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Abstract

Advancesin theefficientdiscoveryof frequentitemsetsin largedatabaseshaveledto thedevelopmentof anumber
of schemesthatusefrequentitemsetsto aid in thedevelopmentof accurateandefficientclassifiers.Theseapproaches
usethe frequentitemsetsto generatea setof compositefeatures that expandthe dimensionalityof the underlying
dataset.In this paper, we build uponthis work and(i) presenta varietyof schemesfor compositefeatureselection
that achieve asubstantialreductionin the numberof featureswithout adverselyaffecting the accuracy gains,and
(ii) show (bothanalyticallyandexperimentally)thatthecompositefeaturespacecanleadto improvedclassification
modelsin thecontext of supportvectormachines,in which thedimensionalitycanautomaticallybeexpandedby the
useof appropriatekernelfunctions.

Keywords: Classification,SVM, FeatureSelection,ConjunctiveAttributes

1 Intr oduction

After the seminalpaperby Agrawal et al. [AIS93] on associationrules,the field of associatingrulesandespecially

its sub-fieldof frequentitemsetgenerationhasseena greatdealof researchactivity. The extensive researchin this

field hasled to thedevelopmentof efficient techniquesfor generating,storingandpruningfrequentitemsets [SK01,

HPY00, AAP00, Zak00]. Theseadvancesaccompaniedby growth in the computingpower hasmadethe task of

frequentitemsetsgenerationmuchmoremanageable,thanin thepast.

As a result,we have witnessedan increasedinterestin developingschemesthatusefrequentlyoccurringitemsets

to aid in the developmentof accurateandefficient classificationalgorithms. To this end, two generalapproaches

have beendeveloped. The first approachusesthe frequentlyoccurringitemsetsto generatea setof rules, that are

thenusedto build rule-basedclassifiers[LHM98, LHP01]. The secondapproachfirst expandsthe dataset’s feature

spaceby usingthefrequentlyoccurringitemsets,andthen usestraditionalalgorithmsto build classificationmodelsin

thatexpandedfeaturespace[LZO99, ZLM00]. Despitethedifferencesof theseapproaches,thecommonthemethat

underliesthemis that they usedthe frequentlyoccurringitemsetsto generatea setof compositefeatures. The idea

�
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of usingcompositefeaturesto expandthefeaturespaceis not new andhasbeenextensively studiedby themachine

learningcommunity[S.78, Zij96]. Most of theseschemesusea greedyapproachto find the compositefeatures;

hence,they do not searchtheentirespaceof all possibleattributevalueconjuncts.However, frequentitemset-based

approacheshavetheadvantageof exhaustively generatingall possiblecompositefeatures,beforeselectingwhichones

to usefor classification.Experimentalresultspresentedin [LHM98, LHP01, ZLM00, LZO99] illustratethat theuse

of frequentlyoccurringitemsetscanleadto measurableimprovementsin classificationaccuracy.

In thispaper, webuild uponthiswork andfurtherinvestigatetheuseof frequentlyoccurringitemsetsascomposite

featuresfor classification.In particular, our researchis focusedin two directions. First, we investigatethe impact

of variousschemesfor selectingthe mostdiscriminatingsetof compositefeatures,andsecond,we investigatethe

extent to which the resultingsetof compositefeaturescanleadto improvedclassificationmodelsin the context of

supportvectormachines,in which thedimensionalitycanbeautomaticallyexpandedby theuseof appropriatekernel

functions.Towardsthefirst direction,wepresentavarietyof schemesthatselectasetof non-redundantdiscriminatory

compositefeatures,andshow thatasubstantialreductionin thenumberof featurescanbeobtained,withoutadversely

affectingtheaccuracy gainsachievedby theuseof suchcompositefeatures.Towardstheseconddirection,we show

thateventhoughhigherorderpolynomialkernelfunctionsdo automaticallygenerateall possiblecompositefeatures,

it is still beneficialto manuallyexpandthefeaturespaceby usingthediscriminatoryfrequent-itemsets.We provethat

a SVM modellearntin themanuallyexpandedfeaturespacewill have alower generalizationerror thanthatbuilt by

thecorrespondinghigherorderpolynomialkernel,a fact thatwasexperimentallyverifiedusinga setof synthetically

generateddatasets.

Thepaperis organizedasfollows,Section2 presentstherelatedresearchandSection3 discussestheterminology

usedin this paper. Section4 explainsin detail themethodologyusedfor classification,Section5 presentsa detailed

analysisof our approach,specificallyin context of differentclassifiers,Section6 presentsthe classificationresults,

andfinally Section7 presentstheconclusion.

2 Related Research

Theideaof usingcompositefeatureshasbeenwell studiedin thefield of machinelearningandgoesunderthenameof

constructiveinduction. Constructiveinductionis a processof creatingnew features/attributesfrom thetask-supplied

attributesand thenbuilding a modelon both thesenew aswell as tasksuppliedattributes[S.78]. For most cases

this approachis diametricallyoppositeof dimensionalityreduction;dimensionalityreductiontries to eliminateat-

tributes/featureswhereasconstructive inductionexpandsthe featurespacebeforebuilding the classificationmodel.

Therearemany waysof creatingnew features,Zhenget al [Zij96] presentsadiscussionof usingconjunctive,disjunc-

tiveandx of N features.Thefeaturesof typex of N werefirst studiedby Murphyet al [MP91]. Brodley et al [BU92]

considercompositefeatureswhich aremodeledas linear functions,which operateon differentattribute values. In

this paperwe will be limiting ourselvesto the studyof conjunctive attribute values,a detaileddiscussionaboutthe

advantagesof usingconjunctiveattributesin context of differentclassifiersis presentedin Section5.

It is obviousthatexpandingthe featurespaceto encompassall possibleattributevalueconjuncts/disjunctswould

make thedatasettoo largeandintractableto build a classificationmodel.Therefore,themainchallengein thefield of

constructiveinductionis to intelligentlysearchthefeaturespaceandselectasmallsetof compositefeaturesthatleads

to animprovedclassifier, eitherby improving theaccuracy or by improving theunderstand-abilityof themodel.

