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2 P. A. FERRARI, H. KESTEN AND S. MART�INEZThroughout we assume thatbP is irreducible, i.e., for all x; y 2 S0there exists an n = n(x; y) with Pn(x; y) > 0: (1:2)1:3 The absorption time is T = T (s0) = inffn � 0 : Xn = s0g; (1:3)1:4 and we assume that absorption is certain. This means that for some x 2 S0 (andhence all x) PxfT <1g = 1: (1:4)1:5 The fact that s0 is absorbing means of course thatXn = s0 for all n � T and Pn(s0; x) = �(s0; x); n � 0: (1:5)1:6 A normalized quasi-stationary distribution for X is a probability measure � on S0which satis�es the invariance condition� bPn = r(n)�; (1:6)1:7 where, necessarily, r(n) = Xy2S0 � bPn(y) = P�fT > ng: (1:7)1:8 Note that these distributions are conditionally invariant, in the sense thatP�fXn = yjT > ng = �(y) for all y 2 S0:A normalized quasi-stationary distribution �0 is called minimal ifE�0T = inffE�T : � a normalized quasi-stationary distribution g: (1:8)1:9 The interest in normalized quasi-stationary distributions arises from the fact thatif for some initial distribution � on S0,P�fXn = ygP�fT > ng ! �(y); y 2 S0; (1:9)1:10 for some probability distribution � on S0, then � is necessarily a normalized quasi-stationary distribution. (See Seneta and Vere-Jones (1966), Theorem 4.1). If thelimit in (1.9) exists we shall call it a Yaglom limit, because Yaglom (1947) provedthe existence of this limit for subcritical branching processes (when � is concen-trated on one point x). Such a limit � is also called a conditional limit distributionin the literature. There is an extensive literature discussing the existence of normal-ized quasi-stationary distributions and the Yaglom limit; see Ferrari et al. (1995)for some references. An additional recent reference is Roberts and Jacka (1994).Recently, Ferrari et al. (1995) gave a necessary and su�cient condition for the



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 3existence of a normalized quasi-stationary distribution for chains X� which satisfyin addition to (1.2) and (1.4) the conditionlimx!1PxfT � tg = 0 for all �xed t <1: (1:10)1:12 This of course means that for all t < 1 and " > 0, PxfT � tg � " for all but�nitely many x. (Actually Ferrari et al. (1995) deals with the continuous timecase, but their results carry over to discrete time; see Kesten (1995), Theorem Afor a statement of the discrete time result.) Unfortunately, (1.10) is rarely ful�lledfor chains X� which describe interacting particles which also have a spatial positionor which can be of in�nitely many types. The absorbing state is the state in whichno particle is present. Typically in such models absorption in unit time from anyof the in�nitely many states in which only one particle is present is bounded awayfrom 0. In�nitely many states, because the single particle can have in�nitely manypositions or types; the above phenomenon occurs if the probability for a particle todie in one time unit is uniformly bounded away from 0. A simple special example(which was in fact the principal motivation for this paper) is the subcritical contactprocess or oriented percolation on Zd as seen from the \leftmost" particle (withstate space S a certain collection of �nite subsets of Zd containing f0g plus theempty set). Our aim here is to prove the existence of a normalized quasi-stationarydistribution and a Yaglom limit for a class of interacting particle systems andprobabilistic automata which includes oriented percolation on Zd, d � 1. This willbe done by proving those chains R-positive-recurrent. (A more detailed descriptionof some of these examples and the role of the leftmost particle is given before thestatement of Theorem 2 below; full details are in Sect. 4.) Pakes (1995) investigatedsome other examples in which (1.10) may fail.We remind the reader of some basic facts which hold solely under the assumption(1.2) (see Vere-Jones (1967)). The periodp := g.c.d.fn : bPn(x; x) > 0g is �nite and is the same for all x 2 S0; (1:11)1:13 S0 can be decomposed into p disjoint subclasses S0;0; � � � ; S0;p�1so that bP (x; y) > 0 only if x 2 S0;j; y 2 S0;j+1 for some0 � j � p� 1 (here and in the sequel we take S0;j1 = S0;j2when j1 � j2(mod p); the S0;j are referred to as thecyclically moving subclasses or periodic subclasses); (1:12)1:14
if x 2 S0;i and y 2 S0;j ; then 1R := limn!1[ bPnp+j�i(x; y)]1=npexists and the value of R is independent of x; y; i and j; (1:13)1:15 1 � R <1: (1:14)1:16 The chain X� and bP are called R-recurrent if for some x 2 S01Xn=0Rnp bPnp(x; x) =1; (1:15)1:17



