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t. In this paper, we develop a bottom-up �xed point semanti
sfor pure Prolog programs extended with !/0 that allows to re
onstru
tthe operational semanti
s of a parti
ular goal. Our semanti
s 
apturesboth the order in whi
h solutions are 
omputed by SLD-resolution andtheir multipli
ity.1 Introdu
tionSemanti
s of logi
 programming is an a
tive resear
h area within logi
 program-ming, and several approa
hes have been developed within the �eld to de�ne the\meaning" of a program. The ability to de�ne the meaning of a program in aformal way has a number of 
lear advantages. It 
annot only help understandingthe program, but it also provides a formal way to prove 
orre
tness of programtransformations (like e.g. partial evaluation [14℄). Furthermore, abstra
ting asuitable semanti
s is an appealing way to derive 
orre
t program analyses ortransformations. One of the most attra
tive features of logi
 programming is theequivalen
e between the so-
alled de
larative (or �xed point) semanti
s of a logi
program and its operational semanti
s. In its most basi
 form, the de
larativesemanti
s of a logi
 program P is de�ned as its minimal Herbrand model, whi
h
an be shown equivalent [26℄ to the su

ess set of the program, when the latteris de�ned as the set of ground atoms that 
an be refuted in P .The s-semanti
s approa
h [12, 5℄ to logi
 programming extends this basi
equivalen
e result by allowing variables in the Herbrand universe. The resulting�xed point semanti
s 
omputes a denotation of a program P that, when 
om-bined with an atomi
 query, 
hara
terises exa
tly the set of 
omputed answersubstitutions of that query in P . By abstra
ting the �xed-point semanti
s, one
an obtain a program analysis that 
omputes goal-independent analysis resultsthat 
orre
tly model the 
omputed answer substitutions 
reated when 
onstru
t-ing refutations. This makes the s-semanti
s an appealing semanti
s for programanalysis and transformation and it has been used as a foundation of severalabstra
t interpretation frameworks [3, 9℄.Appealing as the s-semanti
s approa
h may be for logi
 program analysisand transformation, it does not model any 
ontrol information that is asso
iatedwith evaluating a Prolog program. While the s-semanti
s 
orre
tly models the
omputed answer substitutions that are 
omputed by SLD-resolution, it does



not model the order in whi
h these answers are 
omputed, nor their multipli-
ity. Consequently, the s-semanti
s is not a suÆ
ient basis for the analysis ortransformation of Prolog programs when order and multipli
ity of the 
omputedanswers need to be preserved. These 
ontrol aspe
ts are important when analys-ing Prolog programs, in parti
ular in the presen
e of 
uts.In this work, we develop an alternative �xed point semanti
s. The bottom-up derivations in the resulting denotation in
orporate the presen
e of 
uts inthe program and 
ontain the ne
essary 
ontrol information su
h that a simple
ombination operator suÆ
es to retrieve a sequen
e of answers for a parti
ularatomi
 query. The resulting sequen
e is equivalent with the sequen
e of 
omputedanswers as returned by SLD-resolution using the left-to-right sele
tion rule ofProlog. Our semanti
s hen
e 
aptures the order in whi
h solutions are 
omputed,their multipli
ity and deals with programs that 
ontain 
ut 
onstru
ts. The mainmotivation for our work is to 
onstru
t a 
lean and simple �xed point semanti
sthat 
an easily be abstra
ted to obtain goal-independent program analyses ortransformations that preserve the operational semanti
s of the program underSLD-resolution. In parti
ular, we feel our semanti
s 
an serve as a semanti
 basisfor bottom-up partial evaluation.The remainder of this paper is organised as follows. In Se
tion 2 we introdu
esome basi
 
on
epts and notation, and de�ne the operational semanti
s of aprogram as a sequen
e of 
omputed answers. In Se
tion 3 we introdu
e a �xedpoint semanti
s for pure Prolog programs and prove the equivalen
e betweenthis semanti
s and the operational semanti
s de�ned in Se
tion 2. We extendthese results towards programs that 
ontain the 
ut operator in Se
tion 4. We
on
lude the paper in Se
tion 5, where we dis
uss related work and give a possibleappli
ation of our semanti
s.2 PreliminariesIn what follows, we assume the reader to be familiar with the basi
 logi
 pro-gramming 
on
epts as they are found, for example, in [1, 18℄. In this work, werestri
t ourselves to de�nite programs, and assume the Prolog variant of logi
programming. In parti
ular, we 
onsider a program to be de�ned as a sequen
eof program 
lauses, where ea
h program 
lause is labelled by a natural numberidentifying its position in the program. We will denote the i-th program 
lause asH i B1; : : : ; Bn, although the label may be dropped when irrelevant. As usual,a substitution is de�ned as a �nite mapping from distin
t variables to terms. Theset of all substitutions is denoted by Subst. As usual, we denote substitutionsas � = fX1=t1; : : : ; Xn=tng where ea
h Xi 6= ti. Given substitutions � and �,�� denotes there 
omposition and if V is a set of variables, then �jV denotes �restri
ted to V . The substitution � denotes the empty substitution. If E is anexpression (be it a term, atom or 
lause) and � a substitution, then E� denotesthe result of applying � to E and is de�ned as the expression obtained from Eby simultaneously repla
ing the variables from the domain of � that o

ur in Eby their 
orresponding term. We 
all E� an instan
e of E. If E is an expression



and F is an instan
e of E, then E is said to be more general than F , denotedE � F , or simply a generalisation of F . If E and F are expressions su
h that Eis an instan
e of F and F is an instan
e of E, then E and F are 
alled variants,denoted by E � F . A substitution � su
h that E� � E is 
alled a renaming sub-stitution for E. Given a set of expressions I and a synta
ti
 obje
t C, we denoteby A1; : : : ; An �C I that A1; : : : ; An are variants of expressions in I renamedapart from C and from ea
h other. If E � F and E 6� F , we say that E isstri
tly more general than F , denoted with E � F . A substitution � is a uni�erfor atoms A and B if A� = B�; it is a most general uni�er for A and B if for ea
huni�er � of A and B there exists a substitution 
 su
h that � = �
. As usual, wedenote the most general uni�er for atoms A and B (modulo variable renaming)by mgu(A;B). The notion of mgu is easily extended to 
onjun
tions of atoms.As usual, we assume a goal (or query) to be a 
lause of the form  A1; : : : ; An.In the rest of the paper, we will often denote su
h a goal by the symbol Q.The operational behavior of a logi
 program is 
hara
terised by the notionof SLD-derivation [1, 18℄. As we have introdu
ed labeled 
lauses, we 
an uselabels instead of 
lauses when formalising the notion of SLD-derivation. Hen
e,an SLD-derivation of a goal Q0 in a program P 
onsists of a possibly in�nitesequen
e of goals, denoted Q0 i1;�1! Q1 i2;�2! Q2 : : : su
h that ea
h Qj is derivedfrom Qj�1 and a freshly renamed 
opy of the ij-th program 
lause using themost general uni�er �j . Sin
e we 
onsider the Prolog exe
ution me
hanism, weassume that SLD-derivations are 
onstru
ted using the left-to-right sele
tionrule, that is: a goal Qj+1 is derived from Qj and a 
lause C using � if and onlyif Qj+1 is the goal  (B1; : : : ; Bn; A2; : : : ; Am)� where Qj = A1; : : : ; Am, Cis the 
lause H  B1; : : : ; Bn and � = mgu(H;A1). An SLD-derivation 
an be�nite or in�nite. A �nite SLD-derivation that ends in an empty goal (i.e. a goalwithout any atom) is 
alled a su

