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0. Introduction

In the ovdinary fractional factorial designs, an experimenter can per-
form N trials to estimate P unknown parameters al, al, -« , Qp_y and ap.
These N experimental points correspond to the N points in the P dimension-
al factor space (refer to G.E.P. Box [4] and [5]) which is constructed by
the values of factors x,, %,,---, x,_, and x, corresponding to the P unknown
parameters aj, as, -+, ap_; and ajf. In these cases, he wishes to fix the
residual factors ¢&,, &, -+, &, and &; at a point Z,= (1, Ca0s -+ 21y 0n Ero)
over the whole time interval of the above N trials. Although he wishes
so, in the practical aspect of experiments, he can’t necessarily fix these levels
of the residual factors at a point in the residual factor space.

In these circumstances, we wish to infer P unknown parameters «,

as -+, ap_y and az  Consequently, these situations induce several statistical
problems for us. That is to say, we have N points 5,= (£, -+, &), S,—
(E12sooes €ra)y o+ Exy=(€uy, -+, Egy) on the residual factor space which is

constructed by the residual factors ¢,, &,,---, &, and &, as a noisy beha-
viour for our present purpose, that is the inference about the P unknown
parameters «ai, az, -, ap; and «a; by the N trials at the points X, = (x,,,
Xogs o0y Xp1), Xo= (%12, Xogy 7y xpz), ey XN:(va, Xony =y Xpy) O the P dimen-
sional factor space.

In order to reduce these noisy effects of residual factors to our in-
ference of the unknown P parameters a!, a}, ---, ap_i and «;, the randomi-
zation procedure (refer to Kitagawa [15]) was prepared, as follows.

(1) A permutation

1 2 . N
HZ(n'(l) 7(2) - n(N)>

is chosen with equal probability, 1/N!, from the set of all possible permuta-
tions of N numbers 1, 2, .-, N—-1 and N.
(2) To each permutation, 7, we perform N trials X0, Xree, -
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Xn:(N-1) and er(N)-

If we can eliminate above noisy effects of the residual factors by these
randomization procedures we can estimate P (>>N) unknown parameters
by the method that the several randomized fractional factorial designs are
mutually independently combined (refer to Taguchi [27] and 28]). More
precisely, the following random combined fractional factorial designs can be
considered.

(A) List up the factors in problem.

(B) Determine the levels of the values of these factors.

(C) Consider the interactions of these factors in above levels of
factors.

(D) Divide into two groups of these factors in which two factors in
different groups are not interacted each other.

(E) Allocate these two groups of factors to two fractional factorial
designs with equal size, respectively.

(F) Combine randomly these two fractional factorial designs.

(G) Perform experimentations randomly with respect to the all com-
binations of above factors allocated in the randomly combinated
fractional factorial designs.

(H) Analyse the data observed in the all combinations of all factors
by the method of ordinary analysis of variances with respect to
the 1st group of factors allocated in a fractional factorial designs,
and analyse these same data by the same method with respect
to the 2nd group of factors allocated in the 2nd fractional factorial
design.

In the same line of designs of experiment, we have several references
such as Satterthwaite [25], Budne [9], Anscombe [1] and Brooks [8]. Fur-
thermore, we have theoretical researches by Dempster [10], [11] and Take-
uchi [29], [30] and [31].

The present paper will give us the results of the investigation concern-
ing to the noisy effects as a sampling distribution from the finite populations
to our inference with respect to the unknown parameters «ai, a3, -+, ap_],
and «j.

1. Problem of the random combined fractional factorial designs
(RACOFED) and resumé of main results
1.1 Statement of the problem

1.1.1 Mathematical formulation

Let us consider a linear regression model involving P + R unknown
parameters «f, ---, a; and Bi, ---, Bz, such that
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P R
(1.1.1) Cpir(Fay Koy ooy Xpy &y, &y, ooy ) gaé x,+ Z; 8¢,

where x,, x,, -+, %p, &1, &, -+, £p are fixed variates.
Let D be a (P+ R) x N design matrix

_ Dy

(1.1.2) D = Dy .

and let D, be a P(<<N) x N design matrix in prescribed factor space and

D; be a R (<<N) x N residual design matrix in prescribed residual factor
space such that

(1.1.3) Dp: :‘ xu xxg e x;N ‘
‘ Xy Xag v Koy
| i
[ Xp1 Xpz -t Xpy |

and
‘\ o & e Gy

(1.1.4) Dy= | Eor fn e Gy
3 Em Epa - ERN

The observed value y, at a point (X,, 5,) = (%1, -*+, Xpy; &1y vy ) 1S

assumed to be

=1

P R
(1.1.5) yn:z} a/p’ xjm+ Elﬂ;5r11+én
b r=

where (&, (n=1, 2, .-, N) is assumed to be distributed independetly
according to the normal distribution N (0, ¢%). with a common unknown
variance o}, »

We are now interested with the situation (refer to Bancroft [2], Kita-
gawa [14], [16] and [18]) of an experimenter for whom the model (1.1.1) is
not completely specified and who may assume under his own grounds a
response function of the form

P
(1.1.6) Cp(X1, Xoy ooey Xp; £y Egyeee, Ep) = giap,xﬁ

with a certain number P of unknown parameters aj, «}, ---, ap_; and ab.
Under this situation he may think it better to have the least square
estimates «f, -+, «p_; and «}» under his own assumption that

(1 Bi=fy="=Br=0

or
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(2) En=¢Ep ==&y
é'21 = 522 =t = Ew
5R1 = Em = = ERN

the current procedure of least square estimations will give him the normal
equations

(L. qéap,,&;:b’,, , (p=1, 2, -, P)
where

(1.1.8) S X Hor= : (ba=1, 2, ) P)
and

(1.1.9) é‘ix”y,,:Bp , (p=1, 2, -, P).

Let the rank of the Px P matrix |a, | (#.¢=1, 2, ---, P) be equal to

P, and let the P x P inverse matrix be denoted by 'C,, | = @, .

If it can be assumed that (i) A'=-.-=8,=0 or (D) &1y = Epp = v = Epy
oy = Egg = oo = &y, +ory gy = &gy = -~ = &5y then we can estimate the un-
known parameter «; for a particular p (1 < p < F) by the efficient and
unbiased estimate &, (p=1, 2,---, P) and we can test a null hypothesis H, :
a,=0 jfor a particular p (1<p<P) by appealing to statistic F,, defined by

N P
(1.1.10) Fy=(N=P)@)*/Cy 33 (=23 &jx,)°

which is distributed exactly according to the F-distribution with the pair of
degrees of freedom (1, N-P) under the null hypothesis.
However, in our real situation, we are not certain enough to assume

(lq) Bizﬁz,:"':lglé:() and (2') '511:512: :51N: 521:‘522: "‘:Ezm Tty fm:
{py ==&y and still we would appeal to the statistic F,.

