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Abstract

There are numerous applications where we have to deal with temporal uncertainty associ-

ated with objects. The ability to automatically store and manipulate time, probabilities, and

objects is important. We propose a data model and algebra for temporal probabilistic object

bases (TPOBs) which allows us to specify the probability with which an event occurs at a given

time point. In explicit TPOB-instances, the sets of time points along with their probability inter-

vals are explicitly enumerated. In implicit TPOB-instances, sets of time points are expressed by

constraints and their probability intervals by probability distribution functions. Thus, implicit

object base instances are succinct representations of explicit ones; they allow for an efficient

implementation of algebraic operations, while their explicit counterparts make defining alge-

braic operations easy. We extend the relational algebra to both explicit and implicit instances

and prove that the operations on implicit instances correctly implement their counterpart on

explicit instances.

Index terms: probabilistic databases, uncertainty management, temporal data.

1 Introduction

Object data models [1, 5, 37, 4] have been used to model multimedia applications [11, 12], fi-

nancial risk applications [10], logistics and supply chain management applications [2], weather

applications [14] as well as many others. Many of these applications naturally need to represent

and manipulate both time and uncertainty.

� Commercial shipping companies (such as UPS, Fedex, DHL, etc.) have detailed statistics on

how long packages take to get from one zip code to another, and often even more specific infor-

mation (e.g., how long it takes for a package from one street address to another). A company
�
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expecting deliveries would like to have some information about when the deliveries will arrive of

the form “the package will be delivered between 9 am and 1pm with a probability between 0.1

and 0.2, and between 1pm and 5pm with a probability between 0.8 and 0.9”. Such an answer is

far more helpful to corporate decision making than saying “It will be delivered sometime today

between 9 am and 5pm”. This helps them schedule personnel, prepare receiving facilities (for haz-

ardous or bulky materials), prepare future production plans, etc. In addition, the different entities

involved in such an application are typically stored using object models — this is because different

vehicles (airplanes, trucks, etc.) have different capabilities, and because different packages (letter,

tube, hazardous material shipments for commercial customers, etc.) have widely varying attributes.

The shipping company itself has extensive need for such data. For example, the company would

need to query this database to create plans that optimally allocate and/or use available resources

(space on trucks, personnel, etc.) based on their expectations of the probable workload at future

time points.
� In past work, we have built a surveillance system (jointly with TASC Inc. and DARPA) where

image recognition programs are used to identify enemy vehicles types, as well as when and where

they were spotted. Recently, this has been extended in a major demonstration (given in Nov. 2002)

involving over 20 corporate and academic partners to the US Department of Defense where such

information is used to predict where the enemy vehicles may be in the future. Here, two kinds of

uncertainty are present. The first is uncertainty about the type of enemy entity - is it a tracked vehi-

cle or a wheeled vehicle? Tracked vehicles include tanks and armored personnel carriers (APCs).

Wheeled vehicles include cars, trucks, etc. Likewise, radars that may be spotted include thin-

skinned and thick-skinned radars. Tanks may include T-66, T-72, and T-80 tanks. For a given

enemy, estimates of the number of their tanks and APCs are known (and similarly for thin-skinned

versus thick-skinned radars), allowing probabilities of a tracked vehicle being a tank or an APC to

be generated. Likewise, based on such numbers, we can infer the probability of an arbitrary enemy

tank being a T-72 tank. The second kind of probability is generated by the predictive models used:

when (if ever) will the detected enemy entity reach a given location on the ground? Uncertainty

arises here because of lack of information about the enemy vehicle, its speed, its mission, and how

weather and terrain conditions (as well as battlefield conditions) will affect its progress. Here, the

uncertainty ranges over time.
� Institutional lenders and banks use financial models [3, 10] to predict when customers will default

on credit. Such models are complex mathematical models involving probabilities and time (the

predictions specify the probability with which a given customer will default over a given period of

time). Furthermore, models to predict bankruptcies and loan defaults vary substantially depending
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upon the market, the type of credit instrument (consumer credit card, mortgage, commercial real

estate loan, HUD loan, construction loan, etc.), the variables that affect the loan, various aspects

about the customer, etc. Such models are naturally represented via object models, and time and

uncertainty parameterize various features of the model.

This paper proposes a theoretical foundation for object bases that handles probabilistic temporal

indeterminacy. We illustrate the use of our model on a simplified transportation logistics example

which runs through this paper. The main contributions of the paper are:

� We define the concepts of a TPOB-schema, and (explicit) TPOB-instances over a TPOB-schema.

Such TPOB-instances represent a probabilistic statement over a set of time points by simply enu-

merating all time points along with their probability intervals.
� We define algebraic operations that operate on TPOB-instances. We define selection, restricted

selection, projection, extraction (a new operation), natural join and Cartesian product. In [6], we

also define renaming, intersection, union, difference and condition join. Projection and Cartesian

product are extensions of their counterparts from the relational algebra, while all other operations

are full-fledged complex-object operations (as they address the “inner” components of object val-

ues).
� We introduce the notion of consistency for TPOB-instances and a related notion called coherence

and show that under appropriate assumptions, all our algebraic operations preserve consistency and

coherence of schemas and instances, respectively.
� Given an event � , for each time point

�
, a TPOB-instance � explicitly specifies a probability in-

terval1 describing the probability with which event � occurred (or will occur) at time
�
. Explicit

TPOB-instances make it easy to formally define the various algebraic operations - in addition, they

can make it easy for end users to understand the result. However, they can be very expensive in

terms of memory (and hence also inefficient from the point of view of computing algebraic oper-

ators). For example, if a company wants to record that a particular shipment will arrive sometime

between 8am and 5pm on day D, and the temporal granularity used is seconds, then we need to

make this statement for each of the �����	�����	��

�����	�	� seconds between 8am and 5pm. Implicit

1As in the case of [32, 19, 20], our model uses interval probabilities rather than point probabilities. The reasons
are three-fold: First, probability intervals are a generalization of point probabilities, and thus can handle all point
probabilities. Second, they allow expression of imprecise probabilistic knowledge. For example, it is possible to say
that an event occurred at time � with probability � with a margin of error � , denoting that the probability of � occurring
at time � lies in the interval � �������������! . Hence, probability intervals are better suited especially to represent statistical
knowledge and subjective degrees of belief (cf. [31]). Third, even if we know a point probability for two events �#"
and �%$ it is well known that in general, we can only infer a probability interval (cf. Boole [8], Fagin et al. [21]) for the
conjunction and disjunction of �&" and �%$ . For example, if we know that the probability of �'" is (*) + and the probability of
�%$ is (,) - , in general, we can only infer the probability of ./�'"102�%$43 to lie in the range � (*) 5,�467 . If additional information
is known, Boole [8], the probability is guaranteed to fall into this interval.
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Figure 1: Correctness theorems: commutativity diagram

TPOB-instances avoid this problem.
� We define a translation � that maps implicit TPOB-instances I to explicit ones, � � ��� . For each al-

gebraic operation on explicit TPOB-instances, we define a counterpart on implicit TPOB-instances.

The key advantage of the explicit representation is that it is easy to understand from a user’s

point of view, and that defining the algebraic operations is not tricky. The key advantage of the

implicit representation is that it is space efficient as well as time efficient (as the operations work

on a succinct representation of the data).
� We show that the algebraic operations on implicit TPOB-instances correctly implement their

counterparts on explicit TPOB-instances . Figure 1 provides a diagrammatic representation of what

these results look like for unary operators (a similar figure can be shown for binary operators).

The rest of this paper is organized as follows. Section 2 provides an overview of related work.

In Section 3, we introduce some basic definitions. Section 4 presents the notions of TPOB-schemas

and of explicit TPOB-instances. In Sections 5 and 6, we introduce the unary and binary, respec-

tively, algebraic operations on explicit TPOB-instances. In Section 7, we show that they preserve

coherence and consistency of schemas and instances. Sections 8 and 9 define implicit TPOB-

instances and the algebraic operations on implicit TPOB-instances, respectively. Section 10 con-

tains directions for future work. For convenience, a summary of notation used in the paper is given

in Table 13 at the end of the paper. Note that detailed proofs of all results are given in [6].

2 Related Work

Though there has been extensive work on temporal databases and temporal object oriented data-

bases [35, 24, 44, 41], there has been less work on probabilistic object bases [26, 27, 20, 19] and to

date, no work at all that we are aware of on temporal probabilistic data in object bases. This paper

is a temporal extension of the model by Eiter et al. [19].

Dyreson and Snodgrass [18] extend relational DBs and SQL with probabilistic uncertainty on

time points. They add indeterminate temporal attributes (which have indeterminate instants as asso-
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ciated values) to SQL. Indeterminate instants are intervals of time points with associated probability

distributions. SQL is extended by the ordering plausibility construct. This is an integer between 1

and 100. 1 means that any possible answer to a query is desired, while 100 says that only definite

answers to a query are desired). Numbers in between reflect interim positions. The correlation

credibility construct modifies probability distributions in the base relations before evaluating the

selection condition in SQL queries. Dyreson and Snodgrass [18] also describe efficient data struc-

tures and query processing algorithms for their approach. Dekhtyar et al. [13] extend the relational

data model and algebra with probabilistic temporal indeterminacy. They define a theoretical an-

notated temporal algebra on large annotated relations, and a temporal probabilistic algebra on

succinct temporal probabilistic relations. They show that the latter efficiently and correctly imple-

ments the former. They also report on timings of the temporal probabilistic algebra in a prototype

implementation.

Nonprobabilistic temporal indeterminacy in databases has been studied by Snodgrass [40] who

models indeterminacy using a model that is based on a three-valued logic. Dutta [17] and Dubois

and Prade [16] propose a fuzzy logic approach to temporal indeterminacy, while Koubarakis [29,

28] and Brusoni et al. [9] suggest approaches based on constraints. Gadia et al. [22] introduce

partial temporal databases, which are based on partial temporal elements.

Our work is closest in spirit to the above work by Dekhtyar et al. [13]. The idea of having an

explicit algebra on large instances, which is efficiently and correctly implemented by an implicit

algebra on succinct instances, is inspired by their work. Our work is an extension of the much

richer object-oriented data model and algebra, as compared to the relational algebra. Thus, our

work may be viewed as a generalization of the one by Dekhtyar et al. [13]. In contrast to Dyreson

and Snodgrass [18], we present an extension of object-oriented DBs, while their approach is an

extension of relational DBs. Second, we make no independence assumptions between events (the

user’s query can explicitly encode her knowledge of the dependencies between events, if any), while

Dyreson and Snodgrass assume that all indeterminate events are mutually independent. Third, our

work introduces an algebra, while their work defines an SQL extension. Fourth, we present formal

definitions of important notions like coherence and consistency and show that under appropriate

assumptions, our operations all preserve coherence and consistency. Fifth, we allow for interval

probabilities over solution sets of temporal constraints, while they only allow for precise point

probabilities over intervals of time points.

Our work is also related to data models and algebraic operations for complex objects [1, 38,

45, 43, 42, 7] and is a strict extension of the complex value algebra of Abiteboul et al. [1]. Like

Shaw and Zdonik [38], Vandenberg and DeWitt [45], and Boncz et al. [7], our data model sup-
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ports type constructors for sets and tuples on elementary datatypes. Like them, we also support

selection, projection, join, union, intersection, and difference. However, unlike them [45], we do

not support type constructors for arrays and multisets, user-defined abstract datatypes [38], classes

as elementary datatypes [7], and aggregate and nest/unnest operations. Our work involves time

and probabilities that are not considered in these papers. The nested relational algebra described

in [43] is a functional language for complex objects, which also allows for defining the high-level

algebraic operations of selection, projection, Cartesian product, intersection, and difference [43].

Finally, Subramanian et al. [42] describe an object-oriented query algebra for lists and trees. They

also present a predicate language for lists and trees, which supports order-sensitive queries, as it is

based on pattern matching. Such algebraic operations are related to our extraction operation, which

extracts a subhierarchy from the class hierarchy of a temporal object base.

3 Basic Definitions

In this section, we define calendars [30], types, and values of a type. We then define probabilistic

types and their values. Finally, we describe the concept of a probabilistic strategy which is used to

combine probabilistic information in our algebraic operations in Sections 5 and 6.

Calendars. Intuitively, a calendar consists of a finite sequence of time units and a predicate speci-

fying a set of valid time points over this sequence.

A time unit � 

������� � consists of a name

�
and a set of time values

�
. We often use

�
to

refer to � . A linear temporal hierarchy � 
��
	���
�
�
������ consists of a finite set of distinct time

units ����	 � 
�
�
 � ����� and a linear order � among them. The following example illustrates the above

concepts.