essful derivation, or an SLD-refutation. Wedenote an SLD-refutation of Q in P by Q;P 2. A �nite derivation that ends ina goal of whi
h the sele
ted atom does not unify with the head of any program
lause is 
alled a failed SLD-derivation. A substitution � is a 
omputed answersubstitution (abbreviated as 
as) for Q in P if there exists an SLD-refutationQ ;P 2 su
h that � is the 
omposition of the most general uni�ers asso
iatedto the derivation and � is the restri
tion of � to the variables of Q. We denotethis fa
t by Q �;P 2. In what follows we also use partial derivations and writeQ �;P R with � the restri
tion to the variables of Q of the 
omposition of themgus (� is 
alled the 
as of the partial derivation).Sin
e we assume that SLD-derivations are 
onstru
ted using the left-to-rightsele
tion rule, su
h a derivation and its asso
iated 
omputed answer substitutionare 
ompletely 
hara
terised (modulo variable renaming) by the sequen
e oflabels identifying the 
lauses that were used in the derivation.De�nition 1 (Chara
teristi
 derivation). The 
hara
teristi
 derivation ofthe SLD-derivation Q0 i1;�1! Q1 i2;�2! : : :is the sequen
e hi1; i2; : : :i of natural numbers.



Being sequen
es of natural numbers, we 
an impose the lexi
ographi
 order re-lation on 
hara
teristi
 derivations: hi1; i2; : : :i > hj1; j2; : : :i if and only if eitheri1 > i2 or i1 = j2 and hi2; : : :i > hj2; : : :i. Note that this order relation in-du
es an order relation over SLD-refutations. In what follows, we will oftenwrite Q1 ; 2 > Q2 ; 2 if the 
hara
teristi
 derivation of Q1 ; 2 is largerthen the 
hara
teristi
 derivation of Q2 ; 2. Note also that the order between
hara
teristi
 refutations for a goal Q re
e
ts pre
isely the order in whi
h therefutations are 
onstru
ted and answers are returned by a system that uses aleft-to-right sele
tion rule in 
ombination with lexi
ographi
 ordering, as Prologsystems do.Example 1. Consider as a working example the program in Fig. 1, 
onsisting ofthe de�nition of the path/2 predi
ate and a database of fa
ts edge/2. The 
lausesare labelled for later referen
e. One 
an 
onstru
t the following refutations of(1) path(X,Y):- edge(X,Y).(2) path(X,Y):- edge(X,Z), path(Z,Y). (3) edge(a,b).(4) edge(a,
).(5) edge(
,b).Fig. 1. path(a;X).( path(a;X)) 1! ( edge(a;X)) 3;X=b! 2( path(a;X)) 1! ( edge(a;X)) 4;X=
! 2( path(a;X)) 2! ( edge(a; Z); path(Z;X)) 4;Z=
!( path(
;X)) 1! ( edge(
;X)) 5;X=b! 2Consequently, the 
hara
teristi
 derivations of these refutations are respe
tively(1; 3), (1; 4) and (2; 4; 1; 5) and we have that (2; 4; 1; 5) > (1; 4) > (1; 3).The lexi
ographi
 order relation allows to de�ne the semanti
s behavior of aProlog program as follows:De�nition 2 (Operational semanti
s). Let P be a program and Q a goal.The operational behavior of Q w.r.t. P is de�ned as O(P;Q) = h�1; �2; �3; : : :iwhere{ �i 2 O(P;Q) if and only if Q �i;P 2.{ 8�i; �j 2 O(P;Q): if j > i then Q �j;P 2 > Q �i;P 2Modeling the operational behavior of a logi
 program as a sequen
e of answersrather than as a set (as e.g. in [12, 5℄) expli
itly takes into a

ount the orderin whi
h solutions are found, and allows for multiple o

urren
es of the sameanswers (as e.g. in [4, 22, 11, 8℄).



Example 2. If P represents the program in Fig. 1 and Q the goal path(a;X),then we have that O(P;Q) = (fX=bg; fX=
g; fX=bg).Note that O(P;Q) may be an in�nite sequen
e, modeling the 
ase where theProlog evaluation me
hanism 
onstru
ts an in�nite number of derivations andreturns an in�nite number of answers. Also note that an in�nite derivation doesnot 
ontribute to O(P;Q). Hen
e the fa
t that �i 2 O(P;Q) does not imply thatProlog 
omputes it, as Prolog 
an get lost in an in�nite derivation before arrivingat the derivation leading to �i. However, if �i is 
omputed, so are �1; : : : ; �i�1.In what follows, we de�ne a bottom-up 
hara
terisation of the operationalsemanti
s. We �rst de�ne the semanti
s for pure Prolog programs without 
ut,and extend it later on to deal with the 
ut operator.3 A Bottom-up Semanti
s for Pure PrologThe s-semanti
s approa
h [12, 5℄ de�nes a �xed point semanti
s that 
apturesto some extent the pro
edural behavior of logi
 programs. The usual Herbrandbase [18, 1℄ is extended to the set of all the possibly non-ground atoms modulovarian
e and an immediate 
onsequen
es operator, say T sP , is de�ned. Givena set of atoms I , T sP (I) 
omprises a new set of atoms that 
an be derived byunifying atoms from I with the body atoms of a 
lause in P . The �xed pointsemanti
s of a program then equals the �xed point of the T sP -operator on aninitially empty set of atoms, denoted by lfp(T sP ). These notions are due to [12, 5,6℄. This semanti
s 
aptures the operational behavior of a program to the extentthat p(X1; : : : ; Xn)� 2 lfp(T sP ) if and only if p(X1; : : : ; Xn) �;P 2 [12, 5℄. As saidbefore, it does not 
apture the order in whi
h solutions are 
omputed by SLD-resolution, nor their multipli
ity. If we want to model the operational behavior ofa program as de�ned above by a bottom-up, �xed point semanti
s, the atoms inlfp(T sP ) need to be related to ea
h other in the same way that the 
orrespondingSLD-derivations are related. In what follows, we introdu
e an operator thatemploys the labels that are asso
iated to the program 
lauses in order to tra
ehow an atom was derived by bottom-up derivation. Given this tra
e, it be
omespossible to re
onstru
t the 
hara
teristi
 derivation of an SLD-refutation for theatom, as su
h providing a suitable me
hanism for relating the atoms derivedbottom-up.In order to tra
e how an atom is derived by an immediate 
onsequen
esoperator, we asso
iate ea
h su
h atom with an and-tree whose nodes are labelledwith the labels identifying the 
lauses that were used for resolution. That is, ifa 
lause H l B1; : : : ; Bn is used to derive some atom A from atoms A1; : : : ; Anthen the and-tree asso
iated with A has root l and has as 
hildren the and-trees�i asso
iated with the derivations of the atoms Ai. In what follows, we use thenotation l(�1; : : : ; �n) for an and-tree with label l and 
hildren �1; : : : ; �n. We 
allthe 
ombination of an atom with su
h an and-tree a bottom-up derivation. If wedenote the set of all bottom-up derivations by BU , we 
an de�ne our immediate
onsequen
es operator T dP as follows:



