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Abstract— Although linear representations of images are
widely used in appearance-basedrecognition of objects, the
fr equently used ideas, such as PCA, ICA, and FDA, are often
found to be suboptimal. A stochasticsearch algorithm has been
proposedrecently [4] for finding representationsthat are optimal
for specifictasks and datasets.However, this search algorithm is
computationally efficient only when the image size is relatively
small. Here we propose a hierarchical learning algorithm to
speed up the search. The proposed approach decomposesthe
original optimization problem into several stagesaccording to
a hierarchical organization. In particular , the following idea
is applied recursively: (i) reduce the image dimension using
a shrinkage matrix, (ii) optimize the recognition performance
in the reduced space,and (iii)expand the optimal subspaceto
the bigger space in a pre-specified way. We show that the
optimal performance is maintained in the last step. By applying
this decomposition procedure recursively, a hierarchy of layers
is formed. This speedsup the original algorithm significantly
since the search is performed mainly in reduced spaces.The
effectivenessof hierarchical learning is illustrated on a popular
database,where the computation time is reducedby a largefactor
compared to the original algorithm.

I . INTRODUCTION

Due to its simplicity, analytical tractability, and reported
successon datasetsfor appearance-basedobject recognition,
recently linear subspaces have become a popular choice for
recognition. However, commonly used representations such
as principal component analysis (PCA), Fisher discriminant
analysis (FDA), and independent component analysis (ICA)
are not optimal for a given application. Theoretically, PCA
andICA aredesigned for optimalreconstructionandstatistical
independence and thus are not directly relatedto recognition
performance. While FDA is designed for optimal recognition
performance, theoptimality is valid only whentheunderlying
probability distributionsareGaussianandlineardiscrimination
functionsare used[4]. As probability distributions of natural
imagesare very different from Gaussian[7] and nonlinear
discriminationfunctions arealmostexclusively usedin recog-
nition applications, FDA is not optimal for recognition using
images.This hasbeen supported also by empirical evidence
as contradictory conclusions are reported in the literature
(e.g. [5], [1]). As recognition performance is critical for
many applications, finding linear representations with opti-
mal recognition performance for applications using images
becomes an important topic. By formulating the problem of
linearrepresentation of imagesfor recognition onaGrassmann

manifold,Liu et al. [4] proposeda Markov chainMonteCarlo
(MCMC) typealgorithmthathasbeenshown to beeffectiveon
all theuseddatasetsanddemonstratedsignificant improvement
over commonly usedbases.However dueto its complexity, the
algorithm is computationally effective only when the image
size is relatively small. When datasetsin typical applications
areused,the algorithm is very time consuming as the search
is done in a high dimensional space.

In this paper, we proposeanalgorithmthatcanspeedup the
original one [4] significantly. The key idea is to perform the
searchin shrinked imagespaceandexpand it back in sucha
way thattheoptimalperformance is preserved. To beeffective,
therequirement of thedimensionshrinkageis that theoptimal
performance in the reduced spaceshouldbe as high as pos-
sible. In this paper, this is achieved througha heuristic-based
algorithm, which is named as adaptive K-means algorithm.
Theprocedurecanberepeatedanda hierarchy canbeformed.
Thus the method is named ashierarchical learning.

This paper is organized as follows. In Section ��� we
overview the problem of optimizing the recognition perfor-
mance over the set of subspaces. The analytical result of
hierarchical learningis shown in Section ����� andexperimental
resultsaregiven in Section��� . Section � concludesthepaper
with a discussion.

I I . COMPUTING OPTIMAL L INEAR REPRESENTATIONS

Obtaining the optimal linear representation of images in
terms of actual application performance requiresthe search
in the linear representationspace.Here we assumethat the
recognition performance dependsonly on the linear subspace
anddoes not depend on the choiceof basesin the given sub-
space.In otherwords,we assumetherecognition performance
on � is the samefor any basisin the following set
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 � �
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where � is a ) -dimensional orthogal basisand � a )+*,)
rotationmatrix. For a given ) , all the ) -dimensional subspace
in ��� % is called a Grassmannmanifold [2], denoted by #&%-' � .
Thustheproblemof finding optimal linearsubspacesbecomes
an optimization on the Grassmannmanifold. While there
exist different optimizationalgorithmsto solve this problem,
a stochasticoptimization process that maximizes the perfor-



mance function over all subspaces is usedin [4], given by,.� 
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in which A�F #&%-' �HGI ���KJ is the performancefunction,and �
is onebasisof the given subspace.