Example 3.1 ��� 
 ���
����� � �,� � �!� 
�
�
"� � , �$# 


��%'&)( �+* � � �!� 
 
�
 ��� ��� � , and ��, 
 �.-�/102� � �!� 
�
�
 � � � � �
are time units, while ���3�4�$#�����, , or

�
�����5� %'&6( �+* �879� � , is a linear temporal hierarchy. :

A linear temporal hierarchy specifies a set of time points, while a calendar additionally spec-

ifies a subset of valid time points. More formally, a time point over � 
�� 	$�;
�
�
��4�$� is a tuple
� � 	 � 
�
�
 � � � � , where each

�=<
is a time value of � < . We denote by >@? the lexicographic order on all

time points over � , which is defined by:
�BA 	 � 
�
�
 �CA � �D>E? � � 	 � 
 
�
 � � � � iff some F2GH� �!� 
�
�
 �I( � exists

such that
A�J


 � J
for all KEGH� �!� 
�
 
 � F�L � � and

A < > �M<
. We use N@? to denote the reflexive closure

of >E? . A calendar O 

� � �CP � consists of a linear temporal hierarchy � and a validity predicateP

, which specifies a nonempty set of valid time points over � . A calendar is finite if the set of

all its valid time points is finite. In the rest of this paper, all calendars are finite unless specified

otherwise. The reader interested in how to specify validity predicates may consult [30]. We give an
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example to illustrate the concepts of time points and calendars.

Example 3.2
� �
�	� � ���!� � � � and

� �
�	� � � � � � � � are time points over � 


�
����� � %'&6( �+* � 79� � . In a

calendar O 

� � �CP � , the validity predicate

P
may now characterize the former as valid and the

latter as invalid. :
Classical Types. A calendar � is a temporal atomic type whose domain dom( � ) consists of all the

valid time points of � . The set of classical atomic types is � 
 �����	��

��
�� ��� ��������� �	������� 
���� ����� �	�I� with

the usual domains. We also assume the existence of some arbitrary but fixed set  of attributes.

Classical types are either atomic types or complex types constructed from atomic types and

attributes by using the set and the tuple constructor. Formally:

� Every classical atomic type from � and every temporal atomic type is a classical type.

� If � is a classical type, then �	��� is a classical type (called classical set type).

� If ! 	 � 
�
�
 � !#" are pairwise distinct attributes from  and � 	 � 
�
�
 � ��" are classical types,

then $%! 	�&'�6	 � 
�
�
 � !#"�&(�
"
) is a classical type (called classical tuple type).

We give some examples of classical types.

Example 3.3 (Package Example) Transportation companies (e.g. UPS, DHL) have detailed data

about how long it takes packages to get from one place to another. These companies store massive

databases containing information about the various packages they are shipping or have previously

shipped. Packages may be viewed as objects with a variety of attributes. The attributes *+�,� �-��� and. 
 � �/���0�	�/� � � (defining where the package originated and is destined for) may be defined over the

classical atomic type
� ���,�1��� . An attribute such as contents ( 2 � �	��
0�	� � ) may be defined over the classi-

cal set type � � ���������2� . A classical tuple type is $3*4���%�-�1��& � ���,����� � . 
 � �/�1�0���/� � ��& � ���,�1��� � 2 � �	��
0�	� � & � � ���������2�	) .
In the rest of this paper, we will continue to expand this Package Example. :

The values of classical types are inductively defined as follows:

� For all classical atomic types ��G5� , every 6 G dom( � ) is a value of the classical type � .

� If 6�	 � 
�
�
 � 6�" are values of � , then ��6�	 � 
�
�
 � 6�")� is a value of the classical type �	��� .

� If ! 	 � 
�
�
 � !#" are pairwise distinct attributes from  and 6�	 � 
 
�
 � 60" are values of � 	 � 
�
�
 � ��" ,
then $%! 	�&769	 � 
�
�
 � !#"�&'60"
) is a value of the classical type $%! 	-&(�)	 � 
�
�
 � !#"8&(��"9) .

Some values of classical types in the Package Example are shown below.

Example 3.4
����� � � � is a value of the classical atomic type

� ���,�1��� , while �;:<
�� � ��=�����>
� ��? �;@#
0�A���
is a value of � � ���,�1����� . Moreover, $B*+�,� �-���	& ����� � � � � . 
 � �/�1�0���/� � ��&<CD
9E F � � >1� 2 � �	��
��	� � & �;:�
0� � �
=�����>�� ,? �;@G
��A�9�	) is a value of $B*+�,� �-���H& � ��������� � . 
 � �/�1�0���/� � ��& � ���,����� � 2 � �	��
0�	� � & � � ���,�1���2�	) . :
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Observe that the above classical types can be easily extended to also include the type construc-

tors for lists (i.e., ordered sets) and bags (i.e., multisets) in addition to the set and tuple constructors.

Probabilistic Types. Probabilistic types encode probabilistic information. They are either atomic

probabilistic types, or complex probabilistic types constructed from classical types and atomic

probabilistic types using the tuple constructor. Formally,

� If � is a classical type, then $ $ ��) ) is a probabilistic type (called atomic probabilistic type).

� If ! 	 � 
 
�
 � !G" are pairwise distinct attributes from  and �1	 � 
 
�
 � �
" are either classical or

probabilistic types, then $%! 	�&7�)	 � 
 
�
 � !G"�&(�
"
) is a probabilistic type (called probabilistic tuple

type). We call the attributes ! 	 � 
�
�
 � !#" its top-level attributes.

Note that ordinary (relational) tuple types are a special case of probabilistic types. Probabilistic set

types may be defined in the obvious way — for space reasons, we omit them here.

Example 3.5 In the Package Example, the attributes
. 
 � � ��
0��� and ��� *�� � ��
 (giving delivery time

and first stop during transportation, respectively) may be defined over the atomic probabilistic type

$ $ �/�1@#
9) ) and the probabilistic tuple type $�2 � ��� & � ���,�1��� �
	 � �,� ��
�& � ��������� � ������:;@G
��	�-& $ $%�/�1@#
�) ) ) , respec-

tively, where �/��@G
 is a calendar. :
The values of probabilistic types are appropriately typed random variables. Formally,

� A value of an atomic probabilistic type $ $%�-) ) is a finite set of pairs
� 6 � $�
 ��� ) � , where 6 is a value

of � , and 
 ��� are reals with � N�

N � N �
.

� A value of a probabilistic type $%! 	�&9�)	 � 
�
 
 � !G"
& ��"9) is of the form 6 
 $%! 	�&969	 � 
 
�
 � !G"
&960"
) ,
where 69	 � 
 
�
 � 60" are values of �6	 � 
�
 
 � �
" . We write 6�
3! <

to denote 6 < .
Intuitively, a probabilistic value 6 
 � � 6�	 � $�
�	 ��� 	 ) � � 
�
�
 � � 6)� � $�
 � ��� ��) ��� says that 6 ’s value is exactly

one member of the set ��6�	 � 
�
�
 � 66��� and that the probability that 6 ’s value is 6 < lies in the inter-

val $�
 < ��� < ) . This is illustrated below.

Example 3.6 Let �/��@G
 be the calendar over the linear temporal hierarchy
* &�� �5� % F (�� � � . A value

6 of type $ $%�/�1@#
�) ) is � � � � � � �	� � � $ 
 � � 
 ��) � � � � � � � ��� � , $ 
 � � 
 ��) ��� . This says that value 6 is either
� �
�
�
�	� �

or
� �
�
�
��� � . The probability that the value is

� �
�
�
�	� � is 0.4–0.6 and similarly for

� �
�
�
��� � . :

For a probabilistic value 6 
 � � 6�	 � $�
�	 ��� 	 ) � � 
�
�
 � � 6)� � $�
 � ��� ��) ��� to be consistent, there must be

some way of assigning point probabilities to the 6 < ’s so that the above constraints are satisfied. For

example, 6 
 � � � � $ �!� � ) � � � � � $ �1��� ) ��� is inconsistent (as it says that 6 equals both � and � with proba-

bility
�

). 6 is consistent iff there exists a probability function
P � (cf. [36]) on ��6 	 � 
�
�
 � 66��� (that is,

a mapping
P � & ��69	 � 
 
�
 � 6)����� $ � ��� ) such that all

P � � 6 < � sum up to
�
) such that

P � � 6 < ��G $�
 < ��� < ) for

all F2G � �!� 
�
�
 �I( � . It is easy to see that such a
P � exists iff 
B	�����������
 � N � N � 	�� �����!� � � . Hence,
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6 is consistent iff 69	 � 
�
�
 � 66� are pairwise distinct and 
B	�� �����!��
 � N � N � 	 ��������� � � . A value 6
of a probabilistic type is consistent iff all values of atomic probabilistic types that occur in 6 are

consistent.

Probabilistic Strategies. Consider two events �!	 and � � having a probability in the intervals $�
 	 ��� 	 )
and $�
 � ��� � ) , respectively. To compute the probability interval associated with the compound events

� 	 � � � and � 	�� � � , we need to know the dependencies between ��	 and � � (or lack thereof). For

instance, � 	 and � � may be mutually exclusive, or probabilistically independent, or positively cor-

related (when �1	 implies � � , or � � implies � 	 ), or we may be ignorant of the relationship between

� 	 and � � . Each of these situations yields a different way of computing the probability of ��	 � � �
and � 	�� � � . Formally, let � be the set of all nonempty subintervals $�
 ��� ) of the unit interval $ � � � ) .
Suppose �1	 and � � have probabilities in the intervals $�
 	 ��� 	 ) and $�
 � ��� � ) , respectively. A conjunction

(resp., disjunction) strategy is a function � &�� � ��� (resp., 	 &�� � ��� ) that computes the prob-

ability interval of �1	
� � � (resp., � 	 � � � ) for some fixed dependencies between � 	 and � � (or lack

thereof). The table below shows some examples of conjunction and disjunction strategies.

Strategy Conjunction Disjunction

Mutual exclusion [0,0] � ��
��
������� 	�� � ��� ����
���������� 	�� � ���! 
Positive correlation � ��
����"� 	 ��� � � ����
#���$� 	 ��� � �! � ��%'&
�"� 	 ��� � � ����%'&(�$� 	 ��� � �! 
Independence � � 	*) � � �+� 	*) � �  � � 	 � � �-, � 	*) � � �.� 	 � � �/, � 	*) � �  
Ignorance � ��%'&��"01��� 	 � � �-, � � ����
#�(�$� 	 ��� � �! � ��%'&
�"� 	 ��� � � ����
#��������� 	 � � � �! 

In our framework, users can specify (in their query) the relevant strategy they wish to use. Each

of our algebraic operations (in both algebras presented in this paper) is parameterized by a strategy.

4 Temporal Probabilistic Object Bases

A TPOB-schema (introduced below) consists of two parts — a hierarchy of classes with associated

types and a conditional probability. If 2)	 is an immediate subclass of 2 � , this conditional probability

specifies the probability of a member of 2 � being a member of 2)	 . For example, 2�	 could be the class

“registered letters” and 2 � could be the class “letters.” Or it could be the probability of a tracked

vehicle being a tank (or a given tank being a T-72). Second, we define the inheritance completion

of a schema, which adds to every class, all the attributes (with their types) that are inherited from

superclasses. Finally, we introduce TPOB-instances with respect to the inheritance completion of

a schema.

9



4.1 Temporal Probabilistic Object Base Schema

A schema contains a finite set of classes � . Every class 2
G�� has an associated probabilistic tuple

type � � 2 � specifying the type of objects in this class. Moreover, every 2
G�� is associated with a

partition ��� � 2 � of the set of all its immediate subclasses into sets (or clusters) of pairwise disjoint

classes. For example, ��� � 2 � 
 ��� 2�	 � 2 � � � � 2	� � 2�
 � 2	� ��� says that 2�	 � 
�
 
 � 2�� are the immediate sub-

classes of 2 , and that an object
&

that belongs to the class 2 can belong to at most one class among 21	
and 2 � , and to at most one class among 2
� , 2�
 , and 2	� . Finally, every immediate subclass relationship

between two classes 2)	 and 2 � is associated with the conditional probability that an arbitrary object

belongs to 2�	 given that it belongs to 2 � .
Formally, a temporal probabilistic object base schema (or TPOB-schema) ��
 � � � � � ��� �
� �

consists of (i) a finite set of classes � , (ii) a type assignment � that associates with each class 23G�� a

probabilistic tuple type, (iii) a mapping ��� that associates with each class 2
G�� a partition of the set

of all its immediate subclasses 7EG�� , and (iv) a probability assignment
�

that associates with every

pair of classes
� 2 < � 2 ��G�� ��� , where 2 < is an immediate subclass of 2 , a positive rational number in

$ � ��� ) such that ��������� � � 2 < � 2 ��N �
for every class 2
G�� and every cluster � G���� � 2 � . Observe that ���

defines a directed graph
� � ��� � , where 2 	 � 2 � iff 2�	 is an immediate subclass of 2 � . As usual, we

assume that
� � ��� � is acyclic. The following example illustrates the concept of a TPOB-schema.

Example 4.1 The TPOB-schema � 
 � � � � � ��� ��� � for the Package Example is given as follows:

� � 
 � �'� ?�> �0��
 ��� 
9� ��
�� �	���
 �� �"! = 
 � � ��� � �,� � � ��#$ :�� 
 � � � � ��
 � � *+��
 - ���A�;� �&% 
0� � � E � - ��� ��� �'% 
��M� ;

� the type assignment � is given by Table 1 below;

� ��� � �'� ?0> ����
 � 
 ��� � 

� ��
�� �H���� 9� �"! = 
)� � � � �,� � ��� ��� ��#( :0� 
 ��� � ����
 � ��� ,

��� � ���� � 
)��� �&#$ :�� 
 � � � ����
 � � 
 ��� � E � - ���A�;� �&% 
0�=��� ,

��� � �"! = 
 �1
*��� � � �,� � �,� ��� � 
 ����*4��
 - ��� ��� �'% 
��M��� ,

��� �&� 

� ��
0� �1
*��� � *+��
 - ���A�;� �&% 
0� � 
+��� � � E � - ���A�;� �'% 
�� � 
-, ;
� the probability assignment

�
is given in Fig. 2.

