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Abstract— Although linear representations of images are
widely used in appearance-basedrecognition of objects, the
frequently used ideas, such as PCA, ICA, and FDA, are often
found to be suboptimal. A stochasticsearch algorithm has been
proposedrecently [4] for finding representationsthat are optimal
for specifictasks and datasets.However, this search algorithm is
computationally efficient only when the image size is relatively
small. Here we propose a hierarchical learning algorithm to
speed up the search. The proposed approach decomposesthe
original optimization problem into several stagesaccording to
a hierarchical organization. In particular, the following idea
is applied recursively: (i) reduce the image dimension using
a shrinkage matrix, (ii) optimize the recogition performance
in the reduced space, and (iii)expand the optimal subspaceto
the bigger space in a pre-specified way. We show that the
optimal performance is maintained in the last step. By applying
this decomposition procedure recursively, a hierarchy of layers
is formed. This speedsup the original algorithm significantly
since the search is performed mainly in reduceal spaces.The
effectivenessof hierarchical learning is illustrated on a popular
database where the computation time is reducedby a largefactor
compared to the original algorithm.

|. INTRODUCTION

Due to its simplicity, analytical tractability and reported
succeson datasetdor apparancebasedobject recanition,
recently linear subspace have becone a popuar choice for
recogrition. However, commaily used representions such
as principal compnen andysis (PCA), Fisher discriminant
analysis (FDA), and indepgendat compaent andysis (ICA)
are not optimal for a given apgication. Theordically, PCA
andICA aredesignd for optimalreconstructiorandstatistical
independence and thus are not directly relatedto recogition
performane. While FDA is designé for optimal recoqnition
performane, the optimality is valid only whenthe undelying
probalility distributionsareGaussiarandlineardiscrimination
functions are used[4. As probaility distributions of natual
imagesare very different from Gaussian[7] and norlinear
discriminationfunctions are almostexclusively usedin recog
nition applicatiors, FDA is not optimal for recogition using
images.This hasbee suppated also by empirical evidence
as cortradictory condusions are reported in the literature
(e.g. [B], [1]). As recogition performane is critical for
mary applicaions, finding linear representation with opti-
mal recoqnition performane for apgications using images
becanes an importanttopic. By formulating the prodem of

manifold, Liu etal. [4] propcseda Markov chainMonte Carlo
(MCMC) typealgorithmthathasbeenshavn to be effective on
all theuseddatasetenddemorstratedsignificart improvement
over commonly usedbasesHowever dueto its comgexity, the
algorithm is compuationally effective only when the image
sizeis relatvely small. When datasetsn typical apgications
are used,the algorithmis very time consuning asthe search
is dore in a high dimensioml space

In this pape, we propasseanalgorithmthatcanspeedup the
original one [4] significantly The key ideais to performthe
searchin shrinked image spaceand expand it backin sucha
way thatthe optimal performane is presered. To be effective,
therequiremat of the dimensionshrinkages thatthe optimal
performane in the redued spaceshould be as high as pos-
sible. In this pager, this is achieved througha heuristic-based
algorithm, which is nameal as adaptive K-means algorithm.
The procedire canbe repeatedanda hierarcly canbeformed.
Thusthe methal is namel as hierarchical learning.

This paper is organized as follows. In Section I we
overview the problem of optimizing the recogrition perfor
mance over the set of subspaes. The analytica result of
hierarchichlearningis shavn in Sedion III andexperimental
resultsaregiven in Section/ V. Sedion V' corcludesthe paper
with a discussion.

[I. COMPUTING OPTIMAL LINEAR REPRESENTATIONS

Obtaining the optimal linear represetation of imagesin
terms of actwal applicaion performare requiresthe search
in the linear representatiorspace.Here we assumethat the
recogrition performane dependsonly on the linear subspae
anddoes not depand on the choiceof basesn the given sub-
spaceln otherwords,we assumeherecogiition performane
on U is the samefor ary basisin the following set

U] ={U0|0 € R, OTO =1} € Gna,

where U is a d-dimension& orthogal basisand O a d x d
rotation matrix. For a given d, all the d-dimensionasubspae
in R™ is calleda Grassmanmanifold [2], dended by G,, 4.
Thusthe problemof finding optimal linear subspaesbecanes
an optimization on the Grassmannmarifold. While there
exist different optimizationalgorithmsto solve this problem,

linearrepresentidon of imagesfor recognition ona Grassmann a stochasticoptimization process that maximizes the perfor



mane function over all subspaesis usedin [4], given by,

U = argmax F(U) , (D)

UeGn,d
in which F': G, 4 — IR, is the performancdunction, and U
is one basisof the given subspae.
Sincethe set G, 4 is compact, if F' is a smoothfunction
thenthe optimizerU is well definal. The searchis performed
in a probailistic framavork by definng a proballity dersity

function )

JX) = i xp(FX)/T) 2)
whereT" € IR playstherole of temperaturand f is aninducel
densityon the setg,, 4.