Since the set #&%-' � is compact, if A is a smoothfunction,
thenthe optimizer

.� is well defined. The searchis performed
in a probabilistic framework by defining a probabilit y density
function L
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whereR �Z��� playstheroleof temperatureand

L
is aninduced

densityon the set #&%-' � .
The algorithm requires an estimation of the recognition

performance A for a given subspace. Becausethe recognition
performance is notasmoothfunction,asmoothedperformance
measurerelated to the recognition performance using the
nearestneighbor rule is introduced in [4]. Specifically, let there
be [ classesto be recognized from the images;eachclass
has \�]_^3`ba % training images (denoted by �?c ' d �befebeb�V�?c ' g<hWiYjlk = ) and\ ]nmVol] testimages (denotedby �qpc ' d �bebefeb�Y�&pc ' g?h_rtsuh ) to evaluatethe
recognition performancemeasure.
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where
z Cl� � � D is a monotonically increasingandboundedfunc-

tion in its first argument, and

{�C � pc ' a �f��D�
 45�W� cV�n�x�c ' ��) C �&pc ' a �V� cV� ' �����ED45���(�|) C � pc ' a �V� c ' �����ED��0� e (4)

Here ) C �qd��Y�<�q���EDK
���� C �&d��b�ED�}�� C �<���b�ED<� , � � � denotesthe
2-norm, � C ���b�ED�
�� � � and �+��� is a small number to
avoid division by zero. In our implementation, following [4],z CN� �Yv~D~
 P X C P � S 6qT C }K��v � DlD is used,where v controlsthe
smoothness of A . When we let v I�� , A is preciselythe
recognition performance of the nearestneighbor classifier[4].

In [4], a Markov chain MonteCarlo(MCMC) typegradient-
based algorithm is used to find the optimal subspace

.� .
At each iteration, the gradient vector of A with respect
to � , which is a skew-symmetric matrix, is computed. By
following the gradient, a new solution is generated,which is
used as a proposal and is accepted with a probability that
dependson the performance improvement. If the performance
of the new solution is better than the current solution, it
is always accepted. Otherwise,the worse the new solution’s
performance, the lower the probability the solution is being
accepted. In the original implementation used in [4], the
computationcomplexity [�% of each iterationof this algorithm
is [:%$
 � C )�* CW� }�)&D~*�\ ]_mlol] *�\ ]_^3`�a % a %7�B* � *�)&D , where)0* CN� } )&D is the dimension of the gradient vector. For
eachdimension and for eachtest image, the closestimages
in all the classesneed to be found, to compute the ratio in
Eqn. 4 andto compute the performance A in 3. The gradient
calculation furtherrequirescomputationof performancesusing

perturbedsubspaces. The complexity for one iterationcanbe
obtained easilyaccording to Eqn. 3. The overall computation
complexity is [ *5¡ where ¡ is the number of iterations.

I I I . HIERARCHICAL LEARNING

From the above analysis,the computationat each iteration
depends on several factorsand the complexity is � CN� � D in
termsof � . For typical applications, � , which is the number
of pixels in theimage,is relative large.For example, in theface
dataset(SeeSect.IV) � is 2,576. Thus the algorithm can be
very time consuming.Also when � getslarger, the dimension
of theGrassmannmanifold getslarger, resultingasearchspace
with larger dimension.As the other factorsin the complexity
cannot beavoided, herewe proposeanalgorithmby shrinking
the dimension of the searchspacefirst and performing the
searchin the reduced dimension. This reducesthe complexity
at each iterationandalso the dimension of the searchspace.