The directed acyclic graph
� � ��� � is obtained from the graph of Fig. 2 by contracting the d-nodes

to �'� ?0> ����
 and removing probability labels. The d-nodes of Fig. 2 denote disjoint decompositions

— every package is either a letter, box, or tube, and either an express or a priority package. :
A top-level attribute of a TPOB-schema ��
 � � � � � ��� ��� � is a top-level attribute (as defined

in Section 3) of some � � 2 � where 23G�� . A directed path in
� � ��� � is a sequence of classes

2�	 � 
�
�
 � 29"3G�� such that 2�	 � ����� � 2 " and .0/ �
.
�21

denotes the reflexive, transitive closure of�
. 2�	 is a subclass (resp., strict subclass) of 2 � , or 2 � is a superclass (resp., strict superclass) of
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d d

One_transfer Two_transfer

Package

Tube

0.20.5 0.3

Letter Box

0.6

Priority

0.3

0.20.20.30.4

Express_saves

Figure 2: Package Example with probability assignment
�

Table 1: Type assignment �
� � . � 3���������
	�� � 
���� 	 ��������������� 	 ��� � ������� � ��� � �!� �"������� 	 �!� �$# � % � �'&(� � � ����) �    *�� �+� � � �-, � � 	 . �/��0 � � � �213� 4�� . �20 � � �  5 �768:9<;$� �-, � � 	 . �/��0 � � � �213� 4�� . �20 � � � ��� �$= � . �20 � � � �?>@���A� � �A����� � ��������� 	 �  
� ��� �2��� �B&C 6 = � � �D� � � % � � � 8 ��) � � � � ����) �    

E� � - ��� � �
��F � � � >:� �B&:� �"������� 	 ��GH�I��� % � � � � ����) �   �KJ . � = ) � �A�2� � � ����) �    8ML � -��� � �
��F � � � J 8 
 � ��� � � �N>:� �I&M����������� 	 � GH�B��� % � � � � ����) �   �OJ . � = ) � �7�2� � � ����) �    �

J 8 
 � � L �(� �N>:� �I&(� ��������� 	 ��GH�B��� % � � � � ����) �   �OJ . � = ) � �7��� � � ����) �     

2�	 , iff 2�	 � 1 2 � (resp., 2�	 � 1 2 � and 2�	�P
 2 � ). A class 7EG�� is minimal under
� 1

in a set of classes
QSR � iff 7@G Q

and no class in
Q

is a strict subclass of 7 .

Intuitively, a TPOB-schema is consistent iff each class 2 can be associated with a nonempty

set T � 2 � of objects such that the immediate subclass and disjointness relationships and the relative

cardinalities expressed by ��� and
�

, respectively, are satisfied. If there is no way to make this

happen, then this means that there is some fundamental problem with the conditional probabil-

ity assignments to the TPOB-schema. Formally, an interpretation U 

��V � T � of a TPOB-schema

��
 � � � � � ��� �
� � consists of a nonempty set
V

, and a mapping T from � to the set of all finite

subsets of
V

. U is a taxonomic model of � iff:

C1 T � 2 �WP
*, , for all classes 2 G � .

C2 T � 2 � R T � 7 � , for all classes 2 � 7 G�� with 2 � 7 .

C3 T � 2 �HXYT � 7 ��
-, , for all distinct classes 2 � 7 G�� in the same cluster � G[Z ��� � � � .
The first two axioms say that classes must not be empty and that the objects in a subclass must be a

subset of the objects in a superclass. To see why the third axiom is present, consider the fact (from

Fig. 2) that a package is either a tube, box, or letter — this axiom forces a package to be exactly

one of these three (e.g., a package cannot be both a tube and a box).
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U is a taxonomic and probabilistic model (or model) of � iff it is a taxonomic model of � and

for all classes 2 � 7EG�� with 2 � 7 , �NT � 2 ���4
 � � 2 � 7 � ���NT � 7 ��� . � is consistent iff a model of � exists.

We say that two classes 2 � 7EG�� are taxonomically disjoint (or t-disjoint) iff T � 2 �MX3T � 7 � 
 , for

every taxonomic model U 

��V � T � of � .

The above definition says that the number of items in each class must be consistent with the

conditional probability labeling. For example, if an interpretation assigns
�
�	� objects to the class

“Package”, then it must assign 50 objects to the class “Letter” — if not, it will not satisfy the

probability requirement that half the packages are letters. More details about consistency may be

found in [6].

4.2 Inheritance Completion

The inheritance completion of a TPOB-schema adds to the type of every class 2
G�� , all attributes

(with their types) inherited from all superclasses of 2 . When a class can inherit an attribute from

multiple superclasses, we find all minimal such superclasses and use an inheritance strategy to

choose from which of these “minimally above” superclasses the property will be inherited.

Formally, let ��
 � � � � � ��� ��� � be a TPOB-schema, and let � denote the set of all its top-level

attributes. Let @ ����� & � ��� � � be the mapping that assigns to each pair
� 2 � ! � G � ��� the set of

all minimal classes under
�21

in the set of all superclasses 7@G�� of 2 such that ! is a top-level

attribute of � � 7 � . An inheritance strategy for � is a partial mapping �1����� & � ��� � � that assigns

a class 7@G @ �1��� � 2 � ! � to every pair
� 2 � ! ��G�� ��� such that @ �1��� � 2 � ! � P
 , .

The inheritance completion of a TPOB-schema is obtained by adding to each type of a class, all

top-level attributes with their types that are inherited from minimal superclasses. More formally, the

inheritance completion TPOB-schema of a TPOB-schema ��
 � � � � � ��� ��� � is the TPOB-schema

� 1 
 � � � � 1 � ��� �
� � , where � 1 � 2 � 
 $ ! 	-&(�6	 � 
 
�
 � !G" &(�
"
) such that (i) ! 	 � 
�
�
 � !G" are all ! G  such

that �1����� � 2 � ! � is defined, and (ii) � � �����	� � 2 � ! < � � has the type � < at ! <
, for all F2GH� �!� 
�
�
 � .$� . If

��
 � 1 , then � is fully inherited. The following example shows the inheritance completion of the

TPOB-schema in our Package Example.

Example 4.2 Consider the TPOB-schema ��
 � � � � � ��� ��� � of Example 4.1. Its inheritance com-

pletion TPOB schema is � 1 
 � � � � 1 � ��� ��� � , where � 1 is given in Table 2. :
Throughout the rest of this paper, we assume that all TPOB-schemas are fully inherited.
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Table 2: Type assignment � 1 of the inheritance completion TPOB-schema
� ��� . � 3�����$���
	<� �N
E��� 	 ����� �"������� 	 ��� � ������� � ��� � ��� ��������� 	 ��� �$# � % � �'&M� � � ����) �    *�� �+� � � �N
E��� 	 ����� �"������� 	 ��� � ������� � ��� � ��� ��������� 	 ��� �$# � % � �'&M� � � ����) �   ��, � � 	 . �/��0 � � � ��13� 4�� . � 0 � � �  5 �76 �N
E��� 	 ����� �"������� 	 ��� � ������� � ��� � ��� ��������� 	 ��� �$# � % � �'&M� � � ����) �   ��, � � 	 . �/��0 � � � ��13� 4�� . � 0 � � � ,8:9/;$� � �$= � . ��0 � � � �?>@���A� � �A����� � ��������� 	 �  � ��� �2��� �I&C 6 = � � �"� � � % � � �N
E��� 	 ����� �"������� 	 ��� � ������� � ��� � ��� ��������� 	 ��� �$# � % � �'&M� � � ����) �   � 8 ��) � � � � ����) �    

E� � - ��� � �
��F � � �N
E��� 	 �����D��������� 	 �A� � ������� � ��� � �!�"�"������� 	 �A� �$# � % � �'&(�4� � ����) �   �7, � � 	 . �2��0 � � � �"13� 4�� . �"0 � � � �A� ��= � . ��0 � � � ,

>@���A� � �A��� � � ��������� 	 �'� 8 ��) � � � � ����) �   �K>�� �B&(� ��������� 	 � GH�B��� % � � � � ����) �   ��J . � = ) � �7�/� � � ����) �    8ML � -��� � �7�"F � � �N
E��� 	 �����D��������� 	 �A� � ������� � ��� � �!�"�"������� 	 �A� �$# � % � �'&(�4� � ����) �   �7, � � 	 . �2��0 � � � �"13� 4�� . �"0 � � � �A� ��= � . ��0 � � � ,
>@���A� � �A��� � � ��������� 	 �'� 8 ��) � � � � ����) �   �OJ 8 
 � � � � � � >:� �B&(���"������� 	 � GH�I��� % � � � � ����) �   �
J . � = ) � �A��� � � ����) �    �OJ 8 
 � � L �(� �N>:� �I&(� ��������� 	 ��GH�B��� % � � � � ����) �   �OJ . � = ) � �7��� � � ����) �     

4.3 Temporal Probabilistic Object Base Instance

This section introduces the notion of a temporal probabilistic object base (TPOB) instance. Through-

out this paper, we assume a countably infinite set
V

of object identifiers (or oids) (we will often

abuse notation and call oids objects). We assume
V

is countably infinite to ensure the existence

of arbitrary large finite TPOB-instances. In the case of natural join and Cartesian product (see

Section 6), we also assume that
V

is closed under Cartesian product, i.e.,
V
�
V R V

.

A temporal probabilistic object base instance (or TPOB-instance) � 

��� ��� � over a consistent

TPOB-schema � 
 � � � � � ��� ��� � consists of (i) a mapping
�

that assigns to each class 2
G�� a finite

subset of
V

such that
� � 2)	 �MX � � 2 � � 
 , for all distinct classes 2�	 � 2 � G�� , and (ii) a mapping

�

that assigns to each oid
& G � � 2 � , 2
G�� , a value of type � 1 � 2 � . We write

� � � � to refer to the set

Z � � � 2 � � 2
G0� � of all oids in � . For every 23G�� , we use
� 1 � 2 � to denote the set Z � � � 2 � � � 2 � G�� �

2 � � 1 2�� of all oids that belong to 2 , which is to be distinguished from the set
� � 2 � of all oids that

are created in 2 . Intuitively,
� � 2 � is the set of oid’s in class 2 , while

� ��& � specifies the value of an

object
& G � � 2 � . The following example shows a TPOB-instance over the TPOB-schema in our

Package Example.

Example 4.3 Tables 3 and 4 show a TPOB-instance � 

��� ��� � over the TPOB-schema � of Exam-

ple 4.1. According to this,
& � is a priority package,

& � is a two-transfer package.
& � is being shipped

from Rome to Boston and its expected delivery time is either
� �	� �

�	� � or
�=�	� �

�
� � . The probability

of the former is 40–60% while that of the latter is 30–50%. :
The probabilistic extent of a class specifies the probability with which a given object belongs

to a class. For example, in the surveillance application mentioned in Section 1, there is a prob-

ability that an object seen on the battlefield is a T-72 tank. 2 is a mapping ��
�� ��
 � that associates

with every object
&

in the object base, the possible probabilities with which
&

belongs to 2 . If
&
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Table 3: The mappings
�

and
���

� � . � 3 � � . � 3�����$���
	�� � � ����� � ��� �*�� �+� � � � � � �5 �76 � � ����� �8:9/;$� � � � �

� � . � 3 � � . � 3� ��� �2��� �B& ����� � ����� �C 6 = � � �"� � � % � � � � ��� � �

E� � - ��� � �7�"F � � � � � �8 L � -��� � �7�"F � � ����� � ����� �

Table 4: Value assignment
�

� 	 . � 3��� �N
E��� 	 ����� 
 ��) � ��� � ������� � ��� � �!� 5 �<����� � ��� �$# � % � �'&M� � . . 64-,� ('('3 �!� ) 5,�4) +� 37�4. . 64-,���,6!3 �!� ) �*�4) 
  3 � ,8 ��) � � � . ./-*� ('('37�4� ) 5�
#� )�
% 3 �!. ./-*� 6!('37�4� ) 5�� )�
% 3 �  ��� �N
E��� 	 ����� �O� ��� �7��� � ������� � ��� � ����J � � �7��� � �!� �$# � % � �'&M� � . . 6��#� ('('37�4� ) 
*� )��! 3 �4. . 6��#� 6�
&37�4� ) 5�� )�
% 3 �'�O, � � 	 . �/��+&(*�
13� 4�� . ��
&(*�!� ��= � . �*5'(,� >!� �7� � �7��� � � =<. �$���<� � ; �2� � � � � 8 ��) � � � . . 6��*� ('('3 �!� ) �*�4) 5& 37�4. . 6��*� (�
&3 �!� ) 5,�4)��% 3 � ,
J 8 
 � � � � � � >:� �B&:��� � L � �2� � ��GH�I��� % � � � . . 645,� ('('37�4� ) �,� )�
% 3 �4. . 645,���'('37�4� )��#� ) -  3 � ,
J . � = ) � �A��� � . . 6!+*� (&('37�4� 6&�467 3 �  ��J 8 
 � � L �:� � >:� �I&(�OJ 8 * � 9 � � ,
GH�I��� % � � � . . 6�� ���'('37�4� ) �*� ) +  3 ��. . 6�� � 5�
'3 �4� )�
#� ) +  3 � �2J . � = ) � �7��� � . . 6!-*� ('('37�4� ) �,� )�
% 3 �4. . 6!-*���'('37�4� ) +,� )��! 3 �   

belongs to a subclass of 2 (resp., a class 2 � t-disjoint to 2 ), then obviously � 
�� ��
 � ��& � 
 � � � (resp.,

� 
�� ��
 � �B& � 
 �,� � ). Otherwise, ��
 � ��
 � �B& � is the set of all products of probabilities from 2 up to a min-

imal superclass 2 � of 2 that contains
&
. Formally, let � 


��� � � � be a TPOB-instance over a consistent

TPOB-schema � 
 � � � � � ��� ��� � , and let 2 be a class from � . The probabilistic extent of 2 , denoted

� 
�� ��
 � , maps each oid
& G � � � � to a set of rational numbers in $ � ��� ) as follows:

(1) If
& G � 1 � 2 � , then � 
�� ��
 � ��& � 
 � � � .