Constructiveinductionhasbeenmainly usedin the conjunctionwith two classificationschemes:decisiontrees

andrule basedsystems,with majority of the work doneon decisiontrees. This shouldnot be surprisingasusing
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compositefeaturesleadto substantiallysmallerandmoreunderstandabledecisiontrees.The methodologyusedfor

differentdecisiontreelearningis broadlythesame[GD90, MR89]. First,a decisiontreeis built on thetask-supplied

attributes,thena candidatesetof compositeattributesis constructedby taking conjunctionsand/ordis-junctionsof

attributesvaluesalongdifferentpathsof thedecisiontree,from this candidateseta small setof compositeattributes

areretained,which arethenincorporatedin thedatasetandthesefour stepsarerepeatedin a loop. Theprocessstops

whensufficiently accuratedecisiontreeis built. Thesetechniquesmake useof theattributesselectedby thedecision

treeto restrictthesearchspace.

Compositefeatureshave alsobeenusedin conjunctionwith rule basedsystems.Zhenget al, [Zhe00] presenta

modificationof thec4.5rulesschemeto useconjunctions/disjunctionsof attributevalues.In their approachfirst rules

aregeneratedusingthetraditionalc4.5rules[Qui93] scheme,thena candidatesetof conjunctive/disjunctivefeatures

aregeneratedfrom theserules,next this candidatesetis evaluatedto retaina smallsetof compositeattributes.

Liu et al, [LHM98] proposea novel techniquefor using attribute value conjunctions. First, they exhaustively

generateall possibleattributevalueconjuncts(compositefeatures)usinga frequentitemsetdiscoveryalgorithm,next

apruningschemeis usedto eliminatecompositefeatures/frequentitemsetsthathavesupportand/orconfidencebelow

certainthreshold.This leavesanextremelysmallsetof compositefeatures.Thenconsideringeachcompositefeature

asa rule, a modifiedversionof sequentialcoveringalgorithmfor rulesis run on themto obtainthefinal orderingof

rules. This schemewill bereferredasCBA (ClassbasedAssociations).Li etal. [LHP01] extendtheCBA approach

by usingamodifiedversionof sequentialcoveringalgorithm,whereanexampleis eliminatedonly afterit hascovered

a sufficient numberof rules (compositefeatures),this schemewill be referredas CMAR (Classificationbasedon

Multiple AssociationRules).

3 Terminology

The dataset� usedfor classificationis definedby the tuple � A � C � , where A ��� A1 � A2 � A3 �
	�	�	 Ak 
 are the

attributesdescribingeachexamplein thedatasetandC is a finite setof classlabels� c1 � c2 � c3 ��	�	�	 cm 
 . Eachattribute

Ai is assumedto have afinite domainof attributevaluesthatis know in advance.Notethatthis modelcannot handle

continuousattributesand they needto be discretizedbeforehand[FI93, DKS95]. Eachexampleei in the dataset

� is representedas ��� A1 � a1i � A2 � a2i � A3 � a3i �
	�	�	 Ak � aki � � ci 
 , wherea1i correspondsto the attribute

valuefor attribute A1 andci is the class labelassignedto the exampleei . From this usersuppliedrepresentationa

setof compositefeatureswill be generated,suchthat eachfeatureAc representsa conjunctionof attribute values,

Ac ����� A1 � a1i ��� � A3 � a3 j ��� � A5 � a5k ��
 . For example,giventhedatasetshown in Figure1, the � Outlook �
sunny � Wi ndy � Tr ue
 is anexampleof a compositefeature.Notethata compositefeatureareformedby taking

conjunctionsof attribute-valuepairsandnot just attributes.Thesizeof a compositefeatureis equalto thenumberof

attribute-valuepairspresentin thecompositefeature.

An exampleei supportscompositefeatureAc, representedas Ac � ei , if all theattribute-valuepairspresentin Ac

arealsopresentei . We candefinea similar relationshipbetweencompositeattributesthemselves, Ac1 � Ac2, if all

theattribute-valuepairspresentin Ac1 arealsopresentin Ac2. FurthermoreAc1 is referredasanextensionof Ac2, if

si ze� Ac2� � si ze� Ac1��� 1. For theexampleshown in Figure1 thecompositefeature� Outlook � sunny � Wi ndy �
Tr ue
 is presentin example(1, 4, 5 and8).

After selectingall thecompositefeatures,eachexampleis transformedsothateachexample,in additionto theuser

suppliedattributes,it alsocontainsthecompositefeaturesit supports.To furthersimplify this representationwe can

assigna uniqueintegerto all theuniqueattributevaluepairsaswell asthecompositeattributeselected.
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4 Classification Methodology

In this sectionwe describein detail our methodologyfor building a classifierusingcompositefeatures.This taskis

dividedinto threesubtasks:

1. Generatingall thecompositefeaturesabove asupportthreshold

2. Pruningthis setof to obtainasmallersetof compositefeatures

3. Transformingtheusersupplieddatato incorporatetheseselectedcompositefeaturesandlearningaclassifieron

this transformeddataset.

Thesethreestepsareshown in Figure1.

4.1 Generating Composite Features

Thisis thefirst sub-taskin ourclassificationprocedure;herewegenerateasetof candidatecompositefeatures.For this

sub-taskwefirst transformthedatasetsothateachexampleis representedasasetof integers,asdescribedin Section3.

We thenrun a genericfrequentitemsetdiscovery algorithmon this datasetassumingeachexampleasa transaction

andeachattributevaluein theexampleasan item. TheFrequentItemsetDiscoveryAlgorithm, henceforthreferredas

FIDA, returnsa list of itemsetswhichoccurfrequentlyin thedataset.Eachitemsetrepresentsacompositefeaturethat

is aconjunctionof all theattributevalues(items) makingup thatitemset.In ourprocedureweuseLPMiner [SK01] as

ourFIDA.