The algaithm requres an estimation of the recogition
performane F' for a given subspae. Becausethe recoqition
performaneis notasmoothfunction,a smoothegerformane
measurerelated to the recoqition performane using the
nearesheighborruleis introducel in [4]. Speifically, let there
be C classesto be recogized from the imageS'each class
hask,q:n trainingimages (dencted by Ic Lse o Lo kprain) @Nd
kiest testimages (denotedoy I/ 5, . . . ) to evaluatethe

’ ckt
recogfition performancemeasure
1 C ktest
(U.8) =—2> > h(o(L;U)=1,8), ()
test o—1 i=1
whereh(-, -) is amonotoncally increasing andboundedfunc-

tion in its first agument, and
minc/;écj d([cl,f / U)

min; d(1),;,I.;;U) +e€

c,1?

(](,:17 U) =

Hered(I1,I5;U) = ||a(I1,U) — a(I2,U)]||, || - || derotesthe
2-norm, o(1,U) = UTI ande > 0 is a small numker to
avoid division by zero.In our implemernation, following [4],
h(z,B3) = 1/(1 + exp(—2pz)) is used,where3 controlsthe
smoothnss of F. Whenwe let 5 — oo, F' is preciselythe
recogrition performane of the nearesneighbor classifier[4].

In [4], aMarkov chan Monte Carlo(MCMC) type gradient-
based algorithm is used to find the optimal subspacel.
At each iteration, the gradient vedor of F' with respet
to U, which is a skew-symmetric matrix, is compued. By
following the gradent, a new solutionis geneated,which is
usedas a proposal and is acceped with a probaility that
depadson the performane improvemer. If the performane
of the new solution is better than the current solution, it
is always accepted. Otherwise,the worsethe new solution’s
performane, the lower the probability the solution is being
acceted. In the original implementation used in [4], the
computationcompleity C,, of ead iterationof this algarithm
is Cp, = O(d X (n — d) X ktest X Ktraining X 1 X d), where
d x (n — d) is the dimensionof the gradient vedor. For
eachdimersion and for eachtestimage, the closestimages
in all the classesneda to be found, to compute the ratio in
Egn. 4 andto compute the performare F' in 3. The gradien
calcdationfurtherrequirescomputationof performarcesusing

(4)

perturbedsubspace The comgexity for oneiteration canbe
obtainel easilyacordingto Eqn 3. The overall conputation
compleity is C' x t wheret is the numbe of iterations.

I1l. HIERARCHICAL LEARNING

From the above analysis,the conputationat ead iteration
depends on several factorsand the conplexity is O(n?) in
termsof n. For typical applicdions, n, which is the nurmber
of pixels in theimage,is relative large. For exanple,in theface
dataset(SeeSect.lV) n is 2,576 Thus the algaithm can be
very time consuming.Also whenn getslarger, the dimersion
of the Grassmanmarifold getslarger, resultinga searchspace
with larger dimension.As the otherfactorsin the complexity
cannotbe avoided, herewe propcseanalgorithmby shrinking
the dimersion of the searchspacefirst and performing the
searchin the redu@d dimension This redu@sthe conmplexity
at ead iteration and also the dimersion of the searchspace.

There are several issuesthat needto be addessed.First,
we are interestedin finding optimd linear subspaes in the
original spacenot the redued spae. How can we use the
optimalsubspae obtainel in theredu@dspac® This question
is answerd by an analyticd result which statesthat there
exists a way to expand that optimal subspaceo the larger
original spacein suchaway thatthe performane is presered
in the expansion.In otherwords,if we canfind anaccetable
solution in the reduce space we can immedately get a
solutionin the original space The succesof this procedure
dependson whethe the highest performane achevable in the
reduce spaceis aceptableor not. Ideally, onewould require
asearchover differentshrinkag matricesto obtan the desired
performane (seebelow). However, in this paper, the search
is replacel by finding a good shrinkagematrix basedon some
heuristicsthat involve an adapive K-mears algorithm. Even
unde this setting, the optimal performare achiesed in the
reduce spacemay not be acceptable. In that case,one can
usethe resultfrom this expansionas an initial condition for
the searchin the original spacetherebyredudng the number
of requirediterations.