N
1.1.2 The distribution function of the statistics @), >} ¢ and
a=1
others under our real situation
Henceforth we are concerned with a model
P
(1.1.1D) V=D ApXpy+ Uyt &,
p=1

under the following situations.
DEFINITION [: (1)

Il =

M=

(1.1.12) v, B, ¢,

.,
]
-
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where (i) 8., B, -+, Bp are not necessarily zero and (Q) Eiy Eopy oo, &gy (=
1, 2, .--, R), are not necessarily equal to each other.
(2) The design matrix D, (P<<N) is a sub-matrix

(1.1.13) De= | % % =+ %y !
. Xay Xop ot KXoy ‘
| Xp1 Xp2 **° Xpy |

of the complete two level N x N orthogonal array, which will be abbreviated
as O.A. in the following discussions (refer to Plackett and Burman [24],
Box and Hunter [5], [6], and Shimada [26] Taguchi [27})

(1.1.14) EmE CKyp e e e Xy |
“ Xpi,1 Xp+i,N
‘\ le ......... xNN h
where x,,=x,=--=2x,=1, and x,,= + 1 or —1, (p=2, ---, N). Then we
have
N —
(1.1.15-1) zxp:{fov ig; i;; N
N‘ N for p=q, (py q:19 2’ IRE) N)
1.1.15-2 wXgn =
( ) "zglxp ¥ { 0 for p:!:Qr (p) Q:L 25 M) N)
and
y (N for n=m (n, m=1, 2,---, N)
1.1.15-3 X pn = ’ i
( ) Z}pr o {0 for n=m (n, m=1, 2,.--, N).

Furthermore, the alias and orthogonal relations of »(Z>3) rows can be de-
fined by

(1.1.16) S XsnXppee %o =( N , for p,, ps, -+, p,-th rows are
( in the alias

1 0 , for p,, ps -+, D,-th rows are
in the orthogonal.

Under these situation (refer to Kitagawa [15], [17], Moriguchi [20] and
Mann [19]), we get the following

LEMMA 1: (1) We have

(LIIT-1)  Gl=af+ LS00+ ),
n=1

LLIT-2) = (02 =3 2 (2 Eom 044 E)
p=1 m=1
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and
N N 1 & .
(1.1.17-3) Stei=N > (Nzxpn (vp+¢€))°
n=1 p=P+1 n=1

1 N

2 ?27 (@) and ;3] el are mutually independently distributed
2 2 n=1

according to the non-central chi-square distribution with non-central para-
meters

(1.1.18-1) ,111,:‘2!;’% (v 4V
N
(1.1.18-2) 12:%« ST

207 pZF+1
and degrees of freedom ¢, =1, ¢, = N— P, respectively, where we put
1 X .
Vp' :anzl xpnv,,
PrROOF: (1) From the definitions of the estimates, we get
., 1 &
apj ’NnE:I xjmyn
’ 1 v ' .
=a, +N”Z:1xpn (v,+¢&,) ,
and
P
en: yn__ 2 (}p, x[m
p=1
b 2 1 & .
= (v,+¢,) — Z‘xi,,,(—NE K Ui +Em))
p=1 m=1

Furthermore, we get

=

I

M

30l b B |3 i BT
n=1 b=

n=1

:Np%j (Nz X (D0 E))?

where the 2nd expression is reduced to the relation

N N
E (ﬁglxpn p) —_pz nZ} (xpn 17) +2 ExpnanXﬁXq
=N Z}Xf, ,
p=1

1 ;.
X, = Nzxpn(vn+en) .

(2) Since the random variables é&,, &, -+, éy_; and &y are mutually in-
dependently distributed according to the normal distribution with mean zero
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and common unknown variance i, the estimate &, is normally distributed
with mean FE(a;)-=«,;+V, and variance o*(a;)-=03/N.

Consequently, we can easily obtain the result ('2). The non-central pa-
rameters are easily obtained by

! (N

e B ap-
and
N 2
=y | B (e~ (N=P)i .

1.1.3 Sampling theory from the normal populations

On the other hand, we shall consider the distribution function under
the following assumptions.

AssumpPTION: (1) The 2nd kind of the random variables
(1.1.19) = SR, (n=1, 2, -, N,
r=1

where dotted notation is used to emphasize the random variable, in the model
YV, =300 % U+ €, (m=1, 2, ---, N), are independently distributed according
to the normal distribution function with mean zero and variance o

(2) The sums of random variables of these two kinds
(1.1.20) vl e, (n=1, 2, -, N

are distributed according to the normal distribution with mean zero and
variance o3 —oi+o0} ==oi(1+u,), where uy,—o?/0d

For the sake of simplicity, the standardized notations such as
,Xp~d;a;/02, ﬂyiﬂ;/oz, v,“,,);v,,(n)’/a2 and V'},ivp’/o2 may be used in the fol-
lowing discussions.

In these circumstances, we have

LEMMA 2: The distribution functions of the following statistics are
obtained as follows.

(1) The statistic

2 N LS sy
(1.1.21) T (a, + N2 Eln)®
in which A, is the non-central parameter of the non-central chi-square
variate K,—=Nd& (p=1, 2,---, P) for an assigned set of given v,} (n=1,
2, -+, N), is distributed by the distribution of v, according to the non-
central chi-square distribution with the non-central parameter

(1.1.22) Tip= _ZZVTzai s (p=1, 2,-, P)
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and degree of freedom 1.
(2) The statistic

L) e S @ (p=1, 2+, P)
is distributed according to the non-central chi-square distribution with
non-central parameter
(1.1.24) rp:7@§iT§) (a))? (p=1, 2, -, P)
and degree of freedom 1.

(8) The statistic

2, N y 1 &, -
(1.1.25) o ael 3 (WnZﬂxpnvn) ,

2 Ho Oy p=P+1

in which 2, is the mon-central parameter of the non-central chi-square
N
variate KS:—fleZei for a given {b,} (n=1, 2,---, N), is distributed by the

2 n=1
distribution of the sequence {v,} (n=1, 2,---, N) according to the central
chi-square distribution with degrees of freedom N— P,

(4) The statistic

(1.1.26) B= %

O

4-

is distributed according to the central chi-square distributions with de-
grees of freedom N—P.

(6) The statistic
(1.1.27) F;i%i (N—P) — zl,, (N-P)

is distributed according to the non-central F-distribution with non-central
parameter

— 7N e N a2
(1.1.28) T, Yot iad) (ay)? = 9(1+ 1) ai o,
where ﬁ: - «, and pair of degrees of freedom 1 and N—P.
21 N 2
Proor: (1) From the assumption (1), we have E1< )——#—aﬂ—l » Where
2 2

the notation E,( ) means the expected value with respect to the normal
variate 7,(n=1, 2,---, N). Consequently we get (1).