De�nition 3 (T dP -operator). Let P be a de�nite program and I a set of bottom-up derivations. We de�ne T dP : }(BU) 7! }(BU) as follows:T dP (I) =8>><>>: (H�; �) Let C be the 
lause H l B1; : : : ; Bn 2 P;(A1; �1); : : : ; (An; �n)�C I;� = mgu((A1; : : : ; An); (B1; : : : ; Bn));� = l(�1; : : : ; �n) 9>>=>>;T dP is monotoni
 on the 
omplete latti
e (}(BU);�) and hen
e the existen
e ofits least �xed point, lfp(T dP ) is immediate [18℄. The �xed point semanti
s of aprogram P is then de�ned as F(P ) = lfp(T dP ). For an atom A, we de�ne FA(P )as the set of bottom-up derivations from lfp(T dP ) of whi
h the atom uni�es withA, formally:De�nition 4. Let P be a de�nite program and A an atom. We de�neFA(P ) = f(A0; �) j (A0; �) 2 lfp(T dP ) and mgu(A;A0) exists.g:Note that it is possible for a single atom A0 to o

ur multiple times in FA(P ),ea
h time with a di�erent asso
iated bottom-up derivation. This 
orrespondswith O(P; A) in the fa
t that a single answer 
an be returned multiple times,ea
h time with a di�erent 
omputation. This is in 
ontrast with the 
lassi
 TPoperator, where the la
k of the expli
it derivations prohibits multiple o

urren
esof the same atom in lfp(TP ).Example 3. Let P denote the program in Fig. 1. We have thatFpath(X;Y )(P ) = � (path(a; b); 1(3)) (path(a; 
); 1(4))(path(
; b); 1(5)) (path(a; b); 2(4; 1(5)))�By a standard te
hnique, we get that (A; �) 2 lfp(T dP ) if and only if  A �;P 2 with � the empty 
omputed answer substitution. Being sele
tion-ruleindependent, a bottom-up derivation 
hara
terises a number of SLD-refutations;one for ea
h 
ombination of sele
ted atoms in su

essive SLD-derivation steps.Re
all that we want to relate our �xed point semanti
s with the operationalsemanti
s that is de�ned in terms of SLD-derivations using the left to rightsele
tion rule. Hen
e, we are in parti
ular interested in relating a bottom-upderivation (A; �) with an SLD-refutation for A that is 
onstru
ted using theleft-to-right sele
tion rule. We show that by 
olle
ting the labels of the and-tree in a bottom-up derivation (A; �) in a depth-�rst, left-to-right manner, oneobtains the 
hara
teristi
 derivation of an SLD-refutation for A.De�nition 5. Let � denote a bottom-up derivation. The depth-�rst, left-to-righttraversal of � , denoted by � is the sequen
e over N re
ursively de�ned as follows:l(�1; : : : ; �n) = l � � 1 � : : : � �nwhere � denotes 
on
atenation of sequen
es.



For the bottom-up derivations of Example 1, we have that 1(3) = (1; 3) and2(4; 1(5)) = (2; 4; 1; 5). Note that the order over sequen
es indu
es an order overand-trees. In what follows, we write �1 < �2 when �1 < �2. Now, the followingproperty holds:Proposition 1. Let P be a program. If (A; �) 2 lfp(T dP ) and � denotes thedepth-�rst, left-to-right traversal of � , then � is the 
hara
teristi
 derivationof an SLD-refutation of  A in P with empty 
omputed answer substitution,
onstru
ted by the left-to-right sele
tion rule.Proof. The proof is by indu
tion on the number of iterations of T dP . First, assume(A; �) 2 T dP " 1. Sin
e (A; �) 2 T dP (;), � must be of the form l() (having no
hildren) whi
h means that A l is a 
lause in P . Consequently, there exists anSLD-refutation of  A in P with 
as � whose 
hara
teristi
 derivation is l.Now, assume that it holds for bottom-up derivations obtained in k itera-tions (indu
tion hypothesis). Assume that (A; �) 2 T dP " k + 1. By 
onstru
-tion, � is of the form l(�1; : : : ; �n) and � = l � �1 � : : : � �n. By de�nition,A = H� with H l B1; : : : ; Bn 2 P , � = mgu((A1; : : : ; An); (B1; : : : ; Bn)) and(A1; �1); : : : ; (An; �n) 2 T dP " k. Sin
e A = H�, we have that mgu(H;A) = �jHand hen
e there exists a partial SLD-derivation  A �;P ( B1; : : : ; Bn)�jHwith the sequen
e l as its 
hara
teristi
 derivation. Note that the 
as is � as Ais an instan
e of H . Now, remains to prove that ( B1; : : : ; Bn)�jH �;P 2 with� 1 � : : : � �n as the 
hara
teristi
 derivation and � restri
ted to the variables ofA(= H�jH ) the empty substitution, i.e. dom(�) \ vars(H�jH ) = ;.We 
an write � as �jH [ �B with dom(�B) \ vars(H�jH ) = ;. By indu
-tion hypothesis, for ea
h i,  Ai has a refutation with 
as � and 
hara
ter-isti
 derivation � i. Hen
e  A1; : : : ; An has a refutation with 
as � and 
har-a
teristi
 derivation � 1 � : : : � �n. Hen
e also ( A1; : : : ; An)� has a refutationwith 
as � and 
hara
teristi
 derivation �1 � : : : � �n. But ( A1; : : : ; An)� =( B1; : : : ; Bn)� = ( B1; : : : ; Bn)(�jH [ �B) = ( B1; : : : ; Bn)�jH�B . Let �be the substitution a

umulated in the refutation of (B1; : : : ; Bn)�jH�B . Notethat dom(�) \ varsH� = ; be
ause (dom(�B) [ dom(�)) \ vars(H�) = ;and hen
e also dom(�B�) \ varsH� = ;. A

ording to the lifting lemma [18℄,there exists a refutation for ( B1; : : : ; Bn)�jH with a

umulated substitution�0 su
h that �B� = �0
 for some 
. We have dom(�0) � dom(�B�) hen
edom(�0) \ vars(H�jH ) = ;; this holds also for the 
as � of the refutation witha

umulated substitution �0. 2The above property relates the bottom-up derivation (A; �) with an SLD-refutation (
onstru
ted using the left-to-right sele
tion rule) for A and providesas su
h the basis to relate the �xed point semanti
s with the operational se-manti
s. Observe, however that the reverse of Proposition 1 does not ne
essarilyhold. An atom A might have a refutation in P with an empty answer substitu-tion,  A �;P 2 while lfp(T dP ) does not 
ontain A but only a generalisation of



