Laboratoire Bordelais de Recherche en Informatique

UMR 5800 - Université Bordeaux |, 351, cours de la Libé&mati
33405 Talence&EDEX, France

Research ReporRR- 1315- 04

A Linear Time Distributed Algorithm
for Graph Decomposition

Bilel Derbel and Mohamed Mosbah

February, 2004






A Linear Time Distributed Algorithm for Graph
Decomposition

Bilel Derbel and Mohamed Mosbah
LaBRI - Universie Bordeaux | - ENSEIRB
351, Cours de la lieration, 33405 - Talence

{derbel,mosbap@Iabri.fr

February, 2004

Abstract

We present a linear time distributed algorithm for deconmups graph into a disjoint set of clus-
ters. This algorithm is truly parallel since many clusteas e contructed in parallel, which gives an
anwser to a question asked by S. Moran and S. Snir in [24]. e no precomputed spanning tree
is required for the computation of clusters. We apply thegfe=d algorithm to construct covers for
synchronizersy; and-ys. Animplementation and a few experimental results are pteseshowing the
practical efficiency of the result.

1 Introduction

Due to the constant growth of networks, it becomes necededigd new techniques to handle related
global informations, to maintain and to update these infdrams in an efficient way. Locality-Preserving
(LP) network representation [26] can be considered as anieffidata structure that captures some topo-
logical properties of the underlying network and help inigesg distributed algorithms to efficiently
solve many distributed problems : synchronization [24, 2], Maximal Independant Set (MIS) [6],
routing [10], mobile users [11], coloring [25] and other plems [19, 20, 21, 16, 1].

Clustered representations are one type of many existingepResentations of a graph. The main idea of
clustered representations is to decompose the nodes oph gt many possibly overlapping regions
called clusters. This representation allows to organieegtiaph in a particular way that satisfies some de-
sired properties. In general, the clusters satisfy twosygfegualitative criteria. The first criteria attempts
to measure théocality levelof the clusters. Some parameters like thdiusor thesizeof a cluster are
usually used to measure the locality level of the clusteegaasentation of a graph. The second criteria
attempts to measure tisparsity level This criteria gives an idea about how the clusters are actededo
each others. When a clustered representation is made ofrdisjusters, the number of intercluster edges
can for example be used as a parameter to express thisaritieicase of overlapping clusters, the (aver-
age or maximum) number of occurrences of a node in the chigersually used to express the sparsity
(or the overlap) of the clustered representation. Therseweral algorithms that construct many types of
clustered representations of a graph. In this papers, wesfon three types of decompostions needed for
synchronizersy, v; and~,. In particular, we give distributed implementations ofdbelecompositions
while mainting a good time complexity bound.



1.1 The Model

We represent a network af processes by an unweighted undirected connected graph(V, E') where
V represents the set of processés|(= n) and E the set of links between them. Here are some useful
definitions :

Definition 1.1 The neighborhood of a nodein V' is :
Nw) = {v}U{ueV;(u,v) € E}

Definition 1.2 A clusterS is a subset of vertices &f, such that7(S) (the subgraph induced by in the
graph@G) is connected.

Definition 1.3 A cover of a grapltz is a setS of clusters that contain all the vertices Gt
Definition 1.4 A partition of G is a coverS containing only disjoint clusters.

Definition 1.5 For a clusterSin S :
S) = UN(v)

vES

Rad(S) = min{maz{distes)(v,w)}}

veES ~ weS

Rad(S) = max{Rad(S)}

Ses

Definition 1.6 The distance between two clustérand S’ is :
dist(S,S") = minS,{distG(u, v)}

ueS,we

We assume that each nod®f a graphGG has a unique identityd,. A cluster produced by the decom-
positions that we will introduce is always considered witleader node and a spanning tree rooted at
the leader. A unique identityds is assigned to each clust&rwhich is the identity of its leader. Each
nodew of the graph knows its own identit§, and the identity/ds of the clusterS it belongs to. The
algorithms we will describe are based on a parallel constmof the clusters. When the construction of
one cluster is finished, this cluster is calfathl or finished It is definitively part of the decomposition we
are constructing.

We also assume that a node is an autonomous entity of conguutiaat can only do local computations.
A node can only communicate with its neighbors by sending raediving messages. The system is
assumed to be free of failures.

1.2 Known Results

There are many techniques to construct a clustered repegsemof a graph. [26] and [17] give a complete
idea about these different techniques. Awerbuch and Alt ifimsoduced such a representation in [6]
callednetwork decompositiohere is also a simple and efficient randomized algorithnecdmstructing

a network decomposition given in [22] which has been appitedther works mainly in [17]. At the
same time, another and more powerful type of a network remtasion was introduced in [9]. Many
papers related to clustered representations (includiaglgdecompositions, covers and partitions) exist
in the literrature [5, 21, 4, 3, 25, 9, 6, 16] and many featsparsity, locality, complexity etc.) of these
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representations have been studied in order to improve sagistng distributed algorithms or to find new
applications [24, 11, 27, 10, 7, 8, 12, 2]. Note that a clesteepresentation of a graph is always modeled
in order to satisfy some properties that suit a particulgiaption.

In general, some parameters for measuring the sparsitynenidc¢ality levels are fixed such as the vertex
or cluster degree. The properties of the representatiogiaes in terms of these parameters. The locality
and the sparsity of a decomposition are in general tightigteel and often goes in an opposite way :
improving one of them usually yields in making the other ormst. These two levels are also related
to the complexity measures : low cluster radius (localielimplies in general lower time complexity
and low sparsity implies lower memory. All algorithms thateocan find always attempt to find a good
compromise between these two levels. Another reccurentimpdrtant point is that in order to use
clustered representations to improve and to design otlsttilelited algorithms, it is necessary to add a
preprocessing phase which constructs the partition or tiverc That’'s why it is important to design
algorithms that construct a good clustered representatiole maintaining good complexity bounds.