(2) Under the assumption (2), we get E{x/3} :?%27 (a))?*+1, where
1 2
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E{ | stands for the expectations with respect to the sums, which is also
a normal variate with mean zero and variance o?+ ¢}, of the normal variate
¢, and o, (n=1, 2, .-+, N).

N

(3) From the assumption (1) FE, (f 22>: R 2 El,( }_xp,,v’ i

2 1
N—P, then (3) is easily obtained.
(4) is proved in a similar way to (2).
(5) From the assumption (2), the results (2) and (4) in this lemma,
it can be obtained that

, KiN—P) NWN-P), ., N & .
Fp: "l‘p'(ff{g*l - ( z ) (ap)z ,”‘ ’gg‘ o (]%7 Expnkn)Q
11 (N -P) _ N(N P) . N u 1 s 2
=4 22 FEER ( p)2 0“ ro? P_ll (Nzxpnkn)

is distributed according to the non-central F-distribution with non-central
parameter r,=Na;?/2(0i+03) and the pair of degrees of freedom 1 and N
— P, in which r, is the non-central parameter of the variate xi%.

1.1.4 Random combined fractional factorial designs

Let us consider the problem in our RACOFFD, in which we have a
design matrix

“ DR '
where D, is a submatrix defined in the Definition 1, and D, is another sub-
matrix defined by the following definition.

Definition 2: (1) Let

[ -

Dy= SR PRI STV
VoE ;
Do Loy e Loy i
i €t Ry o Egy

is a submatrix of the complete two level (N—1) x N orthogonal array

- ’! Eu 512 Euv ‘
] . e |

ERI ERZ ERN;
j ER+1.1 ER+1,2"'5R+1,N
i
1 oees
|
1 oees

Il EN—-I,ifN—I,Z"'EN—I,N:s

which contains no row such that &, =-.-=&,,=1.
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(2) The randomization procedure in our RACOFFD is defined as fol-
lows.

A) With equal probability 1/N!, we choose a permutation
(1.1.29) = < | 9 .. N )
() @) - =(N)
from the set of all possible permutations of N numbers 1, 2, -, N-1 and N.
B) To each permutation 7, we define the design matrix

(1.1.30) D= !“ Xy Xy v Xy J
I Xay Xzg e Koy i
I ?
i xPl xpg L. xPN r

Eln‘(l) ‘5175(2) ot 'Sww)i

ERn‘(i) ERn’(Z) ER%(N)

By virtue of these definitions of the design matrix, we get a random
variable

R
(1'1’31) i}7t’(n):: Zﬁrgﬂt(n) ’ n:I, 2, ety N,
r=1
in our mathematical model of the observed value
P
ynzzl ~1:xp,,+02137,(,,)+5n, n:l’ 2,...’ N.
p=

It must be noticed that the variable v, for a particular » (1<n<{N)
is fluctuated by the above randomization procedure, but the sequence of
Uty §Uraiy Dmeay =% U}, 1S @ finite set under the RACOFFD situation, in
which a random sampled matrix from the matrices permuted N columns
of a pre-randomized matrix

DR: i 511 ...... EIN !\
|1 Egy ooe e Eon
‘J 51?1 """ ‘SRN [ |

which is sampled matrix with R rows from the complete N-1 rows and N
columns O.A., is used as a sub-matrix in the design matrix.

From these discussions we get the mathematical problem in our RA-
COFFD situation as follows.

. N
(1) The distribution function of V,= ]bz %, Du and its asymptotic
=1
property.

(2) The joint distribution function of {V,, V,, -, Vi, (D<<N), and
its asymptotic property.
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1.2 Power function in our testing hypothesis
1.2.1 Asymptotic sampling distribution from finite population

In virtue of Lemma 2, we can evaluate the power of test with respect
to a null hypothesis

(1.2.1) Hy:a,=0
for a single p(1-<p<P) by appealing to the statistic F, defined by
N(N - P) (&)

nzzle

which is distributed exactly according to F-distribution with the pair of
degrees of freedom [1, N— P] under the conditions, such that

(0 «,=0,

(2)  Drayy Deeyy > Vmvy are mutually independently distributed accord-
ing to the normal distribution with mean zero and common variance #,=
a%/ai,

(38) €y, -+, éy and DUy, -+, Vg are mutually independently distributed.

On the other hand, we have the sequence (¥, Vr@» ***» Ty} In our
RACOFFD situation as a finite population in which the elements are per-
muted by the prescribed randomization procedure in the random combination
of two fractional factorial designs. In these circumstances, the 2nd con-
dition is unsatisfied.

Henceforth, we are concerned with the asymptotic property of the
sampling distribution from the finite population which is defined by the
following several properties.

DEFINITION 3: (1) The finite population is classified into K(<<N) clas-
ses such that NP, elements of 7;, NP, elements of v,, ---, NPx_, elements of
vx_: and NP, elements of v, where v, (k~l 2, ---, K) is the values of
Uz In the A-th class. :

(1.2.2) F,=

(2) The random variables
. d . . d . . d .
U =Up11 , Upg=Upr2 5 y Upyy™=Ups2

Ji 1 J1
where the suffix “%2” stands for the kth class, the 2nd suffix 1 or 2 stands
for the {41 or —1{ in the Ist classification into two classes, the 3rd one 1 or
2 means also {41 or —1} in the 2nd classification into two classes, and so
on, can be defined by the 2/* (=M< N) ways as random classification of the
sequence (U, | (#=1, 2,---, N) by the random combination of x,, (¢=1,
2, -+, M; n=1, 2,---, N) which is a sub-matrix of the complete Nx N or-
thogonal array.
In these circumstances, for any assigned set of
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bku: ‘ bu bxz bm;

b?l b22 the bZM

| bKi sz bKM 1 s

in which b,,-=0, 1, 2,-.-, 2NP,M~, the joint probability distribution function
of the set of the statistics

|
\
|

Upp = Uy Urp v Uy
Uy Ugp 0 Uy

| Ugr Ugs gy -
is given by
(1.2.3) Py ITIT (4ey,==by,) |
g NBY N

k=1 IZ bl // (1{}7!>M

-

Consequently, we get
THEOREM A : For any assigned set of

(1.2.4) b}z,u: bu b12 blM‘
b21 bzz sz

bKl sz bKM

in which b,=0,1,2,---, 2NP,M~", the joint probability distribution function
of the set of the statistics

(1-2-5) dku: 7211 i£12 i‘lM

Z.‘21 i‘zz 7/“2M

121{1 i‘Kz i‘KM
is given by

$ . — j— NPk 2 ot ry
(1.2.6) Py (it,,=b,) | =C exp%—zk}%}—m B+ e+ €38
where
ME-D (B=D (M=D) g M-t

(1.2.7-1) C=M *  (2zN) ° <3_71P’=> 2

i
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1 1 M -
A27-2) = o0 {3 pr =3 75y + (=1 [0 )

2 = 71,, NPk 4 _ 1 2}_ 1 -3
(12.7-8) &= —gp zkszPBmzz{mMBm § BifrOWN T,
where

¢ M
(1.2.7-4) Bkﬂ—wﬁk bi—1

1.2.2 The power function

As we have seen in the previous section, we have proposed the ordin-
ary test of hypothesis H,: «; =0 by ordinary method of F-—test, in our
RACOFFD situation. In these circumstances, we have following two kinds
of error.

