian
e. The empiri
al varian
e isthe varian
e of the 1000 random noise 
ontributions. The traje
tories of the �xed-point iteration using (
) NMF, (d) LR and (e) adaptive TAP. The initial 
onditionis marked '�' and the �nal point 'Æ'. The dashed lines are the true mixing matrix.4.5.2 Continuous sour
es in an over
omplete settingIn this se
tion the problem is to re
over more sour
es than sensors; in par-ti
ular we 
onsider mixing 3 sour
e into 2 sensors. The sour
e used in thisexperiment is the symmetri
 Pearson mixture eq. (4.41) with � = 1. A totalof 2000 samples were generated from the generative model (see �gure 4.6(a))and the three mean �eld approa
hes were used to learn the mixing matrix.The traje
tories plot in �gure 4.6(
) shows that the naive mean �eld approa
hfails in re
overing the mixing matrix. Similar to the binary 
ase with highvarian
e, one of the dire
tions in the mixing matrix vanishes (see �gure 4.6).Only the dominant dire
tion in the data-spa
e is 
aptured whereas the tworemaining dire
tions 
ollapse into one �mean� dire
tion. However, both thelinear response 
orre
ted and the adaptive TAP mean �eld approa
hes su
-
eed in estimating the mixing matrix. We will restri
t ourselves to the LRapproa
h in the next real world examples sin
e NMF has turned out to fail in



70 4. Independent Component Analysis
−4 −2 0 2 4

−4

−2

0

2

4

(a) 0 50 100
0.8

1

1.2

1.4

1.6

1.8

2

iteration

va
ria

nc
e

NMF               
LR                
TAP               
Empirical σ2

(b)
−2 −1 0 1 2

−1.5

−1

−0.5

0

0.5

1

1.5

(
) −2 −1 0 1 2
−1.5

−1

−0.5

0

0.5

1

1.5

(d) −2 −1 0 1 2
−1.5

−1

−0.5

0

0.5

1

1.5

(e)Fig. 4.5. Binary sour
e re
overy for a high noise varian
e, �2 = 1. (a) Shows 1000measurements (s
atter plot), +=� the 
olumn ve
tors of the true mixing matrix(the solid axis) and the measurement prototypes (+) for the noise-less 
ase. (b)Shows the estimated varian
e for NMF, LR and TAP as a fun
tion of iterations.The thi
k solid line is the true empiri
al noise varian
e. The traje
tories of the �xed-point iteration using (
) NMF, (d) LR and (e) adaptive TAP. The initial 
onditionis marked '�' and the �nal point 'Æ'. The dashed lines are the true mixing matrix.some 
ases and TAP is 
onsiderably more 
omputationally expensive whilegiving 
omparable performan
e.4.5.3 Separating 3 speakers from 2 mi
rophonesIn this se
tion we 
onsider the problem of separating three speakers fromtwo mi
rophones. At hand we have the three original spee
h signals, ea
hhaving a duration of 1 se
ond and sampled at 8 kHz. The spee
h signals arethen instantaneously linearly mixed into 2 mi
rophones. Figure 4.7(a) showsa s
atter plot of the 8000 samples in the measurement (mi
rophone) spa
e.The fa
t that natural spee
h has a heavy tailed distribution makes this over-
omplete problem somewhat easier in the sense that the hidden dire
tions ofthe mixing matrix reveal themselves 
learly in the s
atter plot. The linearresponse 
orre
ted mean �eld approa
h was used in performing ICA withthe 
omputationally tra
table variational mean eq. (4.51) with � = 1. The
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(e)Fig. 4.6. Over
omplete 
ontinuous sour
e re
overy with �2 = 1. (a) Shows 2000measurements (s
atter plot), +=� the 
olumn ve
tors (4 times axis) of the truemixing matrix (the solid axis). (b) Shows the estimated varian
e for NMF, LR andTAP as a fun
tion of iterations. The thi
k solid line is the true empiri
al noisevarian
e. The traje
tories of the �x-point iteration using (
) NMF, (d) LR and(e) adaptive TAP. The initial 
ondition is marked '�' and the �nal point 'Æ'. Thedashed lines are the true mixing matrix.initial mixing matrix was randomly pi
ked (shown as the dotted axis in �g-ure 4.7(a)). Figure 4.7(b) shows the 
onvergen
e of the algorithm in termsof the angle between the estimated dire
tions and the true dire
tions (thedashed lines in �gure 4.7(a)). Figure 4.7(a) shows that the algorithm 
on-verges rapidly to a mixing matrix whi
h is very 
lose to the one that a
tuallymixed the spee
h signals. Figure 4.8 shows ea
h of the inferred sour
es plot-ted against ea
h of the true sour
es. We see that the three re
overed sour
esare ni
ely 
orrelated with exa
tly one of the true sour
es and (more or less)un
orrelated with the remaining sour
es. Noti
e that any relabelling of thesour
es and 
orresponding perturbation of the 
olumns of the mixing matrixleaves the solution of the ICA problem invariant.4.5.4 Lo
al feature extra
tion with sparse positive en
odingIn this se
tion we apply the linear response 
orre
ted ICA algorithm to theproblem of �nding a small set of lo
alized images representing parts of the
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(b)Fig. 4.7. Over
omplete spee
h separation (3-in-2) using the heavy tailed m-fun
tion eq. (4.51) with � = 1; see �gure 4.2(h). (a) s
atter plot of 1 se
. of themixed spee
h (�8 kHz), the true A (dashed lines), the initial A (bla
k dotted)and the estimated A. (b) shows the estimated angle as a fun
tion iteration. Thehorizontal lines illustrate true angles at 0 and �45 degrees.digit images in the MNIST handwritten digit database. For illustration pur-poses we will only 
onsider a small sub-set of the database, namely the �rst500 
ases of the handwritten digit �3�. Figure 4.9(a) shows 25 examples fromthis sub-set of the dataset. As mentioned already in se
tion 4.4.4 it is naturalto 
onsider positive 
onstraints on latent variables (say pixels) when dealingwith images. However, su
h 
onstraints are usually ignored by most of the
ommonly used prepro
essing models e.g. the prin
ipal 
omponent analysis(PCA) generative model whi
h simply amounts to sequentially �nding or-thogonal dire
tions (
omponents) with maximum varian
e in the data spa
e.Ignoring su
h 
onstraints is problemati
 sin
e for an un
onstrained model toyield positive digit images there has to be an intera
tion between positiveand negative regions in di�erent 
omponents and it is therefore not obviouswhat the set of 
omponents represents visually.To illustrate these points we 
ondu
t two ICA experiments using the expo-nential prior p(s) / e�s, s 2 R+ . In the �rst experiment we do not 
onstrainthe mixing matrix whereas in the se
ond experiment the mixing matrix is
onstrained to be positive. For both experiments we assume that there are25 hidden images. Figure 4.9(
) shows the 25 hidden images obtained usingICA with positively 
onstrained sour
es but un
onstrained mixing matrix.Although the sour
es in this 
ase are positively 
onstrained, the fa
t thathidden images are allowed to be subtra
ted in order to obtain a positive im-age leads to non-lo
al hidden images whi
h are hard to interpret visually.Figure 4.9(d) shows the 25 hidden images obtained by performing ICA whi
henfor
es the positive 
onstraint on the mixing matrix. In this 
ase the hiddenimages 
learly represent lo
al features, in parti
ular the di�erent handwrit-ing styles/strokes in the various parts of the written digit. For 
omparison we
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)Fig. 4.8. Over
omplete spee
h separation (3-in-2) using the heavy tailed m-fun
tion eq. (4.51) with � = 1. Shows the s
atter plots of the ICA estimatedsour
es S(i)esti versus the true sour
es S(i)true, i = 1; 2; 3.show the eigenimages obtained by the square loss version of the non-negativematrix fa
torization algorithm (NNMF) of [Lee and Seung 2001℄. Althoughthe positively 
onstraint ICA model and the NNMF roughly yield the sameresults one major drawba
k of the non-negative matrix fa
torization is, how-ever, its la
k of probabilisti
 interpretation.4.6 Algorithmi
 re
ipeIn table 4.2, we give an EM re
ipe for solving the mean �eld equations andthe equations for the mixing matrix and the noise 
ovarian
e. It is indi
atedin the table whi
h equations that have been used. Here, we have given theequations for the adaptive TAP approa
h. Linear response theory is obtainedby omitting the updating step for �it, i.e. by setting N� := 0. Furthermore,setting �tii0 := Æii0m0(
it; �it) instead of �t := (�t + J)�1 leads to the naivemean �eld algorithm.In the table, we have given the update rule for the non-negative mixingmatrix eq. (4.13). To get to the un
onstrained mixing matrix, the un
on-strained update rule eq. (4.10) should be used.Note that we use a greedy update step for all variables but the expe
-tations hSi. Espe
ially adaptive TAP is quite sensitive to the 
hoi
e of the
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(a) (b)