A. However, if we restri
t our attention to atomi
 goals of the form p(X), i.e. allarguments variables, the following does hold1.Lemma 1. Let P be a de�nite program. If p(X) �;P 2 with the 
hara
teristi
derivation Æ, then there exists a substitution � and a labeled and-tree � su
h that(p(X)�; �) 2 lfp(T dP ), � = Æ and p(X)� � p(X)�.Proof. We prove this by indu
tion on the length of the SLD-refutation. First,
onsider a refutation  p(X) �;P 2 of length 1, with 
hara
teristi
 derivationthe single label l. This means that there exist a renamed 
lause p(X)�)  2P , and 
onsequently we have that a renaming of (p(X)�; l) 2 lfp(T dP ), i.e.(p(X)�; l) 2 lfp(T dP ) with p(X)� � p(X)�.Next, assume that it holds for SLD-refutations of length k. Consider anSLD-refutation  p(X) �;P 2 of length k + 1, with 
hara
teristi
 derivationl; l1; : : : ; lk. If the 
lause labelled l is of the form H l B1; : : : ; Bn, then the �rststep in the refutation is the derivation  p(X) �;P B1; : : : ; Bn with H =p(X)�. To ease the formulation of the proof, let us { without loosing generality{ assume that n = 2; i.e. H l B1; B2. Now, the remainder of the SLD-refutationof p(X) 
an be split into the refutations  B1 �1;P 2 and  B2�1 �2;P 2 with
hara
teristi
 derivations l1; : : : ; ls and ls+1; : : : ; lk respe
tively. If we assume thatB1 = q1(Y )
1, there also exists an SLD-refutation  q1(Y ) �1;P 2 su
h that�1 = mgu(B1; q1(Y )�1). Likewise, if we assume that B2 = q2(Z)
2, there alsoexists an SLD-refutation  q2(Z) �2;P 2 su
h that �2 = mgu(B2�1; q2(Z)�2).Although B1 and B2 may have variables in 
ommon, dom(�1) \ dom(�2) = ;:no variable 
an be bound by both �1 and �2 sin
e q1(Y )�1 and q2(Z)�2 haveno variables in 
ommon and if �1 binds a variable, every o

urren
e of thatvariable is bound in B2�1 and it 
annot be in dom(�2). Consequently, we havethat �1�2 = mgu((B1; B2); (q1(Y )�1; q2(Z)�2)) (1).Now, by indu
tion hypothesis, a renaming of (q1(Y )�1; �1) 2 lfp(T dP ) and(q2(Z)�2); �2) 2 lfp(T dP ) with �1 and �2 su
h that � 1 = l1; : : : ; ls and � 2 =ls+1; : : : ; lk. By (1), it follows then that (H�1�2; l(�1; �2)) 2 lfp(T dP ). We havethat H�1�2 = p(X)��1�2 = p(X)�. Moreover, l(�1; �2) = l; l1; : : : ; ls; ls+1; : : : ; lkwhi
h 
on
ludes the proof. 2Together, Proposition 1 and Lemma 1 extend a 
lassi
 result (found e.g.in [12, 5℄) whi
h essentially states the equivalen
e between the set of 
omputedanswers � for a goal  p(X1; : : : ; Xn) and the atoms fp(X1; : : : ; Xn)� j � 2 �gfrom the least �xed point of the immediate 
onsequen
es operator. The following
orollary extends this result to regular atoms:Corollary 1. Let P be a de�nite program and A an atom. If A �;P 2 with
hara
teristi
 derivation Æ, then there exists an atom A0 and a labelled and-tree� su
h that (A0; �) 2 lfp(T dP ), � = Æ and A� = A0
 with 
 = mgu(A0; A).1 Note that this restri
tion does not diminish the generality of the te
hnique but easesthe formulation of the results.



The equivalen
e of the depth-�rst, left-to-right traversal of the and-tree� with the 
hara
teristi
 derivation of the atom allows to order the atomsin Fp(X)(P ) lexi
ographi
ally, su
h that the order between the atoms p(t1),p(t2),. . . re
e
ts the order in whi
h the 
orresponding 
omputed answers fX=t1g,X=t2g,. . . are returned for the goal p(X). In what follows, we 
onsider (A; �A) <(B; �B) if and only if �A < �B . Note that, by 
onstru
tion, < is a total orderrelation on the set lfp(T dP ). Given FA(P ), we denote with FhiA (P ) the sequen
e
ontaining the bottom-up derivations from FA(P ) sorted using <.De�nition 6. Let P be a program and A an atom. Then we de�neFhiA (P ) = h(A1; �1); (A2; �2); : : :iwhere ea
h (Ai; �i) 2 FA(P ) and for ea
h (Ai; �i), (Aj ; �j) 2 FA(P ): j > i ifand only if (Aj ; �j) > (Ai; �i).The following theorem states that the operational semanti
s of a goal of theform  p(X) is modeled pre
isely by Fhip(X)(P ), obtained from the program's�xed point semanti
s lfp(T dP ).Theorem 1. Let P be a de�nite program and A an atom of the form p(X). As-sume that FhiA (P ) = h(A1; �1); (A2; �2); : : :i and that O(P; A) = h�1; �2; : : :i.Then we have that for all i Ai � A�i.Again, we 
an generalise this result to regular atoms:Corollary 2. Let P be a de�nite program and A an atom. Assume that FhiA (P ) =h(A1; �1); (A2; �2); : : :i and that O(P; A) = h�1; �2; : : :i. Then we have that forall i Ai�i � A�i where �i = mgu(A;Ai).4 A Bottom-up Semanti
s for Pure Prolog extended with
utIn what follows, we extend the �xed point semanti
s de�ned in the previousse
tion in order to deal with pure Prolog programs that possibly 
ontain !/0
onstru
ts. Programs that use the !/0 
onstru
t manipulate the SLD sear
hpro
ess by literally 
utting away part of the sear
h spa
e, i.e. avoiding the 
on-stru
tion of a number of SLD-derivations. If we want to retain the equivalen
ebetween the operational and �xed point semanti
s for programs that 
ontain
uts, we must ensure that FA(P ) does not 
ontain any answers that would havebeen 
ut away during the SLD sear
h pro
ess for  A in P . Let us �rst re
allthe semanti
s of !/0. Assume that during the 
onstru
tion of an SLD-derivationan atom A is uni�ed with a 
lause H B1; : : : ; !; : : : ; Bn 
ontaining a !/0. Theatom A is 
alled the parent atom of the !/0 and the meaning of the !/0 is thatit su

eeds and dis
ards all alternative derivations that may originate between(and in
luding) the parent atom and the !/0 [18℄.