1.3 Our Main Motivation and Contribution

An interesting application of clustered representatiandasigning synchronizers in order to simulate a
distributed synchronous algorithm on asynchronous né¢svdn general, synchronizers use a mechanism
to generate pulses and then simulate a global clock. Theas¢ many types of synchronizers. Some
synchronizers require to partition the network into clustend so use a clustered representation of the
network to simulate a synchronous network. This prepranggshase should be done efficiently to avoid
increasing the complexity of the synchronizers themselveq24], Moran and Snir gave a method to
improve some existing algorithms for constructing a decosifjon of the network into clusters needed
for some synchronizers and also gave a new cover algorithnedostructing a possibly overlapping
clusters based on a classical merging (or coarsening) igpodin In general, except in [22], the usual
technique to construct covers is to consider a source cdoerkample the neighborhoods of graph
nodes) and to use this cover, by merging together some cysteconstruct another cover (or partition)
that satisfies some particular properties. The technigad s decomposing a graph usually constructs
clusters in a semi-sequential manner. In fact, startinghfeosingle source cluster, each final cluster is
constructed distributively by adding at each iteration @ teyer. At each phase there is only one final
cluster that is constructed. In the case of synchronizessuace cluster may be a single node, any pair
of two neighboring nodes, or any neighborhood of a node. Mawrad Snir end their paper [24] saying

. are there truly parallel constructions of the sparse opeeeded for their synchronizers) which have
a polylogarithmic or sub-linear time complexity ? In thispea, we give an algorithm that constructs a
sparse partition of a graph. This partition has the sameesti®s in terms of sparsity and locality, as
the partition needed for synchronizer Our algorithm does not require a spanning tree of the graph.
Indeed, each vertex initializes a cluster which grows weigching the desired property. Many clusters
are therefore constructed at the same time. We also give awants of our algorithm that construct two
covers used in designing synchronizersand~,. The time and message complexity of our algorithms
are in the worst case res@.(|V]|) andO(A|V]?) whereA is the maximum degree @F.

1.4 Structure of this paper

In Section 2, we give a formal overview of the technique useddnstruct a network cover used for
synchronizers as in [24]. In Section 3, we introduce a newitiged algorithm for constructing a graph
partition in a parallel way and discuss its complexity. I8 4, we give two algorithms for constructing
covers needed for synchronizersand~,. In Section 5, we give some experimental results.



2 A Basic Algorithm For Constructing A Sparse Partition

Let £ be an integer parameter. AlgorithBusic_Part [26] in Figure 1 constructs a decomposition of a
graphd. It satisfies the following properties :

Theorem 2.1 ([26]) The outputS of algorithmBasic_Part is a partition of G and :
1. Rad(S) < k — 1 (locality level)

2. There are at most'*'/* intercluster edges (sparsity level)

SetS +— v
while V' # @ do
Select an arbitrary vertexe V
SetS + {v}
while |T'(S)| > n'/*|S| do
S« T'(S)
end while
SetS+ SuSandV «V - 8§
end while
return S

Figure 1: AlgorithmBasic_Part

The partition produced by algotihBasic_Part is used as a data structure for synchronizeirhis ap-
plication of network decomposition was first introduced2h §nd improvements were given in [27, 24].
Algorithm Basic_Part operates in many phases. At each phase, a leader vertexdsesefrom nodes
which do not belong yet to a cluster. Then a cluster is congttlin many iterations.

There are many implementations of algoritlBnsic_Part. All of these implementations begin by elect-
ing a leader in the network which will be the center of the faisister. Then the cluster is constructed in
a layered fashion. At each iteration a new layer is addeddalinster. The construction of a cluster ends
when there are no new layer to adak( each node ifi'(S) is already in some cluster) or if the sparsity
condition|T'(S)| > n'/#|S| is no longer satisfied. Once the construction of one clusténished, a new
leader is elected from unproceeded nodes and a new clustes gip around this leader using broadcast
and convercast techniques. The main difficulity in theseralgms is to elect the next leader. In [24], a
spanning tred’ of the graph(7 is first constructed. This allows to elect the next leaderdhyjeving a DFS
traversal ofl" and by the same way improving considerably the complexityniols of the decompaosition

: O(|E|) messages an@(|V|) time. However, the algorithm given in [24] still construcisisters in a
sequentiel way (one after the other). In [22], an efficiestributed algorithm for constructing a partition
is introduced. The algorithm still operates in phases betah phase only some clusters are constructed
in parallel. The technigques used consist in allowing chsste grow while avoiding collisions between
them. However, the algorithm produces a partition that ifedint from the one produced by algorithm
Basic_Part. In the next section, we introduce a new algorihm that botidpces the same partition as
algorithm Basic_Part and constructs clusters in parallel.



3 A Deterministic Distributed Sparse Partition Algorithm

3.1 The Main ldea

In this section we give the general framework of algoritiihst_Part which emulates in a distributed
way algorithmBasic_Part. The main idea of our algorithm is to allow clusters to growparallel and

in a concurrent way. We do not avoid cluster collisions buhagge the conflicts that can occur using
cluster identities. Consider a single clusteat some moment of the algorithm execution. This cluster
will compete against other clusters in order to add a newrlayither, the cluster enters in conflict with
an adjacent one, say, or with another cluster, say, at distance two (see Figure 2). In the first case,
clusterS tries to invade some nodes that belong to clusSterin the second case, clustgmwill compete

for adding the nodes that separate it from clusterSymmetrically, clusters; andS; will also compete
against clustef and against all clusters at distance one or two of them. loaales, the clusters having
the biggest identities always win against their neighbpdlusters and succeed in adding new layers. The
main feature of our algorithm which makes possible such alfgrconstruction is that at any moment
at least the cluster having the biggest identity in all thepgralways wins and so can not be stopped by
another cluster. Once a cluster can not add a new layer bethere are no layers to add or because it
violates the sparsity conditiong : |T'(S)| < n'/*|S|), this cluster definitively stops adding new layers
. it is a terminal (or final) cluster (it is definitively part @éhe decomposition). To sum up, clusters are
always competing against each others in order to expandsitless. They may (respec. may not) succeed
in adding new layers and they can invade (resp. be invadeddighboring clusters according to their
identities. In our algorithm, a nodein the graphG can be in aoot, leaf, relay, orphanor final state.

ClusterSo
ClusterSq

Clusters

Figure 2. Two types of conflicts between clusters

Initially, all nodes are orphans. Each orphan node formsuatel which we calbrphan cluster An
orphan node is both the root and the leaf of its cluster. Tleatity of an orphan cluster is the identity
of its single orphan node. Each orphan cluster will try to adeew layer. Thus, it must win against all
the clusters at distance one or two. Consider an orphanrecltisit succeeds in adding a new layer, this
orphan node becomes the root node in the new formed clusidiug1) and the new nodes that join the
new cluster become leaf nodes in this cluster. The root noakksrthe new nodes as its children and
the new nodes mark the root node as their father. Now the nestesl will try to add a second layer
(cluster of radiu®). The leaf nodes will try to win against all their neighbossng their cluster identity.
Each leaf node informs its father weither it has locally worast. The cluster globally wins if all of
its leaf nodes have locally won. Suppose that the clustezesmds in adding a second layer. The leaf
nodes mark their children and become relay nodes. On the sithe, each newly added node mark its
father (one new relay node) and becomes a leaf node in its hestec Each leaf node will again fight



locally against the neighboring clusters to allow theirstér to win new layers. The relay nodes enable
to forward informations from the leaf nodes to the root nodd eonversely.