(i) The Ist kind of error by which we reject the null hypothesis for

a particular p in 1<p<{P, when it is true, is given by @,.
(i) The 2nd kind of error by which we accept for a particular p in
1<p<P, when a;#0, is given by @,,—Q(z, @, a,).

In virtue of Lemma 1, Lemma 2 and Theorem A, the Ist kind of error
@, is equal to «, under the asymptotic situation such that ¢”"=¢/+¢e>~0 as
we have evaluated in the previous section.

On the other hand, even if in the case that the condition ¢”/~0 is satis-
fied, the 2nd kind of error is changed with the change in the parameters
7, ©® and «,. The Ist one of these is r,= Nai/2 (1+u#,) where N is the
size of experiments (a ;=a,/0,)? is the normalized size of the unknown para-
meter and u, — — ( Lvm)> i}(ﬁ’)z is the normalized sum of the un-

r=1"0Uqg

known noisy parameters B4, B3, -+, Br. The 2nd one is the degrees of freedom
of estimate of error term, and the 3rd is the size of test with respect to

the null hypothesis H,.
Let us consider the practical meanings of these parameters in our RA-
COFFD methods. The mathematical model

(1'2'8) C(xlx ty Xps El) tty ER) — {PZ (prp’i“ 219 E }

which is set up as a priori assumption by an experimenter, is an abstract
model of his objective worlds. In our RACOFFD method, the experimenter
decomposes this model in such a way that

P R ,
(1.2.9) Qs s E e E) = Sy, |+ {2056

He then assigns the Ist term {Sla,x,{ of this decomposed model to an O.A.
and the 2nd one {>)8,,! to the other O.A. respectively. The parameters
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R
o and u,=3] f? are determined by these abstract objective world, ¢ (x,,

r=1
vy Xp ) E],...’ ER)-

In order to explore the objective world, the experimenter may decide
a strategy which is composed of the parameters such as, the size of ex-
periments N, the degrees of freedom @, the size of testing hypothesis «,
and the decomposition rule into 2 groups of factors.

On the other hand, according to the original papers by Satterthwaite
[25], Budne [9] and Anscombe [1], it can be seen that the random balance
experimentation is useful for a kind of ‘“screening experiments”. We also
recognize surely that the procedure of the method of exploring the ob-
jective worlds should contain the successive inferences after the preliminary
test of the present hypothesis H,. That is to say, our procedure should be
completely established under an assumption in which the 2nd process of
statistical inference is performed under by the corrected model

Q
(1.2.10) Ci(Zy, ey Zy) :Elﬁqzq
=
where z,, 2,, --+, 2, are factors selected by test by which the non-significant

factors are screened out in the 1st step of our RACOFFD method. Con-
sequently, we shall concern to the sum of the Ist and the 2nd kinds of error
Q:+Q:,=0. In these circumstances, we have the concept of the borderline
test concerning the preliminary test before the final test as given by
Paull [22], Bozivich, Bancroft and Hartley [7] and Kitagawa [16].

On the other hand, we have Patnaik approximation (refer to Patnaik
[21] and Kitagawa [15]) of the non-central F~distribution such that the non-
central F-variate F' with non-central parameter ¢, and pair of degrees of
freedom (1 and @) can be approximated by the central (F'/k)-variate with
pair of degrees of freedom (v and ®), where

(1.2.11) k=1+2r,
and

_ (1+27)®
(1.2.12) v idr

Consequently, we can evaluate easily the power of test in the RACOFFD
testing hypothesis H, by the tables of incomplete beta-function (Pearson

(23D,

’ 1 - _ li g
(1.2.13) P,(F'<Fi(a,)) =1 1,0(2 , 2),
where Fj(«,) is 100 «, percent point of the F-distribution with pair of
degrees of freedom {1, @] and Z.,(v/2, ©/2) is the incomplete beta ratio
such that
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X0 ¥ _ o _
o) fi0-nte

r(

in which x,=aF,;(a,)/(®?+aF;(ay)) and a=vk™'=(1+27,) /(1 +4r,).

The following figures show the Ist and 2nd kinds of error in our
RACOFFD test of H, under the asymptotic situations. In these figures,
the increasing and decreasing curves correspond to the Ist and 2nd kinds
of error, respectively.

272 fa?“(lia) Ea
0

Q Q
« 1.0} 7,=1.5
0.8t ?=5
0. 6 _
0=10
0. 4t /o1
® =20
0. 2}
o=1
=02 04 06 0.8 10
—_—>ay
=100
%1.0- Te T
0.8
0 =1
0.6F \/
0.4}
0.2}
wis i i
0.8 1.0 0 vo0.2 0.4 0.6 0.8 1.0
e @10 g

FIG. 1.2.1 1st and 2nd kinds of error

From these figures, it can be observed that the sums of these two
kinds of error, in the condition that r,=5~10 and ® =5~10, Q = Q,+Q,,
are minimized by controlling «, the range from 0.10 to 0.30.

Furthermore, we get the optimal size of the experiments N=2r,(1 +#,) /a2,
as follows.
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TABLE 1.2.1 optimal size of experiments in our RACOFFD

\\\ Tj) ‘ ‘
14m . 120 50 10.0
épo | 1
20 | 8 20 40
80| 12 30 60
4.0 16 ‘ 40 80
50 | 20 50 100

1.3 Properties of the estimates

1.3.1 Moments of 1, and 2,

The non-central parameters

(1.3.1-1) A= 3% (a;+V5)?
and
(1.3.1-2) b= 33V

of the statistics

(1.3.2-1) Ku,:—ﬁ (@,)*
2

and

(1.3.2-2) K, ;17 > e
Uz n=1

contain the random variables V,,, Vs Ve -+, Vy each of which has a
sampling distribution function from the finite population v,, v, ---, vy by the
randomization procedure in our RACOFFD situation.