There are several issuesthat needto be addressed.First,
we are interestedin finding optimal linear subspaces in the
original spacenot the reduced space. How can we use the
optimalsubspace obtained in thereducedspace? This question
is answered by an analytical result which statesthat there
exists a way to expand that optimal subspaceto the larger
original spacein sucha way that theperformance is preserved
in the expansion.In otherwords,if we canfind an acceptable
solution in the reduced space, we can immediately get a
solution in the original space. The successof this procedure
dependson whether thehighest performance achievable in the
reduced spaceis acceptableor not. Ideally, onewould require
a searchover differentshrinkage matricesto obtain thedesired
performance (seebelow). However, in this paper, the search
is replaced by finding a goodshrinkagematrix basedon some
heuristicsthat involve an adaptive K-means algorithm. Even
under this setting, the optimal performance achieved in the
reduced spacemay not be acceptable. In that case,one can
usethe result from this expansionas an initial condition for
the searchin the original spacetherebyreducing the number
of requirediterations.

In this section,we first show an analytical result between
the performance in reduced spaceand the one in the original
space.Then, we presentan adaptive K-meansalgorithm to
find a shrinkage matrix with a goodperformance.

A. Hierarchical Learning Algorithm

Before we presentthe hierarchical learningalgorithm, we
first state the following result that gives a specific way to
expanda basisin a reducedspaceto theoriginal spaceso that
the performance is maintained.
Theorem: Suppose ¢Ed	
!£¤*�¢�� where ¢¥d��f¢����V£¦� Q J . Let.�§�¤���	¨|© ��� , �§�¤���	¨Kª ��� , )���« , �&d$� ���	¨Kª , �<�¬� ���	¨Kª ,.�&d­�®���	¨|© , .�f�¯�®����¨�© , °±
 ��² a �³� ¨|© � ¨Kª �´����¨|© � ¨~ª ,
in which

² a �µ� � ��� P � for ¶�
 P �febebef�b¢��U��· 
 P �bebefeb�f¢Ed ;
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otherwise

If
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 d¸ °O� a , for ¶�
 P �3� ; �¤
 d¸ ° � .� .

Then ) C �&d��Y�<�q���EDO
µ) C .�&d�� .�f�q� .�ED .
Proof: Using definitions of � and ) CV� � � � � D , we get

� C � a �f�ED¯
 � � � a
 d¸ .� � °�� a
 .� � .� a
 � C .� a � .�EDV�
(5)

for ¶�
 P �l��e
Therefore,

) C � d �Y� � ���ED¯
 ��� C � d �f�ED¹},� C � � �f��D<�
 ��� C .�&d�� .��D�},� C .�<��� .�¥Df�
 ) C .�&d�� .�<�q� .�EDVe
(6)

EOP.

In the above theorem,we get the result without using the

conditions
¨Kª
� x d
P C ² a ��D5
º£ and

¨|©
a�x d
P C ² a ��DB
 P . The reason

we put them thereis that the adaptive kmeans algorithm(see
below) requires ° be that form.

Now let’s consider how to compute the optimal basis �»����	¨Kª �-� in a more efficient way. Given the training and test
imagesof size ¢¥d , we can shrink their size to ¢¥d�X�£ by
left multiplying matrix C P X�£0DV° with original training and
test images, where ° is a matrix that satisfiesthe conditions
statedin thetheorem.We call thedimensionreductionprocess
shrinking the dimension by a shrinking factor £ through
a shinkage matrix ° . With the resulting new training and
test images,we apply the optimization algorithm to search
for
.�¼
¯/�132�45/76 8:9f;-½ ªl¾�¿ > @ A�C �ED . After

.�À�Á����¨KªuÂ ¸ �-�
is computed, we get �Ã�±���	¨Kª ��� by the equation �´

C P X�£0DV° � .� . We call it expanding basis

.� to � . As the
theoremstates, ) C �qd��Y�<�q���EDÄ
­) C .�&d�� .�<�U� .�ED . As long as the
performance function A is invariant with thedistancebetween
the representationof training andtest images, the recognition
rate will be unchanged. In this paper, A satisfiesthe above
condition, becausethe nearest neighbor rule is used as the
classifier. Thus we canget thebasis���Z����¨Kª ��� by searching
for basis