(1) path(X,Y):- edge(X,Y),!.(2) path(X,Y):- edge(X,Z), path(Z,Y). (3) edge(a,b).(4) edge(a,
).(5) edge(
,b).Fig. 2.Example 4. Re
onsider a slight variant of the path program where a !/0 has beenadded so that some solutions are prevented (
ut away) as depi
ted in Fig. 2.If we regard the operational semanti
s O(P;Q) as a set of refutations for Q,ordered by the lexi
ographi
 order relation <, dealing with programs 
ontaininga 
ut resorts to removing from O(P;Q) those refutations that are \
overed" bya 
ut operation. Informally, we 
an say that a refutation � is 
overed by a 
utoperation in a set of SLD-derivations S if:{ there is a derivation �0 2 S 
ontaining a !/0 su
h that �0 < �, and{ � and �0 are identi
al upto (and in
luding) the parent atom, but di�er some-where between the parent atom and the sele
tion of the !/0 operation in�0.Formalising the above is non-trivial and requires keeping tra
k of the pre
iserelation between ea
h sele
ted atom and its \parent" atom in a single derivation,and between derivations that have a 
ommon subderivation. Indeed, dealingwith programs 
ontaining a 
ut operation in the operational semanti
s requiresdealing with the SLD-tree for a goal Q in P , rather than with the individualrefutations for Q. For the example program of Fig. 2, an SLD-tree for the goal path(a;X), 
onstru
ted using the left-to-right sele
tion rule, is depi
ted inFig. 3. The shaded part represents the alternatives that are 
ut away by the !/0

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������
�������������������

!#1 !#1 fail
....

!#2 

fail

3 4
5

edge(a,X),!

path(a,X)

1 2

edge(a,Z), path(Z,X)

3
4

5

fail

path(c,X)

1 2

...edge(c,X),!

5

#1 

#2 

Fig. 3.in the leftmost bran
h.



In
orporating this behavior in the �xed point semanti
s boils down to remov-ing those bottom-up derivations from FA(P ) that 
orrespond with the answersthat are removed when evaluating  A by SLD-resolution. In order to tra
ewhi
h bottom-up derivations must be removed from FA(P ), we �rst need toin
orporate the presen
e of a !/0 
onstru
t into the bottom-up derivations. Wetreat an o

urren
e of !/0 in the body of a 
lause as an atom that is de�nedby a single 
lause, namely ! ! true that is labelled by the spe
ial label ' !'.Consequently, o

urren
es of !/0 in the body of a 
lause resolve to true andthe 
omputed bottom-up derivations 
ontain the term '!' as the label of a(unit) 
lause. Note that when 
onverting a bottom-up derivation into a 
har-a
teristi
 derivation, the relation between an o

urren
e of !/0 and the labelof its parent atom is immediate. Indeed, the 
ut in an and-node of the forml(�1; : : : ; �k�1; !; �k+1; : : : ; �n) refers to the 
hoi
epoint that is 
reated by unify-ing the parent atom with the 
lause labelled l. We will see further how thisobservation enables an elegant formulation of the notion of 
overedness that wasintrodu
ed informally earlier.Example 5. Let P denote the program in Figure 2. The bottom-up derivations
onstru
ted by T dP are similar to those of Example 3, ex
ept for the presen
e of
uts in the and-trees:� (path(a; b); 1(3; !)) (path(a; 
); 1(4; !))(path(
; b); 1(5; !)) (path(a; b); 2(4; 1(5; !)))�There is a 
at
h, though. Neither the operational semanti
s, nor the �xedpoint semanti
s introdu
ed before deal with �nitely failing derivations. Still,failing derivations must be 
onsidered when dealing with programs 
ontaining!/0. Consider the following example:Example 6. Let P be the following program(1) r(X):- p(X), !, q(X).(2) p(a).(3) p(b).(4) q(b).Note that lfp(T dP ) 3 f(r(b); 1(3; !; 4)g. However, O(P; r(X)) = hi sin
e  r(X) has a lexi
ographi
ally smaller derivation that �nitely fails but that 
on-tains a 
ut operation that removes the su

eeding derivation with answer X=b.In order to deal with �nitely failing derivations in a satisfa
tory way, it suÆ
esto make failure expli
it in the program under 
onsideration. Therefore, insteadof 
omputing lfp(T dP ), we 
ompute lfp(T dP 0), where P 0 is the program that isobtained from P by adding an extra, last 
lause to every predi
ate that alwayssu

eeds and is labelled by the spe
ial label `fail'.Example 7. Let P be the program from Example 6, then P 0 is the followingprogram:(1) r(X):- p(X), !, q(X). (fail) r(X).(2) p(a). (fail) p(X).(3) p(b). (fail) q(X).(4) q(b).