(2) If
& G � 1 � 2 � � with a class 2 � G�� that is t-disjoint from 2 , then ��
 � ��
 � �B& � 
 �,��� .

(3) Otherwise, ��
 � ��
 � �B& � 
 ��� ��� is the product of the edge probabilities on a path from 2 up to a

minimal class 2 � under
� 1

in the set of all superclasses 7EG�� of 2 such that
& G � 1 � 7 �C� .

We call the class 2 in (1), the class 2 � in (2), and every class 2 � as in (3) a characteristic class

for � 
�� ��
 � �B& � . The following example illustrates the concept of a probabilistic extent of a class.

Example 4.4 The probabilistic extent of the class *+��
 - ��� ��� �'% 
�� in our Package Example maps the

oids
& � and

& � to the sets of rational numbers �9
 ��� and �,� � , respectively. :
If the probabilistic extent of every class 2 assigns a unique probability to every object

&
, then

we say that the underlying TPOB-instance is coherent. Intuitively, there is only one probability

that object
&

belongs to class 2 (otherwise something would be wrong). For example, we know

that a package
&

in Figure 2, has a � 
 �	� probability of having one transfer (as Fig. 2 has two paths

and the computed probability across both paths is � 
 �	� ). Formally, a TPOB-instance � 

��� ��� �

over a consistent TPOB-schema � 
 � � � � � ��� ��� � is coherent iff for every class 2
G�� and every

object
& G � � � � , the probabilistic extent � 
�� ��
 � ��& � contains at most one element. A TPOB-instance
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� 

��� � � � over a consistent TPOB-schema ��
 � � � � � ��� ��� � is consistent iff

� �B& � is consistent for

all
& G � � � � .

5 TPOB-Algebra: Unary Operations

In this section, we introduce selection, restricted selection, projection, and extraction. [6] also

contains details about renaming and condition join. Unless specified otherwise, we assume that all

input TPOB-schemas are fully inherited.

5.1 Selection

Selection finds all objects in a TPOB-instance � which satisfy a probabilistic selection condition � .

To define selection, we first define path expressions which are used to construct atomic selection

conditions (ASCs). Selection conditions are Boolean combinations of ASCs. Probabilistic selec-

tion conditions (PSCs) are then defined. Intuitively, atomic PSCs say that a selection condition

must be true with probability in some range. PSCs are Boolean combinations of atomic PSCs.

Throughout this section, � 

��� ��� � is a TPOB-instance over a TPOB-schema � 
 � � � � � ��� ��� � .

5.1.1 Path Expressions

Path expressions are finite sequences of attributes, which refer to “inner” attribute values of an

object. Formally, a path expression for the tuple type $%! 	-&7�6	 � 
�
�
 � !#" &7�
"
) has the form ! <
or the

form ! < 
 P < , where
P <

is a path expression for � < . A path expression for the atomic probabilistic type

$ $ �-) ) is of the form $ $ P ) ) , where
P

is a path expression for � .

Example 5.1 ��� *�� � ��
 , ��� *�� � ��
1
 2 � ��� , and � � *�� � ��
 
 	 �,�,� ��
 are path expressions for the proba-

bilistic tuple type $���� *�� � ��
�&D$�2 � ��� & � ���,�1��� � 	 � ��� ��
 & $ $ �/�1@#
9) ) � ������:;@G
��	�-& $ $ �/�1@#
�) ) ) ) . :
We now define how a path expression

P
addresses a part of a value 6 . Given a path expressionP

for type � , the valuation of
P

under a value 6 of � , denoted 6�
 P , is inductively defined by:
� if 6 
 $ ! 	�&'6�	 � 
�
 
 � !G"�&'60"
) and

P

 ! <

, then 6�
 P 
 6 < ;

� if 6 
 $ ! 	�&'6�	 � 
�
 
 � !G"�&'60"
) and
P

 ! < 
�� , then 6�
 P 
 6 < 
�� ;

� if 6 
 � � 69	 ��� 	 � � 
�
�
 � � 60" ��� " ��� and
P


 $ $��#) ) , then 6$
 P 
 � � 69	 ��� 	 � � � � 
�
 
 � � 6�" ��� " � � �C� . We

call such sets � � 69	 ��� 	 � � � � 
�
�
 � � 60" ��� " � � ��� generalized values of � .

Otherwise, 6$
 P is undefined. The following example illustrates this concept of valuation.

Example 5.2 The valuation of the path expression ��� *�� � ��
 
 2 � ��� under the value $���� *�� � ��
 &
$12D� � � & ���<� � � � �
	 � �,� ��
 & � � ��� � �	� � � $ �!��� ) ��� � ������:;@G
��	�-& � � � � � �	� � � $ �!��� ) ���	) ) is given by

����� � � � . :
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5.1.2 Atomic Selection Conditions

Atomic selection conditions are used to select objects satisfying some conditions. Path variables

are used (instead of classical tuple variables) to specify conditions on attribute (or sub or sub-sub

etc. attribute) values. Formally, an atomic selection condition (ASC) has one of the following forms:

� F ( � 2 � , where 2 is a class in � ;

� P�� 6 , where
P

is a path expression, 6 is a value, and
� G �9N � > �



� P
 ��� � / � ;

� P 	 ��� P � , where
P 	 �CP � are path expressions, � is a conjunction strategy, and

� G��9N � > ,



� P
 ��� � / � .

Some examples of ASCs relating to the Package Example are given below.

Example 5.3 F ( �&� 
9� ��
�� � is an ASC which specifies the set of all letters. Likewise, � � *�� � ��
 
 2 � ����

C 
 E F � � > is an ASC which specifies the set of “all objects that have New York as the first stop.” :

We now define the meaning of an ASC � under an object
&

in � . We associate with each such

� a closed subinterval of $ � ��� ) , which describes the range for the probability that the object
&

in

� satisfies � . Formally, the probabilistic valuation of � with respect to � and
& G � � � � , denoted���
	���
�� � � � � , is defined as follows (where 	 is the disjunction strategy for mutual exclusion):

�����
	���
�� � � F ( � 2 � �1
 $ ����� � ��
�� ��
 � �B& � � � ��� 
 � ��
 � ��
 � �B& � � ) .
� Let

P
be a path expression for the type of

&
. If

� �B& � 
 P is a value of a classical type, then

define
�

 � � � ��& � � $ �!��� ) �CP ��� , else if

� ��& ��
 P is a generalized value of an atomic probabilistic

type, then define
�



� �B& � 
 P . Otherwise,
�

is undefined. Then,

����	���
�� � �BP�� 6 � 

������ "<! 	 � <

if
�

is defined

undefined otherwise,

where
� 	 � 
 
�
 ��� " are the intervals

�
such that

�#" �����%$ ��G �
and

" 
 $�� 6 , if
�

is defined. Note

that ����	���
�� � ��P�� 6 � is undefined if some
" 
 $�� 6 is undefined.

� For each F2G � �1� ��� , let
P <

be a path expression for the type of
&
. If

� ��& ��
 P < is a value of a

classical type, then define
� < 
 � � � �B& � � $ �!��� ) �CP < �C� , else if

� �B& � 
 P < is a generalized value of

an atomic probabilistic type, then define
�



� �B& � 
 P < . Otherwise,
� <

is undefined. Then,

����	��&
�� � �BP 	 ��� P � � 

�'� '� � "<( 	 � <

if
� 	 and

� � are defined

undefined otherwise,
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where
� 	 � 
�
�
 ��� " are the intervals

� ��� such that
� 6�	 �����%$ 	 ��G � 	 , � 6 � � � �%$ � ��G � � , and 69	�
 $ 	 �

6 � 
 $ � , if
� 	 and

� � are defined. Note that ���
	�� 
�� � �BP 	 ��� P � � is undefined, if some 6�	 
 $ 	 � 6 � 
 $ �
is undefined.

The following example shows some probabilistic valuations of atomic selection conditions.

Example 5.4 F ( � *4��
 - ��� ��� �'% 
�� � is assigned $ 
 � � 
 �0) (resp., $ � � ��) ) under ����	 � 
�� ��� (resp., ����	 � 
�� ��� ),
while ��� *�� � ��
1
 2D� � �	
 C 
 E F � � > is undefined under � ��	�� 
�� ��� , and assigned $ �!��� ) under � ��	�� 
�� ��� .
5.1.3 Selection Conditions

Selection conditions are logical combinations of atomic selection conditions. Formally: (i) Ev-

ery ASC is a selection condition. (ii) If � and � are selection conditions and � (resp., 	 ) is a

conjunction (resp., disjunction) strategy, then � � � � (resp., � �	� � ) is a selection condition.

Example 5.5 F ( � *4��
 - ��� ��� �'% 
�� �
� � ��
 ��	 �,�,� ��
 > � �
�
�
�	� � �	� ��
 	 �,�,� ��
 � � �

�
�
�	� � � is a selection condi-

tion which specifies “all objects in *+��
 - ��� ��� �'% 
�� that arrive before 13:00 or after 14:00”. :
We now define the meaning of a selection condition � under an object

&
in � , by associating

with each such � a closed subinterval of $ � ��� ) , which describes the range for the probability that

the object
&

in � satisfies � . We do this by extending the probabilistic valuation ����	�� 
�� � as follows:

�����
	�� 
�� � � � � � � � 
 ����	 � 
�� � � � � � ����	 � 
�� � � � � .
�����
	���
�� � � � �	� � � 
 ����	 � 
�� � � � � 	 ����	 � 
�� � � � � .

Example 5.6 The selection condition F ( � � ��� � �,� � � ��� � ��
�� ��@G
 > �=�
�
�
� � � is assigned the probability

intervals $ 
 � � ��� ) and $ � � ��) under ����	�� 
�� ��� and ���
	�� 
�� ��� , respectively. :

5.1.4 Probabilistic Selection Conditions

Probabilistic selection conditions (PSCs) are used to select all objects that satisfy an (ordinary)

selection condition with a probability in a given range $�
 ��� ) . Formally, (i) If � is a selection con-

dition, and 
 ��� are reals with � N 
 N � N �
, then

� � ��$�
 ��� ) is a an (atomic) PSC. (ii) If � and � are

PSCs, then so are 
 � and
� � ��� � . We use

� � � � � to abbreviate 
 � 
 � ��
�� � . Some examples of

probabilistic selection conditions for the Package Example are shown below.

Example 5.7
� � ��@G
 > �=�

�
�
�	� � ��$ 
 � ��� ) is a probabilistic selection condition, which specifies “all

objects whose value in the attribute � ��@G
 is smaller than 14:00 with a probability in $ 
 � ��� ) ”. :
We now define what it means for an object

&
in � to satisfy a probabilistic selection condition � .

The satisfaction of � under � and
&
, denoted ����	�� 
�� � � 
 � , is inductively defined by:

�����
	���
�� � � 
 � � �
$�
 ��� ) iff ���
	��&
�� � � � � R $�
 ��� ) ;
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�����
	���
�� � � 
 
 � iff it is not the case that � ��	�� 
�� � � 
 � ;

�����
	�� 
�� � � 
 � � � iff � ��	�� 
�� � � 
 � and ����	 � 
�� � � 
 � .

The next example illustrates the satisfaction of probabilistic selection conditions.

Example 5.8 The following satisfaction (and non-satisfaction) relations hold in the Package Ex-

ample:

�����
	�� 
�� ��� P� 
 � F ( � � �,� � �,� ��� � � � ��
 � ��@G
 > �=�
�
�
�	� � ��$ 
 �	� ��� ) ,

�����
	�� 
�� ��� � 
 � F ( � � �,� � �,� ��� � � � ��
 � ��@G
 > �=�
�
�
�	� � ��$ 
 � ��� ) ,

�����
	�� 
�� � � � 
 � F ( � � �,� � �,� ��� � � � ��
 � ��@G
 > �=�
�
�
�	� � ��$ 
 � ��� )1� � F ( � *4��
 - ���A�;� �&% 
0� � �
$ 
 � � 
 ��) . :

5.1.5 Selection Operation

The selection operator finds all objects in a probabilistic instance � that satisfy some probabilistic

selection condition. Formally, the selection on � with respect to a probabilistic selection condition

� , denoted � � � � � , is the TPOB-instance
��� � ��� � � over � , where:

� � � � 2 �1
 � & G � � 2 � � � 
 is defined for ����	�� 
�� � and � , and ���
	�� 
�� � � 
 � � , for all 2 G � .