(
) (d)Fig. 4.9. Feature extra
tion of 500 
ases of the handwritten digit �3� from theMNIST handwritten digit database. (a) shows 25 
ases from the dataset. (b) showsthe eigenimages obtained by the square loss version of the non-negative matrixfa
torization algorithm. Eigenimages obtained by the noisy ICA model using aexponential prior with � = 1 and (
) un
onstrained mixing matrix and (d) positive
onstrained mixing matrix.learning rate �. It is therefore made adaptive su
h that it is in
reased witha fa
tor of 1:1 if the sum of the squared deviations Pi;t jÆhSitij2 de
reases
ompared to the previous update. Otherwise it is de
reased with a fa
tor 2.Our experien
e with the TAP equations also indi
ates that running with vari-able number of updates of hSi 
ould be helpful. However, in the simulationsdes
ribed here we kept the number of iterations �xed.
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 re
ipe 75Initialization: Eqs. (4.16),(4.17) and (4.21)J := AT��1Ah := AT��1XhSi := 0 (or small random values if 0 is a �xed point)for m := 1; : : : ;M and t := 1; : : : ; N :�mt := JmmendforNhSi := 20,N� := 10,NA := 10,N� := 1,ftol := 10�5do:Expe
tation-step:for NhSi iterations, eqs. (4.34) and (4.22)for m := 1; : : : ;M and t := 1; : : : ; N :
mt = hmt �Pm0 (Jmm0 � �m0tÆmm0 )hSm0tiÆhSmti := f(
mt; �mt)� hSmtiendforhSi := hSi+ �ÆhSiendforfor N� iterations, eqs. (4.33) and (4.32)for m := 1; : : : ;M and t := 1; : : : ; N :�mt := �mt + 1f 0(
mt;�mt)endforfor m := 1; : : : ;M and t := 1; : : : ; N :Æ�mt := 1[(�t+J)�1℄mm � 1f 0(
mt;�mt)�mt := �mt + Æ�mtendforendforfor t := 1; : : : ; N , eq. (4.29)�t := (�t + J)�1endforMaximization-stepfor NA iterations, eq. (4.13) or (4.10)for d := 1; : : : ; D and m := 1; : : : ;M :ÆAdm := [��1XhSiT ℄dm[��1AhSST i℄dm+�Adm+�Adm �AdmAdm := Adm + ÆAdmendforendforfor N� iterations, eq. (4.9)Æ� := 1N h(X �AS)(X �AS)T i ��� := � + Æ�endforJ := AT��1Ah := AT��1Xwhile max(jÆhSmtij2; jÆ�mtj2; jÆAdmj2; jÆ�dd0 j2) > ftolTable 4.2. Pseudo-
ode for the mean �eld ICA algorithms.



76 4. Independent Component Analysis4.7 Some additional analyti
al sour
e priorsIn this se
tion we derive the variational mean and response fun
tion for someadditional analyti
al sour
e priors whi
h have not been dire
tly used in this
hapter. We show these 
al
ulations in some details sin
e they are of the sametype as the one we 
arried out in deriving the variational mean of the sour
esin se
tion 4.4.4.7.1 Positively 
onstrained Gaussian sour
e priorCal
ulating the variational mean eq. (4.22) in general involves the 
alulationof an intergral of the formZ dsp(s)e� 12�s2+
s ; (4.52)where p(s) is the sour
e prior. The sour
e priors 
onsidered in this 
hapter areall of su
h a form that this integral 
an reparameterized into a integral overa Gaussian kernel. For this reason it is useful to have at hand an expressionfor the integral of a Gaussian kernel, i.e.Z x�1 dse� 12�s2+
s = (p2�D( 
p� ))�1 Z x�1 dse� 12�(s� 
� )2 (4.53)= (p�p2�D( 
p� ))�1 Z ��1 dse� 12 s2 (4.54)= �(�)p�D( 
p� ) ; (4.55)where � = p�(x � 
=�). The �rst equality follows from 
ompleting squaresand introdu
ing the Gaussian probability density fun
tion, eq. (4.35). These
ond equality follows by 
hanging the integration variable whereas the �nalequality follows by introdu
ing the Gaussian 
df., eq. (4.36). We 
an now
al
ulate the following integralZ +10 dse� 12�s2+
s = Z +1�1(�)� Z 0�1(�) = 1� �(� 
p� )p�D( 
p� ) = �( 
p� )p�D( 
p� ) : (4.56)Suppose we are interested in 
al
ulating the variational mean of a densityhaving eq. (4.56) as partition fun
tion. It is remembered that any fa
tor ofproportionality independent of 
 is not needed in 
al
ulating the variationalmean, i.e.m(
; �) = ( �D )�1�0
D � �D0
D2 = ( �D )�1D2=p�+ 
=��DD2 (4.57)= 
� + D( 
p� )p��( 
p� ) : (4.58)



4.7 Some additional analyti
al sour
e priors 77We 
an now return to the problem of 
al
ulating the variational mean ofa positively 
onstrained Gaussian parameterized byp(sj�; �) / e� 12 (s��)2=�2 ; s 2 R+ ; (4.59)where � and �2 are the mean and varian
e, respe
tively. Multiplying thesour
e prior onto the Gaussian kernel and identifying terms it is seen that theprodu
t 
an be written as a Gaussian with � := �+1=�2 and 
 := 
+�=�2.Substituting ba
k into eq. (4.58) we dire
tly obtain the variational meanm(
; �) = 
 + �=�2�+ 1=�2 + 1p�+ 1=�2 D(�)�(�) ; (4.60)where we have introdu
ed� = 
 + �=�2p�+ 1=�2 (4.61)and the response fun
tion 
an be readily derived�m�
 = �=�2�+ 1=�2  1� �D(�)�(�) ��D(�)�(�) �2! : (4.62)We now turn to 
onsider the variational mean and the response fun
tionasso
iated to the uniform sour
e prior.4.7.2 Uniform sour
e priorIn this se
tion we 
onsider the uniform prior parametrized byp(s) = 1b� a ; s 2 [a; b℄ ; (4.63)where b � a. By reusing the 
al
ulations made in se
tion 4.7.1 we dire
tlyobtainZ ba dse� 12�s2+
s = Z b�1(�)� Z a�1(�) = �(�b)� �(�a)p�D( 
p� ) ; (4.64)where �x = p�(x � 
=�) = p�x � 
p� . Here, we have again left out thenormalizing 
onstant sin
e it is of no importan
e in the 
al
ulation of thevariational meanm(
; �) = 
� + 1p� D(�a)�D(�b)�(�b)� �(�a) ; (4.65)and the response fun
tion
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 = 1�  1 + �aD(�a)� �bD(�b)�(�b)� �(�a) ��D(�a)�D(�b)�(�a)� �(�b) �2! : (4.66)This and the previous se
tion showed some illustrative examples of the 
al-
ulation needed in deriving the variational mean and response fun
tions forthe sour
e priors 
onsidered in this 
hapter.4.8 Dis
ussionIn this 
hapter, we have presented a probabilisti
 (Bayesian) approa
h to ICA.Sour
es are estimated by their posterior mean while maximum a posterioriestimates are used for the mixing matrix and the noise 
ovarian
e matrix.By this pro
edure we derived an EM-type algorithm. The expe
tation stepis 
arried out using di�erent mean �eld (MF) approa
hes namely variational(also known as ensemble learning or naive MF), linear response and adaptiveTAP. The MF theories produ
e estimates of posterior sour
e 
orrelations ofin
reasing quality. These are needed for the maximization step in the estimatefor the mixing matrix and the noise 
ovarian
e matrix.The importan
e of a good estimate of 
orrelations is seen for spe
i�
examples where in fa
t the simplest variational approa
h fails. The generalappli
ability of the formalism and its MF implementation is demonstratedon lo
al feature extra
tion in images (using non-negative mixing matrix andsour
e priors) and in over
omplete separation of spee
h (using heavy tailedsour
e priors). The good performan
e of the mean �eld approa
h supportsthe belief that we get fair estimates of the posterior means and 
ovarian
es.However, a rigorous test requires either expli
it numeri
al integration whi
his possible only for low dimensional problems or Monte Carlo sampling (whi
hmay also be ina

urate in 
omplex 
ases).In the following, we will dis
uss a number of possible extensions of thiswork. One obvious extension is the modeling of temporal 
orrelations. Themost general formulation of the model with temporal 
orrelation leads tothe 
onsideration of the jun
tion tree algorithm. We are 
urrently workingon a mean �eld algorithm for online belief propagation on the jun
tion tree[Højen-Sørensen et al. 2001a℄.Optimization of the hyperparameters of the prior 
an be performed bytrivially extending the 
urrent EM algorithm. The mean �eld approa
h 
analso be used to derive leave-one-out estimators [Opper and Winther 2000b;Opper and Winther 2000
℄ that 
an be used both for optimization of hy-perparameters and model sele
tion. Model sele
tion 
an also be performedusing the (approximate mean �eld) likelihood of a test set. In 
hapter 5, theoptimization of the hyperparameters of the prior and the model sele
tionproblem is 
onsidered in an analysis of fun
tional neuroimages.Finally, it 
ould be interesting to relax some of the basi
 requirementof the model. Firstly, that of statisti
al independen
e of the sour
es. Our