Thenotionof frequent, i.e, whatcompositefeatureis consideredasfrequentis controlledby a userdefinedparam-

eterto the FIDA calledsupportthreshold. All the compositefeatures(itemsets)generatedby FIDA have asupport

abovethesupportthreshold. Supportfor a compositefeatureis definedastheratio of thenumberof exampleswhich

containthe compositefeatureto the total numberof examplesin the dataset.Using a supportthreshold, insteadof

exhaustively generatingcompositefeatures,ensuresthatthediscoveredcompositefeaturesarestatisticallysignificant

andnot randomnoise.Theexactvalueof supportthresholdis usuallydatasetdependentandis suppliedby theuser.
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Becausethe differentclassescanbe of differentsize, caremust be taken to ensurethat the compositefeatures

properlycoverall classes.For this reasonin ouralgorithm,wefirst partitionthecompletedataset,usingtheclass label

of the examples,into specificclassdatasets. We thenrun FIDA on eachof theseclassdatasets. This partitioning

of the datasetensuresthat sufficient compositefeaturesarediscoveredfor thoseclasslabelswhich occurrarely in

the dataset.Next, we combinecompositefeaturesdiscoveredfrom eachof the classdataset. After this stepeach

compositefeaturehasa vectorthat containsthe frequency with which it occursin eachclass.Also, to facilitatethe

efficient executionof thevariouscompositefeatureselectionscheme,which will bedescribedin thenext section,we

storethecompositefeatureinto a latticeformat. Every compositefeaturehasits child nodesthosecompositefeature

which canbeformedby extendingit by oneattributevaluepair. The lattice representationmakesthetaskof feature

selectionextremelyefficient.

4.2 Selecting Composite Features

In this sub-taskwe selecta smallsetof compositefeaturesfrom thosegeneratedby theFIDA. Therearetwo motiva-

tionsbehindfeatureselection:First, thegeneratedcompositefeaturescontaina lot of noiseandredundancy thatcan

beeasilyeliminated,andwill resultin abetterclassifier. Second,thenumberof compositefeaturesgeneratedby FIDA

is quite largeandwill affect the time neededto build the classificationmodel. Our approachfor featureselectionis

performedin two steps,thefirst stepeliminatesredundantcompositefeatureswhereasthesecondstepselectsthemost

discriminatorycompositefeatures.

4.2.1 Duplicate Elimination

This selectionprocedureis basedon theobservationthat thecompositefeaturesdiscoveredby FIDA containa lot of

redundancy i.e., they provideidenticalinformation.As aresulttheseduplicatefeaturescanbesafelyremovedwithout

affectingtheaccuracy of theclassifier. Two compositefeaturesaresaidto provide identicalinformationif thesetof

supportingexamplesof thesetwo compositefeaturesis identical.

Thelatticerepresentationof thecompositefeaturesobtainedfrom theFIDA makesthetaskof identifyingduplicates

extremelyeasy. For every nodein the lattice we compareits classdistribution with its child nodes(singleattribute

valueextension),andwe eliminatethe child nodeif the frequency distribution is identical. It shouldbe notedthat

thesetof supportingtransactionsfor anextensionis a subsetof supportingtransactionfor a compositefeature,this is

by thesubsumingpropertyof the frequentitemsets.Secondly, we alwayseliminatethe longerof the two composite

featuresto ensurethattheselectedfeaturegeneralizesbetter.

4.2.2 Selecting Discriminator y Composite Feature

In this stepwe further eliminatefeaturesobtainedfrom the previous stepto retain only thosecompositefeatures

which areconsidereddiscriminatory. A compositefeatureis considereddiscriminatoryfor a particularclassif its

presenceor absencein anexamplecanhelpin inferring theclass labelof thatexample.Therearemany metricswhich

evaluatethe discriminatoryability of a feature,andin our algorithmwe have experimentedwith two suchmetrics,

confidence[AIS93] and j-measure [SG92]. Both thesemeasuresevaluatethe discriminatoryability of a composite

featurew.r.t. a particularclasslabel.Theconfidenceof aparticularAc w.r.t. classci is definedas

conf i dence� Ac � ci � � P � Ac � ci �
P � Ac �
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, whereP � Ac � ci � is theprobabilityof observingthecompositefeatureAc andtheclass labelci togetherin thedataset

and P � Ac � is theprobabilityof finding compositefeatureAc in thedataset.On theotherhand,the j-measure of Ac

w.r.t. classci is definedasfollows:

j L measur e� Ac � ci � � P � ci M Ac � 	 log
P � ci M Ac �

P � ci � � � 1 L P � ci M Ac �<� 	 log
1 L P � ci M Ac �

1 L P � ci � �

whereP � ci M Ac � is theconditionalprobabilityof observingtheclassci giventhatcompositefeatureAc is presentin the

example.Studyingthetwo formulaewe canmake two observations:First, confidencemetric takesinto accountonly

thepresenceof a compositefeaturein anexample,whereasthe j-measureconsidersboththepresenceandabsenceof

acompositefeature.Second,bothof thesemetricscanbecomputeddirectly from theclassdistributionof acomposite

feature.Also notethatall thesemetricscomputethe discriminatoryability of a compositefeaturewith respectto a

class-labelandnot thecompositefeatureasa whole.

Thenext stepis to usethesemetricsto selecta smallsetof compositefeatures.Theprocedureusedhereis similar

to theoneusedfor duplicateelimination.We compareeachcompositefeature(Ac) with all of its parents(Acp) using

thediscriminatorymetric,anddecideif thatcompositefeaturehasto beselectedor eliminated.Therearefour possible

waysin which this selectioncanbedone.Assumingthat D � Ac � ci � is a discriminatoryfunctionandAcp is theparent

of Ac, we canhave:

Select � Ac � � i f N ci D � Ac � ci � � maxO
Acp

� D � Acp � ci �<�

Select � Ac � � i f N ci D � Ac � ci � � minO
Acp
� D � Acp � ci ���

Select � Ac � � i f P ci D � Ac � ci � � maxO
Acp

� D � Acp � ci ���

Select � Ac � � i f P ci D � Ac � ci � � minO
Acp
� D � Acp � ci �<�

Letsconsidertheright handsideof theequations,if weusethemaxfunctionfor selectingthecompositefeature,it

meansthatthecompositefeaturewill beselectedonly if its discriminatoryability is greaterthanall of its parents.On

theotherhand,if themin functionis used,thenacompositefeatureis selectedif it is morediscriminatorythanat least

oneof its parents.Themaxfunctionleadsto anextremely selectiveschemeascomparedto themin function.Theleft

handsideconsiderstheclasslabelsonwhichthemetriccanbecomputed,theconditionN ci impliesthatthecomposite

featurehasto be morediscriminatoryw.r.t. all the classesin orderfor it to be selected;whereasthe condition P ci

implies that thecompositefeaturehasto betteron any oneof theclasslabels.Thecondition N ci cannever betrueif

we usetheconfidencemetric;becausethesumof confidencefor differentclasslabelsis equalto 1 	 0.