� � � 
 � � � � � � � .

The following example illustrates the use of the selection operator in the Package Example.

Example 5.9 Consider the TPOB-instance � 

��� ��� � of Example 4.3 and the probabilistic selec-

tion condition � 
 
 � F ( � � ��� � �,� � � �
� � ��
 � �1@#
 > � �
�
�
�	� � �
$ � � ��) . Then, � � � � � 
 ��� � ��� � � contains the

set of all objects in � that belong to � �,� � �,� ��� and have a value in � ��@G
 smaller than 14:00 with a

positive probability. Observe that
� � � � �,� � �,� ��� ��
 � & � � ,

� � � 2 � 
 , for all other classes 2 , and
� �

is

given by Table 5. :
Table 5:

� �
resulting from selection

� 	�� . � 3��� �N
E��� 	 ����� 
 � ) � ��� � �"����� � ��� ����� 5 �<����� � �!� �$# � % � �'&M� � . . 64-,� ('('3 �!� ) 5,�4) +� 37�4. . 64-,���,6!3 �!� ) �*�4) 
  3 �'�8 ��) � � � . ./-*� ('('37�4� ) 5�
#� )�
% 3 �!. ./-*� 6!('37�4� ) 5�� )�
% 3 �  

5.2 Restricted Selection

The selection operation selects a set of objects in a TPOB-instance without modifying them. How-

ever, there can be cases where we wish to do an ordinary selection on a probabilistic tuple type.

For instance, if we wish to restrict the TPOB-instance in Example 5.9 to times before
� � �

��� � , we
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may just want to delete the information about
� � � �

� � in Example 5.9. This is often needed so that

the user can focus on the time points of interest to him or her without having to view probabilities

about other time points.

We first formally define the restricted selection on values of probabilistic tuple types. Let � be

a probabilistic tuple type, and let 6 
 $ ! 	�&�69	 � 
�
�
 � ! < &�6 < � 
 
�
 � !G"�&�60"
) be a value of � . Let � be an

ASC of the form
P � "

, where
P

is a path expression for � . The restricted selection on 6 w.r.t. � ,

denoted ���� � 6 � , is defined as follows:

� If 6 < is a value of a classical type,
P

 ! <

, and 6 < � " , then � �� � 6 � 
 6 .

� If 6 < is a value of an atomic probabilistic type, and
P

 ! <

, then � �� � 6 � is obtained from 6 by

replacing 6 < by � � " � ��� �DG 6 < � " � � " � .

� If 6 < is a value of a probabilistic tuple type, and
P

 ! < 
�� , then � �� � 6 � is obtained from 6 by

replacing 6 < by � ������ � 6 < � .
Otherwise, � �� � 6 � is undefined.

We are now ready to extend the restricted selection operator to TPOB-instances as follows. Let

� 

��� ��� � be a TPOB-instance over a TPOB schema ��
 � � � � � ��� ��� � . Let � be an atomic selection

condition of the form
P�� "

, where
P

is a path expression for every � � 2 � with 2
G�� . The restricted

selection on � with respect to � , denoted � �� � � � , is defined as the TPOB-instance
��� � ��� � � over � ,

where:

� � � � 2 �1
 � & G � � 2 � � � �� � � �B& � � is defined � , for all 2 G�� .

� � � �B& � 
+� �� � � ��& � � , for all
& G � � � � � .

5.3 Projection

Projection removes some top-level attributes (with their associated types) from a TPOB-schema,

and the same attributes with their associated values from a TPOB-instance. Formally, the projection

of a TPOB-schema ��
 � � � � � ��� ��� � on a set of top-level attributes
�

of � , denoted �
	 � � � , is the

TPOB-schema
� � � � � � ��� ��� � , where the new type � � � 2 � of each class 2
G�� is obtained from the old

type � � 2 � 
 $�� 	�&'�)	 � 
�
�
 � �#"�&(�
"
) by removing all � < &(� < ’s with � <�
G �
.

The projection of a TPOB-instance � 

��� � � � over � on

�
, denoted �
	 �

��� , is the TPOB-

instance
��� ��� � � over the TPOB-schema ��	 � � � , where the new value

� � �B& � of each oid
& G � � � �

is obtained from the old value
� �B& � 
 $�� 	�&76�	 � 
�
 
 � �#" &'6�"9) by removing all � < &76 < ’s with � < PG �

.

The following example illustrates the projection of TPOB-schemas (resp., TPOB-instances).

Example 5.10 Consider the fully inherited TPOB-schema ��
 � � � � � ��� ��� � of Example 4.2, the

TPOB instance � 

��� ��� � over � of Example 4.3, and the set of attributes

� 
 ��*+�,� �-��� � 2 � �	��
0�	� � ,
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� ��@G
 � . The projection of � (resp., � ) on
�

results in the TPOB-schema �
	 � � � 
 � � � � � � ��� �
� �
(resp., TPOB-instance ��	 �

� � 
 ��� ��� � � ), where � � (resp.,
� �

) is shown in Table 6 (resp., 7). :

Table 6: � � resulting from projection
� � � . � 3���������
	�� � 
���� 	 ����� ��������� 	  *�� �+� � � � 
���� 	 ����� ��������� 	  5 �76 � 
���� 	 ����� ��������� 	 �O>!� �7� � �7��� � � �"������� 	 �4 8:9<;$� � 
���� 	 ����� ��������� 	 �O>!� �7� � �7��� � � �"������� 	 �4 � ��� �2��� �B& � 
���� 	 ����� ��������� 	 � 8 ��) � � � � ����) �    C 6 = � � �D� � � % � � � 
���� 	 ����� ��������� 	 � 8 ��) � � � � ����) �    

E� � -��� � �7�"F � � � 
���� 	 ����� ��������� 	 �O>!� �7� � �7��� � � �"������� 	 � � 8 ��) � � � � ����) �    8ML � -��� � �
��F � � � 
���� 	 ����� ��������� 	 �O>!� �7� � �7��� � � �"������� 	 � � 8 ��) � � � � ����) �    

Table 7:
� �

resulting from projection
� 	�� . � 3� � �N
E��� 	 ����� 
 ��) � � 8 ��) � � � . .�-,� (&( 3 �!� ) 5�
*� )�
% 3 �4. .�-,� 64( 3 �!� ) 5,�4) 
  3 �  ��� �N
E��� 	 ����� �O� ��� � �K>!� �7� � �7����� � =<. �$���<� � ; �/� � � � � 8 ��) � � � . . 6��*� (&( 3 �!� ) �*�4) 5& 37�4. . 6��*� ( 
'3 �!� ) 5,�4)��% 3 �  

5.4 Extraction

The extraction operation eliminates some classes from a TPOB-schema, and also removes all ob-

jects in these classes from a TPOB-instance. This is often useful when we wish to focus interest

on a certain part of the TPOB-schema (e.g. the part consisting of letters and its subclasses only)

and/or TPOB-instances. We first define extraction on TPOB-schemas and then extend it to TPOB-

instances.

5.4.1 Extraction on TPOB-Schemas

The extraction operator removes a set � R � of classes from a TPOB-schema ��
 � � � � � ��� ��� � .
When defining extraction, care must be taken to ensure that the output schema does not introduce

any class-subclass relationships that were not present in the original schema (nor should it delete

any such relationships unless doing so is warranted by the deletion of classes in � ).

Formally, the extraction on a TPOB-schema ��
 � � � � � ��� ��� � with respect to a set of classes

� R � , denoted ���
� � � , is the TPOB-schema � � 
 � � � � � � � ��� � �
� � � , where:

� � � 
�� .

� � � is the restriction of � to � � .
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� For all 2)G � � , we define ��� � � 2 �4
 � � ��� X�� � ��� ����� � P
+, � � G���� � 2 �C� , where
�����


 �67 	�G�� � �
7 	 � 7 � � ����� � 7�" for some 7 � � 
�
�
 � 7;"	�2	$G��HL � � and 7;"
G � L � � � , and we assume that

� ����� ��N �
.

� For all 2�	 � 2 � G�� � , we define
� � � 2�	 � 2 � � 
�
 "	�2	<( 	 � � 7 < � 7 <
� 	 � , where the 7 < ’s are such that 7 	 �

7 � � ����� � 7;" , 7 	 
 2�	 , 7�" 
 2 � , and 7 � � 
�
�
 � 7;"	�2	$G�� L � � .
The following example illustrates the use of the extraction operator on TPOB-schemas.

Example 5.11 Consider the fully inherited TPOB-schema ��
 � � � � � ��� ��� � of Example 4.2. The

extraction on � w.r.t. the set of classes � 
 � �'� ?0> ����
 ��� 

� ��
�� � � ��� � �,� � � � *+��
 - ���A�;� �&% 
0�M� is given by the

TPOB-schema � �
� � � 
 � � � � � � � ��� � ��� � � , where:

� � � 
 � �'� ?�> ����
 ��� 
9� ��
�� � � �,� � ��� ��� � *4��
 - ���A�;� �'% 
��M� .

� The type assignment � � is given in Table 8.

� The probability assignment
� �

is given in Figure 3.

� ��� � � �'� ?�> ����
 � 
 ��� � 
9� ��
�� � *+��
 - ���A�;� �&% 
0�M� � � � ��� � �,� � ����� , ��� � � � �,� � ��� ��� � 
 ����*4��
 - ��� ��� �'% 
��M��� ,

and ��� � � � 

� ��
�� � 
 ��� � � *4��
 - ���A�;� �'% 
�� � 
 , . :

Table 8: Type assignment � � resulting from extraction
� � � . � 3�����$���
	�� � 
���� 	 �����"�"������� 	 ��� � ������� � ��� � �!�D��������� 	 ��� ��# � % � �-&(�4� � ����) �    *�� �+� � � � 
���� 	 �����"�"������� 	 ��� � ������� � ��� � �!�D��������� 	 ��� ��# � % � �-&(�4� � ����) �   ��, � � 	 . �2��0 � � � ��1 � 4�� . ��0 � � �  � ��� �2��� �B& � 
���� 	 �����"�"������� 	 ��� � ������� � ��� � �!�D��������� 	 ��� ��# � % � �-&(�4� � ����) �   � 8 ��) � �!� � ����) �    

E� � - ��� � �
��F � � � 
���� 	 �����"�"������� 	 ��� � ������� � ��� � �!�D��������� 	 ��� ��# � % � �-&(�4� � ����) �   ��, � � 	 . �2��0 � � � ��1 � 4�� . ��0 � � � �!� �$= � . ��0 � � � �

>!� �7� � �7����� � ��������� 	 �'� 8 ��) � � � � ����) �   �K>�� �B&(�"��������� 	 � GH�B��� % � �4� � ����) �   �KJ . � = ) � �A�2�4� � ����) �    

Package

d

One_transfer

Priority

Letter
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Figure 3: Class hierarchy and probability assignment resulting from extraction

5.4.2 Extraction on TPOB-instances

The extraction on a TPOB-instance � with respect to a set of classes � returns the TPOB-instance � �

that contains all the objects (and their values) in � that belong to the classes in � . Formally, the
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extraction on a TPOB-instance � 

��� ��� � over a TPOB-schema ��
 � � � � � ��� ��� � with respect to a

set of classes � R � , denoted � �
�
� � , is the TPOB-instance

��� � � � � � over the TPOB-schema ���
� � � 


� � � � � � � ��� � ��� � � , wher
� �

is the restriction of
�

to � � and
� �

is the restriction of
�

to
� � � � � � .

The following example illustrates the extraction on TPOB-instances.

Example 5.12 Consider the fully inherited TPOB-schema ��
 � � � � � ��� ��� � of Example 4.2 and

the TPOB-instance � 

��� ��� � over � of Example 4.3. The extraction on � with respect to the set of

classes � 
 � �'� ?�> �0��
 � 
9� ��
�� � � �,� � ��� ��� � *4��
 - ���A�;� �'% 
��=� results in the TPOB-instance ���
�
� � 
 ��� � ��� � �

over the TPOB schema ���
� � � in Example 5.11, where

� �
is given by Table 9 and

� �
is given by

� � ��& � � 
 � ��& � � . :

Table 9:
� �

and
��� � � � resulting from extraction

� � � . � 3 . � � 3 � . � 3���������
	<� � � ��� � �*�� �+� � � � � � �� ��� �2��� �I& ��� � � ��� � �

E� � - ��� � �
��F � � � � � �

6 TPOB-Algebra: Binary Operations

We now define the natural join and Cartesian product operations. Our technical report [6] also con-

tains definitions of condition join, intersection, union, and difference. Unless specified otherwise,

we assume all input TPOB-schemas to be fully inherited.

6.1 Natural Join

Our natural join operator (like its relational counterpart) forms a Cartesian product of two TPOB-

instances, performs a selection forcing equality on attributes common to both TPOB-schemes, and

then removes duplicate values. We first define natural join of two TPOB-schemas. We then define

the natural join of two values of probabilistic tuple types. Finally, we introduce the natural join of

two TPOB-instances. In the rest of this section, let � 	 
 � ��	 � ��	 � ����	 ��� 	 � and � � 
 � � � � � � � ��� � �
� � �
be two TPOB-schemas.