In this section,we first shav an analyticd result betwea
the performare in reduce spaceandthe onein the original
space.Then we presentan adapive K-meansalgorithm to
find a shrinkage matrix with a good performare.

A. Hierarchical Learning Algorithm

Before we presentthe hierarchi@l learning algorithm, we
first statethe following result that gives a specific way to
expanda basisin a redued spaceto the original spaceso that
the performane is maintaned.

Theorem: Suppose Ny = m x Ny where N1, Na,m € Z*. Let
U € IRN>xd, U e RMN>*d de NI, € RM, I, € RM,
I, € RM, [, € RN, A= [a”]NMN1 € IRN2xN
in which a;; € {0,1} for i = . No:j = 1,...,Ny;



0 ifz=0
1(@) _{ 1 otherwise

If I; = LAL, for i =1,2; U =

Then d(Iy, I,;U) = d(Iy, Io; U).

LT,

Proof: Using definitiors of « andd(-, -; -), we get

o(l;,U) = UTI,
= L1UTAlL
a(jiaU)a
fori=1,2.
Therefore
A, L;U) = [a(h,U) = a(l,U)]
- HaA(Il ) —a(l, U (6)
d(I,15;U).
EOP.

In the above theorem,we get the result without using the
Ny N2
condtions Z ai;) = m and Z ai;) = 1. The reason

we put them therels that the adaplve kmeans algorithm(see
below) requiresA be thatform.

Now let's corsider how to compue the optimal basisU €
IRN**4 in a more efficient way. Given the training and test
imagesof size N1, we can shrink their size to N;/m by
left multiplying matrix (1/m)A with original training and
testimages, where A is a matrix that satisfiesthe condtions
statedin thetheaem.We call the dimensionreductionprocess
shrinking the dimension by a shrinking factor m through
a shinkag matrix A. With the resulting new training and
testimages,we apgy the optimization algorithm to search
for U = = argmaxpeg, F(U). After U € RN/mxd
is compued, we get U € RM*? by the equation U =
(1/m)ATU. We call it expanding basis U to U. As the
theoremstates,d(I1, I;U) = d(I1,I>;U). As long as the
performane function F' is invariart with the distancebetwea
the representatiof training andtestimages, the recognition
rate will be unchanged In this paper, F' satisfiesthe above
condtion, beausethe neaest neightor rule is usedas the
classifier Thus we cangetthe basisU € IRV *¢ by searching [/
for basisU/ € IRN!/mxd,

For eachiteration,the compuation compleity with images
of size Ny is Cn, = O(d x (N1 — d) X kiest X Ktraining X
N; x d). While the compuation comgexity with imagesof

+ :ﬂﬂ* H:
+

Fig. 1. Hierarchicalsearchprocessimagesizeis reducedas level number
grows.Firsty, the optimal basisUy, is got at level L. We obtainbasisUy,_
of level L — 1 by expandingUy,. Uz 1 andUy, have the sameperformance.
We useU;,_, asaninitial pointto performthe searchat level L — 1 with
imagesof size mTL’(Ll . The’search- expandbasis— search’processgoeson
till we get the optimal basisfor level 0.

size Ny /m is
CN2 — O(d X (% — ) X Ktost X k'traz'ning X % X d)
= _Ni—md_~
m2(Ny—d) - N1
~ #CNN )

consideringthe fact Ny >> d.

From the abore analysis we seethat we can save time
significartly on the searchif we performdimersion shrinking
on the original images using a large shrinking factor m.
However, the bestaclievable performarme usingthesereducel
imagescan be muchlower thanthatin the original space.To
get the optimal basis,we have to searchagain with images
of original size, which is potentially time corsumingif the
performane in the redued spaceis consideably low.