In ourschemeweusethemaxfunctionandselectacompositefeatureif it is morediscriminatoryonany oneof the

classlabels,asmentionedbeforewe usebothconfidenceandj-measure asour metric. Therearemany advantagesof

this scheme.First, thecomputationis extremelyefficient asit canbedonein conjunctionwith duplicateelimination.
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Second,wedo not needany additionalparameterfrom theuserto carryout this scheme.

4.3 Building the classification model

Onceweobtainthesetof compositefeatureswetransformtheinputdatasetinto thisexpandedfeaturespace.Now each

inputexampleis representedasabooleanvectorof sizeequalto thetotalnumberof selectedcompositefeatures.Each

elementin thevectorcorrespondsto acompositefeatureandits valueis setto trueif thatcompositefeatureis present

in the example,andfalseotherwise.Thesebooleanvectorsaregiven to the classifierfor building the classification

model.Wehave experimentedwith two classificationschemes,C4.5[Qui93] andSVM [Vap98]. Wewill next discuss

someimplementationspecificdetailsabouttheclassifiers.

We usea locally modifiedversionof C4.5,known asC4.5-sparse,to handlethesparseandhigh dimensionaldata

generatedasa resultof transformingthedatasets.C4.5-sparsestoresthedatain a sparseformatandhencecaneasily

handlehigh dimensionaldatasets.Supportvector machinesoperateonly on continuousattributes,hencewe first

normalizeeachbooleanvectorto be of unit lengthandthenfeedthis normalizedvectorto the SVM Classifier. We

alsouseSVM to directly classifytheUCI datasets,in thiscasewe first discretizedall thecontinuousattributes.Then,

we transformedthis discretizedrepresentationinto a featurespacesuchthateachattribute valuecorrespondsa new

attribute.Thisallowsus toagainrepresenttheexamplesasabooleanvector.

5 Anal ysis of Proposed Appr oach

In this sectionwe studythe advantagesof usingcompositefeaturesin the context of two classifier: decisiontrees

andSVM. Sincethe classificationmethodologyof thesetwo classifiersdiffers a lot, we considereachoneof them

separately.

5.1 Decision Trees

Zhenget al [Zhe00] providea detaileddiscussionof advantagesof usingconjunctiveattributesin context of decision

trees.CompositeFeaturesprovideawayof overcomingtwo of thewell known shortcomingsof C4.5[Qui93], namely

fragmentationand replication. Beforewe go onto discussthem,it shouldbe notedthat compositefeaturesdo not

provide any additionalexpressive power to C4.5. The classificationfunction learntby usingcompositefeaturecan

alsobelearntby directlyusing C4.5,providedwehave awell spreadoutdataandthereis nonoisein it. Howeverboth

of thesetwo conditionsarealmostnever fulfilled in practice.

We will studythe fragmentationproblemfirst; the decisiontreeis constructedby recursively partitioningthe at-

tribute spaceusing one attribute at at time, eachof thesepartitionsis representedby a nodein the decisiontree.

Figure2(a)displaysanexampledatasetandthecorrespondingdecisiontree. As canbe seenfrom thefigure thede-

cisiontreeneedsto partitionthedatasetfour timesto captureall theexamples.This repeatedpartitioningreducesits

generalizabilityandcanresultin lower accuracy of theclassifieron the testset. On thecontrarycompositefeatures

allow us tosuccinctlycapturetheconceptpresentin thedatasetandasaresultthedecisiontreeis very compact.

Another problemobserved in decisiontreesis replication; in replicationa portion of a subtreeis constructed

multiple times.An exampleof replicationis shown in Figure3(a). Replicationalsoleadsto decisiontreeswhich are

deepanddifficult to understand.Compositefeaturesin somecasescaneliminatereplication.Onesuchexamplewhere

compositefeatureshelpis shown in Figure3(b).
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5.2 SVM

In this sectionwe will discusstheadvantagesof theproposedapproach ofcreatingandselectingcompositefeatures

in the context of SupportVectorMachine(SVM)classifiers[Vap98]. Beforegoing into the discussionwe describe

terminologyandbriefly explain theworking of theSVM classifier[WMC } 00].

We assumethat we aregiven l datapointsxi � Rn labeledy ��~ y drawn i.i.d. from a probability distribution

P � x � y � . Supportvectormachinescanmapeachexamplex � Rn into a higherdimensionalspace,possiblyinfinite,

andconstructa separatinghyperplanein thatspace.Themappingof this input spaceRn to higherdimensionalspace�
is representedby x � � ��� x � , wheredifferentmappingsleadto differentSVM classifiers.Oneof the principle

advantagesof SVM is thateventhoughthe learningis donein the higherorderspaceindividual examplesneednot

be transformedinto this higherorderspace,andonly a kernel function K � x � z � needsto be defined. For a simple

casethekernelfunctiondefinestheinnerproductbetweentwo examplesin theexpandedfeaturespacei.e., similarity

betweentwo examplesx andz. Theclassificationof anexamplex involvescomputingthedistanceof theexampleto

thehyperplanein
�

andassigningin theclass labeldependingon which sideof thehyperplanetheexamplelies. The

classificationfunctionis representedas,

f � x � ��������� x �`� b �
i

� 0
i yi K � xi � x ��� b �

where,� is thevectordefiningthehyperplanein thehigherdimensionalspace
�

, � i aretheweightsassignedto the

input examplexi which hasa class labelof yi . The learningprocessinvolveslearningthevaluesfor � i andb. The

exampleswhich have anon-zerovaluefor � arecalledsupportvectorsof thatmodel.