Note that the introdu
tion of the extra 
lauses does not alter the su

essfulderivations of the program, where a su

essful derivation is a derivation that doesnot 
ontain the label `fail'2. Also note that the introdu
tion of the two spe
iallabels { `fail' and `!'{ does not alter the de�nition of T dP , nor the de�nitions of abottom-up derivation and its depth-�rst, left to right traversal. Their presen
edoes make, however, the lexi
ographi
 order relation no longer a 
omplete orderon the domain of and-trees (and hen
e also on lfp(T dP )) sin
e the order between`!' or `fail' and a natural number is unde�ned. For our purposes, it suÆ
es to
onsider lexi
ographi
 ordering as a partial order, in whi
h fail > l holds forany label l 6= fail3.Example 8. Let P be the program of Example 7 and 
onsider the goal  r(X).We have thatFr(X)(P ) = 8<: (r(a); 1(2; !; fail)) (r(b); 1(fail; !; 4))(r(b); 1(3; !; 4)) (r(A); 1(fail; !; fail))(r(b); 1(3; !; fail)) (r(A); fail) 9=;In what follows, we need two important operations on an and-tree. First, weneed to be able to retrieve the i-th label that is en
ountered when traversingan and-tree in depth-�rst, left to right order. Being the i-th element in thedepth-�rst, left to right traversal of the and-tree (denoted by � ), we denote thiselement by � i. Next, we need to be able to retrieve the subtree that is found inthe i-th node of an and-tree, when the tree is traversed in a depth-�rst, fromleft to right manner. We denote this subtree by si(�). Formally:De�nition 7 (subtree). Let � be an and-tree. We denote with #(�) the num-ber of and-nodes in � . For any k su
h that 1 � k � #(�), de�ne sk re
ursivelyas follows: sk(l(�1; : : : ; �n)) = ( l(�1; : : : ; �n) if k = 1sk�1�Pi�1j:1 #(�j)(�i) if k > 1where i 2 N is su
h that Pi�1j:1 #(�j) < k � 1 �Pij:1#(�j).Example 9. Consider the and-tree � = 2(4; 1(5; !)) taken from Example 5. Wehave that s1(�) = � , s2(�) = 4, s3(�) = 1(5; !), s4(�) = 5, s5(�) =!.It remains to de�ne what bottom-up derivations in FA(P ) are 
ut away by a 
ut
ontained in some other bottom-up derivation in FA(P ).De�nition 8 (
overedness). Let S be a set of and-trees. We say that an and-tree � is 
overed in S if and only if there exists � 0 2 S and k > 0 su
h that2 Note that the number of failing derivations that e�e
tively needs to be 
onstru
tedfor the semanti
s 
an substantially be redu
ed by pruning during the 
omputationof T dP .3 The label ' !' does not require spe
ial treatment: due to the 
onstru
tion of the orderrelation, a label ' !' will only be 
ompared against another label ' !'.



{ 8i; 0 < i < k, we have that � i = � 0i, and{ sk(� 0) = l0(� 01; : : : ; � 0n) with � 0m =! for some m in the range 1; : : : ; n, fail doesnot o

ur in � 01; : : : ; � 0m�1 and either� sk(�) = l0(�1; : : : ; �n) and 9j : 1 � j < m su
h that � 0j < �j and �1 =� 01,. . . ,�j�1 = � 0j�1, or� sk(�) = l(�1; : : : ; �q) with l0 < l.An and-tree � is 
overed in a set of and-trees if the set 
ontains a lexi
o-graphi
ally smaller tree � 0 
ontaining a 
ut su
h that the depth-�rst left to righttraversals of � and � 0 di�er between the 
ut and the node it refers to. Note thatformulating 
overedness is easier on the level of the and-trees than on the levelof their depth-�rst left to right traversals, due to the expli
it relation between a
ut and its parent node in the notion of an and-node.Example 10. Let S denote the set of bottom up derivations depi
ted in Ex-ample 5. We have that (path(a; 
); 1(4; !)) (denoted by �1) is 
overed in S dueto the bottom-up derivations � 0 = (path(a; b); 1(3; !)) in S. Indeed, we haves1(�1) = 1(4; !), s1(� 0) = 1(3; !) and 3 < 4 (�rst 
ase in De�nition 8). Likewise,we have that �2 = (path(a; b); 2(4; 1(5; !))) is 
overed in S due to the same � 0.Indeed, we have that s1(�2) = 2(4; 1(5; !))), s1(� 0) = 1(3; !) and 1 < 2 (se
ond
ase in De�nition 8).For an atomA, we de�ne CA as the subset of FA(P ) 
ontaining the derivationswhose asso
iated and-tree is 
overed by an and-tree in FA(P ). Formally:De�nition 9. Let P be a de�nite program and A an atom. We de�neCA = f(B; �) j (B; �) 2 FA(P ) and � is 
overed in T gwhere T = f� j (B; �) 2 FA(P )g.At last, we 
an re�ne the de�nition of the bottom-up semanti
s in order toin
orporate programs that 
ontain 
ut:De�nition 10. Let P be a program and A an atom. Then we de�neFhiA (P ) = h(A1; �1); (A2; �2); : : :iwhere ea
h (Ai; �i) 2 (FA(P ) n CA(P )) and for ea
h (Ai; �i), (Aj ; �j) 2 FA(P ):j > i if and only if (Aj ; �j) > (Ai; �i).Example 11. Let P denote the program depi
ted in Figure 2 extended with the
lauses labelled `fail'. We have thatFpath(X;Y )(P ) =8>>>><>>>>: (path(a; b); 1(3; !)) (path(X;Y ); 1(fail; !))(path(a; 
); 1(4; !)) (path(a; Y ); 2(3; fail))(path(
; b); 1(5; !)) (path(a; Y ); 2(4; fail))(path(a; b); 2(4; 1(5; !))) (path(a; Y ); 2(3; 1(fail; !))): : : 9>>>>=>>>>;



and Cpath(X;Y ) 
ontains all derivations fromFpath(X;Y )(P ) but (path(a; b); 1(3; !)).Consequently we have thatFhipath(X;Y )(P ) = h(path(a; b); 1(3; !))i:The following example shows the importan
e of 
onstru
ting the �nitely failingderivations:Example 12. Let P be the program of Example 7 and 
onsider the goal r(X).Fr(X)(P ) is depi
ted in Example 8. The only non-failing derivation in Fr(X)(P ),(r(b); 1(3; !; 4)), is 
overed inFr(X)(P ) by the failing derivation (r(a); 1(2; !; fail)).Hen
e, we have that Fhir(X)(P ) = hi, 
orresponding with O(P; r(X)).Now, we 
an extend the result of Theorem 1 to programs that possibly 
ontain
uts as follows.Theorem 2. Let P be a de�nite program that possibly 
ontains 
uts and A anatom of the form p(X). Assume that FhiA (P ) = h(A1; �1); (A2; �2); : : :i and thatO(P; A) = h�1; �2; : : :i. Then we have that for all i Ai � A�i.Again, the theorem states the equivalen
e of the operational semanti
s and the�xed point semanti
s in the presen
e of 
ut operations and is extended to regularatoms by the following 
orollary.Corollary 3. Let P be a de�nite program that possibly 
ontains 
uts and let Abe an atom. Assume that FhiA (P ) = h(A1; �1); (A2; �2); : : :i and that O(P; A) =h�1; �2; : : :i. Then we have that for all i Ai�i � A�i where �i = mgu(A;Ai).5 Dis
ussionIn this work, we have developed a �xed point semanti
s for pure Prolog pro-grams with 
ut. We believe that our semanti
s is simple, elegant and 
an be themain building blo
k for bottom-up program analyses and transformations thatpreserve the operational semanti
s of the transformed program. Our semanti
s
aptures the order in whi
h answers are 
omputed, their multipli
ity, and dealswith pure prolog programs extended with 
uts. In the remainder of this se
-tion, we �rst dis
uss a possible appli
ation of our semanti
s and 
on
lude bydis
ussing related work.5.1 An appli
ation of the semanti
sA possible appli
ation of the semanti
s introdu
ed in this paper is the 
onstru
-tion of a program transformation that propagates information upwards in aprogram. Bottom-up propagation of information and the 
omputation of su

essinformation has been 
onsidered before (e.g. in [19, 15℄) and has been advo
atedas a suitable te
hnique for augmenting top-down partial dedu
tion te
hniques