.���Z����¨ d Â ¸ ��� .
For eachiteration,thecomputationcomplexity with images

of size ¢¥d is [ ¨Kª 
Å� C )Æ* C ¢¥dÇ}¬)&D~*$\ ]_mloV] *$\ ]_^3`�a % a %7�Z*¢¥d
*!)&D . While the computation complexity with imagesof

Level Image Basis
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1

Fig. 1. Hierarchicalsearchprocess.Imagesize is reducedas level number
grows.Firstly, the optimal basis È�É is got at level L. We obtainbasis ÊÈ-ÉUË(Ì
of level ÍÏÎ
Ð by expanding È É . ÊÈ ÉUË(Ì and È É have the sameperformance.
We use ÊÈ�ÉqË-Ì as an initial point to perform the searchat level Í�Î�Ð with
imagesof size Ñ�ÒÓÔÇÕ�Ö ª . The ’search– expandbasis– search’processgoeson
till we get the optimal basisfor level 0.

size ¢Ed�X�£ is

[ ¨|© 
 � C )5* C ¨~ª¸ }×)&D:*Ä\ ]_mlol] *Ä\ ]_^3`�a % a %7�E* ¨Kª¸ *Ä)&D
 ¨KªlØ ¸ �¸ ©<Ù ¨KªlØ �3Ú [ ¨KªÛ d¸ © [ ¨ ª � (7)
consideringthe fact ¢Ed~�Ü�Ý) .

From the above analysis we see that we can save time
significantly on the searchif we performdimension shrinking
on the original images using a large shrinking factor £ .
However, thebestachievable performanceusingthesereduced
imagescanbe much lower thanthat in the original space.To
get the optimal basis,we have to searchagain with images
of original size, which is potentially time consuming if the
performance in the reduced spaceis considerably low.

Inspired by [6], to overcome this problem, we propose
to perform the searchhierarchically at different levels. The
basic idea is as follows. Instead of choosing large £ to
shrink dimensiononly once, we canchooserelatively smaller
shrinking factor

.£ to shrink the original images \ times to
get the training andtestimagesat level k, where \Z
 P �beWe�eW�bÞ .
The size of imagesat level \ is

% Òß¸Üà where �|á is the size
of the original images. The searchbegins from level Þ with
dimension-reduced images of size

% Òß¸ Õ . The computational
complexity at this level is dß¸ © Õ [�% Ò for each iteration. The
searchcanbe effectively done. After gettingan optimal basis��â at level Þ , we obtain basis ã��â Ø d of level ÞÝ} P by
expanding ��â . Basedon the above discussionwe know thatã��â Ø d and ��â have the sameperformance. If we use ã��â Ø d
as an initial point to perform the searchat level Þ!} P with
imagesof size

% Òß¸ Õ�Ö ª , the searchcan be performedrelatively



effectively. The computational complexity at this level isdß¸ ©�ä Õ�Ö ª�å [�% Ò for each iteration.The searchresult of this level
will be usedto obtaina basis ã��â Ø � of level ÞÄ}$� , which is
usedasan initial point for further searchat level Þæ}Ä� . This
processis repeated until we have reached level 0. This process
is illustratedin Fig. 1. The hierarchical learningalgorithm is
given below.

Hierar chical Learning Algorithm : Supposewe have Þ$� P
levels, andthe shrinking factor is £ . The original imagesize
is �|á . Our aim is to find the optimal basisof level 0.

1) Choose the dimension shrinkagematrices °Kg , for \�
P �bebebef�bÞ . Then preparenew training and test images
at each level ¶ : shrinking the image dimensionon the
training and test images for ¶ times by multilplying

d¸ k
d
g x�a °Kg with the original images.

2) Search for the optimal basis ��â at level Þ with training
and test imagesof size

% Ò¸ Õ .
3) For each \Z
µÞ�} P �bebebef�l� , let ã��g5
 d¸ ° �g�JÇd ��g�JÇd , usingã��g as the initial point, searchfor the optimal basis ��g

at level k with training and test images of size
% Ò¸Ïà .