Note that as long as new layers are adde8iFaS tree spanning the cluster and rooted at its root node is
constructed. The leaf nodes of this tree are the leaves afdister and the relay nodes are the nodes in the
inside of the tree. The relay nodes are the links betweerettifabdes and the root node. The decisions of
adding, removing or preserving a layer are made by the rod¢ macording to the informations forwarded
from the leaf nodes. All communications between nodes @aidluster are done using the constructed
tree.

3.2 An example of cluster growth in algorithm Dist_Part

In Figure 3, we have four clustets 2, 3, 4 and5 with identities/d, > Idy > Id3 > Id,; > Ids. Cluster

5 is an orphan cluster because it has only one node. When a r@ara&ton begins the leaves of cluster
1 will win the leaves of their neighboring clustefsand 3 and they both inform the root that the new
exploration has succeeded. Clusterins against clustet which is its neighbor but can not win cluster
5 because clustéris stronger and it is a neighbor of cluster Thus, cluste can not add a new layer.
Cluster4 loses against both clusteétsand3 but it won’t be invaded because both clusteend3 can not
grow. Cluster3 wins against clustef but loses against clustér Cluster3 will be invaded by clustet
which wins against all clusters at distance two (cluster and3). Thus, clusteB will lose its last layer.
The node connecting it with clustérwill be an orphan cluster with the identity of its orphan nodée
node connecting clustérwith cluster1 will be a leaf in clustetl. Note that in other regions of the graph,
there are other clusters which are fighting against othestets. Thus, many clusters can grow in parallel.

Figure 3: An example of competition between clusters

3.3 Detailed Description and Implementation of the Algorihm

In this section, we give an implementation of our algoritheing messages. We also give a complete
description of how the clusters manage conflicts between eters. In next paragraphs, we give actions
to be performed by each node according to its state. Onelgbgghl in mind three points. First, a cluster
is constructed in a layered fashion. Second, a cluster caa aw layer if its identity is bigger than the
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identities of all clusters at distance one or two from it ainthé new layer satisfies the sparsity condition.
Third, a root node can not know what’s happening on the berdgeits cluster, that’s why, it always waits
for informations from the leaves before taking any decisiblowever, cluster leaves can not know the
global state of their cluster, that's why they always infdhm root of the result of the computations done
locally and waits for orders from their root.

Preliminary remarks

First, each node of the graph may use some variables wheg d@omputation step. The most significant
variable isStatewhich indicate the state of a node and so the actions the nadedu. This variable may
have five values Root Leaf Orphan RelayandFinal.

The other variables a node may need are :

e Brothers : neighbors belonging the last layer of the node clusters Blibids sending exploration
messages to neighbors that are already in the current cluste

e Uncles: neighbors belonging layer before the last of the node efustode that could have been
fathers. This avoids sending exploration messages to beiglthat are already in the current clus-
ter.

e Nephews neighbors that are sons of a brother.

e Conguerors A node may be explored by more than one node belonging to @uewar cluster. In
case of the neighbor cluster wins globally and invade theeacticluster, the leaf chooses randomly
one node between the conquerors to be its father and markshteenodes as its uncles.

e Sons chldren of a node in its cluster.
e Final_States this variable identifies all neighboring nodes that beltmg final cluster.

e Run: This variable indicates that the node is still alive andtigat part of a finished cluster. The
algorithm still runs.

e Rootld : the root (cluster) identity.
e Father : the link identifing the node father in the cluster.

e WinnerRoot : indicates for a leaf the identity of the potentiel winnemstier. This serves only if
the node looses against a neighbor.

e WinnerFather: the link that identifies the potential winner father. Thesses only if the node
looses against a neighbor.

Figure 6 depicates the algorithm scheme.

Root nodes

A root node has three activities. First, it evaluates at etafation the sparsity condition. Second, it
informs the leaf nodes if the sparsity condition always Bold so, the root node broadcats a notification
messag@&EWto all its leaf nodes in order to begin a new exploration. Gadther hand, if the sparsity
condition does not hold, the root node knows that the coostnu of the cluster is finished and informs
both the leaf and the relay nodes by broadcastiBg@&K message. Third, if a new exploration has been
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initiated (after broadcastingldEWmessage), a root node waits for the response of its leavasién to
know if the new exploration has succeeded. There are threslge cases :

1. If the leaves didn’t find any new node to add (all neighbgpmodes are in final states or there are
no more nodes in the graph), the root node only receé8/8SPPEDmMessages. In this case, the root
nodes broadcast@TOPmessage informing all the nodes that the cluster constnucditerminated.

2. If the new exploration has succeedeé ( all leaf nodes have locally won), the root informs the
leaves that the cluster has globally won and broadcastéPamessage. In this case, the new layer
will be added and the root will re-evaluate the sparsity d¢toowl for the cluster with the new added
layer.

3. If the new exploration has not succeeded :(at least one leaf node has lost against a neighboring
cluster), the root informs all the leaf nodes by broadcgstimANNULmessage. Then, the root node
waits for the leaf responses. There are two cases : Eitheast dbne leaf node is invaded by another
cluster and it informs its root by sending baclBA¥Emessage. Or all leaf nodes have resisted to
neighboring cluster attacks (none of the neighboring elusas succeeded in invading the current
cluster), and they all send back to their root@K message. In the first case, the cluster must give
up its last layer, so the root brodcastt@WNmessage ordering all leaves to becamnghans In
the second case, it broadcastgaitimessage saying that none of the leaves was invaded.

Note that Figure 7 depicates the actions to be performeddoyoibt.

Leaf nodes

First, we precise that a leaf node does not always belongettagt layer of a cluster. For example, a leaf
node may not have neighbors belonging to other clusterscdrabe explored. Locally, this leaf can not
add new nodes to its cluster, but other leaves belongingetedme cluster can continue to explore new
layers. So globally, the construction of the cluster cartioore even if some leaves cannot explore new
regions. Each node has a variahléhat indicates the width of the node in the tree spanningltreter. If

h equalsl then the leaf nodes know that they belong to the last layesraiise they know that they can
not expand anymore.