SinceSVM allows us tooperatein higherdimensionalspacesoneof thefirst questionsto askis if it is possibleto

constructakernelfunctionwhichwill operatein aspacerepresentedby theconjunctsof all theattributes.Theanswer

to thatquestionis yes,polynomialkernelrepresentedas

K � x � z � ����� x � z � � c� d

operatesin a featurespaceconsistingof all possibleconjunctsstartingfrom order 1 all the way to order d. The

polynomialkerneloperateson n} d � 1
d distinctfeatures,which is essentiallyall possibleconjunctsstartingfrom order

1 to orderd.

Fromthis discussionit would appearthatexhaustively generatingfeaturesoutsidetheclassifieris a wastedeffort

andthesamerepresentationcanbeachieved,potentiallyin anefficient way, by usinga polynomialkernelof suitable

degree.However, thekey differencebetweentheuseof higher-orderpolynomialkernelfunctionsandourapproachis

thatin additionto findingall frequentitemsetswealsoperformafeatureselectionstepthateliminatesmostof thenon

discriminatoryconjuncts.Therefore,thefeaturespacein which our classifieroperates,referredas � , is a subset(and

generallysubstantiallysmaller)thanthe featurespace
�

of thepolynomialkernel. In light of that, thekey question

to ask is whetheror not thereis an advantagein learninga model in � asopposedto learninga model in
�

. The

answerto this questionis yes,andthereasonis thateventhougha modellearntin � , asmeasuredby thevalueof the

classificationfunction f � x � for eachexamplex in the trainingset,canpotentiallybe learntin
�

, thegeneralization

errorof � ’smodelwill tendto belowercomparedto amodeldirectly learntin
�

. Thesefactsareprovenin therestof

this section.

Let X ����� x � 1 � x � 2 �
	�	�	 x � l � bethedatasetin space� , andlet X ����� x � 1 � x � 2 �
	�	�	 x � l � bethedatasetin space
�

.
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Sincethespace� is subspaceof
�

, wehave

X ��� X �
X � �

whereX � aretheconjunctivefeaturesfrom all theexampleswhich arepruned.Sincewe arelearninga linearmodel,

the kernel function K � x � z� is equalto the inner product, � x � z � , thereforethe classificationfunction given in

Equation5.2canberepresentedin matrixnotationfor anexamplexi as

f � xi � � D � xT
i X � � b �:�

whereD � is equalto � � � 1 � � � 2 	�	�	 � � l � �Y� y1 � y2 	�	�	 yl � T . Similarly, Equation5.2canberepresentedin matrixnotation

for all theexamplesin thedatasetX � asfollows(assumingleaveoneoutclassification):

f � X � � � D � XT� X � � b �

Theclassificationof l examplesby learninga linearmodelin higherdimensionalspace
�

canberepresentedas

f � X � � � D � XT� X � � b ���

whereD � is themodellearntin thespace
�

. Notethatthedimensionof f � X � � and f � X � � is thesameandrepresents

theclasslabelspredictedby thetwo models.Thereforeif thetwo modelsareto beequivalent(in termsof classification

decisions),then f � X � � � f � X � � , andusingEquation5.2andEquation5.2 it shouldbethat

D � XT� X � � b � � D � XT� X � � b �
D � � D � XT� X ��� XT� X � � � 1 � � b ��L b � � � XT� X � � � 1 	

Thus, an equivalentmodel exists in
�

provided that the initial examplesare linear independent(i.e., � XT� X � � � 1

exists).

Even thoughthe hypothesislearnt in the lower orderspacecanbe learnt in the higherorderspace,thereis still

merit in carryingout featurereductionbecauseof thefollowing argument.It hasbeenshown thattheboundsfor error,

E Perr , in SupportVectormachinesaredefinedby theformula[WMC } 00]

E Perr � 1

l
E

R2

M2

whereR is the radiusof thespherecontainingall the transformationsof theexamples,M is themaximalmargin of

separationand E is theerror of the classsifier. Note that the radiusis computedon the transformedspace
�

i.e., in

caseof the polynomialkernel it will be calculatedin the expandedspace.Thereforechoosingthe featurespaceto

operateis a tradeoff betweenachieving themaximumseparationM in the input examplesandnot addingtoo many

redundantdimensionsso that the valueof R goesup. This problemis evenmorecritical in the caseof conjunctive

attributesasthe dimensionalityof the transformedspacegrows exponentiallyasthe orderof conjunctionincreases.

Hence,thoughwedonotgainin expressibilityof themodelby operatingin theprunedfeaturespace,westandto gain

by substantiallytighteningtheboundson theerror.
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To get a betterunderstandingof this error boundand its relationshipwith the numberof featureswe ran some

experimentsonsyntheticdatasets,wherewestudiedtheeffectof increasingthedimensionalityon theaccuracy of the

SVM classifier. Thedetailsof theexperimentandtheresultsarepresentedin Section6.3.1.

6 Experimental Evaluation

In thissectionweexperimentallyevaluatedthedifferentcompositefeatureselectiontechniquespresentedin Section4.

We first describethe datasetsand the methodologyof our experiments. We then presentthe resultsfor different

schemesin conjunctionof two classifiers,C4.5 and SVM. Lastly we compareour schemeswith respectto other

schemeswhich usecompositefeatureswith thehelpvarietyof differentmetrics.

6.1 Dataset Characteristics & Methodology

To evaluatetheperformanceof differentselectionstrategies,weconductedexperimentson theUCI datasets[MM98].