4.8 Dis
ussion 79formalism 
an be extended to treat a priori Gaussian 
orrelations between(the non-Gaussian) sour
es. We should be able to estimate these 
orrelationse�e
tively by for example the linear response te
hnique. Se
ondly, the model
an be extended to nonlinear mixing by for example introdu
ing a sigmoidalsquashing of the mixed signal. This situation 
an also, with some in
reasein the 
omputational 
omplexity be, in
luded in the mean �eld framework[Opper and Winther 2000
℄.





5. Analysis of Fun
tional Neuroimages
The low signal-to-noise ratio and the many possible sour
es of variabil-ity makes re
ording from non-invasive fun
tional neuroimaging te
hniquesa most 
hallenging data analysis problem. In this 
hapter we present a
omputationally e�
ient mean �eld algorithm for noisy independent 
om-ponent analysis (ICA) with adaptive binary sour
es for exploratory analysisof fun
tional magneti
 resonan
e imaging (fMRI) data. The number of hid-den sour
es is determined using the Bayesian information 
riterion (BIC) inwhi
h the TAP free energy is used as an approximation to the likelihood.The developed algorithm is applied to both an arti�
ial data set and a set offun
tional neuroimages from a visual a
tivation study. In 
hapter 4 the start-ing point of the derivation of the mean �eld algorithm for probabilisti
 ICAwas the KL variational bound. In this 
hapter, however, we derive the mean�eld algorithm by using the 
avity approa
h whi
h leads to the adaptive TAPalgorithm examined experimentally in 
hapter 4.5.1 Introdu
tionFun
tional magneti
 resonan
e imaging (fMRI) is the 
ommon name for alarge sele
tion of non-invasive te
hniques that enables indire
t measures ofneuronal a
tivity in the working human brain. Common for these te
hniquesare that they utilize the MRI te
hnique to dete
t and measure the region-ally lo
alized physiologi
al 
hanges whi
h a

ompany neuronal a
tivation.The most 
ommon fMRI te
hnique is based on an image 
ontrast indu
ed bytemporal shifts in the relative 
on
entration of oxyhemoglobin and deoxyhe-moglobin; this is known as the blood oxygenation level dependent (BOLD)
ontrast . The working model whi
h relates to neuronal a
tivity to the mea-sured BOLD 
ontrast goes as follows [Bandettini and Wong 1998℄. An in-
rease in neuronal a
tivity 
auses lo
al vasodilatations whi
h in turn 
ausesan in
rease in blood �ow; the so-
alled hemodynami
 response. This resultsin an ex
ess of oxygenated hemoglobin beyond the metaboli
 need, thus re-du
ing the proportion of paramagneti
 deoxyhemoglobin in the vas
ulature.This in turn leads to a redu
tion in sus
eptibility di�eren
es in the vi
in-ity of veinules, veins and red blood 
ells within veins, whi
h thereby 
auses
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tional Neuroimagesan in
rease in spin 
oheren
e and therefore an in
rease in the measured sig-nal in T2=T2� weighted sequen
es. For the uninitiated, a ni
e dis
ussion onhow brain metabolism relates to the BOLD signal 
an be found in [Barinaga1997℄. The typi
al fMRI a
tivation study 
onsists of maintaining a healthyvolunteer in 
ontrolled mental states; typi
ally a baseline 
ontrol state and ana
tive task state. The temporal 
ourse of the baseline/a
tivation paradigmis denoted the referen
e fun
tion. The BOLD signal is the regional hemody-nami
 response to fo
al neuronal a
tivation. Being dispersed in both spa
eand time, the hemodynami
 response severely 
onfounds the interpretationof the neuronal a
tivation from the BOLD signal. Needless to say, the neu-ronal response may itself 
onsist of multiple 
omponents besides the a
tivityindu
ed by the stimulus.Bandettini et al. [Bandettini et al. 1993℄ analyzed the 
orrelation betweena binary referen
e fun
tion and the BOLD signal. Lange and Zeger [Langeand Zeger 1997℄ dis
uss a parameterized hemodynami
 response adapted bya least squares pro
edure whereas multivariate strategies have been pur-sued in [Worsley et al. 1997℄ and [Hansen et al. 1999℄. Several explorativestrategies have been proposed for �nding spatio-temporal a
tivation patternswithout expli
it referen
e to the a
tivation paradigm. M
Keown et al. [M
Ke-own et al. 1998℄ used the independent 
omponent analysis algorithm of [Belland Sejnowski 1995℄ to identify spatially independent patterns and foundseveral types of a
tivations in
luding 
omponents with �transient task re-lated� response, i.e., responses that 
ould not simply be a

ounted for bythe paradigm; su
h 
omponents would typi
ally not be identi�ed by a sim-ple prin
ipal 
omponent analysis (PCA) sin
e they would tend not to beorthogonal to the task. Other authors have argued for identifying temporallyindependent patterns, e.g. [Hansen 2000℄; a 
omparative study of temporaland spatial ICA approa
hes for analyzing fMRI were 
arried out in [Petersenet al. 2000℄. While previous ICA approa
hes su

eeded in �nding task re-lated 
omponents, the ICA s
hemes applied were not well-mat
hed to thebinary on/o� 
hara
ter of the stimulus (see also [Petersen et al. 2000℄ forfurther dis
ussion of this point). Hen
e, in this 
hapter we will fo
us on themore appropriate binary sour
e distribution assumption. Furthermore, it isinteresting to note that when analyzing the signals for spatially independent
omponents, the binary sour
e assumption 
orresponds to another popularapproa
h for exploratory analysis of fMRI, namely wave form 
lustering. Thebinary spatial 
omponent 
an be viewed as the binary asso
iation of pixelswith the 
orresponding time 
ourse; see e.g. [Goutte et al. 99℄ for use of 
lus-tering te
hniques for fMRI analysis. A extensive dis
ussion of the statisti
allimitations in fun
tional neuroimaging 
an be found in [Petersson et al. 1999℄.The ICA te
hnology invoked here for analyzing fMRI makes use of ad-van
ed mean �eld (or alternatively variational) methods to 
arry out approx-imative posterior inferen
e in the generative ICA model; this is des
ribed ingreater detail in 
hapter 4. To the best of our knowledge all generative ICA