When a node becomes a leaf in a new cluster, it only knowstthaeiv cluster has won all its neighboring
clusters but it doesn’t know if the sparsity condition isified. So a new leaf node always begins by
sending the numbaérto its parent (which was a leaf and becomes a relay node)., Tieiparent computes
the number of its children and gradullay the root node canmdeT'(S)|. If the sparsity condition does
not hold, the root broadcatdBACKmessage to its leaves. When receiving this message, a lidafvioch
belongs to the final layer knows that it must leave its newtelusnd it becomes an orphan cluster (with
its own identity). The leaves that do not belong to the lagtl&now that the construction of the cluster
is finished. On the other hand, if the sparsity conditior ktlds, then the leaves must receivélBW
message. This message indicates that the root node israydiee leaves to begin a new exploration. Such
an exploration always begins by determinating whether deatity of the cluster is the biggest among
those at distance. This is done using an election technique in a ball of radiy23] : A leaf node
sends its cluster identity to its neighbors and it waits fa identities of its neighboring clusters. Then,
it computes the maximum identity of its neighbors includihg identity of its own cluster and sends
this maximum to its neighbors. Conversely, it waits for thaximum identity of its neighbors. If all the
identities sent by the neighbors are equal to the identith@hode cluster, then the node has locally won
against all neighbors at distanzeMore precisely, three cases may occur :

1. The leaf can not explore new regions. It sends ba8kK@PPEDmessage to the root.
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2. The leaf wins against neighboring clusters. It sends batke root ay ESmessage.
3. The leaf loses and sends back to the rodCamessage.

Then, the leaf waits for orders from the root node in orderriow what happens globally on the cluster.
There are three cases :

1. None of the cluster leaves has succeeded in initiatingnaexploration : a leaf node receives a
STOPmessage. Thus, this leafs knows that the cluster consiruistfinished and switches its state
to final.

2. All leaves have succeeded the new exploration and wonegdhbors at distance . each leaf
node receives ablP message from the root. In this case, the leaf senti3IBl message to all the
neighboring nodes (leaves in other clusters) in order tormfthem that they must join the new
cluster and then switches to a relay state.

3. Atleast one leaf has not succeeded the exploraAdiNUL message from the root). Thus, the leaf
sends al\NNULmessage to all neighboring nodes in order to inform themthegt are not invaded
by the current cluster. The leaf then waits to know if it wik beally invaded by a neighboring
cluster. In this case, it must receivel®IN message from the neighboring winner cluster and it
sends back 8YEmessage to its roots, waits for an acknowledgment from tbeand then joins
its new cluster as a leaf. On the other hand, if none of thehfmigng cluster has succeeded in
invading the leaf ANNUL message), the leaf sends back to its rooO&hmessage. At this stage,
leaves (except those who have receiva®DdN message) do not know whether their cluster is being
invaded or not (only the root does so). That’s why, leaved feaieither anOK or aBYEmessage
from the root. In the former, the leaf state won’t change dmarode is still a leaf in the same
cluster. In the latter, the leaves that have not been inviaded that their cluster was invaded and
becomeorphannodes once again.

Note that Figures 8 and Figures 9 depicate the leaf actions.

Orphan nodes

An orphan node acts both like a leaf and a root node. It trieésviade neighboring nodes. If it succeeds,
it becomes a root node in its new cluster. If it is invaded by#rer cluster JOIN message), it becomes
a leaf in the new winner cluster. Otherwise, it re-tries teaithe its neighbors. If there are only neighbors
belonging to finished clusters, the node switches to a fiadé st

Note that Figure 10 depicates the action to be performed loy@man node which are very simiar to those
performed by a root node.

Relay nodes

The main activity of a relay node is to forward informatioretlween the root and the leaves. We precise
that each node knows locally who are its children and itsdfiath

When a relay node receives a message from its father, it gifaphards it to its children. If the message
is aBACKor aSTOPmessage, then the node knows that the cluster construstimmshed and it switches

to a final state. If the message is @R message, the node knows that there is a new layer that jgins it
cluster and thus the width of the node is incremented by éne (h + 1). If the message is BOWN
message then the relay nodes know that their cluster wadedvand it has lost the last layér € h — 1).

In this case, if a relay node belongs to the layer before thiedae (. = 2) then the relay node switches
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its state to a leaf state.

On the other hand, if a relay node receives a message fromilthen, it can know at which step the
leaves are (exploration of a new layeYESor NO or STOPPEDmMessages, resistance against neighbors
attacks :OK or BYEmessages, and computation of the sparsity condition).llcaaks, the relay node
can easily know which type of message it must forward to itg.ro

Figure 11 gives a more detailed idea about the actions to fherped by a relay node.

Final nodes

When a node is in a final state, it does not participate anyindree algorithm computations because the
construction of its cluster is finished. Each node knows Wiitctits neighbors belong to a finished cluster
and thus stops communicating with these final nodes.

3.4 Analysis of the Algorithm

Let us first prove the correctennes of the previous algorithhe first two proofs are briefly sketched.

Theorem 3.1 Our algorithm emulates thBasic_Part algorithm.

Proof By construction, before definitively adding a new layer, tbet node always verify if the sparsity
condition of algorithmBasic_Part is correct. Conversely, if a cluster leaf is invaded, thestduloses all

of its other leaves : it loses the whole last layer. The rasgilhot yet finished cluster still respects the
sparsity condition. Thus, the constructed partition $@gshe sparsity and locality properties of algorithm
Basic_Part. Furthermore, once the construction of a cluster is finislkeedh cluster node switches to a
final state and definitively stops taking part of the pantittmnstruction. In other words, a finished cluster
can not be invaded by other actif clusters : the decompaositie construct is a partition. |

Theorem 3.2 Our algorithm terminates.

Proof By construction, when a node switches to a final state, itsstmpnmunicating with all of its
neighbors and it can not switch to another actif state. Eacle mlso knows which of its neighbors are in
a final state and does not communicate with these neighbordo $rove that our algorithm terminates,
we prove that all nodes must be at some moment in a final statentér in a final state a node must be at
some moment in a cluster which reaches the sparsity conditisvhich has only finsihed clusters around
it (i.e : there is no new layer to add). Note that the sparsity coonlitvill not be statisfied if the cluster
radius isk — 1. After a cluster addg — 1 layers it must stop growing : its construction is finished. So
a cluster can not grow indefinitely. By construction, thestéu having the biggest identity in the graph
always wins against its neighbors. This cluster always eegs adding new layers until it can not grow
any more. Thus, the nodes inside this cluster must switcliit@bstate at some moment. Now, the cluster
having the biggest identity in the subgraph obtained by ic@mnsg only not yet finished clusters always
succeeds in its explorations because the only cluster thad dave stopped it has finished. To sum up,
at any moment, we are sure that the cluster having the biggestity in the subagraph of active nodes
always wins. If there are new added nodes, then these nodesdanger be invaded by other clusters .
Thus, the nodes in this cluster finish beeing in a final statg. Wode of the graph finish by being invaded
at some moment by the cluster having the biggest identitysanitlis sure to enter definitively in a final
state. As long as the construction goes on, the number afactides decreases up to the moment where
there are no more active nodes : the algorithm terminatej.
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Message and Time Complexity
Theorem 3.3 In the worst case, the message complexity of algorithet_Part is :

Message(Dist_Part) = O(A|V]?)