Table1 displaysthedifferentcharacteristicsof eachof thedatasets.Thereareessentiallyfour possibleclassification

schemesbasedondifferentcombinationsof ourcompositefeatureselectionstrategies.First,noduplicateelimination,

nodiscriminatoryfeatureselection,referredasND-NS. Second,duplicationeliminationusingidenticalclassdistribu-

tion, but no discriminatoryfeatureselection,referredasIC-NS. Third, duplicateeliminationandusingconfidencefor

discriminatoryfeatureselection,referredasIC-Co. Lastly, duplicateeliminationandusingj-measure for discrimina-

tory featureselection,referredasIC-JM. Besidesthesefour selectionstrategieswe alsoranthetwo classifiers,C4.5

andSVM directly on theUCI datasets.

Dataset No. Attributes Number Number
Cont. Disc. Classes Examples

anneal 6 32 6 898
austra 6 8 2 690
breast 10 0 2 699
cleve 6 7 2 303
crx 6 9 2 690
diabetes 8 0 2 768
german 7 13 2 1000
glass 9 0 7 214
heart 13 0 2 270
hepati 6 13 2 155
horse 7 15 2 368
iris 4 0 3 150
labor 8 8 2 57
led7 0 7 10 3200
lymph 0 18 4 148
pima 8 0 2 768
tic-tac 0 9 2 958
wine 13 0 3 178
zoo 0 16 7 101

�����
� &|(
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We performedour experimentsusinga 10 way crossvalidationschemeandcomputedaverageaccuracy across

different runs. We ran our experimentsusing a supportthresholdof 1 	 0% for all the datasets,excepthepati,

horse wherewe useda supportthresholdof 2 	 0% andfor lymph and zoo we usedthe supportthresholdof

5 	 0%. This wasdoneto ensurethat the compositefeaturesgeneratedarestatisticallysignificant. For decisiontree

classificationwe usea modifiedversionof c4.5classifier[Qui93] thatcanhandlesparsedatasets.Similarly for SVM

classificationwe useSVMLight [Joa99] classifierwith radialbasisfunctionkernel.
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6.2 Using C4.5 Classifier

Table2 displaystheaccuracy valuesandthenumberof featuresselectedfor differentschemeswhenusedin conjunc-

tion with a c4.5classifier. The first column,Direct, displaysthe resultsobtainedby directly runningc4.5on these

datasets.The remainingcolumnsdisplaysthe accuracy andthe numberof compositefeaturesselectedfor different

classificationschemes.Theaverageaccuracy is displayedat thebottomof the table. This tabledoesnot displaythe

schemein which no duplicatepruningandno selectionND-NS, becausethesparsec4.5classifieris unableto handle

thelargenumberof compositefeatures;which aregeneratedasaresultof no featureselection.

Dataset Direct IC-NS IC-Co IC-JM
Acc. # Attr. Acc. # CF Acc. # CF Acc. # CF

anneal 94.76 38 97.44 8391 97.78 776 96.77 346
austra 85.22 14 84.64 133,218 82.75 6,096 83.77 1,929
breast 95.42 10 95.57 6,779 95.57 412 95.71 76
cleve 80.17 13 79.88 21,718 80.19 1,505 78.19 379
crx 84.93 15 84.06 184,472 84.35 8,447 83.91 2,641
diabetes 76.18 8 75.39 823 76.96 109 77.35 54
german 72.70 20 66.40 196,190 67.70 16,141 69.50 12,749
glass 65.97 9 73.96 731 75.35 178 76.71 63
heart 80.00 13 80.00 6,189 79.63 493 81.85 162
hepati 83.25 19 85.71 53,797 82.50 2,822 83.08 1,808
horse 82.92 22 81.27 47,315 80.97 4,204 80.38 2,492
iris 95.33 4 93.33 80 94.00 26 94.00 14
labor 79.00 16 87.67 1,134 89.33 193 87.33 91
led7 72.88 7 73.84 1,707 73.09 94 73.91 17
lymph 79.72 18 79.00 35,086 74.24 3,469 72.19 2,517
pima 74.22 8 77.61 781 77.09 100 77.34 49
tic-tac 98.64 9 98.02 17,021 97.49 3,343 97.91 2,546
wine 92.75 13 94.93 20,465 94.41 999 94.93 342
zoo 92.09 16 93.27 7,914 95.18 936 94.09 382
Avg. 82.95 83.52 83.41 83.44

�����
� &|V
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After studyingthe Table 2 we can make the following observations. First, both the confidenceand j-measure

selectionschemeseliminatea largenumberof compositefeaturesascomparedtheND-NSscheme.Sometimesthe

reductionis up to two ordersof magnitude.Of thetwo selectionschemes,j-measure is far moreselective in picking

compositefeatures.Howeverif wecomparetheaverageaccuracy wefind thattheall theselectionschemesoutperform

the traditionalc4.5approach,albeit by a small margin. Amongstthe differentselectionschemes,the schemeswith

only duplicateeliminationND-NSperformsthebest.

6.3 Using SVM Classifier

Table3 displaystheresultsobtainedby theSVM classifier. Thefirst columndisplaystheaccuracy valuesobtainedby

directlyusingtheSVM classifierandtheremainingcolumnsdisplaytheaccuracy valuesandthenumberof composite

featuresobtainedby differentfeatureselectionschemesoutlinedin Section6.1. The last row displaysthe average

accuracy valuesfor differentclassificationschemes.

After studyingtheresultsTable3 we canmake thefollowing observations.First, asmentionedin Section6.2 the

selectionschemesresult in a drasticreductionof compositefeaturesgiven to the classifier. However in the caseof

SVM classifiertheperformanceof directclassifieris quitecomparableto theotherfeatureselectionschemes,in fact

only two schemesIC-NSandIC-CO have averageaccuracy morethanthatof thedirectSVM Classifier.