Inspired by [6], to overcome this problem, we propose
to perform the searchhierarclically at different levels. The
basic idea is as follows. Instead of choasing large m to
shrink dimensiononly onae, we canchoaserelatively smaller
shrinking factor m to shrink the original images & times to
getthetraining andtestimagesat level k, wherek =1, ..., L.
The size of imagesat level £ is 2% where ng is the size
of the original images. The searchbegins from level L with
dimension-redced images of size 2%. The comptational
complity at this level is 12L Chr, for eachiteration. The
searchcan be effectively done After gettingan optimal basis

at level L, we obtain basis U;_; of level L — 1 by
expandlng Ur. Basedon the abore discussionwe know that
Ur—_, and Uy, have the sameperformane. If we use Ur_;
asan initial pomt to performthe searchat level L — 1 with
imagesof size 7%+, the searchcan be performedrelatively



effectively. The compuational conplexity at this leve is

WC% for ead iteration. The searchresult of this level

will be usedto obtaina basisU;_, of level L — 2, which is

usedasan initial point for further searchat level L — 2. This

processs repeatd until we have reaché level 0. This process
is illustratedin Fig. 1. The hierarchcal learningalgorithmis

given below.

Hierar chical Learning Algorithm : Supmpsewe have L + 1
levels, andthe shrinkingfactoris m. The original imagesize
is ng. Our aim is to find the optimal basisof level 0.

1) Chocse the dimersion shrinkagematrices Ay, for k =
1,...,L. Then preparenew training and test images
at ead level i: shrinking the image dimensionon the
training and test imagesfor i times by multilplying

1

LT[ Ax with the original images.

Seach for the optimd basisU;, atlevel L with training
andtestimagesof size ...

Foreah k = L—1,...,0,letU, = .- Af  Up4, using
U} asthe initial point, searchfor the optimal basisUy
at level k with training andtestimages of size %

2)

3)

B. Pixels Grouping Through Adaptive K-means

For the hierarchicasearchalgarithm to be effective, the best
achivable performane in the original spaceshouldbe kept
as high as possible.Thereare mary differentwaysto group
pixels, i.e to chocse dimersion shrinkag matrix A, when
performing dimensionshrinkage As an illustrative example,
Fig. 2 shavs two methals on two 4 x 4 images. In this simple
example,onemethodis very effective in thatarny performane
achivable in the 4 x 4 image spacecan be achieved in the
reducel spaceandthe otheroneis uselessn thatthe reducel
imagesdo not provide ary information for recogiition ary
more.

Basedon the example,we aguethatwe shouldgrouppixels
with similar valuesin the originalimagetogethe andrepresen
them in the dimersion reducel images by their mean. To
achieve this, we propase a pixel grouping algarithm called
adapive K-means,which is an adged versionof original K-
mears algorithm [3]. This methodis usedin the hierarchich
learningalgorithmto gererateshrinkage matrix A;, which is
desighe suchthat pixels thatare clusteredogethe contritute
to the samecoardinatein thereduedspaceAs all thetraining
imagesshouldbe shrunkin the sameway, we put all of them
in amatrix M of sizen x Ny with ead row of M is animage
wheren is the numker of training images. IV; is the size of
the image, N; = mN, wherem is the shrinking factor We
wantto geta matrix M of sizen x N, whereeachcolumnis
the meanof m columnsof M.

Let M = [M1Ms...My,] whereM;(i = 1,.., Ny) is thei -
th column of M. Treaing M; asa pointin IR™, we give the
following algorithmto groupthe N; points M;(i = 1,.., Ny)

0 0 50 | 50 100|100 0 | O
0 0 50 | 50 100|100 O | O
100 | 100 | 150 | 150 150 | 150 | 50 | 50
100 | 100 | 150 | 150 150 | 150 | 50 | 50
(a0) (b0)
75 75 75 75
75 75 75 75
(al) (b1)
0 50 100| O
100 | 150 150 | 50
(a2) (b2)

Fig. 2. An illustrative examplefor comparingtwo ways of shrinking. Two
4 x 4 images(a0) and (b0) are reducedusing two differentmethods giving
two different2 x 2 images.Therecognitionperformanceaisingthe two images
given by (al)and(bl) is worsethanthat usingthe two imagesgiven by (a2)
and (b2).

to Ny clustersM;(i = 1,..., Ny).

Adaptive K-means Algorighm: Let S = {M;li =
1,...,N;}. Randmly choose N, points M; € IR",i =
1,...,Ns.

1) For eachM;, choosethe neaestm pointsin S, group
theminto cluster M;. Remawe the chosen points from
S.

2) For eachcluster M;, compue variarce V; and mean
(A/ji)new: setM; = (Z\/[i)ncw-

3) Let S = {M;|i = 1,...,N;}. Sorting acording to
Vi getlist L: V,, <V, <... <V, inwhich
(i1,+-+,in,) is a permutationof (1,---, Ny).

