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tWe 
onsider a spe
ial set 
overing problem. The problem is a natural gener-alization of �nding a minimum 
lique 
over in an interval graph. We present arounding algorithm that delivers a solution with a value of at most 2 + � timesthe value of an optimal solution for any � > 0.1 Introdu
tionGiven an integer k, and given an n�1 grid with on ea
h row at most k intervals, ea
hof arbitrary integral length and pla
ed at an arbitrary position, 
onsider the followingquestion.What is the minimum number of rows and 
olumns needed to stab all intervals?It is not hard to see that this problem is a spe
ial 
ase of the well-known set 
overingproblem: let the intervals 
orrespond to elements in the ground set, and let a set ofintervals that are on a same row or a set of intervals that share a 
olumn 
orrespondto a set in the 
olle
tion. We will refer to this spe
ial geometri
 set 
overing problemas GEOSCk.Appli
ations. The following type of situation leads naturally to instan
es of GEOSCk.Ea
h of n items (patients to re
eive treatment, produ
ts to undergo 
hemi
al pro
esses,ma
hines subje
t to inspe
tion) has to undergo treatment on a regular basis. More pre-
isely, for ea
h item a set of intervals is given during whi
h a treatment must take pla
e.The treatment itself takes one time-unit and is provided by some kind of ma
hine withunbounded 
apa
ity (that is, it 
an pro
ess any number of items), and 
onsists of"turning the ma
hine on" at some point in time, say t (this 
orresponds to sele
ting
olumn t). Then the items 
orresponding to intervals that are stabbed by 
olumn tundergo the treatment. The obje
tive is to minimize (a weighted 
ombination of) thenumber of times the ma
hine is turned on plus the number of items not pro
essed (anitem is not pro
essed when at least one of its intervals has not undergone the treatment(this 
orresponds to sele
ting the row 
orresponding to that item)).GEOSCk as a graph-theoreti
al problem. The question above 
an be formulatedas a graph-theoreti
al problem. Indeed, given the grid with its intervals, 
onstru
t agraph as follows. There is a node for ea
h interval, and two nodes are 
onne
ted if theyshare a 
olumn of the grid (blue edge) or if they are on the same row of the grid (red1



edge). Noti
e that an edge 
an be red as well as blue in 
ase two intervals of a samerow share a 
olumn (if one �nds bi
olored edges awkward, one 
ould alternatively workwith parallel edges of di�erent 
olors). Thus the graph 
onstru
ted is the edge-unionof an interval graph (the blue edges) and a k-partite graph. The 
overing question isnow equivalent to �nding a mono
hromati
 minimum 
lique 
over. Noti
e that in 
asek = 1 the 
overing question redu
es to �nding a minimum 
lique 
over in an intervalgraph. Sin
e intervals graphs are perfe
t (see for instan
e [2℄) this number 
an be foundin polynomial time.Related results. This problem has been investigated in [3℄. It is shown that theproblem is MAX SNP-hard for ea
h k � 2, and a 32 -approximation algorithm in 
asek = 2 is given.Our results. In Se
tion 2 we show that there is an LP-based algorithm that a
hievesa 2 + �-approximation for GEOSCk for any k and for any � > 0.2 An approximation algorithm for GEOSCkIn this se
tion we des
ribe an approximation algorithm for GEOSCk. Observe that bydupli
ating intervals one 
an assume wlog that instan
es of GEOSCk have pre
iselyk intervals per row. Consider now the following f0,1g programming formulation forGEOSCk. Let fl (sl) be the last (�rst) 
olumn of the grid for whi
h interval l is a
tive,l = 1; : : : ; kn. We use y-variables for the 
olumns and z-variables for the rows, wherea variable is 1 i� the respe
tive 
olumn, row is sele
ted. Noti
e that we 
an restri
tourselves to using only those y-variables for whi
h some interval ends in that 
olumn.Let us assume (wlog) that there are kn y-variables and let us further assume that theyare ordered by nonde
reasing fl, l = 1; : : : ; kn. Let S(l) = fj : sl � fj � flg, and letinterval l be on row r(l), l = 1; : : : ; kn.(IP ) Minimize Pknl=1 yl +Pni=1 zisubje
t to zr(l) +Pj2S(l) yj � 1 for all l = 1; : : : ; kn;all variables 2 f0; 1g:Now, given an instan
e I of GEOSCk, let OPT (I) be the value of the 
orrespondingoptimal solution, let vLP (I) be the value of the linear programming relaxation and letthe 
orresponding solution of the linear program be des
ribed by ŷl; ẑr(l). In addition toI let us also assume that some � > 0 has been spe
i�ed, and let N be a - yet unspe
i�ed- large number.We use an idea des
ribed in [1℄ to obtain the desired result.Informally, the algorithm works as follows. Given the ŷl and the ẑr(l) values, roundea
h of these fra
tional variables up to the nearest multiple of N , so that ~yj = al=Nfor some integral al, l = 1; : : : ; kn, and ~zj = bj=N for some integral bj, j = 1; : : : ; n.2



In ea
h 
olumn l where some interval ends, draw al verti
al lines l = 1; : : : ; kn. Simi-larly, draw bj horizontal lines in ea
h row j, j = 1; : : : ; n.Consider now the following question: is it possible to 
olor all lines using N2 
olors su
hthat ea
h line re
eives exa
tly one 
olor, and su
h that ea
h 
olor 
lass (that is, alllines with a same 
olor) stabs ea
h interval? Observe that if the answer is yes, therewould be, for ea
h interval and for ea
h 
olor, a line with that 
olor stabbing thatinterval; in other words, ea
h interval is stabbed by ea
h 
olor and hen
e ea
h set oflines 
orresponding to a 
olor 
lass is a feasible solution. The following propositionanswers this question in the aÆrmative:Proposition: There exists a feasible 
oloring using N2 
olors.Proof: Let us �rst 
onsider the verti
al lines. Index these lines a

ording to the indexof the 
olumn they belong to in non-de
reasing order. Then give line j 
olor (j mod N2 ),j = 1; : : :. Apply a similar approa
h to the horizontal lines: index these lines a

ordingto the index of the row they belong to in non-de
reasing order. Then give line j 
olor(j mod N2 ), j = 1; : : :. Let us now argue why this is a feasible 
oloring. Consider someinterval l. This interval is stabbed by 
olumns of the set S(l) or alternatively it isstabbed by Pj2S(l) aj lines. If this number is equal to or larger than N2 then we'redone sin
e the 
oloring approa
h des
ribed above ensures that N2 verti
al lines ea
hwith a di�erent 
olor stab interval l. Otherwise, we know that there are at least N2horizontal lines stabbing interval l (sin
e ~yj; ~zr(l) 
orrespond to a feasible LP-solution)whi
h implies by the 
oloring pro
edure above that interval l is stabbed by at least N2horizontal lines ea
h with a di�erent 
olor. End of propositionThus, by the proposition above there are N2 solutions whi
h have a total value of atmost NvLP + (k + 1)n=N (where the last term 
omes from rounding up the ~yj; ~zr(l)values). Setting N := q2(k+1)n� , it follows that there is at least one solution that hasa value bounded by 2 + � times OPT (I).Finally, observe that this approa
h is valid for integral right-hand sides in the formu-lation (IP) and also for a weighted obje
tive fun
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