5.2 The generative model for noisy ICA 83models whi
h until now have been used for analyzing fun
tional neuroimageshave been assuming un
onstrained 
ontinuous hidden sour
es. An elaboratelist of referen
es of su
h ICA algorithms and appli
ations 
an be found ine.g. [Lee 1998; Girolami 2000℄.The 
hapter is organized as follows. In se
tion 5.2 and 5.3, we develop a
omputationally e�
ient algorithm for learning and inferen
e in a noisy ICAmodel with adaptive binary f0; 1g-sour
es, based on the 
avity mean �eldapproa
h of [Opper and Winther 2000
℄. In se
tion 5.4, the number of hiddensour
es is determined by the Bayesian information 
riterion (BIC) using theTAP free energy as an approximation to the likelihood. In se
tion 5.5 and5.6 we show some results on an arti�
ial data set and a real fMRI data set,respe
tively. We end this 
hapter with a dis
ussion in se
tion 5.7.5.2 The generative model for noisy ICASpatial and temporal ICA of fun
tional neuroimages are both based on thede
omposition of the spatio-temporal observations in terms of a sum of pair-wise �outer-produ
ts� of a set of 
hara
teristi
 images and time series. Herewe follow [Hansen 2000; Højen-Sørensen et al. 2001b℄ and 
onsider noisy mix-tures. For simpli
ity we present the theory for the 
ase of temporal ICA, hen
eassuming that the observation 
an be 
onsidered as a sum of 
hara
teristi
images a
tivated by a set of 
orresponding independent times series. How-ever, the 
hoi
e is arbitrary and in the experimental evaluation we use thetheory for both spatial and temporal analysis of fMRI.As for the model from 
hapter 4, the generative model 
onsidered in this
hapter assumes the D observations xt = fxdtg at time t = 1; : : : ; N to be aninstantaneously mixing of I hidden independent sour
es st = fsitg 
orruptedwith additive white Gaussian noise "t with 
ovarian
e �, i.e.xt = Ast + �t ; (5.1)where A is the mixing matrix. It is useful to 
onsider the 
anoni
al param-eterization of the likelihood of the model parameters 
L = fA;�g andsour
es st,p(xtj
L; st) = p(xtjJ ;�t; st) = Z�1L;te� 12sTt Jst+�Tt st : (5.2)where logZL;t = 12 log det 2�� + 12xTt ��1xt is the log partition fun
tion,and we have introdu
ed the intera
tion-matrix J and the data dependentexternal �eld �t given respe
tively byJ = AT��1A and �t = AT��1xt : (5.3)The aim of independent 
omponent analysis is to re
over the unknown quan-tities; the sour
es S = fstg, the mixing matrix A and the noise 
ovarian
e�



84 5. Analysis of Fun
tional Neuroimagesgiven an observed set of data X = fxtg. This 
an be done using the general-ized EM algorithm in whi
h the expe
ted su�
ient statisti
s hsti and hstsTt iare 
omputed based on an approximation to the posterior density of the hid-den sour
es. The quality of the expe
ted su�
ient statisti
s depends on themean �eld method used in approximating the sour
e posterior. A 
omparativestudy of the solution to the inferen
e problem provided by a naive mean �eld(variational) approa
h and the more advan
ed linear response 
orre
tion andadaptive TAP approa
h was 
arried out in [Højen-Sørensen et al. 2001
℄ in
ontext of the noisy ICA model. In 
ontrast to [Højen-Sørensen et al. 2001
℄we will in this 
hapter use the 
avity approa
h [Opper and Winther 2000
℄ toobtain a set of mean �eld equations as well as an approximation to the proba-bility of the observed data, i.e. the minus free energy. Sin
e this 
hapter dealswith re
overing hidden sour
es from fun
tional neuroimages, i.e. very largedata sets, we will, however, due to the 
omputational 
omplexity of the linearresponse 
orre
tions and the adaptive TAP approa
h only be 
onsidering theexpe
ted su�
ient statisti
s provided by the naive mean �eld approa
h.5.3 Cavity mean �eld and adaptive TAP for noisy ICAWe obtain the set of mean �eld equations for the noisy ICA model followingthe adaptive TAP approa
h of [Opper and Winther 2000
℄ whi
h 
onsidersprobabilisti
 models of the typep(st) / �(st)e 12 sTt ~Jst+�Tt st ; (5.4)where the intera
tion-weights are symmetri
, ~Jij = ~Jji, and ~Jii = 0 su
hthat all self-intera
tions are 
ontained in the single variable 
onstraint �(st) =Qi �(si;t). Hen
e, for the noisy ICA we �rst have to remove all self-intera
tionterm in the likelihood into the single variable 
onstraint. For notational sim-pli
ity 
onsider a parti
ular example x = fxig, i.e. we will in the followingsuppress the subs
ript t. Furthermore, let 
S = f�ig denote the parametersof the sour
e model 
onsisting of I hidden sour
es parametrized by �i and let
 = f
L;
Sg denote the entire set of model parameters. The adaptive TAPapproa
h was derived in se
tion 3.3.4 for models with probability densitiesgiven by eq. (5.4). In 
ontext of the probabilisti
 ICA model the distributionof interest is the sour
e posteriorp(sj
;x) / p(s)Z�1L e� 12sTJs+�T s : (5.5)Hen
e, all we need to do now is to express �(s) and ~J in terms of p(s) andJ . Clearly, we have�(s) = p(s)Z�1L e� 12sTdiag(J)s (5.6)~J = diag(J)� J : (5.7)
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e, using the 
avity approa
h we dire
tly get the following approximationto the marginal sour
e posteriorp(sij
;x) / p(si)e 12 (Vi�Jii)s2i+(�i+
i)si ; (5.8)where p(si) is the prior distribution asso
iated to the i'th sour
e and themean of the 
avity �eld is given by
i = �Xj (1� Æij)Jijmj � Vimi ; (5.9)where Vi is the varian
e of the 
avity �eld andmi is the posterior mean of thehidden sour
es si. The �rst set of mean �eld equations are obtained dire
tlyfrom eq. (5.8) by noti
ing that �i a
ts as an external �eld from whi
h allposterior 
umulants of the sour
es 
an be obtained. Using the linear responsetheorem an improved estimate of the posterior sour
e 
ovarian
e � 
an beobtained�LR = (�+ J)�1 ; (5.10)where J = fJijg is the matrix of intera
tion-weights and� � diag (�1; �2; : : : ; �N) ; where �i � Vi +��mi��i ��1 � Jii : (5.11)In the adaptive TAP approa
h proposed by [Opper and Winther 2000
℄ thevarian
e of the 
avity �eld is estimated by requiring 
onsisten
y in the poste-rior varian
e �MFii obtained by the naive mean �eld approa
h and the poste-rior varian
e �LRii obtained through linear response 
orre
tion whi
h providethe se
ond set of mean �eld equations. To 
arry out any form of model sele
-tion we need to be able to 
ompute the likelihood, i.e. the probability of theobserved data given the model parameters 
 asso
iated to a modelM. Thisis 
learly intra
table sin
e we have to marginalize the hidden sour
es whi
hare 
oupled through the observed data. However, following se
tion 3.3.4 weobtain an approximation to the (minus) log-likelihood given by the TAP freeenergy� log p(xj
) = �Xi log Z dsip(si)e 12 (Vi�Jii)s2i+(�i+
i)si�12mT (J � diag(J))m+ logZL�12Xi Vi�ii � 12 log det�+ 12Xi log�ii (5.12)Although the presented mean �eld theory is feasible for a large 
lass ofsour
e priors (see 
hapter 4 for details) we will in this parti
ular appli
ationrestri
t ourself to 
onsider binary f0; 1g�sour
es parameterized by