B. Pixels Grouping Through Adaptive K-means

For thehierarchical searchalgorithm to beeffective, thebest
achievable performance in the original spaceshouldbe kept
as high as possible.Thereare many different ways to group
pixels, i.e to choose dimension shrinkage matrix A, when
performingdimensionshrinkage. As an illustrative example,
Fig. 2 shows two methodson two çÜ*�ç images. In this simple
example,onemethodis very effective in thatany performance
achievable in the ç+*æç imagespacecan be achieved in the
reduced spaceandthe otheroneis uselessin that the reduced
imagesdo not provide any information for recognition any
more.

Basedon theexample,wearguethatweshouldgrouppixels
with similarvalues in theoriginal imagetogether andrepresent
them in the dimension reduced images by their mean. To
achieve this, we propose a pixel grouping algorithm called
adaptive K-means,which is an adapedversionof original K-
means algorithm [3]. This methodis usedin the hierarchical
learningalgorithm to generateshrinkage matrix ° a , which is
desighed suchthatpixels thatareclusteredtogether contribute
to thesamecoordinatein thereducedspace. As all thetraining
imagesshouldbe shrunkin the sameway, we put all of them
in a matrix è of size � *
¢ d with each row of è is an image
where � is the number of training images. ¢¥d is the size of
the image, ¢¥dE
é£ê¢�� where £ is the shrinking factor. We
want to get a matrix è of size � *Z¢�� whereeachcolumnis
the meanof m columnsof M.

Let èë
 � è×d�èÄ��eWeWe�è ¨Kª � where è a C ¶�
 P �beWe��f¢EdfD is the ¶ -
th column of è . Treating è a asa point in ��� % , we give the
following algorithmto group the ¢¥d points è a C ¶	
 P �beWe��f¢EdfD

0 0 50 50 100 100 0 0

0 0 50 50 100 100 0 0

100 100 150 150 150 150 50 50

100 100 150 150 150 150 50 50

(a0) (b0)

75 75 75 75

75 75 75 75

(a1) (b1)

0 50 100 0

100 150 150 50

(a2) (b2)

Fig. 2. An illustrative examplefor comparingtwo ways of shrinking.TwoìÇí
ì
images(a0) and (b0) are reducedusing two differentmethods,giving

two different î í î images.Therecognitionperformanceusingthetwo images
given by (a1) and(b1) is worsethanthat usingthe two imagesgiven by (a2)
and(b2).

to ¢�� clusters è a C ¶�
 P �febebef�b¢��UD .
Adaptive K-means Algorighm: Let ï 
 � è a � ¶ 
P �bebebef�b¢¥db� . Randomly choose ¢�� points è a ����� % �Y¶ 
P �bebebef�b¢�� .

1) For each è a , choosethe nearest m points in S, group
them into cluster è a . Remove the chosenpoints from
S.

2) For eachcluster è a , compute variance � a and mean

C è a Du% mVð , set è a 
 C è a Dt% mlð .
3) Let ï�
 � è a � ¶µ
 P �bebefeb�b¢¥db� . Sorting according to� a , get list Þ F � a ª�ñ � a ©!ñ �b�b� ñ � a ½ © , in which

C ¶bd�� �b�f� �Y¶ ¨�© D is a permutationof C P � �b�b� �b¢��UD .
4) According to Þ , for eachcluster è a à we choose the

nearest£ points in S and put them into this cluster.
Remove the chosenpoints from ï .

5) For eachcluster è a à , compute variance � a à andmean

C è a à Dt% mlð . If C è a à Dt% mlð 
 è a à stop,elsego to step3.

IV. EXPERIMENTAL RESULTS

The databasethat hasbeen usedin our experiments:the ORL
facerecognition dataset1. The ORL datasetconsistsof faces
of 40 differentsubjectswith 10 imageseach.

Weplot therecognition rateversusiterationandthedistance
between M ] and M á versus ¡ , in which M ] is the basis of
the subspaceat iteration ¡ . The distancebetween any two
subspaces � d and � � is computedas: ��� d � �d }×� � � �� � .