N
So as to study the properties of estimates &, and > e, we shall dis-

n=1

cuss the asymptotic behavior of these moments of 4;, and 4. The sampl-
ing moments of a statistic from a finite population can be obtained by a
method due to Tukey [32], [33] and elaborated by R. Hooke [12], [13]. In
this paper, a slightly extended method, which is constructed by the following
lemmas concerning to the sampling moments of a finite population, is ap-
plied.

First of all, we shall give

DEFINITION 4 : A (@+b+---+ i) th degree generalized symmetric func-

tion of two way array 'z, (¢=1, 2,--, @; n=1, 2,.--, N) is defined by
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(1.3.3) ® Jab-e

where 377 stands for the distinct sum, as a column generalized symmetric
function, which will be abbreviated by c. g. s. f. here-after.

In the similar way a column generalized symmetric mean, which will
be abbreviated by c. g. s. m., is defined by

(1.3.4) ® /a b ¢

=33 25, -2, /N
where N™=N.(N—1)---(N—m+1). Then we get

LEMMA 3: The product of 2 c. g. s. f.’s (¢:xv)), and (9,xV,),, which
are ¢, rows, v, columns and ¢, rows, v,(<v,) columns c. g. s. f.’s, res-
pectively, is given by

® /.
135 5

| ,‘ o1 |
/ <JO*17:"') \ L Pa Yy

[ (ae) | /e

\ / —

’ @ / \\‘\ @ f’/ ;‘
=37 L Gedxv +3F [ (pite) X (1) |
(991 +(P2> \ /e (9’1 +§£g) ) /c

@ / oy x vy
et T
c (gol +ﬁﬂ2> P2 X Vsl |

(((¢1+9°2) X (v;+2)

+E//I :
(1 +02)

where the following remarks should be considered.

(i) The 1st summation > stands for the summation over all possible
(p1+9:) rows and v, columns g. s.f.’s, which are genmerated by the
combination of v, in the v, positions and permutations of v, numbers.

(ii) The 2nd summation > stands for the summation over all possible
1 +@, rows and v,+1 columns g. s. f.’s, which are gemerated by
the rule that the v,+1 th column is chosen from the possible v,
columns and v,—1 possible columns are allocated in the possible v,
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. v R .
columns in (y 11) times and v,—1 columns permute each other all
o

in possible (v,—1)! permutations.

(iity The 3rd summation > stands for summation over all possible
¢+, rows and v,+2 columns g.s. f.’s, which are generated by
the rule that the possible (v, + 1)th and (v, + 2)th columns are
chosen from the possible columns in (;) times and v, — 2 possible

. . N Y .
columns are allocated in the possible v, columns m(y »{2> times

and v,—2 columns permute each other in all possible (vo—2)! per-
mutations.
(iv) In the similar way, the successive c. g. s. f. s are generated to the
term having v,-+v,—1 columns.
(v) The last term is obviously
® \
: lo, X v, :

- \ P2 X Vg ;’ c
(ite) | S ¥
in which all columns of 2nd c. g. s. f. are pushed out.

In the same way with those of formulas (2.2.8) and (2.2.9) in the
succeeding paper [34], the proof of this lemma can be done.

Furthermore, we shall give

DEFINITION 5: (1) Let us define the random pairings of a set of N
vectors Z,= (211, =1, 2o)s s Zy= (Zuy, =+, Zoy) and a set of N numbers v,

Vrzy % Vnevy Such that (Z" Zoy s Zy ) where {z(n)}{ (n=1, 2,---, N)

Uy, Ure2ys s Ve
is a permutation /7= (nl(l) ,Tz(g)::: E](\va)> , which is chosen from the pos-

sible N! permutations of N numbers with equal probability 1/N!.
(2) Let us define a multiplicative random pairing

(1.3.6> Zq;n = 24y Vniny

and generalized symmetric means, which will be abbreviated as g. s. &m., in
the sense given by R. Hooke [12]
(1.3.7) fa b - - e |

i

=SS Z L [OON
|

Consequently we get
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LEMMA 4: The averaging over all possible g. s. m. is given by
ab - e i}rab...e
i 1
[ eeereeseaaan | eeecescoanns !
(1.38)  aver A ;
| ‘ 1
fg- 1 fg -
ab e ™
URERTRSRP St fy o et i ,
fg i

where the square bracket with one asterisk [ 1 means the g.s. m. of
2y, and the angle bracket with two asterisk << >** means the symmetric
mean of iy,.

The proof of this Lemma is given in the succeeding paper [34].

COLLORARY OF LEMMA 4: The averaging over all c. g. s. m.

(@) ab e |
T SN T N
@) fg i c
is given by
(1.3.9) aver @;);\ ab--e (@)j ab - e o
| ‘ a |
[ eeeereen = U .
@)l fg il (@) fg.i ¢

The proof of this Collorary of Lemma 4 is given in the succeeding
paper [34].

In virtue of these lemmas, and some calculations in the succeeding
paper, we get

THEOREM B-1: The moments of %, are as follows :

(1.3.10-1) aver 1,,= “2 {271, + 1} -+ 4,+O(N-2)

2
(1.3.10-2) aver 22,= (“22) {472, 4+ 127,484 + 4y, + O (N )
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(1.3.10-3) aver it,= (%) 185+ 6073 +:907,,+ 15 + 4,+ OV,
and
(1.3.10-4) aver Af,—= (“22)4 (167,44 2247,2 + 84072+ 8407, + 105
+4,,+0(N?

where

2
(1.3.11) - 1;’;»

2
(1.3.12-1) Alp:(’:éz) T{r
(1.3.12-2) tay=(42) (125, — 25, +6)

o »=17 ’ N
Y 180, B NE

(1.3.12-3) ty=(%2)" 160w~ (1300, 180) v, — (300, 45)}N
and
(1.3.12-4) dy=(%) [22411,, J840\ub‘ 2) ,

+840(20,~8) 7, + 420G~ D} ] L

. . 4 u
in which 8,==}
M

In general, the S (<o) th moment of 1, is

. u SJ S s _ 25 As}
(1.3.13) aver Xf,,_(?2> |@5,)° + 33 1 (2r 1)(23) @r) °=}
+ONY.
THEOREM B-2: The moments of i, are as follows :
(1.3.14-1) aver A, ~(%) O+4,+0 (N-?)
(1.8.14-2) aver 1 :(2) 30 +0@} +4,+O(N?
(1.3.14-3) aver 1§ = (5‘5‘.) {150 +90® + 0® | + 4, +-O(N-?)
and
(1.3.14-4) aver 1 :(5‘2%)‘ {1050 + (15 X 4-+9 % 3) DD +6 X 30D 4 W}

+4,+0O(N™H
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where

(13.15-1) 4, =%
(1.3.15-2) 4, =

(13.15-8) 45 =( 3%(—3052+45)<D—3(252+3)<D‘2>+(—3+461)@<3>§j\lf

and
(13.15-4) 4, = (%)g (— 4206, +420)® — (1565, +228) O
+ (—28,+245,— 18)609 -+ (165, —8) ‘D“)iziv

. . d 42 d
in which 8,= 27, , §,= "4
M3 My

In general, the K(<~)th moment of 1, is

(13.16)  aver = (%) Sic,i<2v>*+ 0w L O(NY)
¢

where ¢,{<2¥>**{ stands for the numerical coefficient of the symmetric
mean < 25>**,

Consequently, we can evaluate the asymptotic properties of the moments
of the statistics 4,, and 2,.