(e.g. [17℄). In previous work [28, 27℄ we have developed a 
omplete partial de-du
tion s
heme based on an abstra
tion of the immediate 
onsequen
e operator.The resulting te
hnique spe
ialises a so-
alled \open" logi
 program (i.e. a pro-gram that 
alls a number of predi
ates that are left unde�ned) with respe
t toa de�nition of the missing predi
ates.Su
h a te
hnique has great potential for speeding up indu
tive logi
 pro-gramming (ILP) te
hniques in the �elds of ma
hine learning and data mining.An ILP problem 
omprises a ba
kground theory, represented by an open lo-gi
 program, and a database of (positive and negative) examples where ea
hsu
h example is again represented by a logi
 program that 
onsists of, amongothers, a parti
ular de�nition of the predi
ates that are left unde�ned in theba
kground knowledge. The task of the ILP system then is to 
onstru
ted ahypothesis that \explains" the positive examples and reje
ts the negative ones.The main reason why an ILP appli
ation 
an pro�t from program spe
ialisationis due to the ba
kground theory. Its role is to de�ne a number of additional re-lations over the problem domain that provide, when 
ombined with a parti
ularexample, extra \knowledge" within the 
ontext of the example 4. However, thegenerality of the ba
kground theory 
an introdu
e a performan
e penalty sin
ethe sear
h for the best hypothesis involves the evaluation of many queries overea
h example extended with the ba
kground theory. Hen
e, it makes sense to(partially) spe
ialise the ba
kground theory and to use this spe
ialisation forthe many query evaluations. A 
on
rete motivating example in the ILP 
ontextis the mutagenesis data set [25℄, where the goal is to learn a rule to predi
tthe mutageni
ity5 of mole
ules. For this problem, some preliminary experimentsthat we 
ondu
ted show that learning from a dataset that was obtained by fullyspe
ialising (using hand-
rafted te
hniques) the ba
kground knowledge with re-spe
t to some examples results in an improvement in speed of a fa
tor 40, whileonly introdu
ing 15% extra 
ode. Although the ILP setting seems a \traditional"setting suited for program spe
ialisation, it has a number of 
hara
teristi
s thatmake it hard to apply standard out-of-the-box partial evaluation te
hniques onit. Unlike the usual approa
h to partial evaluation, in whi
h the evaluation of aprogram is restri
ted to (instan
es of) a parti
ular query, the �rst obje
tive ofspe
ialising the ba
kground knowledge with respe
t to a parti
ular example isessentially query-independent. Rather than propagating data provided in a querydownwards in a program { performing as mu
h as the uni�
ations as possibleunderway { one aims at partially pre
omputing the relations in the ba
kgroundtheory by propagating the information that resides in the predi
ate de�nitionsthat 
onstitute a parti
ular example upwards in the ba
kground theory.A limitation of the bottom-up te
hniques from [28, 27℄ is that they do notpreserve multipli
ity of answers, nor the order in whi
h solutions are 
omputed.In addition, they are not 
apable of dealing with programs that 
ontain 
uts.This is a major disadvantage if these (or other) te
hniques are to be applied to4 In fa
t, the ability to express ba
kground knowledge is one of the main advantagesin expressivity that ILP o�ers over other, less expressive formalisms for data mining.5 Mutageni
ity is the ability to mutate DNA, whi
h is a possible 
ause of 
an
er.



ILP problems that usually rely strongly on these operational 
hara
teristi
s ofProlog. In the remainder of this se
tion, we sket
h how the semanti
s that ispresented in this work 
ould be abstra
ted into a transformation that performsbottom-up partial dedu
tion. A full formal development of the transformationis outside the s
ope of this paper.In general, lfp(T dP ) will not be �nite and one should endorse T dP with abstra
-tion in order to 
ompute a �nite set of partial bottom-up derivations rather thanan in�nite set of 
omplete bottom-up derivations. In previous work [28, 27℄ wehave shown that this 
an be a
hieved by rede�ning the immediate 
onsequen
eoperator over a domain of 
lauses, rather than atoms (like e.g. in [5, 6℄) and 
om-bining it with an abstra
tion fun
tion that repla
es a 
lause A  B that rep-resents a partial derivation under 
onstru
tion with a tautology H  H , whereH is a generalisation of A. In this work, we take a slightly di�erent approa
h.First, we extend the notion of a labelled and-tree su
h that its leaf nodes areeither labelled and-nodes with no 
hildren, denoted by l() (as before) or atoms,denoted by (H). The idea is that, like a labelled and-tree in a bottom-up de-rivation (A; �) represents the 
omputation that was performed to derive A, anatom in a leaf of � represents a pla
eholder for some other 
omputation that isrequired to 
ompute A. We will use the notation leaves(�) to denote the sequen
eof atoms that is obtained by traversing a labelled and-tree depth �rst, from leftto right. As su
h, the bottom-up derivation be
omes a partial derivation andthe answers 
omputed by (A; �) be
ome dependent on the answers 
omputedby the atoms in the leaves of � . If no 
ontrol information was to be exploited,the partial derivation 
ould as well be represented by a 
lause A  leaves(�).The reason for keeping the atoms in � rather than dire
tly deriving a 
lause isin parti
ular due to the handling of 
uts, whi
h we treat later on.In what follows, we will denote the 
ombination of an atom with su
h an ex-tended and-tree as a 
lausal bottom-up derivation and use CBU to denote the setof all su
h 
lausal bottom-up derivations. Likewise, we introdu
e T 
lP : }(CBU) 7!}(CBU), whose de�nition equals the de�nition of T dP ; the only di�eren
e beingthe domain CBU rather than BU .To 
onvert the 
omputation of a possibly in�nite set of bottom-up derivationsinto the 
omputation of a �nite set of partial bottom-up derivations, we introdu
ethe notion of an abstra
tion fun
tion. Su
h an abstra
tion fun
tion maps a setof 
lausal bottom-up derivations onto a set of 
lausal bottom-up derivations inthe following way:De�nition 11. An idempotent fun
tion f : }(CBU) 7! }(CBU) is an abstra
-tion fun
tion if 8S 2 }(CBU) it holds that if (H; �) 2 S, then either (H; �) 2f(S) or 9(H 0; (H 0)) 2 f(S) su
h that H 0 � H.Note that in De�nition 11, (H 0; (H 0)) represents a spe
ial bottom-up derivation
onsisting of an atom H 0 with an asso
iated and-tree that 
onsists of a single(leaf) node labelled by the atom itself. The 
entral idea behind abstra
ting aset of (
lausal) bottom-up derivations is that a derivation (H; �) 
an be droppedfrom the set if there exists a derivation (H 0; (H 0)) in the set with H 0 a moregeneral atom than H . When abstra
tion is 
ombined with T 
lP , this re
e
ts the