1) We run the hierarchical learningalgorithmon the ORL
datasetwith L=3, original image size � is chosen to

1http://www.uk.research.att.com/facedatabase.html
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(d)
Fig. 3. Plots of recognitionrate (left) and distanceof òôó from òôõ (right)
versusö for differentlevel usinghierarchicalsearchalgorithm.(a) level 3, (b)
level 2, (c) level 1, (d) level 0. For thesecurves, Íø÷Eù , úû÷ ì , ü¥÷Eî�ý�þyÿ ,� ÷æÐ�� , � ó����	� Ñ ÷¥ý , and �7ó�

�tó¹÷Eý . Databaseis ORL.

be 2576, with the shrinking factor £ 
�ç , )�
 P � ,\ ]_^3`�a % 
�� , and \ ]_mlol] 
�� . Fig. 3 shows casesat
different levels. We can seethat it costs600 iterations
to achieve a perfectperformance at level 3 (a). Due to
numerical error, when we get the initial basisat level
2 by expanding the optimal basis got at level 3 the
performance goesdown a little bit. It takes 8 iterations
again at level 2 to achieve perfect performance (b).
¿From(c) and (d) we see that it takes only one step
to get the optimal basisat level 1 (c) and level 0 (d)
respectively. This means that the performance is kept
whenexpandingthe optimal basisgot at higher level to
a basisat lower level. It’s alsoworthy to note the plots
of distanceof M ] from MBá . At lower levels, it takes a
small number of iterationswith small moves from the
initial point to gettheoptimalbasis.Expendingthebasis
from a higher level asthe initial basisat the lower level
does give a goodguessof theoptimalbasisat the lower
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Fig. 4. Plot of searchingtime versusL. ü�÷×î�ý�þyÿ , ú ÷ ì , � ÷�Ð�� ,
� ó����	� Ñ ÷¥ý , and �7ó�
��tó¹÷Eý .

level.
2) Next, we have studiedthe time for searchingfor theop-

timal basisversusthe level number Þ . Fig. 4 shows the
result,which highlights the effectivenessof hierarchical
learningalgorithm.In thisexperiment,theORL database
is used.� is chosento be2576, shrinkingfactor £Á
0ç ,)¥
 P � , \ ]_^3`ba %ø
�� , and \ ]_mloV] 
�� .

3) Fig. 5 shows the different caseswhen using a different
level number Þ . In theseexperiments,we usethe ORL
dataset,� is chosento be2576, with theshrinkingfactor£Á
0ç , )E
 P � , \ ]_^3`ba %ø
�� , and \ ]_mlol] 
�� . All thecases
convergeto a perfectclassificationsolutionregardlessof
thelevel number. Onepoint to mentionis thatafterdoing
the dimension shrink, the recognition ratemay be even
higher thanthat of the original images.For instance,in
Fig. 5 the initial recognition rateis ����� with dimension
reduced images(c),but theinitial recognition rateis �����
with the original images(a).

V. DISCUSSION

In this paper, we have proposeda hierarchical learningal-
gorithmfor finding optimal linear representation.By grouping
pixels using an adaptive K-means algorithm, we speedup
the original searchon the datasetsignificantly. This makes it
computationally feasibleand effective to find optimal linear
representations for typical applications with large images.
The significance of this work is that now it is possibleto
study generalization and other fundamental issuesin linear
representations systematically.

Notethattheefficiency is gained by decomposingthesearch
on a large Grassmannmanifold to a number of hierarchically
organized Grassmannmanifolds with small dimensions. The
effectivennessof thealgorithmdependson thebestachievable
performance in the reduced dimension.While the proposed
adaptive K-means algorithm is shown to be effective for the
datasetwe have used,its effectivenessis not guaranteed. The
conditions under which the algorithm is effective needs to
be further investigated. Another future researchissue is to
find betterpixel groupingalgorithmsto generatetheshrinkage
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(d)
Fig. 5. Plots of recognitionrate (left) and distanceof òôó from òôõ (right)
versusö at the highestlevel for different Í . (a) Í = 0, level 0, (b) Í = 1,
level 1, (c) Í = 2, level 2, (d) Í = 3, level 3. For thesecurves, ü�÷Zî�ý�þyÿ ,úÝ÷ ì , � ÷æÐ�� , � ó����	� Ñ ÷¥ý , and �7ó�

�tó¹÷Eý .
matrix ° .
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