1.3.2 Properties of the estimates
Let us consider the properties of the estimates. First of all, for the
original observation ynzzpagx,,n+b,,'<,,)+é,, after the randomization proce-
dure, we have ~
(13.17)  G(y,) —aver {E(»,)!
= aver (3,2,%,,) +averid,
= 2%,
(L3.18)  o*(r) =€} (=B ()"
= aver E{0/,]+&+ 207, &)}
= aver (Ur.) +E (&)
= oi+0}
and for the covariance of y, and v, is

0 O ¥) = G (3= C(5,)) m—E ()}



22 Norihiro YAMARAWA

= aver g b?t(n), i’n‘(rn)”\

— 2 ﬂ; ﬂé aver (ér,ﬂn)é‘sm(?n]) .
¥, S

Substituting the results of g. s. m. 's of O.A. in chapter 2 of the succeed-
ing paper [34], the averaging value of the product E.,,r(,,) Eovemy 18 Obtained as

follows,
aver érn‘(u)gsﬁ(m):[ii] '—_TZV’I:I’ ’ for r¥=Ss
1_ K
:[_ 11 = 0 , for 7=<s
Then we get
(1.3.19) (3 ) = g Lo = Lo
e e N—-1:323"7 N-1"""°

From these results, it can be observed that the original data y,(n=1,
2,--, N) in our RACOFFD method are mutually correlatedly distributed
P

with mean > «,x,, variance oj+ o0} and covariance—oi/N—1.
p=1

Furthermore, for the least square estimates

R 1 . ! .
(X;ZCX;T /72xpnvn‘,(n) e 772x17n5n
N N

d .
— a,; T V;, + ﬁp >
the expected value is given by
d
(13.20)  %(&) = aver E(aj+ %zxp,,f;;<,,)-; ji[ ST,
‘:: a‘;.

For even K, we have

(1.3.21) € (aj*) == aver E,}i;;(li) (a;+V*r af
K K

() S 2 aver 3521

s=0 *

Mo

For odd K, the Kth moment about mean is
(1.3.22) Ci(a,—an®i=0 .

Consequently, we get

(1.3.23) G () =2

=N (2 aver 1;,+1)
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and

, 2.2
(1.3.24) 6@t () @ aver 4 +(3> 9 aver 4,+3) .

In these circumstances, we get easily the moments of d, as the moments
of normal variate with mean € (&;)—=«, and variance

2 2
(1.3.25) SH(a;—ap)tt= 7;;\7- 2 aver 1,,+ N —af
2 3
= i@ D -
= (st+od) 5

under the condition that the departures of the asymptotic moments of 7,
from the exact moments 4,, (=1, 2, 3 and 4) for the 1st, the 2nd, the 3rd
and the 4th moments are negligible.

By virtue of Theorem B-2 and lemmas, we have the first four asym-
ptotic moments of statistic, Sle?/o%+od}, which is the estimate of the error
term, as those moments of the central chi-square distribution with the
degrees of freedom ®—N-— P. Consequently, we can easily obtain

(1.3.26) & (ﬁlez) (02409 (N—P) + O(N™)
(1.3.27) 5 {(‘zi}lez)z}:(of+o;)f 9N ~P) +0 (N

and so on. Furthermore, the confidence interval of parameter, of + o3, can
be obtained in the crdinary method by the chi-square distribution function
with the degrees of freedom @ =N — P under the conditicn in which the
departures of the asymptotic monents of 4, from the exact moments of 2,
4,(i=1, 2, 3 and 4) are negligible.

2. A practical application and simulations

2.1 An example of the practical applications of RACOFFD method

2.1.1 Aim of the experiments

An example may be taken in reference to plug welding. The aim of
the experiments is to find out the effects of following factors to a response,
“gstrength ” of the metal welded by the method of plug welding. The shape
of these specimens, by which we have observed the strength of welded
metals, is sketched in Fig. 2-1. In Fig. 2-1, in which (a) is the upper
view of the specimen and (b) is the side view, the part A is the welded
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\ | plug
— AL 10, 129, Hg . 164,

/%/ , -— -**le(a)
O

50

upper plate
4 \\
|

f

/ lower plate

E

(b)

upper plate

(%\ 357 , space plate

lower plate

FIG. 2-2 Welding apparatus of the specimens

part of this specimen, which is the plug such that the pre-welding state
of the part of upper plate in this figure is a hole.

In Fig. 2-2, the side view of welding apparatus of experiments in which
the deposite metal fills out in the arrowed part under the controlled states

TABLE 2-1 Factors and those levels

I

levels to be controlled

Factor " Notation 1 : dimension
0o 1 2 3

Plug dianeter A 10 § 12 : 14 | 16 mm
Thickness of lower plate B 6 : 10 : mm
Gas ratio C 15:0 ; 15:3 : —
Paintings D No | Paint : —
Arc voltage H 30 ¢ 40 i Volt
Gap G 0 ¢ 08 i mm
Maker F F, | Fe : :

Welding current E 250 ; 300 | 350 | 400 ‘ Amp.
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in the following factor combinations designed by the RACOFFD.

We shall tabulate the factors and these levels to be controlled which
have to be investigated by the experimental method in Table 2-1. With
respect to these factors and those levels, we have the following remarks:

(1) Diameter of the plug which is the welded part is represented by the
dimension “ A ” in Fig. 2-1 and 2-2.

(2) The thickness of the lower plate is represented by the dimension “B”
in Fig. 2-1.

(8) Gas ratio is the mixing ratio of two kinds of gases, such that “O,”
gas content versus “CO,"” gas content.

(4) “Painting” means two states of specimens before the welding opera-
tion that the both osculating planes are painted or not.

(5) “Maker ” means the maker of materials used in the welding operation.

(6) The gap of both plates is controlled by the system shown in Fig. 2-2,
where the space plates generate the gap.