4) According to L, for eachcluster M;, we chocse the
nearestm pointsin S and put them into this cluster
Remae the chosenpointsfrom S.

5) For eachclusterM;, , compue variarce V;, and mea
(M, )new f (M, )new = M;, stop,elsego to step3.

IV. EXPERIMENTAL RESULTS

The datalasethat hasbeen usedin our experiments:ithe ORL
facerecogrition dataset The ORL datasetconsistsof faces
of 40 different subjectswith 10 imageseach
We plot therecogtition rateversusiterationandthedistance
betweea X; and X, versust, in which X; is the basis of
the subspaceat iteration t. The distancebetween ary two
subspacelU; and U, is comptedas: |[U U] — UsUT ).
1) We run the hierarchicé learningalgorithm on the ORL
datasetwith L=3, original image size n is chosen to

Ihttp://wwwuk.research.atom/facedatabashtml
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Fig. 3. Plotsof recognitionrate (left) and distanceof X; from X (right)
versust for differentlevel usinghierarchicalsearchalgorithm.(a) level 3, (b)
level 2, (c) level 1, (d) level O. For thesecurves, L = 3, m = 4, n = 2576,
d = 10, ktrein = 5, andkiest = 5. Databasas ORL.

be 2576 with the shrinking factor m = 4, d = 10,

kirain = 5, and k;.s; = 5. Fig. 3 shawvs casesat
differentlevels. We can seethat it costs600 iterations
to achieve a perfectperformare at level 3 (a). Due to
numeical error, when we get the initial basisat level

2 by expanding the optimal basis got at level 3 the
performarce goesdown a little bit. It takes 8 iterations
agan at level 2 to achieve perfect performane (b).
¢From(c) and (d) we seethat it takes only one step
to get the optimal basisat level 1 (c) and level 0 (d)
respectrely. This meas that the performane is kept
whenexpandingthe optimal basisgot at highe level to
a basisat lower level. It's alsoworthy to note the plots
of distanceof X; from X,. At lower levels, it takes a
small numter of iterationswith small moves from the
initial pointto getthe optimalbasis Expendingthe basis
from a highea level astheinitial basisat the lower level

does give a goodguessof the optimal basisat the lower

10

Time

0 1 2 3
Level L

Fig. 4. Plot of searchingtime versusL. n = 2576, m = 4, d = 10,
Ktrain = 5, andk¢est = 5.

level.

2) Next, we have studiedthetime for searchingor the op-
timal basisversusthe level numker L. Fig. 4 shavs the
result,which highlights the effectivenessof hierarchical
learningalgorithm.In this experiment,the ORL datatase
is used.n is chesento be 2576 shrinkingfactorm = 4,
d= 10, k/train == 5, and ktest =5.

3) Fig. 5 shows the differentcaseswhenusing a different
level number L. In theseexperiments,we usethe ORL
datasetn is choserto be 2576, with the shrinkingfactor
m=4,d =10, kirqin = 5, andki.s: = 5. All the cases
convergeto a perfectclassificatiorsolutionregardlessof
thelevel number. Onepoint to mentionis thatafterdoing
the dimersion shrink, the recogiition rate may be even
highe thanthat of the original images.For instance,jn
Fig. 5 theinitial recognition rateis 73% with dimersion
reducel images(c)but theinitial recogrition rateis 60%
with the original images(a).

V. DISCUSSION

In this paper we have proposeda hierarchicé learningal-
gorithmfor finding optimd linear representatiorBy groupirg
pixels using an adative K-mears algorithm, we speedup
the original searchon the datasetsignificarily. This malesit
compuationally feasibleand effective to find optimal linear
representatios for typical apdications with large images.
The significarce of this work is that now it is possibleto
study gereralization and other fundanental issuesin linear
representationisystematically

Notethattheefficiencgy is gained by decomposinghesearch
on a large Grassmanmanifold to a numter of hierarchially
organized Grassmanmmarifolds with small dimensiors. The
effectivennessof the algorithmdependson the bestachevale
performane in the reducel dimension.While the propcsed
adapive K-mears algorithmis shavn to be effective for the
datasetwve have used,its effectivenessis not guaranteed The
condtions under which the algaithm is effective neals to
be further investigated. Anothe future researchissueis to
find betterpixel groupingalgorithmsto gereratethe shrinkage
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Fig. 5. Plotsof recognitionrate (left) and distanceof X; from X (right)
versust at the highestlevel for different L. (a) L = 0, level 0, (b) L = 1,
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matrix A.
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