86 5. Analysis of Fun
tional Neuroimagesp(si;t) = �si;ti (1� �i)1�si;t ; (5.13)where �i is the mean of the binary sour
es. The set of mean �eld equationsfmig are readily obtained by utilizing the external �elds f�ig, i.e.mi = hSii = ���i logZi = �ie 12 (Vi�Jii)+(�i+
i)�ie 12 (Vi�Jii)+(�i+
i) + (1� �i) ; (5.14)where Zi is the partition fun
tion asso
iated to the posterior p(sij
; xi), i.e.the likelihood p(xij
), obtained when using the eq. (5.8) as an approximationto the 
omplete likelihood. The response fun
tion needed to improve theestimate for posterior sour
e 
ovarian
e is then given by�mi��i = (1�mi)mi : (5.15)In se
tion 5.5 and 5.6 we will only 
onsider expe
ted su�
ient statisti
s ob-tained by the naive mean �eld approa
h whi
h is then used in the E-step toget improved estimates of the mixing matrix A, noise 
ovarian
e matrix �and sour
e parameters f�ig. Using the naive mean �eld ansatz the approx-imation to the log-likelihood is readily obtained from the TAP free energyeq. (5.12), i.e.log p(xj
) =Xi log Z dsip(si)e� 12Jiis2i+(�i+
i)si+12mT (J � diag(J))m� logZL : (5.16)In se
tion 5.4, this approximation to the log-likelihood is used together withthe Bayesian Information Criterion (BIC) to determining the number of in-dependent sour
es in the observed data.5.4 Estimating the number of sour
esThe above development was predi
ated at ICA with a �xed number of sour
es.When applying the model to real world data the number of latent 
omponentsis unknown. In [Hansen et al. 1999; Hansen 2000℄, the number of 
omponentswere determined for PCA and ICA, respe
tively using test set methods, e.g.testing how well a �tted model on one set fMRI data generalizes to anotherindependent set. This approa
h, however, 
an su�er from basi
 violations ofthe underlying statisti
al assumptions of stationarity a
ross multiple runs.Here we suggest to use an approximate Bayesian approa
h. The Bayesianinformation 
riterion (BIC) [S
hwarz 1978℄ is an approximation to the logmarginal likelihood p(X jM), whereM denotes the model. In 
ontext of thenoisy ICA model eq. (5.1) the modelM is simply determined by the number
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es 87of hidden sour
es I . The log marginal likelihood is obtained by marginalizingthe model parameters 
, i.e.p(X jM) = Z d
ef(
)p(
jM) ; (5.17)where f(
) = log p(Xj
;M) denotes the log likelihood asso
iated to modelM . As the amount of the data,N , grows to in�nity the log likelihood be
omesmore sharply peaked in the neighborhood around its maximum ~
. Hen
e, areasonable approa
h is to evaluate the integral by Lapla
e integration, i.e. toapproximate the log likelihood byf(
) � f(
̂) + 12(
 � 
̂)TH(
 � 
̂) ; (5.18)and evaluate the integral asp(X jM) � ef(
̂) Z d
e 12 (
�
̂)TH(
�
̂)p(
jM) (5.19)� ef(
̂)p(
̂jM) Z d
e 12 (
�
̂)TH(
�
̂) (5.20)= ef(
̂)p(
̂jM)pdet(�2�H) ; (5.21)where the se
ond approximation follows from the assumption that the priorp(
jM) 
an be regarded as 
onstant in the vi
inity of the sharp peak at 
̂and the equality follows from assuming that �H is positive de�nite. The logmarginal likelihood is then approximated bylog p(XjM)� log p(Xj
̂;M)+logp(
̂jM)� 12 log det(�2�H) (5.22)� log p(Xj
̂;M)� j
j2 logN ; (5.23)where j
j denotes the number of model parameters asso
iated to model Mwhi
h in this 
ase is the number of sour
es. The last approximation followsfrom retaining only those terms that in
rease with the sample size, i.e. the log-likelihood whi
h in
reases linearly with N and log det(�H) whi
h in
reasesas j
j logN . The approximation eq. (5.23) is the Bayesian information 
ri-terion (BIC). We see that the BIC 
ombine the likelihood with some penaltyrelating to the 
omplexity of the model. Furthermore, it obviates the need forparameter priors although the derivation assumes that the prior is non-zeroaround 
̂. Noti
e that the BIC is only stri
tly valid for models with 
ompletedata, i.e. where the values of all variables are spe
i�ed in ea
h training 
ase.In the presen
e of hidden variables the log-likelihood does not ne
essarilytend toward a peak as the sample size in
reases. In fa
t, it turns out that themodel penalizing term in the BIC in that 
ase is the rank of the Ja
obianmatrix of the transformation between the parameters of the network and
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tional Neuroimagesthe parameters of the observable variables [Geiger et al. 1998℄. However, forthe present model we have an approximation for the likelihood of the modelparameters, i.e. we have been able to marginalize the hidden variables andhen
e taken into a

ount the volume 
ontribution arising from that integral.Hen
e, provided the TAP free energy yields a reasonable approximation tothe likelihood we are in a perfe
tly valid position to use the BIC for 
ompletedata.5.5 Analysis of an arti�
ial data setIn this se
tion we test the algorithm on a data set with known ground truth.A total of 500 samples, ea
h 
onsisting of 50 observations, was drawn fromthe generative model with 5 hidden sour
es with mean � = (:2; :25; :5; :5; :8)and noise 
ovarian
e � = �2I, where �2 = 1. In all the experiments pre-sented in this 
hapter we have assumed diagonal noise 
ovarian
e matrixwith 
ommon varian
e �2. Figure 5.1(a) shows as a fun
tion of the numberof hidden sour
es I , the log marginal likelihood p(XjI) 
omputed using theBIC with both the exa
t likelihood and the approximation provided by thefree energy. The log marginal likelihood for the hypothesis that no non-trivialindependent 
omponents are present in the data is shown assuming Gaussiannoise with free 
ovarian
e and 
ommon varian
e. The log marginal likelihoodshown in the �gure is the average of 50 random parameter initializations. Wesee that the BIC is su

essful in dete
ting the right number of hidden sour
es.Although the free energy provides a lower bound on the log-likelihood, it isworth noti
ing that the free energy indeed provides a very a

urate estimateof the log-likelihood when the data has more independent 
omponents thanthe generative model being �tted. However, when the data has fewer indepen-dent 
omponents than the �tted model the free energy tends to underestimatethe log-likelihood signi�
antly and hen
e also the log marginal likelihood. Asmentioned in se
tion 5.4 this happens when there are many likely 
on�gura-tions of the model parameters and the latent sour
es; this is espe
ially the
ase when the data is �tted by a too �exible model. Figure 5.1(b) shows ahistogram of the estimated sour
e parameters � for 500 random parameterinitializations. This �gure 
learly suggests that it is possible to re
over thesour
e parameters from the observed data.5.6 Analysis of a fMRI data setIn this se
tion we analyze a fMRI data set a
quired during a visual a
tiva-tion study. The data set was a
quired by Dr. Egill Rostrup, Danish Centerof Magneti
 Resonan
e Resear
h. A single sli
e fMRI s
an were a
quired ev-ery 330 millise
ond in a para-axial orientation parallel to 
al
arine sul
us
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µ(a) (b)Fig. 5.1. Analysis of an arti�
ial data set with D = 50, M = 5 and N = 500. Inthis experiment the sour
e parameters were � = (:2; :25; :5; :5; :8). (a) shows the logmarginal likelihood as a fun
tion of the number of hidden sour
es. The log marginallikelihood is 
omputed using both the exa
t likelihood and the free energy. At I = 0the log marginal likelihood is 
al
ulated for a Gaussian with both a free 
ovarian
e(Æ) and a diagonal 
ovarian
e with 
ommon varian
e (�). (b) shows the histogramof the estimated sour
es parameters from 500 random initializations. The histogram
learly re�e
ts the true statisti
s of the underlying sour
es.using T2�-weighted EPI (� 1.5 T). Ea
h run of the experimental paradigm
onsisted of 30 s
ans of �xation, 30 s
ans of stimulation and 60 s
ans of post-stimulus �xation and was repeated 10 times. The visual a
tivation 
onsistedof an annular full-�eld 
he
kerboard reversing at 8 Hz. This is a very strongstimulus of the primary visual areas and we expe
t these to respond with anotable on-o� a
tivation.To redu
e the 
omputational 
ost we extra
ted the voxels belonging tothe brain using a simple morphologi
al masking pro
edure on the single sli
e.We perform spatial and temporal ICA for the resulting 4196x120 matrix ofobservations, both with varying number of 
omponents.In �gure 5.2 we show in panel (a) the log marginal likelihood as fun
tionof the number of 
omponents for temporal ICA. A generative ICA modelwith a single latent 
omponent is optimal in this 
ase, and in panel (b)we show the inferred posterior mean of the sour
e and the on-o� binaryreferen
e fun
tion (with values 0 and 0.5 for 
larity). The ICA time seriesshows a few s
attered a
tivations and a large 
ontiguous a
tivation beginningapproximately 3 se
onds (10 s
ans) after stimulus onset. This is 
onsistentwith typi
al hemodynami
 delays found in primary visual 
ortex [Bandettiniand Wong 1998℄. The spatial pattern asso
iated to the inferred sour
e ispresented in panels (
) and (d). In (
) we show the 2.5 % most positive (white)and negative (bla
k) a
tivation �hot spots� superimposed on an anatomi
alba
kground whi
h has the same spatial resolution as the data. In panel (d)we provide a quantitative representation of the spatial pattern. The spatial
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) (d)Fig. 5.2. Analysis of a fMRI data set using temporal binary ICA. (a) shows thelog marginal likelihood as a fun
tion of the number of hidden sour
es. At I = 0the log marginal likelihood is 
al
ulated for a Gaussian with 
ommon varian
e. (b)shows the experimental paradigm (in solid) and the inferred sour
es. (
) shows the.025 (bla
k) and .975 (white) fra
tiles of the values in the eigenimage superimposedon an anatomi
al referen
e. (d) shows a quantitative representation of the spatialpattern retaining only the 0.1 and 0.9 fra
tiles of the eigenimage.pattern is dominated by a large 
luster of pixels in the primary visual areas.We note two relatively weak, but bilateral negative a
tivations that 
ould beauditive regions that are pro
essing audible s
anner noise when the subje
tis not attending to visual input, as suggested in [Petersen et al. 2000℄ for thesame data set.In �gure 5.3 we present the results of sear
hing for spatially independent
omponents. In panel (a) we show the log marginal likelihood with nine be-ing the most probable number of latent 
omponents. This is 
onsistent with[M
Keown et al. 1998℄ who found a high number of interpretable 
omponentsusing spatial ICA. In panel (b) and (
) we show the binary images and theasso
iated time series. The time series have been globally post-normalizedsu
h that the maximal value is 1. Noti
e that some of the binary images are
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)Fig. 5.3. Analysis of a fMRI data set using spatial binary ICA. (a) shows the logmarginal likelihood as a fun
tion of the number of hidden sour
es. At I = 0 thelog marginal likelihood is 
al
ulated for a Gaussian with 
ommon varian
e. The logmarginal likelihood is the average of 30 random parameter initializations. (b) showsthe posterior mean of the nine hidden binary images. (
) shows the 
orrespondingresponses asso
iated to ea
h of the nine hidden images.mainly in the o�-state, while others are mainly in the on-state. In parti
ular,two 
omponents (4 and 7) have strong responses whi
h are highly 
orrelatedwith the stimulus. Furthermore, these two 
omponent time series are a
tiveonly in the expe
ted regions for visual stimulation. The weaker signals are
onfounds that are found globally (
omponents 1,3,5,6,8,9) or lo
ally (
om-ponents 2).