6.1.1 Natural Join of TPOB-Schemas

Informally, the TPOB-schema ��
 � � � � � ��� ��� � produced by the natural join of the TPOB-schemas

��	 and � � is obtained as follows. First, the set of classes � is the Cartesian product of the sets of
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Figure 4: Natural join of schemas

classes ��	 and � � . Second, the type � � 2 � of each class 2 
 � 2)	 � 2 � ��G�� is given by the probabilistic

tuple type containing every top-level attribute with its associated type in ��	 � 2�	 � and � � � 2 � � . Note

that this assumes that every common top-level attribute of ��	 � 2�	 � and � � � 2 � � has the same type in

��	 � 2�	 � and � � � 2 � � . We say ��	 and � � are natural-join-compatible when this condition is satisfied

for any two classes 2�	�G��$	 and 2 � G�� � . Third, the class hierarchy in � is defined as the Cartesian

product of the class hierarchies in � 	 and � � . That is, every class 2)	�G���	 (resp., 2 � G�� � ) is combined

with the immediate subclass and disjointness relationships expressed by every ��� � � 2 � � with 2 � G�� �
(resp., ���)	 � 2�	 � with 2�	�G��$	 ); every class 2)	�G���	 (resp., 2 � G�� � ) is combined with every conditional

probability
� � � 2 � � 7 � � in � � (resp.,

� 	 � 2�	 � 7 	 � in �3	 ).
Formally if two TPOB-schemas �
	 and � � are natural-join-compatible, then the natural join

of �3	 and � � , denoted �3	���� � � , is defined as the TPOB-schema ��
 � � � � � ��� ��� � , where

� � 
 ��	���� � .
� For each 2 
 � 2�	 � 2 � ��G�� , the probabilistic tuple type � � 2 � 
 $ ! 	-&(�6	 � 
�
�
 � !��9&(��� ) contains ex-

actly every ! < &�� < that belongs to either the type � 	 � 2�	 � or the type � � � 2 � � .
� For each 2 
 � 2�	 � 2 � � G � : ��� � 2 � 
 ��� 2�	C� � � � � � � G���� � � 2 � �C� � ��� 	,� � 2 � � � �@	 G ����	 � 2�	 ��� .

� For each immediate subclass relationship
� 26	 � 2 � � � � 2�	 � 7 � � (resp.,

� 2�	 � 2 � � � � 7 	 � 2 � � ) in � ,

define
� � � 2 	 � 2 � � � � 2�	 � 7 � � � 
 � � � 2 � � 7 � � (resp.,

� � � 2�	 � 2 � � � � 7 	 � 2 � � � 
 � 	 � 2�	 � 7 	 � � .
The following example illustrates the natural join of TPOB-schemas via the Package Example.

Example 6.1 Let �3	 and � � be the TPOB-schemas of Examples 4.2 and 5.11, respectively. Their

natural join �3	���� � � is the TPOB-schema ��
 � � � � � ��� ��� � partially shown in Table 10 and Fig-

ure 4. :
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Table 10: Type assignment � resulting from natural join
� � . � 3
. �����$���
	<� � �����$���
	�� 3 �N
E��� 	 ���7�D��������� 	 �A� � ������� � ��� � �7����������� 	 �A� ��# � % � �-&$�!� � ����) �    
. 8:9/;$� � �O�������
	�� 3 �N
E��� 	 ���7�D��������� 	 �A� � ������� � ��� � �7����������� 	 �A� ��# � % � �-&$�!� � ����) �   �7, � � 	 . �+��0 � � � �"13� 4�� . �"0 � � � �A� ��= � . ��0 � � � �

>@���A� � �A���D� � �"������� 	 �4 
. � ��� �2��� �I&#� ���������
	�� 3 �N
E��� 	 ���7�D��������� 	 �A� � ������� � ��� � �7����������� 	 �A� ��# � % � �-&$�!� � ����) �   � 8 ��) � �!� � ����) �    
.B
E� � - ��� � �
��F � � � *�� �+� � ��3 �N
E��� 	 ���7�D��������� 	 �A� � ������� � ��� � �7����������� 	 �A� ��# � % � �-&$�!� � ����) �   �7, � � 	 . �+��0 � � � �"13� 4�� . �"0 � � � �A� ��= � . ��0 � � � �

>@���A� � �A���D� � �"������� 	 � � 8 ��) � �4� � ����) �   � >:� �I&��D��������� 	 �"GH�B��� % � �4� � ����) �   � J . � = ) � �A�+�!� � ����) �    

6.1.2 Intersection and Natural Join of Values

The natural join of two classical relations � and
$

contains one tuple for each pair of tuples
� � ��A ��G � �

$
that have the same values in the common attributes of � and

$
. Similarly, the

natural join of two TPOB-instances �6	4
 ��� 	 ��� 	 � and � � 
 ��� � ��� � � contains one object
&

for each pair

of objects
& 	 in �)	 and

& � in � � such that the natural join of
� 	 ��& 	 � and

� � ��& � � (their concatenation

combined with the intersection of the values in the common attributes) is defined, which then forms

the value
� �B& � of the new object

&
.

To define the natural join of two values 6�	 and 6 � of probabilistic tuple types � 	 and � � , respec-

tively, we first define the intersection of two values 6 	 and 6 � (of the same classical or probabilistic

type � ) under the conjunction strategy � , denoted 6 	 X � 6 � .
� If � is a classical type and 6�	 
 6 � , then 69	HX � 6 � 
 6�	 .
� If � is an atomic probabilistic type and

" P
+, , then 6 	 X � 6 � 
 "
, where

"

 � � 6 ��� 	+� � � � �

� 6 ��� 	 � G569	 � � 6 ��� � �DG 6 � � 

� If � is a probabilistic tuple type over the set of top-level attributes

�
and all 6 	�
3! X � 6 � 
B! are

defined, then
� 6�	HX � 6 � � 
3! 
 6�	 
B! X � 6 � 
B! for all ! G �

.

Otherwise, 69	 X � 6 � is undefined. The following example illustrates the above concept.

Example 6.2 Let �/��@G
 be the standard calendar w.r.t.
* &�� � � % F (�� � � , and let � be a conjunction

strategy. Consider the values 6�	!
+6 � 
 �=�
�
�
� � � and 6 ��
 � �

�
�
��� � of the classical type �/��@G
 . Then,

6�	 X � 6 � 
 6�	 , while 69	 X � 6 � is undefined. Now consider the following values of the probabilistic

type $ $%�/�1@#
�) ) :
6�	 
 � � � � � �	� � � $ 
 � � 
 ��) � � � �=� � � �	� � � $ 
 � � 
 �0) � � � �=�!�!� �	� � � $ 
 � � 
 �0) �C� � 6 � 
 � � �=� � � �	� � � $ 
 � � 
 ��) �C� �
6 � 
 � � � � � �	� � � $ 
 � � 
 ��) � � � �=�!�!� �	� � � $ 
 � � 
 �0) � � � �=� � � �	� � � $ 
 � � 
 �<) �C�D


Then, 6�	 X � ��
 6 � is undefined, while 6�	HX � ��
 6 � 
 � � � � � � � � � $ 
 �	� � 
 �0) � � � � �!�!� �	� � � $ 
 �	� � 
 ��) ��� . :
We are now ready to define the natural join of two values 6�	 and 6 � of probabilistic tuple types �6	

and � � , respectively. Let � be a conjunction strategy. Let
� 	 and

� � be the top-level attributes of
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�)	 and � � , respectively, and let
� 
 � 	 X � � . Let all ! G �

have the same types in � 	 and � � . The

natural join of 69	 and 6 � under � , denoted 6�	 ��� � 6 � , is defined as:

� � 69	 � � � 6 � � 
3! 
 6 < 
3! for all ! G � < L �
, F2G � �!� �9� ,

� 69	 ��� � 6 � � 
3! 
 69	 
3! � �
� 6 � 
3! for all

! G �
. If all 69	 
3! ���

� 6 � 
B! with ! G �
are defined, then 6�	 � � � 6 � is defined.

6.1.3 Natural Join of TPOB-Instances

Let ��	 
 ��� 	 � � 	 � and � � 
 ��� � ��� � � be two TPOB-instances over the natural-join-compatible TPOB-

schemas �3	 and � � , respectively. For F2G � �!� �9� , let
� <

denote the set of top-level attributes of � < .
Let � be a conjunction strategy. The natural join of �1	 and � � under � , denoted �)	 � � � � � , is the

TPOB-instance
��� ��� � over �
	 � � � � , where:

� � � 2 �1
 � �B& 	 �C& � � G � 	 � 2�	 � � � � � 2 � � � � 	 �B& 	 � � � � � � ��& � � is defined � ,

for all 2 
 � 2�	 � 2 � � G���	 � � � .
� � ��& �1
 � 	 �B& 	 � ��� � � � �B& � � , for all

&



��& 	 �C& � � G � � ��	 � � � � .
Example 6.3 Let �3	 and � � be the TPOB-schemas given in Example 4.2 and created in Example

5.11, respectively. Let �6	 and � � be the TPOB-instances over �3	 and � � produced in Examples 5.9

and 5.12, respectively. The natural join of � 	 and � � under the ignorance conjunction strategy

� <
� is the TPOB-instance �6	 � � � ��� � � 
 ��� ��� � over �3	 � � � � 
 � � � � � ��� ��� � , where

�
is given by

� � � � �,� � ��� ��� � � �,� � �,� ��� � � 
 � �B& � �C& � ��� and
� � 2 � 
 , for all other classes 2
G�� , and

�
is given by Ta-

ble 11. :
Table 11:

�
resulting from natural join

� 	 . � 3
. ��� � ��� 3 �N
E��� 	 ���:� 
 � ) � ��� � ������� � ��� � �!� 5 ���������'��� ��# � % � �-&M� � . . 6!-*� (&('37�4� ) 5�� 6  37�4. . 64-,���*6%3 �!� ) �*�467 3 �'�8 ��) � � � . .�-,� (&( 3 �!� ) 5�
*� 67 3 �!. ./-*� 6!('37�4� ) 5�� 67 3 �4 

6.2 Cartesian Product

In the above definition of natural join, if the sets
���

and
���

are disjoint, then the natural join

is called Cartesian product and denoted by the symbol � . Two TPOB-schemas � 	 and � � are

Cartesian-product-compatible iff they can be combined using Cartesian product, that is, iff for all

classes 2�	 in �3	 and 2 � in � � , the types of 2)	 and 2 � have disjoint sets of top-level attributes.
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7 Preservation of Consistency and Coherence

We now show that all algebraic operators defined in Sections 5 and 6 preserve consistency and

coherence of schemas and instances. If the input TPOB-schemas (resp., TPOB-instances) are con-

sistent (resp., coherent), then the output TPOB-schemas (resp., TPOB-instances) are also consistent

(resp., coherent).

The operators of selection and restricted selection trivially preserve consistency of schemas,

as the input schemas coincide with the output schemas. Projection also preserves consistency of

schemas, as it only modifies type assignments. The following result shows that extraction and

natural join, and thus also Cartesian product, preserve consistency of schemas.

Theorem 7.1 Let � be a TPOB-schema, and let � be a set of classes from � . Let � 	 and � � be two

natural-join-compatible TPOB-schemas.

(a) If � is consistent, then � �
� � � is consistent.

(b) If ��	 and � � are consistent, then �
	 � � � � is consistent.

The operations of selection and restricted selection preserve coherence of instances, as they

do not modify the input TPOB-schemas and they may only modify the input TPOB-instances by

removing objects and changing value assignments to objects. Similarly, projection preserves co-

herence of instances, as it may only modify type and value assignments to classes and objects,

respectively. The result below shows that natural join and extraction operation preserves coherence

of instances when we do not remove any characteristic classes.

Theorem 7.2 Let � , �)	 , and � � be TPOB-instances over the TPOB-schemas � , � 	 , and � � , respec-

tively, where � 

��� ��� � and ��
 � � � � � ��� �
� � . Let � R � such that � 23G�� � 2 is characteristic for

� 
�� � 7 � �B& � for some 7@G � and some
& G � �

� ��� R � . Let �
	 and � � be natural-join-compatible.

(a) If � is coherent, then ���
�
� � is coherent.

(b) If ��	 and � � are coherent, then �6	 ��� � � is coherent.

8 Implicit TPOB-Instances

We now focus on how to efficiently implement the TPOB-instances introduced in Section 4 and the

algebraic operations on TPOB-instances presented in Sections 5 and 6.

The main problem with TPOB-instances is that the size of a TPOB-instance can be very large.

Table 4 shows that a probability must be associated with each time point involved. But to state that

a given package will arrive in St. Louis sometime between 5:30 pm and 6:30 pm (if we reason at
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a minute by minute level) requires 60 time points to be specified (Table 4 only shows a couple of

time points). The number of time points increase even more if they are defined in a calendar based

on seconds instead of minutes. The second problem is that the large size of the TPOB-instances

causes the cost of the algebraic operations to be potentially high.