Proof The technique used in our algorithm is similar to the techaigsed for network synchronization
with synchronizery in the sens that a cluster can not invade a neighbor beforeighbors give their
acknowledgements. A leaf must first inform its current cinghat it is being invaded then waits for the
acknowledgment of its root before joining a new cluster. tlmeo words, there is a kind of synchronization
between clusters. This allows us to decompose our algoiithmmany virtual phases in order to compute
the message complexity. At each phase, the graph is deceahpde many clusters each of them can add
a new layer, go back (lose its last layer), or preserve itregjaieighbors attacks. If we consider a single
cluster|S| at some phasg, we can decompose the activity of a cluster into two groupst,Rhere are
messages going from the root to leaves and conversely im trdieodcast or forward informations. This
is done using the BFS spanning tree constructed as long atugter grows. Second, there are messages
used by each leaf to try invading its neighbors. So, the numb@essage used at a phass :

> 0S| 1) + |Edges_Ext(S)))

S not final

with |Edges_Ext(S)| the number of edges connecting the clustexith its neighbors and allowing the
cluster to communicate with them. A first bound can be obthicensidering thad . |S| < |V] and
> s |Edges_Ext(S)| < |E|. So, the total message complexity of our algorithm is :

Message(Dist_Part) = > O(|V]) + Y. O(|F))
P P

To evaluate the number of phases needed before the algdetinmmates, we considey (resp.ny) the
radius (resp. the number of nodes) of the clustepbtained at the end of the algorithm. Lef}, be the
set of all finished clusters at phas@andS F' the set of cluster constructed at the end of our algorithm. In
the worst case, the number of phases needed to construatbengostion i g g 7. Sincer; < ny
and} s cspny = |V, we can conclude that, in the worst case, the number of plimsesial toV/| and

we obtain the following message complexity :

Message(Dist_Part) = O(|V]?) + O(|V]x|E|)

A more careful analysis of our algorithm consists in consigenode degrees and the contribution of
each node in the message complexity. Let us focus only onages&xchanged on the border of a cluster
which cost much more than communications in the interiohefdluster. Lefs,,,,, be the cluster with the
biggest identity. In the worst case, the contribution ofvechodes on one phase is :

Z O(degree(v))

¢S v¢ Smaz

We can note that, at each phase, there is at least one nods ti&dinitively part of a futur final cluster
Smaz- This node is definitively inside of clustét,,,,. and won'’t fight no more against other nodes. So, it
won’t send any further messages on the edges connectinghitwineighbors. Let\ be the maximum
degree of the graph nodes, the number of messages used ortlee bf active clusters in the worst case is
: at phase one®(A|V]), then at phase twoQ(A(|V|—1)), more generally at phage (A(|V|—p+1)).
Thus, we obtain the following message complexity :
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Message(Dist_Part) = O(|V]?) + Y OA(V|-p+1))
)
= ovp) + oAV

Finally, the message complexity of algorithinist_Part is :

Message(Dist_Part) = O(A|V]?)

Theorem 3.4 In the worst case, the time complexity of algorithhst_Part is :
Time(Dist_Part) = O(|V])

Proof First, note that our algorithm can be implemented in a syorebus and in an asynchronous en-
vironment : we don't use any global clock. In this paragraph,suppose that the algorithm runs on a
synchronous environment. Thus, the time complexity is tleimum number of pulses from the start
of the algorithm to its termination. LefF be the set of all finished clustefs and letr; be the radius

of a finished clustef;. We denote byl"ime(S;) the number of pulses from the moment the root node
of clusterS; becomes the biggest over the whole active graph nadesrfot in finished clusters) up to
the termination of5; construction. From now, we consider that clusters are nemestructed at the same
time. This is the worst case in terms of time complexity. THbae time complexity is :

Time(Dist_Part) = Z Time(Sy)
SyeSF

To decide if a layer will be added or not, a cluster must bedrsed at most six times. In addition, a
node can join a new cluster only if it informs its root and riges an acknowledgement. Let) < i < r;
be the number of layers in the clustgf before its construction is finished amgl,,, be the maximum
radius over allS; neighboring clusters at step (iterationf the cluster construction. Thus :

Time(Sy) < Z O(i + Tmag, )

0<i§7"f
Using Theorem 2.1, we have < k — 1 andr,,,,, < k — 1 and we can conclude that :
Time(Sy) = O(r5+kry) = O(kry)
Using the fact thap -~ ¢, rp < [V, we get:
Time(Dist_Part) = O(k|V|)

To improve this bound, we make the following modification ur algorithm : a cluster can win only if it
first has the biggest radius and second the biggest identéyu§e the lexicographical order). This does
not affect the message complexity and improves the time &xitp. In fact, with this modification, we
haver,,.,, < r;. Note also that using the sparsity condition and in the eglevange: < log(n) (after
whichn!/* = O(1)), we have the following :

ng >0 = rp < Wlo.q(nf) = 1y < log(ny)

Finally,
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Time(Dist_Part) = o > O@+ rmag,)

S;eSF 0<i<ry

< SEWO(T?)

< S%FO(ZOQ(W)
< q;FO(”f)

< 5(5)

Note that using both the cluster radius and identity to btealsymmetry, we improve the time complexity
and we privilege the construction of clusters with biggetiua. We also can use cluster size with the
radius and the identity to resolve conflicts between adjeciesters. |}

Note that, in the worst case there is only one node that dgBhjtstops participating in new explorations
(stops being at the border). The complexity should be b#ttieere are many nodes that definitively stop
participating in new explorations (in other words, if then® many nodes at the new layers and if there
are many clusters that grows at the same time).

It would be interesting to compute the average message explThis may be a hard task because the
execution of our algorithm depends both on the graph topoéogl on the distribution of node identities.
We have no criterion to say how the clusters are contructdtbar many clusters are constructed at the
same time. Note that there are some configurations for whidyr @ne cluster is constructed at once
and for which the worst case is achieved. This is the casehtogtaph given in Figure 4 with a bad
distribution of node identities. For this graph we provetttiee average message complexity is still in
O(n?). Computing the average complexity for general graphs andrg distribution of node identities
remains an open question.

Path withn nodes

Complete graph witle nodes

Figure 4: An example of bad node distribution

Anonymous Graphs

The main idea of algorithnist_Part is to allow clusters to grow in parallel and to break the syrmgne
using node identities. This is no more possible when consigan anonymous graph.