fa
t that the derivation (H; �) is no longer to be extended from H , but a newbottom-up derivation is started from a more general atom H 0.The 
omputation of lfp(T dP ) 
an then be abstra
ted by the 
omputation of a�nite sequen
e of sets of 
lausal bottom-up derivations S0; S1; : : : ; Sn su
h thatS0 = ; and for all i, Si = f(T 
lP (Si�1))and Sn = Sn�1 with f being an abstra
tion fun
tion. It 
an be proven { under theappropriate 
onditions [28, 27℄ { that, when the 
lauses from Sn are re
ombinedwith the 
lauses that were dropped during the subsequent appli
ations of f inthe 
omputation of the sequen
e S0; S1; : : : ; Sn, one obtains a program P 0 forwhi
h the de
larative semanti
s equals the de
larative semanti
s of the originalprogram, that is lfp(TP 0) = lfp(TP ). If that is the 
ase, we say that Sn is asuitable abstra
tion of F(P ). In general, we will use F
l(P ) to denote a suitableabstra
tion of F(P ).The question that remains is how to 
onvert the 
lausal bottom-up deriva-tions in F
l(P ) into a residual program P 0 su
h that for a parti
ular goal Q,O(P;Q) = O(P 0; Q). First, note that the partial order relation de�ned overbottom-up derivations remains de�ned over the domain of 
lausal bottom-upderivations. Hen
e, for an atom A, we 
an de�ne F
lA (P ) in a similar way asFhiA (P ). Note however that, unlike FhiA (P ), F
lA (P ) is not unique, in the sensethat it depends on a parti
ular abstra
tion fun
tion. De�nition 6 
an be re�nedinto:De�nition 12. Let P be a program, A an atom of the form  p(X) and F
l(P )a suitable abstra
tion of F(P ). We de�neFhiA (P ) = h(A1; �1); : : : ; (An; �n)iwhere ea
h (Ai; �i) 2 F
l(P ) and for ea
h (Ai; �i); (Aj ; �j) 2 F
l(P ) : j > i ifand only if (Aj ; �j) > (Ai; �i).Now, if no abstra
tion was employed during the 
omputation of F
l(P ),none of the leaves of the bottom-up derivations are atoms and ea
h bottom-upderivation (A0; �) 2 FhiA (P ) e�e
tively 
onstitutes an answer for A. Consequently,one 
an generate a spe
ialised program for A by removing those derivations thatare 
overed by a 
ut as before and generating a unit 
lause for ea
h remainingbottom-up derivation. If abstra
tion was employed, on the other hand, some ofthe bottom-up derivations 
ontain atoms as their leaves, e�e
tively representinga pla
eholder for a 
omputation and one should generate plain 
lauses ratherthan unit 
lauses in the residual program. This, however, requires a di�erenttreatment of the 
uts that are possibly present in the bottom-up derivations.Indeed, the presen
e of an atom in a bottom-up derivation 
an make the e�e
t ofa 
ut unde
idable at transformation-time sin
e the atom represents a pla
eholderfor (a number of) 
omputations of whi
h the e�e
t is unknown. Consequently, ifthe atom is in the s
ope of a 
ut, both the 
omputation represented by the atomand the 
ut must be residualised in the transformed program su
h that the 
ut



exhibits the desired behavior { depending on the residualised 
omputations { inthe transformed program.5.2 Related workOperational and �xed point semanti
s of logi
 programs is a well-studied resear
h�eld. In [4℄, an operational semanti
s is presented that models the meaning ofa goal by a sequen
e of 
omputed answers. The semanti
s handles programswith 
ut and 
ontains a bottom element that represents in�nite looping. The se-manti
s 
hara
terises a program by fun
tional equations and is mainly developedtowards proving termination of logi
 programs. Also [22℄ de�nes an operationalsemanti
s by means of a sequen
e of answers and uses it to show that a num-ber of transformation rules (unfold/fold) preserve this semanti
s. It does notdeal with programs 
ontaining 
uts. In [2℄, Prolog 
ontrol is expli
itly modeledin a 
onstraint logi
 language and a de
larative and operational semanti
s ispresented. It en
odes the Prolog sear
h rule, but does not deal with programs
ontaining 
uts.In [10℄, a semanti
s expressed in term of SLD-derivations is de�ned. Thesemanti
s of a program is goal-independent and various properties of SLD-derivations are studied. The main fo
us is on 
ompositionality of the semanti
s,whi
h does not deal with programs 
ontaining 
uts. A semanti
s that is perhapsmore related to our work is [11℄. It de�nes a denotational semanti
s for Prologprograms that 
ontain 
uts. The meaning of a program is de�ned by a number ofsemanti
 fun
tions on the synta
ti
 
onstru
ts of a program that 
an be used to
ompute a goal-independent denotation of the program. The work is motivatedmainly by the need to verify a number of transformations. The main di�eren
ewith our work, is that we obtain a denotation of the program by applying abottom-up immediate 
onsequen
es operator, whi
h seems to be more appropri-ate in our 
ontext sin
e the main motivation of our work lies in abstra
ting thesemanti
s to obtain a bottom-up partial evaluation s
heme. Also 
losely relatedis [24℄. It de�nes a general framework for goal-independent abstra
t semanti
s ofProlog that also models the depth-�rst sear
h rule and the 
ut. The semanti
s
onsists of a sequen
e of pairs, of whi
h one part denotes a 
omputed answerswhile the other part { the so 
alled \observability 
onstraints" { give informationabout the 
ut exe
utions. One of the main distin
tions between our approa
hand the one of [24℄ is that in the latter work, the denotation 
onsists of and-ortrees, rather than and-trees alone. Although this makes the te
hnique interest-ing and appli
able in a broad number of situations, the semanti
s also relies on(substantially 
ompli
ated) tree operations to 
ombine elements from the 
om-puted denotation. We believe that for our parti
ular appli
ation { the 
reation ofa 2-phase partial evaluator for Prolog { a semanti
s that is parti
ularly targetedtowards this goal might be preferable.In [8℄, the authors present a framework for the abstra
t interpretation of Pro-log that handles the depth-�rst sear
h rule and 
ut. It models program exe
utionby sequen
es of substitutions that represent the sequen
es of 
omputed answersubstitutions returned by a goal  p(X). Contrary to our approa
h, however,



the framework is essentially an adaptation of top-down frameworks for abstra
tinterpretation. Finally, the framework of [13℄ de�nes an operational abstra
t se-manti
s. It de
orates abstra
t OLDT trees with extra 
ontrol information, thatis later on used by the !/0 operations to prune the OLDT tree.A
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