92 5. Analysis of Fun
tional Neuroimages5.7 Dis
ussionIn this 
hapter we presented a general approa
h to ICA with binary sour
esand applied to a fMRI data set from a visual a
tivation study. It was ar-gued that a binary sour
e assumption is indeed appropriate for explorativeanalysis of the on-o� type of stimulation 
ommonly used in fMRI a
tivationstudies. We proposed using the BIC as an approximation for the log marginallikelihood and used this to determine the number of hidden sour
es. We ap-plied the s
heme for both spatial and temporal ICA. Interestingly, the twomodels lead to rather di�erent �optimal� des
riptions. While both agree onthe form of the image and time series for the a
tivation 
omponents, thespatial ICA suggest to invoke eight additional independent 
omponents withweaker signal strengths in the optimal model. Future studies should be aimedat understanding of the signi�
an
e of this observation.



6. Approximate Message Passing
In this 
hapter we des
ribe a possible approa
h for 
arrying out approximatemessage passing in probabilisti
 models for whi
h marginalization of some ofthe 
lique potentials turns out to be intra
table. The approa
h is illustratedon a generative model for on-line 
lassi�
ation as well as on a simple extensionof the previously 
onsidered probabilisti
 ICA model whi
h takes into a

ounttemporal 
orrelations between sour
es. Common for these two probabilisti
models is that they 
an be spe
i�ed in terms of the DAG for the state-spa
e model 
onsidered in se
tion 2.4.2. Although the approa
h, at least inprin
iple, is generally appli
able, the two di�erent examples suggest that thesu

ess of this methodology is highly dependent of the parti
ular probabilisti
model under 
onsideration.6.1 Moment passing s
hemeThe easiest way to illustrate the moment passing s
heme is to apply it ona spe
i�
 model. Figure 6.1 shows a fragment of the jun
tion tree asso
i-ated to the state-spa
e model analyzed in se
tion 2.4.2. With referen
e inthis fragment, let us 
onsider the forward-pass in whi
h messages are be-ing passed towards the root 
lique. Provided the separator potentials  �(xt)and ~ �(xt+1) have already been updated, we 
an now update the separatorpotential  �(xt+1) using the marginal-propagation update eq. (2.15), i.e. �(xt+1) = Z dxt �(xt) ~ �(xt+1)�(xt; xt+1) : (6.1)However, for general potentials it is not possible to analyti
ally evaluate theintegral of the produ
t of separator and 
lique potentials. In this spe
i�
 ex-ample, suppose that it is the updated separator potential  �(xt) whi
h ren-ders an analyti
ally evaluation of the integral impossible. Instead, providedthe evaluation of the integral be
omes doable, simply by repla
ing  �(xt)with an appropriate Gaussian approximation, we 
ould then 
arry out theapproximate marginal-propagation update �(xt+1) = Z dxt �g (xt) ~ �(xt+1)�(xt; xt+1) ; (6.2)
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)Fig. 6.1. Illustration of the moment passing s
heme. Shows a fragment of thejun
tion-tree asso
iated to the state-spa
e model. In this example all the separatorpotentials f �(xt)g are being approximated by Gaussians in the BKL sense.where  �g(xt) is a Gaussian approximation to the separator potential  �(xt).In order to pro
eed further with the message passing re
ursion we need to
al
ulate a Gaussian approximation to the newly updated separator poten-tial  �(xt+1). One way to obtain the mean and varian
e of this Gaussianapproximation is to 
al
ulate the 
umulant generating fun
tionK(�) = log Z dxt+1 �(xt+1)e�xt+1 ; (6.3)and �nd the �rst two 
umulants, �1 and �2, using the relation�k = � �k��kK(�)������=0 : (6.4)Besides of providing the mean and varian
e dire
tly, another advantage ofusing the 
umulant generating fun
tion instead of the moment generatingfun
tion is that we do not need to know the normalization of the produ
t ofpotentials. In the next se
tion we illustrate this s
heme on a model for on-line
lassi�
ation.6.2 A generative model for on-line 
lassi�
ationAlthough the following generative model seems somewhat arti�
ial it is
losely related to a Bayesian approa
h for on-line learning known as assumed-density �ltering (e.g. see [Opper 1998℄ or more re
ently [Minka 2001℄). In theBayesian approa
h for on-line learning, the 
ases in the training set are beingpro
essed sequentially in su
h a way that the posterior after one training ex-ample a
ts as the prior for the next. In this se
tion we 
onsider a generativemodel for on-line 
lassi�
ation (with labels yt = �1) given by