6.3.1 Evaluation using Synthetic Dataset

To get thebetterunderstandingof theEquation5.2andtheeffect of dimensionalityon theerrorboundwe conducted

someexperimentsby generatingsyntheticdatasets.To keepthe analysissimple the syntheticdatasetcontainsjust

12



Dataset Direct ND-NS IC-NS IC-CO IC-JM
Acc. # CF Acc. # CF Acc. # CF Acc. # CF Acc. # CF

anneal 98.33 126 98.44 850,419 97.88 8,391 98.33 776 99.00 346
austra 85.80 51 86.38 616,885 86.96 133,218 86.09 6,096 85.80 1,929
breast 97.14 30 97.00 12,409 96.86 6,779 96.71 ,412 97.29 76
cleve 84.11 28 84.44 65,433 83.47 21,718 83.46 1,505 83.45 379
crx 86.09 55 86.67 1,154,453 86.52 184,472 86.09 8,447 84.49 2,641
diabetes 77.35 16 78.14 1,055 78.53 823 78.53 ,109 77.87 54
german 75.70 61 71.90 667,263 72.30 196,190 72.60 6,141 74.30 12,749
glass 75.33 21 78.61 2,638 78.12 731 75.28 ,178 73.46 63
heart 82.96 19 85.56 10,827 85.56 6,189 84.81 ,493 82.96 162
hepati 84.38 34 79.29 1,170,213 81.21 53,797 81.21 2,822 85.79 1,808
horse 85.61 62 82.61 390,272 84.79 47,315 83.43 4,204 82.32 2,492
iris 93.33 13 94.00 ,129 94.00 80 94.00 26 93.33 14
labor 89.33 30 77.33 14,182 94.67 1,134 94.67 193 94.67 91
led7 72.41 15 71.25 1,911 72.19 1,707 73.03 94 72.78 17
lymph 84.38 51 81.05 2,040,379 80.33 35,086 81.67 3,469 80.38 2,517
pima 77.34 16 78.77 1,041 79.04 781 78.52 100 78.52 49
tic-tac 95.41 28 98.54 21,368 98.54 17,021 96.97 3,343 97.70 2,546
wine 99.44 38 98.86 526,707 98.30 20,465 99.44 999 98.86 342
zoo 96.00 37 97.00 1,398,654 92.09 7,914 96.00 936 96.00 382
Average 85.61 85.57 85.68 85.67 85.58

�����
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two classes.The attributesmakingup the datasetareof two kinds, relevant andirrelevant. The relevant attributes

influencetheclasslabel,whereasirrelevantdon’t, andcanbethoughtof asnoise.For our experimentswe restricted

the numberof relevantattributesto threeandvariedthe numberof irrelevantattributes. Thecardinality(numberof

attribute values)of the relevant andirrelevant attributesis the same,equalto four andeachof the attribute valueis

equallylikely, i.e., uniformdistributionof attributevaluesfor all theattributes.

Theclassificationfunction,which determinestheclass labelof anexample,wasconstructedsothattheclass label

dependsonly on theconjunctsof therelevantattributevalues.Sincetherearethreerelevantattributeseachwith four

possibleattributevalues,wecanhave64possibleconjuncts.These64conjunctsareequallydividedinto two setswith

eachsetcorrespondingto oneparticularclasslabel. Henceboththeclassesareequallylikely andaredeterminedby

the set in which the conjunctof the relevantattributesbelongs.Furthermore,we have taken careto ensurethat the

classdistribution with respectto singlerelevantattributevalueis uniform. In otherwordstheconditionalprobability

of class labelgiven the valueof singlerelevant attribute is 0.5, whereasthe conditionalprobability of a class label

givenall threerelevantattributevaluesis 1.0.

Thenumberof non-relevantattributescontrol thedimensionalityof theproblem.To make thedatasetrealisticwe

alsoaddedsomenoiseto theclassificationfunction,theamountof noiseis controlledby aparametercalledRvalue, R

refersto therandomness.While assigningtheclass labelto anexamplefor mostof thetime we usetheclassification

function,howeveroncein awhile we invert theresultof theclassificationfunction.Specifically, if we settheR value

to be0.95,thenfor 95%of timeswewill assigntheclass labelaccordingto theclassificationfunctionand5%of times

we will invert theclasslabel.ThoughR valuedoesnot changethedimensionalityof theproblemit makesthedataset

morerealistic.

In ourexperimentswebuild adirectSVM classifierusingpolynomialkernelwith thed (maximumdimensionality)

= 3. Similarly, we run of classificationschemein which the maximumsize ofthe compositefeatureis restrictedto

3. The supportthresholdfor FIDA is setto 1.00%, this ensuresthatall possiblecompositefeaturesof length3 are

discovered. In our experimentswe vary the R value from 1 	 0, meaningno noise,to R valueof 0 	 7, we alsovary

the numberof irrelevantattributes,startingfrom 0 indicatingno irrelevantattributesto 25 irrelevantattributes. The

numberof irrelevantattributescontrol thedimensionalityof theproblem,To keepthediscussionsimplewe only use

IC-CO andIC-JM selectionschemes.

The resultsof theseexperimentsareshown in Figure4. The figure containsfour graphsfor differentR values,
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(a) Accuracy Values for R=1.0


Accuracy Comparison for R=0.9
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(b) Accuracy Values for R=0.9


Accuracy Comparison for R=0.8
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(c) Accuracy Values for R=0.8


Accuracy Comparison for R=0.7

¡

40

ª60

«80

¬100


120


0

­

5

®

10
 15
 20

¯

25

¯

Number of Irrelevant Attributes

°

%
ag

e 
A

cc
ur

ac
y


Direct

±
IC-Co


IC-JM


(d) Accuracy Values for R=0.7
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eachgraphcontainsthreelinescorrespondingto thethreeclassificationschemes,Direct, IC-CO andIC-JM. TheX-

axis representsthe numberof irrelevant attributesandthe Y-axis representsthe accuracy obtained. After studying

the Figure4, we canmake coupleof inferences.First, the accuracy of the Direct schemeis greatly influencedby

the numberof irrelevantattributes,if we studythe Figure4 (a) we observe that the theDirect schemewhich starts

off with the accuracy of 100%(i.e, with no irrelevant attributes)dropssharplyto 50% asthe numberof irrelevant

attributesis increasedto 10. On the contrarythe compositefeaturesbasedschemes,especiallythe schemeIC-CO,

show considerableresilienceagainstthe numberof irrelevantattributes. The accuracy of IC-CO dropsonly to 80%

when25irrelevantattributesareadded.Similarly compositefeaturebasedschemesarealsomoreresilientto thenoise.