One idea s to attemp to turn out our algorithm into a rand@chizne for anonymous graphs where at each
new exploration, the root node of each cluster generatekraly an identity and forwards it to its leaves.
If we suppose that each node selects an identity uniformhardom from a large set of integers, we
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can suppose that the identities generated by neighbornirsgeck are different with high probability. Our
algorithm remains the same (the only modification is to fodMéie generated identity at each iteration)
and the symmetry could be broken in the same way as in thendigiistic algorithm.

4 Distributed Deterministic Sparse Cover Algorithms for Synchro-
nizers~; and

The decompostion given in Section 2 can be used for syncteoni The main idea of this synchronizer
is to synchronize first the nodes belonging to one clusteiis T&hdone using a broadcast convergcast
technique upon the tree spanning the cluster. Then, neigigholusters are synchronized using the
links between them. The root node of each cluster is usedrtraall of these synchronization steps.
As the decompostion algorithBasic_Part produces clusters with low radius and low inter connexion
edges, the message complexity of the synchronization cangreved while mainting a reasonable time
complexity (logarithmic). There are also other importaphchronizers derived from synchronizer
mainly synchronizers, and~, [24, 27, 12] which use two different types of covers. In thatrigvo
sections, we show how it is possible to construct the coveesled for synchronizerg and~; in a truly
parallel way.

4.1 Synchronizery,

The first synchronizet; needs a sparse cover where each two neighboring nodes nsg be a cluster
and where the clusters may overlap. We can distributivelystroict such a decompostion using our
technique. In fact, in our algorithm, layers are first addiben the cluster root computes the sparsity
condition and decides if the last layer is actually addecefated. So, the last layer is always computed.
To construct the cover needed for synchronigeiit suffices to allow the last layer to be part of the cluster
when the sparsity condition is no longer satisfied. By singaing the modifications listed below, we can
construct a cover needed for synchronizerin a trully parallel way while mainting the same message
and time complexity :

1. When the construction of a cluster is finished, becausbeo§parsity condition, nodes which are
inside of the cluster (relay nodes) switch to final statesdbilltmark children in the rejected last
layer.

2. In the same way, rejected nodes in the last layer mark thlessas part of the current cluster (they
still know how are their fathers in the curent cluster), aneit switch to an orphan state.

4.2 Synchronizer~,

The second synchronizes uses a sparse cover that guarantees that for eachwdbere is a cluster
S which containsV (v) (i.e : v and all its neighbors). To construct such a cover, we allavstelrs to
grow in parallel and we use the identities of clusters to nganeonflicts. However, we must consider
at each iteration two layers at the same time. In fact, at dggniming of the execution of the algorithm
each cluster tries to add two layers before it begins verifirgsparsity condition. This enables each
cluster to have two reserved layers. First, there is a ldyarwill allow the cluster to compute the sparsity
condition : layerl;. This is the same layer that we count in the basic distribspetse decomposition
algorithmDist_Part. But now, it is no longer the last layer of the cluster but égelr before the last one.
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Second, the last layér, ; enables a cluster to compete against neighboring clugtdri ansures that the
neighborhoods of all nodes in laykgrare in the current cluster. There are three important points

1. If the sparsity condition is satisfied, then the cluster lbagin a new exploration. Leaves on layer
l;+1 try to invade a new layer. If this is possible, laygr, becomes layet,_;,; and the new added
layer becomes the nely., layer. Otherwise, if the sparsity condition on laygers not satisfied,
then the construction of the cluster is finished. The finistiadter contains not only all layets.;
but also the two layerg andl/;, ;. The main difference between this three kind of layers is$ tha
layersl;.; are definitively out of any computation : they switch to a fitdte. At this point, the
neighborhoods of all nodes in laykrare covered by the finished cluster. Thus, the nodes in layer
verify the property needed for synchronizgrand their neighborhood does not need to be covered
by any other cluster. But, neighborhoods of nodes at I1gyemay not yet be covered by a cluster,
that's why nodes at laydf must continue patrticipating in the algorithm computatibns should
not be leaders in their cluster. So nodes at layet®ecome Orphan clusters with identityl in
order to allow other not finished clusters to grow and to cdkerneighborhoods of nodes in layer
l;+1. In other words, nodes ifh must not be an obstacle to the growth of other clusters. On the
other side, nodes in layér.; become Orphans. Thus, their neighborhoods can be covereithby
clusters.

2. If a new exploration fails.e there is a cluster at distandeor 2 that has a biggest identity than the
current clusters. Either the winner lost against anotheghimring cluster and the current cluster
is not invaded or the current cluster is invaded. In the fiaste; the cluster does nothing and simply
retries a new exploration. In the second case, the currestesi must yield its last layer. Invaded
nodes in layel;,; become part of the last layér . ., of the winner cluster. Nodes in layér,
which have not been invaded become orphan nodes and begim expéoration using their own
identities. Layer; becomes the last layér, ,—;, and layer; ; becomes layet,_; ; in the current
cluster (the one who loses). Then the current cluster camlaegew exploration again.

3. When the construction of a cluster is finished, nodes &awke at leas? from the border of the
cluster (.e : layersi;<,_,) switch to final states. In fact, layér , of a finished cluster acts as
a barrier that protects the finished cluster. Laykrs ; are commonly called th&ernel of the
cluster. This is a reccurent classical feature and teclenigged for constructing coarsening covers
[9, 10, 26].

Note that this algorithm constructs the same decomposdtieaded for synchronizek) as in [24]. The
main difference is that clusters are constructed in pdrallde time and message complexity of this
algorithm remains the same as for thést_Part algorithm. In fact, the sparsity condition is computed
in the same way and the new exploration too. The main diffe¥es that the computations are done on
the two last layers (we just need to mark nodes belongingeatast layer as part of the cluster, before
verifying the sparsity condition).