6.2 A generative model for on-line 
lassi�
ation 95p(x0) = N (0;�0) (6.5)p(xtjxt�1) = N (Axt�1;�) (6.6)p(ytjxt) = �(ytwTxt) : (6.7)Sin
e this model possesses the same 
onditional independen
e relations asthe state-spa
e model from se
tion 2.4.2 we 
an reuse the jun
tion-tree from�gure 2.8. In that 
ase the potentials are given by�(x0; y0) = �(y0wTx0)N (0;�0) (6.8)�(xt;xt+1) = N (Axt;�) (6.9)�(xt; yt) = �(ytwTxt) : (6.10)In this se
tion we will only 
onsider the forward re
ursion sin
e the ba
kwardre
ursion essentially follows along the same lines. Assume that we have al-ready made a Gaussian approximation to the separator potential  �(xt); inother words we assume that we have at hand �g (xt) = N (�tjt;�tjt) : (6.11)The marginal-propagation update for the next separator potential  (xt+1)is then given by �(xt+1) = ~ �(xt+1) Z dxt �g(xt)�(xt;xt+1) (6.12)= ~ �(xt+1)N (�t+1jt;�t+1jt) ; (6.13)where the mean �t+1jt and the 
ovarian
e matrix �t+1jt of the one-step-ahead predi
tor 
an be 
omputed byN = 
N (xt;�tjt;�tjt)N (xt+1;Axt;�)�1jxt+1 (6.14)= �N� �� xtxt+1� ; ��Ttjt�tjt0 � ; ��tjt +AT�A �AT���A I ���1jxt+1 (6.15)= N�(xt+1;
t+1jt;�t+1jt) : (6.16)Here we have made use of the 
anoni
al parameterization of the Gaussiandensity to �nd the 
anoni
al parameters for the one-step-ahead density
t+1jt = �A ��tjt +AT�A��1�Ttjt�tjt (6.17)�t+1jt = ���A ��tjt +AT�A��1AT� : (6.18)By applying the matrix inversion lemma eq. (A.9) we 
an obtain the 
orre-sponding mean and 
ovarian
e matrix�t+1jt = A�tjt (6.19)�t+1jt = A�tjtAT +� ; (6.20)whi
h we alternatively 
ould have derived dire
tly by taking the 
onditionalexpe
tation and varian
e of xt+1 = Axt + ", where the 
onditioning is on
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e fy1; y2; : : : ; ytg and " is Gaussian noise with 
ovarian
ematrix �.To 
omplete the update of the separator potential  (xt+1) we need to
onsider the e�e
t of multiplying the label driven potential ~ �(xt+1) ontothe Gaussian one-step-ahead predi
tor. Sin
e this is obviously trivial for the
ase where the 
lass label Yt+1 is not observed we only 
onsider here the 
asewhere Yt+1 = _yt+1. In this 
ase the 
umulant generating fun
tion for theupdated separator potential is given byK(�) = log Z dxt+1�( _yt+1wTxt+1)N (�t+1jt;�t+1jt)e�Txt+1 (6.21)= 12�T�t+1jt� + �Tt+1jt� + logL(�) ; (6.22)whereL(�) = Z dxt+1�( _yt+1wTxt+1)N (~�t+1jt;�t+1jt) (6.23)= Z dsdxt+1Æ(s� _yt+1wTxt+1)�(s)N (~�t+1jt;�t+1jt) ; (6.24)and ~�t+1jt = �t+1jt + �t+1jt�. In eq. (6.24) we have introdu
ed the news
alar variable s = _yt+1wTxt+1 by making use of the delta-fun
tion tri
k.Sin
e the distribution of this new variable is 
learly Gaussian we 
an �nd themean and varian
e by dire
t 
al
ulations�s = hsi = _yt+1wT hxt+1i = _yt+1wT ~�t+1jt (6.25)
s2� = wT 
xt+1xTt+1�w = wT (�t+1jt + ~�t+1jt ~�Tt+1jt)w (6.26)�2s = h(s� hsi)2i = 
s2�� hsi2 = wT�t+1jtw : (6.27)Hen
e we haveL(�) = Z ds�(s)N (�s ; �2s) (6.28)= r�s2� exp��12�s�2s�Z ds�(s) exp��12�ss2 + 
ss� (6.29)= ��
s=p�s(�s + 1)� ; (6.30)where �s = 1=�2s and 
s = �s�s. To obtain the last equation we have madeuse of the following resultZ dx exp��12ax2 + bx��(
x+ d) = �( b
+adpa2+a
2 )paD( bpa ) ; a > 0 : (6.31)The 
umulant generating fun
tion asso
iated to the updated separator po-tential  �(xt+1) therefore redu
es to
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lassi�
ation 97K(�) = 12�T�t+1jt� + �Tt+1jt� + log� (�t+1) ; (6.32)where we for notational 
onvenien
e have introdu
ed�t+1 = _yt+1wT (�t+1jt +�t+1jt�)q1 +wT�t+1jtw : (6.33)The mean is then found by taking the derivative�K(�)��T = �T�t+1jt + �Tt+1jt + D(�t+1)�(�t+1) ��t+1��T (6.34)= �T�t+1jt + �Tt+1jt + D(�t+1)�(�t+1) _yt+1wT�t+1jtq1 +wT�t+1jtw ; (6.35)and evaluate it in � = 0 whi
h then yields the mean of the newly updatedseparator potential�t+1jt+1 = �t+1jt + D(�(0)t+1)�(�(0)t+1) _yt+1wT�t+1jtq1 +wT�t+1jtw ; (6.36)where �(0)t+1 denotes �t+1 evaluated in � = 0, that is�(0)t+1 = _yt+1wT�t+1jtq1 +wT�t+1jtw : (6.37)Similarly, to derive the 
ovarian
e matrix we start by 
al
ulating the Hessian�2K(�)����T = �t+1jt +� ��� D(�t+1)�(�t+1)� _yt+1wT�t+1jtq1 +wT�t+1jtw (6.38)where we have introdu
ed��� D(�t+1)�(�t+1) = �H(�t+1)��t+1�� ; (6.39)andH(�t+1) = ��t+1 + D(�t+1)�(�t+1)� D(�t+1)�(�t+1) : (6.40)Evaluating the Hessian in � = 0 yields the 
ovarian
e matrix of the newlyupdated separator potential�t+1jt+1 = �t+1jt �H(�(0)t+1)�t+1jtwwT�t+1jt1 +wT�t+1jtw : (6.41)
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Fig. 6.2. Gain fa
tors for the parameter updates in the on-line 
lassi�
ation model.The gain fa
tor for the mean and 
ovarian
e matrix is D(�)=�(�) and H(�), re-spe
tively.The basis 
ase for the forward re
ursion is readily identi�ed from the ordinarydatum update re
ursion, sin
e the 
umulant generating fun
tion in the basis
ase basi
ally is of the same type as eq. (6.21). Hen
e the basis 
ase for theforward re
ursion is given by�0j0 = r 2� _y0wT�0p1 +wT�0w (6.42)�0j0 = �0 � 2� �0wwT�01 +wT�0w : (6.43)Figure 6.2 shows as a fun
tion of �t+1 the gain fa
tor for both the mean and
ovarian
e updates. Essentially this �gure shows that we tend to make themost radi
al parameter 
hanges when the observed labels are very unlikelyunder our one-step-ahead predi
tive distribution. Similarly, we tend not tomake any 
hanges to the parameters as long as we are predi
ting well; inother words we simply dis
ount the value of unsurprising labels.After having pro
essed the entire dataset sequentially using these forwardre
ursions we are left with �ltered state estimates. Obviously, we 
ould 
arryout a subsequent set of ba
kward re
ursions whi
h would provide us withsmoothened state estimates. However, it should always be kept in mind thatboth the �ltered and smoothened state estimate is just an approximation tothe true posterior density.
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Fig. 6.3. Graphi
al representation of a generative model for ICA with temporal
orrelated sour
es. The 
onne
tions from ea
h of the sour
es in Xt to every mi-
rophone in Y t are not shown expli
itly but simply implied by a single 
onne
tionbetween Xt and Y t. The gray horizontal arrow shows the temporal dependen
e ofea
h sour
e as well as the a priori independen
e between sour
es.6.3 ICA with temporal 
orrelated sour
esIn this se
tion we 
onsider the impli
ation of performing the moment passings
heme on a generative model for ICA with temporal 
orrelated sour
es. Themodel, whi
h is a simple extension of the ICA model 
onsidered in 
hapter 4,takes the formp(x0) =Ym 12�(m)0 e��(m)0 jx(m)0 j (6.44)p(xtjxt�1) =Ym 12�(m)e��(m)jx(m)t �x(m)t�1j (6.45)p(ytjxt) = N (Axt;�) ; (6.46)where �(m)0 and �(m) is the Lapla
ian de
ay rates asso
iated to the m'thsour
e. The graphi
al representation of this model is shown in �gure 6.3.Whereas the intra
table part of the inferential step for the on-line 
lassi�
a-tion model was the measurement update, it is in this 
ase the time updatewhi
h is 
omputationally intra
table. We de�ne the following set of potentials�(x0;y0) = N (Ax0;�)Ym 12�(m)0 e��(m)0 jx(m)0 j (6.47)�(xt;xt�1) =Ym 12�(m)e��(m)jx(m)t �x(m)t�1j (6.48)�(xt;yt) = N (Axt;�) : (6.49)Again with referen
e in �gure 6.1, assume that we have already obtained �g(xt) whi
h is a Gaussian approximation to the separator potential  �(xt).



100 6. Approximate Message PassingWe now follow along the same lines as in se
tion 6.2 and 
al
ulate the 
umu-lant generating fun
tion of the updated potential  �(xt+1). Sin
e the likeli-hood is Gaussian we will, however, this time, restri
t ourself to �nd a Gaussianapproximation for the time update, i.e. we 
onsider the 
umulant generatingfun
tionK(�) = log Z dxt �g(xt) Z dxt+1�(xt;xt+1)e�Txt+1 (6.50)=Xm (�(m))2(�(m))2 � (�(m))2 + log Z dxt �g(xt)e�Txt : (6.51)The �rst term in the last equation is simply a sum of 
umulant generat-ing fun
tions for zero mean Lapla
ian distributions with varian
es 2=(�(m))2whereas the last term is the moment generating fun
tion of the Gaussianapproximation  �g(xt). This is, however, kind of a depressing result sin
e itshows that the mean and the 
ovarian
e matrix of the approximating Gaus-sian for the time update  �(xt+1) is simply given by �t+1jt = �tjt and�t+1jt = �tjt+I�, respe
tively. Using this approximation the remaining re-
ursions are identi
al to the Kalman �lter (and RTS) updates. This approa
hfor temporal ICA 
learly seems dubious. However, it should be rememberedthat the usual requirement of non-Gaussian of the sour
e is not required whendealing with temporal 
orrelated sour
es.