(7) *“ Welding current” and “arc voltage” are the controllable variables in
the welding procedure.

(8) The responsss of these experiments are observed by a 20-ton Amslar
strength testing machine.

After some considerations concerning to the phenomena in the factor
space constructed by above factors, we separate the factors into 2 groups
such that the lst group of factors contains A4, B, C, D and the 2nd group of
factors contains E, F, G, H. In virtue of the decomposition of factors A4,
B, .-, G and H, we can easily assign these factors in our random combined
fractional factorial designs with two levels and size N=32.

2.1.2 Design matrix and experimental results

We can show the design matrix with the responses as in Table 2-2, in
which the prescribed factors A, B, ---, G and H are allocated in the RA-
COFFD with two levels and size N-==32 (The procedure of allocation of
factors in the design matrix is described in the end of introduction of this
paper). In this table, the two levels of factors are denoted in “0” and
“1”, and the four levels of factors, A and F, are denoted in “ 007, “01”,
“10” and “11” corresponding to “17, “2”7, “3” and “4” levels, res-
pectively. The strengthes of the specimens, which are the responses of
the present experiments, are given in the last column,

2.1.3 Analysis of the Data

From the results of experiments, which are presented in Table 2-2, we can
analyse variance of these responses into the effects of the Ist group factors
by the ordinary procedure of analysis of variances under assumption that
the effects of the 2nd group factors are mutually independently distributed
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TABLE 2-2 Design matrix and results of plug welding experimets

1st group 2nd group Response
NO. ——— - — [ — _ e
A B C D E F G H strength
1 0 0 0 0 0 101 0 1 1 4.75
2 0 0 0 0 1 10 1 1 1 5.50
3 0 0 0 1 0 1 0 0 1 1 6.70
1 0 0 0 1 1 0 1 0 1 0 3.95
5 0 0 1 1 1 0 1 1 0 1 3.19
& 10 0 1 1 0 0 0 0 1 0 2.69
7 0 0 1 0 1 10 0 0 0 6.20
8 0 0 1 0 0 1 0 0 0 1 6.30
9 0 1 1 1 1 0 0 0 0 1 4.90
10 0 1 1 1 0 0 1 0 0 1 3.30
11 0 1 1 0 1 1 1 0 0 0o | 4.45
12 0 1 1 0 0 0 0 0 0 0 3.10
13 0 1 0 0 0 11 0 0 1 5.05
14 0 1 0 0 1 11 1 1 1 4.75
15 0 1 0 1 0 0 0 1 1 1 3.65
16 0 1 0 1 1 0 0 1 0 0 5.65
17 11 1 1 1 0 1 1 1 1 5.80
18 11 1 1 0 101 1 0 0 7.85
19 11 1 0 1 0 0 1 1 0 | 6.70
20 11 1 0 0 0 1 0 1 1 5.00
|
21 11 0 0 0 10 1 0 0 6.05
22 1 1 0 0 1 1 1 1 0 1! 4.65
23 1 1 0 1 0 0 1 0 0 0 4.97
24 11 0 1 1 1 1 0 1 0 6.98
25 1 0 0 0 0 0 0 0 1 1 5.95
2% 1 0 0 0 1 0 0 1 0 1 6.23
27 1 0 0 1 0 10 1 1 0 7.30
28 1 0 0 1 1 0 1 1 1 0 7.20
29 1 0 1 1 1 0 1 1 1 0 8.00
30 .1 0 1 1 0 1 0 0 1 0 8.65
3 1 0 10 1 11 1 0 o0 8.43
32 . 1 0 1 0 0 1 0 1 0 1 10.05
TABLE 2-3 Analysis of variance-1st group factors-
Factors | S.s | D.F M.S Fo | Fg(o.m)
A | 5261 | 3 1754 |12 | 1.78
B ‘ 78 1 78 0.5 w 1.82
C | 18 1 18 0.1 \ 1.82
D 3 1 3 ‘ 0.02 1.82
AXB | 1,160 3 | 387 | 2.6 ' 1.78
AXC 618 3 ‘ 206 1 1.4 1.78
AXD | 367 | 3 i 123 } 0.8 1.78
BXC | 276 1 i 276 ; 1.9 1.82
BXD | r 1 1 — 1.82
CxXD | 0.2 | 1 | 0.2 ) — 1.82
Error 1,901 ‘ 14 \ 146
Total 9,684 31 ‘

according to the normal distribution, vicé versa.

In Table 2-3 and 2-4, we

shall present the results of analysis of variance concerning to the Ist and

2nd group factors, respectively.

In these analysis variance tables, we shall abbreviate S.S. to show the
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TABLE 2-4 Analysis of variance-2nd group factors-

Factors s DF M. S Fo Fli(0.20)
E 2,383 3 794 33 1.78
F 1012.5 1 1,0125 42 1.82
98 1 98 0.4 1.82
H 4805 1 480.5 2.0 1.82
EF 235 3 783 03 178
E G 230.5 3 765 0.3 178
EH 1,110 3 370 16 178
F G 162 1 162 07 1.82
F < H 648 1 648 27 1.82
GxH 220.5 1 220.5 0.9 1.82
Error ' 3,103.5 14 238.7
Total 9,683.5 31

i

sums of squares, D.F. to show the degrees of freedom, M.S. to show the
mean squares, F', to show the observed F and F/ (0.20) to show the 207
point in F-distribution with pair of degrees of freedom f, and f..

In these analysis of variance tables, Table 2-3 and 2-4, the curves of
the several significant effects of factors in the analysis of variance test are
given in Fig. 2-3, 2-4, 2-5, 2-6, 2-7, 2-8 and 2-9. These figures represent
effective valuable informations concerning
to the aim of these experiments, as fol- /

-

lows.

[e2]
T
x

(1) Fig 2-3 gives the information that
the strength of welded metals increases
almost linearly as the plug diameters
increase and this is quite reasonable as
may be found in our preliminary con-
siderations on the physical aspects of
this phenomena. FIG. 2-3 Response to A

Response
(4]
x

o~

A‘O A1 AZ AB

(2) In Fig. 2-4, we get an information
concerning that interaction between A /B,
and B such that the effect of factor A
in B, is less than the effect of A in
B,.

(8) The interaction of B and C is shown
in Fig. 2-5, which shows that the effect
of factor B in C, is smaller than corres- L s
ponding effect in C,. x

Response
o ~
2 ;

/

/

(4) The main effect of factor E is shown
in Fig. 2-6, which gives the effect of . , ‘ .
welding current is represented in a Ay Ay Ay A4
smooth curve. FIG. 2-4 Interation of AXB

e
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FIG. 2-7 Fator F FIG. 2-8 Fator H
1o (5) The main effects of factors F' and H

o F1 are represented in Fig. 2-7 and 2-8.
H ek (6) The interaction between F and H is
&9 Fo shown in Fig. 2-9, which gives that the
at effect of factor H is negligibly small in
“0” level of F.