In this and the following section, we alleviate these problems by defining implicit TPOB-

instances, together with algebraic operations on implicit TPOB-instances. An implicit TPOB-

instance succinctly captures a potentially large TPOB value. We further show that these implicit

operations correctly implement their counterparts in Sections 5 and 6 by solely considering the

implicit (i.e., succinct) TPOB-instance rather than the explicit one. Hence, all our implicit alge-

braic operators are usually much more efficient than their explicit counterparts. Furthermore, they

immediately preserve consistency and coherence of schemas and instances, respectively.

The main idea behind implicit TPOB-instances is to use an implicit and thus more compact

representation of the values of probabilistic types. We generalize a constraint-based approach due

to Dekhtyar et al. [13].

For example, consider an explicit value of the form 6 
 � �=�!� $ � 
 � � �!� � 
 �	� � ) � � 
�
�
 � �=� �	�	� � $ � 
 �	� �1�
� 
 �	� � �C� . This says that 6 ’s value is one of

�!� 
�
 
 ��� � �	� with some associated probability intervals.

Instead of storing 1000 pairs of the form
� F � $ � 
 �	� �!� � 
 �	� � ) � , we could describe the range of val-

ues via the constraint
� N � N �

�	�	� . We can store the probability information in this case by

merely saying that the uniform distribution is used to distribute probability values over the values

� �!� 
 
�
 ��� �	�	� � and that the entire probability mass
�

is distributed. Thus, our general idea is to use

a constraint O to represent the time points at which some event may possibly hold, a lower and

upper probability bound 
 ��� , and a distribution
�
. The technical definition of an implicit value will

use these intuitions, but will include some additional twists.

We now first describe the concepts of constraints and of probability distribution functions. We

then define implicit values of probabilistic types and implicit TPOB-instances.

Constraints. We use a constraint to implicitly specify a set of valid time points of a calendar, or

a set of values of a classical type with a totally ordered domain, which is given by the set of all

solutions to that constraint.

An atomic constraint for a calendar � over the linear temporal hierarchy � 	'� �����E� ��� is

either an atomic time-value constraint ( � < � 6 < ), where
� G �9N � > �



� P
 � � � / � and 6 < is a time

value of � < , or an atomic time-interval constraint (
� 	�� � � ), where

� 	 � � � G�� 	 � � � � and
� 	 N@? � � .

An atomic constraint for a classical type � with a linear order > on the domain � 	 � � � � is either

of the form
�#� 6 � , where

� G �9N � > �


� P
 � � � / � and 6@G�� 	 � � � � , or of the form

� 6 	�� 6 � � , where

6�	 � 6 � G�� 	 � � � � with 69	 N 6 � . We use (
� 	 ) (resp., ( 69	 )) to abbreviate (

� 	�� � 	 ) (resp., ( 69	�� 69	 )). A
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constraint for the above forms of classical types � is a Boolean combination of atomic constraints

for � (that is, constructed from atomic constraints for � by using the Boolean operators 
 and � ).

We now define the semantics of a constraint, that is, the set of time points (resp., values) that

it specifies. A time point
A



� A 	 � 
�
�
 ��A � ��G � 	 � � � � is a solution to an atomic constraint
� � < � 6 < �

(resp.,
� � 	�� � � � ) for � , denoted

A � 
 � � < � 6 < � (resp.,
A � 
 � � 	�� � � � ), iff

A < � 6 < (resp.,
� 	DN@? A N ? � � ).

A value
A G�� 	 � � � � is a solution to an atomic constraint

�#� 6 � (resp.,
� 6 	�� 6 � � ) for � , denotedA � 
 � � 6 � (resp.,

A � 
 � 69	�� 6 � � ), iff
A � 6 (resp., 69	�N A N 6 � ). The solutions

A G�� 	 � � � � to a

constraint O for � are inductively defined by (i)
A � 
 
 O 	 iff it is not the case that

A � 
 O 	 , and (ii)A � 
 � O@	*��O � � iff
A � 
 O@	 and

A � 
 O � , for all constraints O 	 � O � . We use � 	�� � O � to denote the set

of all solutions
A G � 	 � � � � to the constraint O for � .

Probability Distribution Functions. Suppose
$

is a nonempty set of pairwise mutually exclusive

events
A 	 � 
�
�
 ��A � . A probability distribution function (PDF) (or distribution function) over

$
is

a mapping � & $ � $ � ��� ) such that ��� �	� � �BA � N �
. The most widely used PDF is the uniform

distribution over
$

, denoted 
�� , which is the function 
�� & $ � $ � ��� ) defined by 
 � A � 
 � 
 (
for

all
A G $

. Our framework can work with any PDF whatsoever (more details are in [6]).

Implicit Values of Probabilistic Types. An implicit value of a probabilistic type is a finite set of

implicit tuples [13]. An example of an implicit tuple (which we define formally below) is
�=� N � N

���
� � N � N �

� �
�
� 
 � ���!��� � . This implicit tuple says that the valid time points are solutions of the

first constraint
� N � N ��� and that a probability mass of 0.5 to 1 is uniformly distributed over the

solutions of the second constraint
� N � N �

�	� . From this, we can infer that there is a probability

mass of � 
 � to � 
 � over the set of valid time points � �!� 
 
�
 � ��� � . Using this intuition, we can now

define implicit tuples formally.

Let � be either a calendar or a classical type with a totally ordered domain. An implicit tuple

for � is a 5-tuple
� O �
��� 
 ��� � � � , where O �
�

are constraints for � with ,�� � 	�� � O � R � 	�� ��� � , 
 ���
are reals with � N 
9N � N �

, and
�

is a distribution function over � 	�� ��� � . If � 	�� � O � 
 � 	�� ��� � , then

we use
��� � to abbreviate O .

The constraint O describes the valid values, while
�

describes the values from which the prob-

abilities for solutions of O are derived. When selection operations are performed, we can merely

restrict O to the selection condition instead of computing a new distribution (which would be very

expensive). Thus, the use of
�

eliminates the potentially expensive operation of computing new

distributions every time a query is asked.

We now define implicit values of probabilistic types by induction as follows:

� An implicit value of an atomic probabilistic type $ $%��) ) is a finite set of implicit tuples for � .

� An implicit value of a probabilistic type $%! 	-&��)	 � 
�
 
 � !G"�&���"9) is of the form $ ! 	�& 6�	 � 
�
�
 ,
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!G"�&'6�"9) , where 69	 � 
�
�
 � 6�" are either values or implicit values of � 	 � 
�
�
 � �
" .
In the sequel, the values of probabilistic types introduced in Section 3 are called explicit values, to

better distinguish them from the above concept of implicit values of probabilistic types. An implicit

value of a probabilistic type in the Package Example is given below.

Example 8.1 An implicit value of the atomic probabilistic type $ $ �/�1@#
9) ) , where �/��@G
 is the calendar

over
* & � �5� % F (�� � � , is given by 6 
 � ��� � � � �=� � � �	� ��� � �

�
� � � � � � � 
 � ���!� 
 � . :

Observe now that every implicit value 6 of an atomic probabilistic type $ $%��) ) has a unique

equivalent explicit value � � 6 � , which is defined by � � 6 � 
 � � 6 � � $�
 � � � 6 � � ��� � � � 6 � � ) � ���
� O �
� � 
 ��� ,

� ��G 6 &'6 � G � 	�� � O ��� . � is an implicit to explicit transformation. Conversely, every explicit value of

$ $ �-) ) has at least one equivalent implicit value. The following example illustrates the relationship

between implicit values 6 and their equivalent explicit values � � 6 � .
Example 8.2 The implicit value 6 given in Example 8.1 has the equivalent explicit value � � 6 � 

� � �=� � � � � � � $���� ��

�
� 	�
�
) � � � � � � � � � � � $ 	�

�
) � � � � � � � ��� � � $ 	�

�
) � � 
�
�
 � � � � � � � � � � $ 	�

�
) �C� . Note that instead of ex-

plicitly expressing a probability interval for each of 60 time points, the implicit value shown in

Example 8.1 captures this explicit information via a single statement. Hence, implicit values are

far more succinct than explicit ones. :
As every implicit value has its explicit counterpart, we can easily extend the notion of con-

sistency to implicit values as follows. An implicit value 6 
 � � O 	 � � 	 � 
�	 ��� 	 � � 	 � � 
�
�
 � � OD� �
� � � 
 � ,
� � � � � ��� of an atomic probabilistic type is consistent iff � 	�� � O < � O J � 
 , for all F � K G � �!� 
 
�
 �I( �
with F P
 K , and it holds that � �<( 	 ��� ���
	���
���� ��� 
 < � � < � 6 < � N � N � �<( 	 ��� � �
	���
���� ��� � < � � < � 6 < � . An

implicit value 6 of a probabilistic type is consistent iff all contained implicit values of atomic prob-

abilistic types are consistent.

8.1 Implicit TPOB-Instances

Implicit TPOB-instances associate an implicit value with each object (rather than an explicit one).

Formally, an implicit TPOB-instance over a consistent TPOB-schema � 
 � � � � � ��� �
� � is a pair

� 

��� � � � , where (i)

� & � � ��� maps each class 2 to a finite subset of
V

such that
� � 2 	 �MX � � 2 � � 
 ,

for all distinct 2�	 � 2 � G�� , and (ii)
�

maps each oid
& G � � 2 � , 2
G�� , to an implicit value of type � 1 � 2 � .

We then define
� � � � , the mapping

� 1
, the concept of a probabilistic extent of a class, and the notions

of coherence and consistency for implicit TPOB-instances as in Section 4.3. In the sequel, we write

explicit TPOB-instance to refer to the TPOB-instances defined in Section 4.3.

Every implicit TPOB-instance � has a unique equivalent explicit TPOB-instance � � � � , which

is obtained from � by replacing each contained implicit value 6 of an atomic probabilistic type by
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its explicit counterpart � � 6 � . Conversely, every explicit TPOB-instance has at least one equivalent

implicit TPOB-instance.

Example 8.3 An implicit TPOB-instance � 

��� � � � over the TPOB-schema � of Example 4.1 is

given by the mapping
�

in Table 3 and the value assignment
�

in Table 12. :
Table 12: Value assignment

�
� 	 . � 3��� � 
E��� 	 ���:� 
 � ) � ��� � ������� � ��� � ��� 5 ���"��� �'�!� ��# � % � �-&M� � . .�� 37�4. . 64-,� ('('3���. 64-,���,6!3 37� ) 5,�4) �,��� 3 ,

. .�� 3 �!. . 6��#� (&('3���. 6��#� �*6%3 3 �4) �*� ) �*�
	13 �'� 8 ��) � � � . .�� 3 �!. .�-,� ('('3�� .�-,� 64( 3 37� ) 5,� 6'��	13 �  � � � 
E��� 	 ���:� ��� ��� �4�!� � ������� � ��� � ���OJ � � �A�<� � ��� �$# � % � �'&(� � . .�� 37�4. . 6��*� ('('3�� . 6��#� 6�
&3 3 � ) 6�
*� 6'��� 3 �'�O, � � 	 . �/�,+'(*�
1 � 4$� . � 
�(,�!� �$= � . �*5 (*�O>!� �7� � �7����� � =/. ������� � ; �2� � � �'� 8 ��) � � � . . . 6��*� (&( 3�� . 6��*� ( 
'3 37� ) �*� 6'��	13 � ,
J 8 
 � ��� � �!� >:� �B&
��� ��L � �2� � �"GH�B��� % � � � . . . 6 5�� (&( 3�� . 645,� (�
&3 3
� . . 6 5,� � 
'3�� . 6 5����'('3 37�4. . 6 5�� ('('3��1. 645,���'('3 3 � ) �*�46&��� 3 � ,
J . � = ) � �7��� � . .�� 3 �4. . 6!+*� ('('3�� . 6�� � (&('3 3 �4) +,� 6&��� 3 �4 ��J 8 
 � � L �(� �N>�� �B&:�KJ 8 * � 9 � � ,
GH�B��� % � � � . .�� 3 �4. . 6�� ���'('3���. 6�� � 5�
&3 3 � )�
#�46&��� 3 � �2J . � = ) � �7��� � . .�� 3 �!. . 6!-*� (&('3�� . 6!-*� �&('3 3 �4) +,� 6&��� 3 �4  

9 The Implicit Algebra

In this section, we define selection, restricted selection, and natural join. Projection, extraction,

Cartesian product, and condition join are independent of the kind of values of each object, and

thus defined in exactly the same way for explicit and implicit TPOB-instances. We show that each

operation of the implicit TPOB-algebra correctly implements its explicit counterpart. For unary

algebraic operators
& � , the correctness theorems are of the form � �B& � < � � � �1
 & ��� � � � ��� � — cf. Fig. 1.& � < (resp.

& ��� ) denotes the implicit (resp. explicit) versions of the operator
& � . Similar correctness

results are also shown to hold for binary algebraic operators. Whenever we apply an algebraic

operation
& � , we can tell by the type of argument (explicit TPOB instance or implicit) whether the

operator is one from the explicit or from the implicit algebra. Hence, we will usually just write
& �

instead of
& ��� �I& � < as this can be determined from context. Other operators are contained in [6].