Second,we observe that the IC-CO schemesoutperformsthe IM-JM scheme,this could be becausethe j-measure

schemeis moreselectiveaboutselectingcompositefeaturesandhencecouldresultin pruningof usingfeatures

6.4 Overall Comparison of Schemes

In this sectionwe comparethe accuracy valuesof all our schemeswith the native classifieras well as two other

schemesbasedon compositefeatures,namelyCBA [LHM98] andCMAR [LHP01]. To comparethe classification

schemesacrossdifferentdatasetswe usevariety of criteria. Eachof thesecriterion assigna singlenumericvalue

for eachclassificationscheme,i.e., the criteria function assignsa sing value to every accuracy column in Table4.

Oncethecriteriahasbeencomputedwe cancomparedifferentclassificationschemesby comparingthevalueof this

criteriafunction.We haveusefour criteria1) AverageAccuracy: This is computedby takingmeanof accuracy across

differentdatasetsfor eachclassificationscheme,thoughthismetricis easyto understand,it is biasedby themagnitude

of the accuracy. 2) Average Deficiency:We first computethe maximumattainableaccuracy for eachdatasetacross

the differentclassificationschemes.Thenfor eachdatasetwe computethe deficiency, which is oneminusthe ratio
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of accuracy attainedandthe maximumattainableaccuracy for that dataset,the averagedeficiency is the averageof

overall datasets,ideally we would like this valueto beascloseto 0.0aspossible,implying theaccuracy is equalthe

maximumattainableaccuracy. 3) Average Rank: This is a nonparametricmetric,we first computetherankon each

datasetacrossdifferentclassificationschemes(positionin theorderedsequence)for eachdataset,theaveragerankis

theaverageof all ranks,this valueshouldbeaslow aspossible.4) Numberof Max Datasets:This metriccomputes

thedatasetsfor which a particularschemeachievesthemaximumaccuracy. Again we would like this valueto beas

highaspossible.

Dataset CBA CMAR C4.5 SVM
Direct IC-NS IC-CO IC-JM Direct ND-NS IC-NS IC-CO IC-JM

anneal 97.90 97.30 94.76 97.44 97.78 96.77 98.33 98.44 97.89 98.33 99.00
austra 84.90 86.10 85.22 84.64 82.76 83.77 85.80 86.38 86.96 86.09 85.80
breast 96.30 96.40 95.42 95.56 95.57 95.71 97.14 97.00 96.86 96.71 97.29
cleve 82.80 82.20 80.17 79.88 80.19 78.19 84.11 84.44 83.47 83.46 83.45
crx 84.70 84.90 84.93 84.06 84.35 83.92 86.09 86.67 86.52 86.09 84.50
diabetes 74.50 75.80 76.18 75.39 76.96 77.35 77.35 78.14 78.53 78.53 77.88
german 73.40 74.90 72.70 66.40 67.70 69.50 75.70 71.90 72.30 72.60 74.30
glass 73.90 70.10 65.97 73.96 75.35 76.71 75.33 78.61 78.12 75.28 73.46
heart 81.90 82.20 80.00 80.00 79.63 81.85 82.96 85.56 85.56 84.82 82.96
hepati 81.80 80.50 83.25 85.71 82.50 83.08 84.38 79.29 81.21 81.21 85.79
horse 82.10 82.60 82.92 81.27 80.97 80.38 85.61 82.61 84.79 83.43 82.32
iris 94.70 94.00 95.33 93.33 94.00 94.00 93.33 94.00 94.00 94.00 93.33
labor 86.30 89.70 79.00 87.67 89.33 87.33 89.33 77.33 94.67 94.67 94.67
led7 71.90 72.50 72.88 73.84 73.09 73.91 72.41 71.25 72.19 73.03 72.78
lymph 77.80 83.10 79.72 79.00 74.24 72.19 84.38 81.05 80.33 81.67 80.38
pima 72.90 75.10 74.22 77.61 77.09 77.35 77.34 78.78 79.04 78.52 78.52
tic-tac 99.60 99.20 98.64 98.02 97.50 97.91 95.41 98.54 98.54 96.97 97.70
wine 95.00 95.00 92.75 94.93 94.41 94.93 99.44 98.86 98.30 99.44 98.86
zoo 96.80 97.10 92.09 93.27 95.18 94.09 96.00 97.00 92.09 96.00 96.00
Average 83.90 84.38 82.95 83.52 83.41 83.44 85.61 85.57 85.68 85.67 85.58
Avg. Def. 3.71 3.14 4.67 4.12 4.24 4.16 1.62 2.50 1.56 1.59 1.70
Avg. Rank 6.90 5.80 7.15 7.95 7.75 7.55 4.30 4.50 4.05 4.00 4.55
# Max Acc 1 1 1 0 0 1 4 3 3 3 4
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Table4 displaystheaccuracy values,asmentionedearliertheidealschemeshouldhave alargevaluefor themetrics

andAverage and# MaximumAccurate andaslow valuefor Average RankandAverage Deficiency. The maximum

valuesfor eachof the metricsaredisplayedin bold, it canbe seenthat eachmetric choosesa differentschemeas

its best. However we canclearly infer that the SVM basedschemesoutperformotherschemes,amongstsvm based

schemestheresultsareextremelyclosewith theIS-JMhaving a slightedge.

7 Conc lusion

In this paperwe presenteda numberof classificationalgorithmsthat usefrequentitemsetsto expandthe feature

spaceandevaluateda variety of schemesfor selectingdiscriminatingcompositefeatures.Our experimentalresults

show thattheproposedschemescansubstantiallyreducethenumberof compositefeaturesused,which improvesthe

classificationaccuracy. Moreover, we have both analyticallyandexperimentallyshown that the prunedcomposite

featurespacereducesthegeneralizationerrorobtainedby supportvectormachines,leadingto betterclassifiers.
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