7. Con
lusion The Road goes ever on and onOut from the door where it began.Now far ahead the Road has gone,Let others follow it who 
an!Let them a journey new begin,But I at last with weary feetWill turn towards the lighted inn,My evening-rest and sleep to meet.J.R.R. TolkienThis 
hapter summarizes the work presented in the thesis and outlines pos-sible 
on
lusions. Furthermore, in the end of this 
hapter there is given somesuggestions for possible dire
tions one 
ould go to 
arry on this work.7.1 Summary of the workIn this thesis we investigated mean �eld methods for 
arrying out approx-imate inferen
e in intra
table graphi
al models. In parti
ular, we appliedin
reasingly advan
ed mean �eld methods on a generative model for inde-pendent 
omponent analysis where the sour
es are instantaneously mixed.For a spe
i�
 family of sour
e priors we derived analyti
al expressions for theposterior mean and 
ovarian
e of the sour
es whi
h are needed for 
arryingout learning by expe
tation-maximization. In fa
t, it was shown that sim-ply guessing a reasonable fun
tional form for these quantities is su�
ient toperform sour
e separation. This is in a sense related to the 
on
ept of using
ontrast-fun
tions in blind sour
e separation. For algorithmi
 design, this isa useful property sin
e it gives us some freedom to make ICA algorithms thatonly makes use of fun
tions that are easy to evaluate. It was experimentallyshown that over
omplete ICA is not possible within the naive mean �eld ap-proa
h. However, by simply improving the naive mean �eld estimate of theposterior sour
e 
ovarian
e by a linear response 
orre
tion step it turned outthat separation of more sour
es than sensors was indeed possible.We 
arried out a exploratory analysis of a fMRI dataset from a visuala
tivation study using the 
omputationally e�
ient ICA algorithm that onegets by assuming binary sour
es. With referen
e in the experimental settingin fun
tional a
tivation studies, we motivated the seemingly naive 
hoi
eof using binary f0; 1g-sour
es in this 
ontext. We would like to emphasizethat we by no means are 
laiming that the presented generative model ofthe measured BOLD signal is solidly founded from a physiologi
al point ofview. However, this parti
ular 
hoi
e of sour
es naturally leads to a simpleinterpretation of the observed signal; something whi
h is entirely missed bymany of the �of the shelf� ICA approa
hes used in this 
ontext. In spite ofits simpli
ity, this method indeed seems to infer reasonable brain a
tivationpatterns.



102 7. Con
lusionIn the end of the thesis we 
onsidered a way for 
arrying out approximatemessage passing. There we used the moment mat
hing property of the BKLdistan
e instead of the KL divergen
e. We 
onsidered two examples; a gen-erative model for on-line 
lassi�
ation with binary labels and a generativemodel for ICA with temporal 
orrelated sour
es. However, whether or notthese models are useful remains to be investigated.The results presented in this thesis shows that we for some type of prob-abilisti
 models indeed obtain better results by using simple tri
ks su
h alinear response 
orre
tion or more advan
ed mean �eld methods like e.g.TAP. However, sin
e the 
omputational 
ost typi
ally in
reases dramati
allyfor the advan
ed mean �eld methods the improvement of the quality of thesolution should be of a 
onsiderable size before invoking these methods inpra
ti
al appli
ations.7.2 Suggestions for future workThe advan
ed mean �eld methods 
onsidered in this text are appli
able tomany of the models whi
h have been proposed in the ma
hine learning 
om-munity and for whi
h the naive mean �eld approa
h has proven to be e�
ient.It is still an open question whether the advan
ed mean �eld methods are fea-sible for any of those models. For instan
e, the naive mean �eld approa
h wasused to make approximate inferen
e in the Fa
torial Hidden Markov Model[Ghahramani and Jordan 1997℄ and it is likely that the advan
ed methodswould be able to improve the quality of the inferential step; ex
ept for thedistribution of the hidden states, this model is essentially identi
al to thegenerative model for temporal ICA 
onsidered in se
tion 6.3.At this time the persistent reader might have guessed that the subje
tof this text is deterministi
 methods (as opposed to sample based methods)for approximating inferen
e in intra
table probabilisti
 models. One obviousway for future work is of 
ourse that of 
ombining the two approximatingmodalities into one e�
ient method. In my opinion, a must more interest-ing question is how the naive mean �eld approximation and sample basedmethods are related too ea
h other as suggested in se
tion 3.2.3. Essentiallywe need to know the answer to this question in order to do better than just
ombining the two modalities in a more or less ad ho
 fashion.Another really interesting dire
tion of resear
h is that of approximateinferen
e by loopy belief propagation and its 
onne
tion to ordinary mean�eld theory. In the re
ent years there has been quite a lot of progress inthis �eld of resear
h both experimentally and theoreti
ally (e.g. see [Yedidia2000℄).



A. The multivariate Gaussian density
This appendix introdu
es the two parameterizations for the multivariateGaussian density whi
h are used in this thesis. Furthermore, for these twoparameterizations we summarize the well known results for marginalizing and
onditioning on variables in the Gaussian density sin
e these operations hap-pens to appear frequently in many highly 
elebrated statisti
al models, e.g.Gaussian linear state spa
e models and Gaussian pro
esses (also known asKriging or optimal predi
tion/interpolation models).The moment parameterization of the Gaussian density is given byN (x;�;�) = Z�1 exp��12(x� �)T��1(x� �)� ; (A.1)where � is the mean,� is the 
ovarian
e matrix and Z = j2��j1=2 is the nor-malizing 
onstant. The 
anoni
al parameterization of the Gaussian densityis given byN�(x;
;�) = Z�1� exp��12xT�x+ 
Tx� ; (A.2)where � = ��1 and 
 = ��1� are known as the 
anoni
al parameters andZ� = Z exp � 12�T��1�� is the normalizing 
onstant expressed in terms ofthe parameters asso
iated to the moment parameterization. In the 
anoni
alparameterization, the mean and 
ovarian
e matrix is obviously given by � =��1
 and � = ��1, respe
tively.In order to state the standard results for marginalization and 
onditioningof Gaussian random variables x, it is 
onvenient to partition the ve
tor x intotwo subve
tors x1 and x2 and 
onsider the joint densitiesp(�x1x2�) = N ��x1x2� ; ��1�2� ; ��11 �12�21 �22�� (A.3)= N���x1x2� ; �
1
2� ; ��11 �12�21 �22�� : (A.4)The following standard expressions essentially follows from blo
k-diagonalizingthe partitioned 
ovarian
e matrix � and the partitioned inverse 
ovarian
ematrix � as well as using knowledge about Gaussian integrals and the tri
k



104 A. The multivariate Gaussian densityof 
ompleting squares. The blo
k-diagonalizing step 
an be 
arried out usinga Gauss-elimination pro
edure in whi
h suitable matri
es are premultipliedand postmultiplied onto the partitioned matrix.In short, by 
onditioning on x2 it 
an be shown that the 
onditionaldensity expressed in terms of the two parameterizations is given byp(x1jx2) = N (x1;�1 +�12��122 (x2 � �2);�11 ��12��122 �21) (A.5)= N�(x1;
1 ��12x2;�11) : (A.6)Similarly, it 
an be shown that marginalizing with respe
t to x2 yields themarginal densityp(x1) = N (x1;�1;�11) (A.7)= N�(x1;
1 ��12��122 
2;�11 ��12��122 �21) : (A.8)Equations (A.5)�(A.8) show that there is no way of saying whi
h of the twoparameterizations are the better in terms of the 
omputational 
ost. In fa
t,while one parameterization is advantageous for one type of Gaussian manip-ulations it turns out to be disadvantageous for the other type of Gaussianmanipulations. In other words, for both parameterizations we must at sometime fa
e the 
omputationally expensive problem of inverting a matrix.When 
hanging between the two parameterizations it is 
onvenient tomake use of the matrix inversion lemma[Anderson and Moore 1979℄ whi
hestablish the identity�A�BD�1C��1 = A�1 +A�1B �D �CA�1B��1CA�1 (A.9)Furthermore, using the matrix inversion lemma and the fa
t thatCA�1BD�1 = I � �D �CA�1B�D�1 ; (A.10)we 
an now derive another useful identity�A�BD�1C��1BD�1 = A�1B �D �CA�1B��1 : (A.11)The identity provided by the matrix inversion lemma in a sense falls outduring the derivation of the marginal and 
onditional Gaussian densities. Tobe spe
i�
, let M denote the partitioned matrix and let U and L denotean upper and lower triangular matrix, respe
tively. Clearly we 
an blo
k-diagonalizeM using both UML and LMU and use both results to deriveexpressions for the inverseM�1. Obviously, the two approa
hes should yieldthe same inverse M�1. The matrix inversion lemma is then obtained bysimply equating entries in the two expressions for the inverse M�1. Sin
ethe matrix inversion lemma is derived by 
onsidering the inversion of blo
kmatri
es it seems reasonable that this identity is indeed useful when jugglingbetween the two parameterizations of the Gaussian density.
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