An example of cluster growth for synchronizer-,

In Figure 5, we give an illustration of how the cover is coansted for synchronizey,. Note that there are
four not yet finished clusterst;, 2, 3 and4 with identities/d,, Id,, Id; and/d,. There is also a finished
cluster neighboring clustér The finished cluster has stopped its expansion becauspdtstyg condition
was not satisfied. The nodes at layeof the finished cluster (first part of Figure 5) still partiaie in the
computation with identity-1, all other nodes before this layer are definitively in a finake. There is
also a node in layek, ; of the finished cluster that is part of laykr, of clusterl. Suppose now that the
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layer; of each cluster satisfies the sparsity condition, then abters (except the finished one) will try
to grow. Suppose that clustémave the biggest identity. Clustercan not grow because clusteis at
distance two of it and has a bigger identity but it will not Ileaded. Clustet will invade both clusters

3 and4. Cluster4 is orphan and it simply joins the last layer of cluster Cluster3 will lose its last
layer/; ;. The invaded nodes of clustgjoin clusterl and the other nodes which have not been invaded
become orphan clusters. Note also that the node with igentitof the finished cluster is invaded by
cluster1l. This guarantees that the neighborhood of the son of thie modhe finished cluster is now
covered by clustet. Now the new exploration is finished, clustewill verify the sparsity condition. If
this condition is satisfied, a new exploration will begin ardsters2 and3 will be invaded. Note that
nodes of the finished cluster which are in layers befpkeill not be invaded by cluster : these nodes
are definitively out of computations (it is as if they do notstx If the sparsity condition is not satisfied
which is the case in the third part of Figure 5, the constarcof clusterl is finished. Nodes at layér

will take identity —1 and nodes in laye: . ; will be orphan nodes except those who are already in layer
I; of an other finished cluster (those whose neighborhoodsarered by another cluster). Note that the
two finished clusters we have constructed overlaps (theg hasommon edge). Now, the cluster having
the biggest identity won’t be stopped by clusteand for sure will succeed in adding new layers.

(c) After construction of cluster is fin-
ished

Figure 5: An example of a cluster expansion for cover needeghf
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Table 1: Experimental message and time complexity

Graph Min Msg Max Msg | Average Msg| Min Time | Max Time | Average
Size Time
100 25342 40388 32945 66 204 123
200 23673 78610 43296 48 421 139
300 31536 68632 42766 72 446 166
400 33290 213901 61573 67 714 215
500 36188 482238 121576 103 2210 411
600 38654 389143 140040 125 1291 611
700 33759 764258 207606 84 2140 660
800 34917 288478 91488 91 1165 350
900 35472 462385 132698 94 1588 474
1000 37338 526368 149547 87 1652 505

5 Experimentation

Although our algorithm works in a complete parallel way &tkers are constructed in parallel), the time
complexityO(|V]) of our algorithm is the same as the one of algorithm in [24]isTi& because we can
find a particular distribution of node identities for whiclmlg one cluster grows at once. This is, for
example, the case if the graph contains a path in which twghibeiring nodes have repectively identities
Id andId + 1. In this case, only the cluster containing the strongesteraidhe border of the path can
grow. Any other cluster containing any other node of the path not add any new layer because it
will lose against its neighbor. But, in general, we note tinare are more than one cluster that can be
constructed at the same time. So we have made several expsito measure the time complexity of
our algorithmDist_Part in order to estimate in practice how fast it constructs a nétypartition.

We can make the same remarks for the message complexityctintii@ worst case is when only few
clusters are constructed in parallel. This means that ogsages used by the strongest clusters really
serves and all other messages used by weaker clusters demeta all. These messages increase
considerably the message complexity. As we said beforegdheplexity depends on the distribution of
node identities.

Our experiments have been done using a software platforthéoYisualization and the Simulation of
Distributed Algorithms : ViSIDIA [18, 15, 13, 14]. ViSIDiAs a practical tool which helps implementing
distributed algorithms by providing basic primitives fargling and receiving messages. It also enables
to visualize the execution of an algorithm on the fly. It givesmne tools for counting messages. A
distributed version of these software allows to distribilie computations using a network of machines
which enables algorithm simulation on huge graphs for exam@ur experimental resulats using this
tool are regrouped in Table 1. We have used graphs with diftesizes going from one hundred nodes
to one thousand nodes. For each size, we have made sevesahspts changing both the number of
edges, the maximum degréeand the identity distribution. Note that on average, thestoomplexity is
in most cases lower tha’|. Note also that the message complexity both in the worst, éagke best
case and on average is still lower thafj>. This ensures the fact that in practice our algorithm is ieffic
both in time and message complexity. These experimentsafitses us to say that it is possible to refine
the bound on the message complexity. We conjecture thatenage the message and time complexity of
our algorithm is respectively bounded By D « |E'|) andO(D) whereD is the diameter of the graph.
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Appendix A : Practical Implementation of Algorithm Dist_Part

[/l variable initialization

Brothers = vecteur();
Uncl es = vecteur();
Nephews = vecteur();
Conquerors = vecteur();
Sons = vector();

Final _States = vector();
State = O phan;

Run = true;

Root Id = Myld();

father = -1;

© 0 N o g A W N P

PR Rk e
w N kO

VWHI LE (Run) DO {
W nner _Root = -1;
W nner _father = -1,

S
N o o &

IF (State == Orphan) {

[N
<]

19 /1l Actions

20 } ELSE IF (State = Root) {
21 /1l Actions

22 } ELSE IF (State = Leaf) {
23 /] Actions

24 } ELSE IF (State = Relay) {
25 /1l Actions

26 } ELSE IF (State = Final) {
27 Run = fal se;

28 }

2 }

Figure 6: General scheme of algorithinist_Part
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37

RECEIVE count FROM ALL Sons ;

COMPUTE S( h, h+1); /] sparsity condition for radius
IF ( S(h,h+1) ) { /1 sparsity condition holds

SEND NEW TO ALL Sons ;
RECEIVE Yes_No FROM ALL Sons;
COMPUTE LC2, d uster_Stopped,;
| F (Cl uster_Stopped) {
SEND STOP TO ALL Sons ;
State = Final ;
} ELSE {
I F (LC2) {
SEND UP TO ALL Sons ;
h = h+1;
} ELSE {
SEND ANNUL TO ALL Sons ;
RECEIVE msg FROM ALL Sons ;
Bye = Fal se ;
IF (it exist (msg == BYE)) {
Bye = True ;
}

I'F (Bye) {
SEND DOWN TO ALL Sons ;
h =h-1;
IF (h ==1) {
State = Leaf ;
COMPUTE Sons ;

}
} ELSE {
SEND OK TO ALL Sons ;
}
}
}
} ELSE {
h = h-1;

State = Final ;
SEND BACK TO ALL Sons ;

h+1

Figure 7: Root actions
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SEND 1 TO father ;
RECEIVE nsg FROM Fat her ;

IF ( meg == NEW) {
SEND Root _Id TO ALL nei ghb

NOTIN father, Uncles, Nephews, Final_states ;

RECEIVE Root nei ghb FROM ALL nei ghb

NOT IN father, Uncles, Nephews, Final _states ;

COMPUTE d uster_Stopped, Conquerors, Wnner father,

I F (Wnner_Root < Root _Id) {
SEND Root _Id TO ALL nei ghb

W nner _Root ;

NOTIN Final _States, Uncles, Nephews;

} ELSE {
SEND W nner _Root TO ALL nei ghb

NOT IN Fi nal _States, Uncles, Nephews ;