Ho Hi
FIG. 2-9 Interaction HxF
2.2 Simulations

2.2.1 Setting up of the models

To visualize the efficiency of our inference in the RACOFFD experi-
ments, we shall set up the synthetic models of experiments, as follows
(refer to S. Brooks [8]).

As we have seen in our previous chapter of this paper, the objective
world of our RACOFFD method can be assumed in the linear form of un-
known parameters «f, as, .-+, @3, Bi, B% -+, Bi_, and B such that

P R
(2'2'1) yni pglap’xpn—'_ ;1 /37,6176(11) "(“én ’
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where the variables x,, (p=1, 2, -+, P; n=1, 2, -+, N) and &, (r=1, 2,

.o, R; m=1, 2, ---, N) are the elements of the design matrix
(2.2.2) D: ! X1t Xio Xin !
Xp1 Xpz *t Xpy

i Em(m 517:(2) 517.5(1\1)

? 1
CErey Creey o SRy |

If we control these variables in two levels having narrow interval, then
a number of unknown parameters to be explored can be assumed to exist
in our objective world, but the size of these parameters may be controlled
under a small value. These aspects of experiments can be often found in
the problem of quality control, where there are many unknown and un-
controlled factors which affect the variability of the qualities to be con-
trolled.

As we have seen in chapter 1 of this paper, the power of test of the
null hypothesis, H,: «,=0, is affected by the size of three parameters «,,
®=N—P and t,=Na?/2(1+r,), under the restricted situation which is de-
termined by the parameters N, 8., 5., --+, s refering to Table 1-2.

Furthermore, the estimates in our RACOFFD situation are fluctuated
according to the prescribed distribution under the restricted conditions.

2.2.2 Designs and analysis

Let us examine following three situations.
MoODEL (A): We shall examine the power of test in the ordinary

fractional factorial design such that ynzzp a,x,,+¢e,, where {a;i=1{1, 0.5,
=1
0, - , 0.5, 1} and {&,}={—0.6, 2.1, ---, — 1.5} are randomly sampled from

the rounded random numbers according to the normal distrbution with mean
0 and variance 1. These synthetic data are tabulated in Table 2-5 with the
design matrix, in which we shall denote the design matrix in the transposed

P
style thus ¢,=>] a,%,, in the 3rd column from the last one ¢, in the 2nd
p=1

column from the last and the synthetic responses in the last column.

The analysis of variance for these data is tabulated in Table 2-6, of
which 1st column gives the symbols the 2nd column, the sum of squares
corresponding to the items in the Ist column the succeeding columns give
the same items as those of the ordinary analysis of variance table, except
the last 2 columns which give the values of parameters.
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TABLE 2-5
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MoDEL (B) : The second model is RACOFFD in which another frac-
tional factorial design conbinates randomly to the model (A), such that v,
=300, %+ 208 iy + £, Where jajt=141, 0.5, -, 0.5, 1§, 18/ = {0, 0.5, -+,
0.5, 0} , i¢,1=1-0.6, 2.1, ---, —0.3, —1.6} , are sampled from the normal
population in the similar manner as in the model (A), and =(») is a per-
mutation of the numbers 1, 2,.--, 32,

These synthetic data are tabulated in Table 2-7 with the RACOFFD
design matrix in which the design matrix is presented in the transposed
style as in the model (A), the Ist sub-matrix is presented in the columns
from 2nd to 16th, 2nd sub-matrix | ¢,.., (=1, 2, ---, R; n=1, 2,.-., 32)

P
is presented in the columns from 18th to 33th, and {, = 3> a,%,, Vrwm=
p=1

R
S8 ¢, are presented in the 17th and 34th columns, respectively, and so
r=1

on.

The analysis of variances of these data concerning to the 1st group
factors {«a;{(p=1, 2, -+, P) is given in Table 2-8 and similar one for the
2nd group of factors {8/} (=1, 2, ---, R) is given in Table 2-9.

MoDEL (C) : The last model is the RACOFFD design in which we
shall confirm the efficiency of our inference in the results of model (B).
Then, we have the model ¥, = >a, x,,+>8,6, w0 + ¢, Where {a,i =— 0.5,
1, -, 0.5, =05, {p/}=0,0, ---, —0.5, {&{=—0.8, 04, ---, —1.2, are con-
structed in similar way to the previous model, and = (%) is also a permuta-
tion of 32 numbers. These synthetic data with design matrix are presented
in Table 2—-10 as tabulated in similar way to Table 2-7, and the results of
analysis of variance concerning to Ist and 2nd group factors are given in
Table 2-11 and 2-12, respectively.

2.2.3 Considerations on the results of the simulations

In these synthetic experiments, we can observe the fact that the para-
meters having large value, 1 or — 1, are detected by these RACOFFD method
same as the results in the ordinary fractional factorial designs, and the
parameters having small value which is 0.5 or — 0.5, are not always detect-
ed by these RACOFFD same as the results in the ordinary fractional
factorial designs. In the contrary, the non-significant parameters are
sometimes judged significant in the RACOFFD test, in which we tested the
null hypothesis H,: «;=0 by appealing to the statistic F in the size of test
a,=0.20.

In virtue of the results in chapter 1, we can evaluate the of power of
test by

1-Q=1-L, (-, “2’ )
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FIG. 2-10 Finite populations in our synthetic models
where
I 70 10D
D+v, B Fy(ay)
’ 1+4r, )
in which By=1+2¢, , 1,=Na2/2(1+u,) .

In the example of the models, we have finite populations as a noisy effect
in our synthetic models in the Fig. 2-10, in which populations (1), (2), (3)
and (4) are corresponding to the synthetic populations, the (1) which is
given in the 17th column ¢, of Table 2-7, the (2) given in the 3rd column
from the last v, of Table 2-7, the (3) given in the 17th column ¢, of
Table 2-10, and the (4) given in the 3rd column from the last », of
Table 2--10, Then we can get the asymptotic power of test, which are
given by

for Ist ¢ 2nd @ 3rd | 4th = analysis variance table
r,= 434 278 876 | 246  for a,'=10
.08 | 070 | 094 @ 062 | for a,| =05

and the 2nd kind of error in the following table for @®=15 and «,=0.20.

Furthermore, the estimates of the parameters are given in the last
columns in the analysis of variance tables. From these, it can be observed
that the estimates of the parameters in the RACOFFD methods are dis-
tributed in a wide range.
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FIG. 2-11 The 2nd kind of error for #=15 and «y=0.20
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