9.1 Selection

In order to define the selection operation on implicit TPOB-instances, it is sufficient to define how

to evaluate path expressions and how to assess the probability that an implicit value satisfies an

atomic selection condition. The valuation of selection conditions, the satisfaction of probabilistic

selection conditions, and the selection on implicit TPOB-instances are then defined in the same

way as in Section 5.1.2.

We first define how to evaluate path expressions. Let
P

be a path expression for the probabilistic

type � . The valuation of
P

under an implicit value 6 of � , denoted 6�
 P , is defined by:
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� if 6 
 $%! 	�&769	 � 
�
�
 � !#"�&'60"
) and
P

 ! <

, then 6�
 P 
 6 < ;

� if 6 
 $%! 	�&769	 � 
�
�
 � !#"�&'60"
) and
P

 ! < 
�� , then 6$
 P 
 6 < 
�� ;

� If 6 
 � � O@	 �
� 	 � 
�	 ��� 	 � � 	 � � 
�
�
 � � O " �
� " � 
 " ��� " � � " ��� and
P

 $ $��#) ) , then 6$
 P 
 � � O 	 �
� 	 � 
�	 ��� 	 ,

� 	 � � � � 
�
�
 � � O " �
� " � 
 " ��� " � � " � � �C� . We call such sets generalized implicit values of � ;

� Otherwise, 6�
 P is undefined.

Given an implicit TPOB-instance � 

��� ��� � over a TPOB-schema ��
 � � � � � ��� ��� � , we now

define the meaning of an ASC � w.r.t. an object
&

in � . As in Section 5.1.2, we associate with

each � a closed subinterval of $ � ��� ) , which describes the range for the probability that the object&
in � satisfies � . This probability is computed in a similar way as in Section 5.1.2, based on the

translation � from implicit to explicit values. More formally, the probabilistic valuation of � w.r.t. �
and

& G � � � � , denoted ����	�� 
�� � , is defined as follows (where 	 is the disjunction strategy for mutual

exclusion):

�����
	�� 
�� � � F ( � 2 � �1
 $ ����� � ��
�� ��
 � �B& � � � ��� 
 � ��
 � ��
 � �B& � � ) .
� Let

P
be a path expression for the type of

&
. If

� �B& � 
 P is a value of a classical type, then

define
�


 � � ��� � � � � �B& � � ���!���!� 
 �IP �C� , else if
� ��& ��
 P is a generalized implicit value of an

atomic probabilistic type, then define
�



� �B& � 
 P . Otherwise,
�

is undefined.

����	�� 
�� � �BP�� 6 � 

�� � � "<! 	 � <

if
�

is defined

undefined otherwise,

where
� 	 � 
�
�
 ��� " are the intervals $�
 � � � " � ��� � � � " ��) such that

� O �
� � 
 ��� � � �%$ ��G �
,
" G

� 	�� � O � , and
" 
 $�� 6 , if

�
is defined. Note that ���
	�� 
�� � ��P�� 6 � is undefined, if some

" 
 $�� 6
is undefined.

� For each F G � �!� �9� , let
P <

be a path expression for the type of
&
. If

� ��& ��
 P < is a value of a

classical type, then define
� < 
 � � ��� � � � � �B& � � ���!���1� 
 �CP < ��� , else if

� ��& ��
 P < is a generalized

implicit value of an atomic probabilistic type, then define
� < 
 � �B& � 
 P < . Otherwise,

� <
is

undefined. Then,

����	��&
�� � �BP 	 ��� P � � 

�'� '� � "<( 	 � <

if
� 	 and

� � are defined

undefined otherwise,

where
� 	 � 
�
�
 ��� " is the list of all intervals $�
B	�� � 	 � 6�	 � ��� 	
� � 	 � 6�	 ��) � $�
 � � � � � 6 � � ��� � � � � � 6 � � ) such

that
� O < �
� < � 
 < ��� < � � < �%$ < ��G � <

, 6 < G � 	�� � O < � , and 69	�
 $ 	 � 6 � 
 $ � , if
� 	 and

� � are defined. Ob-

serve that ���
	�� 
�� � �BP 	 ��� P � � is undefined, if some 6�	 
 $ 	 � 6 � 
 $ � is undefined.
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The following example shows some probabilistic valuations of atomic selection conditions.

Example 9.1 Consider the implicit TPOB-instance � 

��� ��� � of Example 8.3. The ASC � 
. 
 � � ��
0��� � �=�	� �

� � � is assigned $ � � ��) and $ 
 � � � � 
 � �	��) under ����	���
�� � � and � ��	���
�� � � , respectively.

Here, $ 
 � � � � 
 � � ��) 
 � �<! 	 $ 
 � � � � � 
 ��� � � ) , where the six intervals $ 
 � � � � , 
 ��� � � ) are associated with

the six time points
�=�	� �

� � � � 
�
 
 � � �	� � � � � of the value of object
& � at the attribute

. 
 � � ��
�� � . :
The following result shows that selection on implicit TPOB-instances correctly implements its

counterpart on explicit TPOB-instances. That is, the mapping � commutes with � � .

Theorem 9.2 (correctness of selection) Let � be an implicit TPOB-instance over a TPOB-schema

� , and let � be a probabilistic selection condition. Then, � � � � � ��� � 
 � � � � � � � ��


9.2 Restricted Selection

In order to define the restricted selection operation on implicit TPOB-instances, it suffices to define

the restricted selection on implicit values. Restricted selection on implicit TPOB-instances is then

defined in the same way as in Section 5.2.

Let � be a probabilistic tuple type, and let 6 
 $%! 	�&
69	 � 
 
�
 � ! < &
6 < � 
�
�
 � !#"9&H60"
) be an implicit

value of � . Let � be an atomic selection condition of the form
P�� "

, where
P

is a path expression

for � . The restricted selection on 6 with respect to � , denoted � �� � 6 � , is defined by:

� If 6 < is a value of a classical type,
P

 ! <

, and 6 < � " , then � �� � 6 � 
 6 .

� If 6 < is an implicit value of an atomic probabilistic type, and
P

 ! <

, then � �� � 6 � is obtained

from 6 by replacing 6 < by � � � � " �
�HO �
� � 
 ����� � � � � O �
� � 
 ����� � ��G 6 < � � 	�� � �#� " �
� O � P
 , � .

� If 6 < is an implicit value of a probabilistic tuple type, and
P

 ! < 
�� , then � �� � 6 � is obtained

from 6 by replacing 6 < by � �� ��� � 6 < � .
� Otherwise, � �� � 6 � is undefined.

Example 9.3 Consider the implicit TPOB-instance � 

��� ��� � of Example 8.3 and the atomic se-

lection condition ��
 . 
 � � ��
���� � �=�	� �
� � � . The restricted selection on � with respect to � is given

by the implicit TPOB-instance � �� � ��� 
 ��� � ��� � � , where
� � � � �,� � �,� ��� � 
 � & ��� ,

� � � 2 � 
 , for all other

classes 2 , and
� � ��& � � 
 $B*+�,� �-��� &�� � @G
 , . 
 � �/���0�	�/� � �D& ����� � � � ,

. 
 � � ��
0���D& � � � �=�	� � ��� ��� �=�	� �
�
� � � ,

� �=�	� �
� � ��� �=�	� �

�
� � � � 
 � � 
 � � 
 �C� , � �1@#
�& � � ��� � � � � � � �	� ��� � � ���

� � � � 
 � ���!��� ���	) . :
The following theorem shows that restricted selection on implicit instances correctly imple-

ments its counterpart on explicit instances. That is, the mapping � commutes with � �� .
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Theorem 9.4 (correctness of restricted selection) Let � be an implicit TPOB-instance over a

TPOB schema ��
 � � � � � ��� �
� � . Let � be an atomic selection condition of the form
P � 6 , where

P
is a path expression for every � � 2 � with 2
G�� . Then, � �� � � � ��� ��
 � � � �� � ��� ��


9.3 Natural Join

In order to define the natural join operation on implicit TPOB-instances, we need to define the

intersection of two implicit values. The join of two implicit values and the join of two TPOB-

instances are then defined in the same way as in Section 6.1.

Let 69	 and 6 � be either two values of the same classical type � or two implicit values of the

same probabilistic type � , and let � be a conjunction strategy. The intersection of 6 	 and 6 � under

� , denoted 69	 X � 6 � , is inductively defined as follows:
� If � is a classical type and 6�	 
 6 � , then 69	HX � 6 � 
 6�	 .
� If � is an atomic probabilistic type and

" P
*, , then 6 	 X � 6 � 
 "
, where:

"

 � � ��� � � � 6 � � 
 ��� � 
 � � � � O@	 �
� 	 � 
�	 ��� 	 � � 	 ��G 6�	 � � O � � � � � 
 � ��� � � � � ��G 6 � &

6 G � 	�� � O@	�� O � � � $�
 ��� ) 
 $�
�	�� � 	 � 6 � ��� 	
� � 	 � 6 ��) � $�
 � � � � � 6 � ��� � � � � � 6 � )B� 

� If � is a probabilistic tuple type over the set of top-level attributes

�
, and all 6 	 
3! X � 6 � 
B!

are defined, then
� 6�	 X � 6 � � 
3! 
 69	C
B! X � 6 � 
3! for all ! G �

.

� Otherwise, 69	 X � 6 � is undefined.

The following example illustrates the intersection of two implicit values of atomic probabilistic

types.

Example 9.5 Let �/��@G
 be the standard calendar w.r.t.
* &�� �5� % F (�� � � , and let � < � be the conjunc-

tion strategy for independence. Consider now the following implicit values of the atomic proba-

bilistic type $ $%�/�1@#

) ) :

69	 
 � � � � � � � � ��� �
�
�
� � � � � � � � � � � ��� �

�
� � � � � � 
 � ���!� 
 �C� � 6 � 
 � ��� � � � � � � �	� ��� �

�
�
�
� � � � 
 � ���!� 
 ���

Then, 6�	MX � ��
 6 � 
 � � ��� � � � � � � � � � � � 
 ��� � 
 �	� � � 
 � � � ��� � � � � � � � � � � � 
 � � � 
 � � � � 
 ��� . :
The result below shows that join on implicit TPOB-instances is correct, i.e. the mapping �

commutes with ���
�

.

Theorem 9.6 (correctness of natural join) Let � 	 and � � be two implicit TPOB-instances over the

natural-join-compatible TPOB-schemas � 	 and � � , respectively. Let � be a conjunction strategy.

Then, � � �)	 � ��� � � � � � � 
 � � ��	 ��� � � � ��
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10 Conclusions

There are numerous applications where object models are naturally used and where temporal un-

certainty is a critical part of the application. For example, shipping and transportation companies

utilize airplanes, ships, and trucks, all with different capacities, fuel requirements, fuel consump-

tion, servicing needs, and other properties and ship millions of items daily. The properties of these

vehicles vary dramatically and the items being shipped also have diverse properties (commercial

shippers such as CSX ship everything from packages of papers to machine parts, vehicles, and

hazardous materials, each with very different properties). Such shippers use prediction programs

that provide temporal projections that are characterized by uncertainty. These projections (and the

other data described above) are useful in a wide range of decision making activities ranging from

scheduling to asset allocation problems. The ability to query the above data in the presence of such

temporally uncertain projections is critical for such decision making.

In this paper, we have made a first attempt to deal with temporal uncertainty in object-based

systems. We have provided a data model and algebraic operations for such systems. Our frame-

work allows us to specify the uncertainty about when certain events may occur, as well as uncer-

tainty about what the object is. We have presented explicit TPOB-instances, where the sets of time

points along with their probability intervals are enumerated, and implicit ones, where the sets of

time points are expressed by constraints and their probability intervals by probability distribution

functions. Thus, implicit object base instances are succinct representations of explicit ones; they

allow for an efficient implementation of algebraic operations, while their explicit counterparts make

defining algebraic operations easy and are easily understood by end users. As a consequence, we

suggest that the implicit representation be used to implement TPOBs, but the answers to queries

can be presented to users by converting the answer (in the implicit algebra) to its explicit counter-

part. Finding a correct probability function can be a challenge for both the implicit and the explicit

representation - if one has the probabilities for one representation, then the probabilities for the

other can be easily inferred. We have defined our algebraic operations on both explicit and implicit

object base instances, and shown that each operation on implicit object base instances correctly

implements its counterpart on explicit instances.

There are numerous directions for future research. Building physical cost models and cost

based query optimizers for TPOBs is a major challenge that must be addressed if applications such

as the package and stock market example are to scale up for heavy duty use. Building mechanisms

to update such databases poses yet another challenge. Building view creation and maintenance

algorithms provides a third challenge. Developing an implementation of (the implicit version of)

TPOBs poses a fourth major challenge as it will provide a testbed for all the algorithms resulting
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from the other problems mentioned here.
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given that it belongs to an immediate subclass � $ . 4.1�	� . � � � � ��� � � 3 A TPOB-schema 4.1

A mapping from the set of classes to the sets of objects 4.1� . � 3 Set of object identifiers in a class � 4.3	 . � 3 The value of an object

�	� � . � 3 4.3� � . � � 	 3 TPOB-instance 4.3
��
�� .��!37. � 3 The probabilities with which an object

�
belongs to a class � 4.3� � . � 3 Object identifiers that are created and inherited in � 4.3� � . � 3 Inheritance completion of a type of a class � 4.2

� Mapping from implicit values (instances) 8.3
to explicit values (instances)
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