}
RECEIVE Root nei ghb FROM ALL nei ghb

NOT IN Fi nal _States, Uncles,
COMPUTE W©Max_Root _nei ghbors;
LC2 = Fal se;
| F (Max_Root _nei ghbors > Root _Id) {
LC2 = True;
}

| F (Cl uster_Stopped) {
SEND St opped TO fat her ;
} ELSE IF (LC2) {
SEND YES TO fat her ;
} ELSE {
SEND NO TO f at her ;
}

RECEIVE nsg FROM f at her ;
IF (nmsg == UP) {
SEND UP TO ALL nei ghb
NOT IN fat her, Uncles, Final _states ;
RECEIVE msg FROM ALL nei ghb
NOTIN father, Uncles, Nephews, Fi
RECEIVE 1_O_0 FROM ALL nei ghb
NOT IN father, Uncles, Nephews,
COMPUTE Sons ;
I F (Sons is not Enpty) {
h = h+1;
State = Rely;
}
} ELSE I F (nsg == STOP) {
State = Final ;

Nephews ;

nal states ;

Fi nal _states ;

Figure 8: Leaf actions
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} ELSE I F (nmsg == ANNUL) {
SEND ANNUL TO ALL nei ghb
NOT IN f at her, Uncl es,
RECEIVE msg FROM ALL nei ghb

NOT IN fat her, Uncles,
Bye = Fal se ;
IF (it exist (nmsg == BYE)) {
Bye = True ;
}
I'F (Bye) {

Uncl es = Conquerors ;
SEND BYE To Fat her ;
RECEIVE nsg FROM f at her ;
SEND 0 To W nner _father ;
SEND 1 TO ALL Conquerors;
Root _Id = Wnner_Root ;
father = Wnner _father;
} ELSE {
SEND OK To Fat her ;
RECEIVE nmsg FROM f at her ;
IF (msg == DOMN ) {
IF( h==1) {
State = O phan ;
Root _I1d = Myld();
father = -1;
} ELSE {
h = h-1;
}

}

}

} ELSE {

IF (h ==1) {
COMPUTE Final _States ;
father = -1 ;
Root _Id = Wld();
State = O phan ;

} ELSE {

h = h-1;
State = Final ;

Nephews, Final states ;

Nephews, Final _states ;

Figure 9: Leaf actions
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1 SEND Root _|d TO ALL nei ghb

2 NOT IN Fi nal _States, Uncles, Nephews ;
s RECEIVE root _nei ghbors FROM ALL nei ghb
4 NOT IN Fi nal _States, Uncles, Nephews;

5 COMPUTE W nner _Root, Wnner_father, Conquerors, C uster_ Stopped ;
6 |F (Cluster_Stopped) {

7 State = Final ;
s } ELSE {
9 | F (Wnner_Root < Root_ld) {
10 SEND Root _I1d TO ALL nei ghb
1 NOTIN Final _States, Uncles, Nephews;
12 } ELSE {
13 SEND W nner _Root TO ALL nei ghb
14 NOT IN Fi nal _States, Uncles, Nephews;
15
}
16 RECEIVE Root _neig FROM ALL nei ghb
17 NOT IN Fi nal _States, Uncles, Nephews ;

18 COMPUTE W©Max_Root _nei ghbors;
19 LC2 = Fal se;

20 | F (Max_Root _nei ghbors > Root_Id) {

21 LC2 = True;

22 }

23 IF (LC2) {

24 h = h+1;

25 SEND UP TO ALL nei ghb

26 NOT IN Fi nal _States, Uncles, Nephews ;

27 RECEIVE msg FROM ALL nei ghb

28 NOTIN Final _States, Uncles, Nephews ;
29 RECEIVE 1_O_0 FROM ALL nei ghb

30 NOTIN Final _States, Uncles, Nephews ;
31

32 COMPUTE Sons ;

33 State = Root ;

34 } ELSE {

35 SEND ANNUL TO ALL nei ghb

36 NOT IN Final _States, Uncles, Nephews ;
37 RECEIVE msg FROM ALL nei ghb

38 NOTIN Final _States, Uncles, Nephews ;
39 Bye = Fal se ;

40 IF (it exists (msg == UP)) {

a Bye = true ;

42 }

43 I F (Bye) {

44 Uncl es = Conquerors;

45 SEND 0 TO W nner _f at her;

46 SEND 1 TO ALL conquerors

47 NOT IN Fi nal _States, Uncles, Nephews ;
48 Root Id = Wnner_Root ;

49 Fat her = Wnner _father ;

50 State = Leaf ;

51 h=1;

52 }

53 }

54 }

Figure 10: Orphan node actions
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1 RECEIVE nsg FROM ANY Door;

2 | F (Door == Father) {

3 SEND nsg TO ALL Sons ;

4 IF (nBg == UP) {

5 h = h+l1 ;

6 } ELSE I F (msg == DOWN) {

7 h =h-1;

8 IF (h ==1) {

9 COMPUTE Sons ;

10 State = Leaf ;

11 }

12 } ELSE | F (msg == BACK) {

13 h =h-1;

14 State = Final

15 IF (h ==1) {

16 COMPUTE Sons ;

17 State = Leaf ;

18 }

19 textbf} ELSE I F (nmsg == STOP) {

20 State = Final ;

21 }

22} ELSE {

23 IF ( (nsg == BYE) (meg == X) ) {
24 I F (nmsg == BYE) {

25 Bye = True ;

26 } ELSE {

27 Bye = Fal se ;

28

29 RECEIVE nessage FROM ALL Sons
30 NOT IN Door
31 IF (it exists (message == BYE)) {
32 Bye = True ;

33 }

34 I F (Bye) {

35 SEND BYE TO fat her ;

36 } ELSE {

37 SEND OK TO fat her

38 }

39 } ELSE I F ((msg == YES)

40 (msg == NO

41 (msg == STOPPED)) {

42 St opped = True ;

43 IF (msg == NO {

a4 No = True ;

45 St opped = Fal se;

46 } ELSE {

47 No = Fal se ;

48 St opped = Fal se;

49

50 RECEIVE nmessage FROM ALL Sons ;
51 NOT IN Door
52 IF (it exists (message == NO)) {
53 No = True ;

54 St opped = Fal se ;

55 } ELSE I it exists(message==YES)){
56 St opped = Fal se ;

57 }

58 I'F (No) {

59 SEND NO TO father ;

60 } ELSE | F (Stopped) {

61 SEND STOPPED TO father ;

62 } ELSE {

63 SEND YES TO fat her ;

64 }

65 } ELSE {

66 RECEIVE nmessage FROM ALL Sons
67 NOT IN Door
68 COMPUTE Count ;

69 SEND Count TO fat her

70 }

71}

Figure 11: relay node actions
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