4 P. A. FERRARI, H. KESTEN AND S. MART�INEZand it is called R-positive-recurrent if, in addition, for some x 2 S0lim supn!1 Rnp bPnp(x; x) > 0: (1:16)1:18 Again (1.15) and (1.16) either hold for all x in S0 simultaneously or for no x. If(1.15) and (1.16) hold, then there exist functions f : S0 ! (0;1); � : S0 ! (0;1)which satisfy bPnf(x) = Xy2S0 bPn(x; y)f(y) = R�nf(x); x 2 S0; n � 0; (1:17)1:19 � bPn(y) = Xx2S0 �(x) bPn(x; y) = R�n�(y); y 2 S0; n � 0; (1:18)1:20 Xx2S0;j f(x)�(x) = 1; 0 � j � p� 1; Xx2S0 f(x)�(x) = p; (1:19)1:21 and for x 2 S0;i; y 2 S0;j for some 0 � i; j � p� 1limn!1Rnp+j�i bPnp+j�i(x; y) = f(x)�(y): (1:20)1:22 f and � are uniquely determined up to multiplicative constants by (1.17) and(1.18). (1.18) does not say that � is a (multiple of a) normalized quasi-stationarydistribution, because Px2S0 �(x) may diverge. In order to obtain a normalized quasi-stationary distribution, and for the Yaglom limit relation (1.9) we needXx2S0 �(x) <1 (1:21)1:23 (See Seneta and Vere-Jones (1966), Theorem 3.1). It is an important step in ourproof to show that (1.21) indeed holds under the conditions of Theorem 1 below,which is our principal result.Theorem 1. Assume that the Markov chain fXngn�0 satis�es (1.2), (1.4) as wellas the following conditions:there exists a non empty set U1 � S0; an "0 > 0 and a constantC1 such that for all x 2 U1 and all n � 0PxfT > n; but X` =2 U1 for all 1 � ` � ng � C1(R+ "0)�n; (1:22)1:24 there exists a state x0 2 U1 and a constant C2 such thatfor all x 2 U1 and n � 0; PxfT > ng � C2Px0fT > ng; (1:23)1:25 and there exists a �nite set U2 � S0 and constants 0 � n0 <1; C3 > 0;such that for all x 2 U1; PxfXn 2 U2 for some n � n0g � C3: (1:24)1:26



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 5Then X� is R-positive-recurrent, so that (1.17){(1.20) hold for p=period of bP andsome strictly positive functions f and �. Moreover, (1.21) is satis�ed ande�(x) := �(x)Py2S0 �(y) ; x 2 S0; (1:25)1:27 de�nes a minimal quasi-stationary distribution for X�. Also, if S0;0; � � � ; S0;p�1 arethe cyclically moving subclasses as in (1.12), and x 2 S0;i, thenlimn!1n�j(mod p) RnPxfT > ng = f(x) Xy2S0;i+j �(y); (1:26)1:28 and for x 2 S0;i, y 2 S0;jlimn!1n�j�i(mod p) PxfXn = yjT > ng = �(y)Pv2S0;j �(v) : (1:27)1:29 Finally, for each x 2 S0 there exists an �(x) > 0 and C4(x) <1 such thatPxfXnp = x; but Xs 6= x for 1 � s � np� 1g � C4(x) 1(R+ �(x))n : (1:28)1:30 Remarks: (i) (1.27) can be easily generalized to give convergence of �nite dimen-sional distributions,that is, for 0 < s1 < � � � < s`, x 2 S0;i, y1 2 S0;j1 ; � � �y` 2 S0;j` ,it holds thatlimn!1PxfXbsrncp+jr�i = yr; 1 � r � `��T > bs`ncp+ j` � ig= �(y`)Pv2S0;j` �(v) `�1Yr=1[f(yr)�(yr)]: (1:29)1:31 (ii) A consequence of (1.29) and (1.19) is that for all " > 0 and 0 < s � 1, thereexists a �nite set S("; s) � S such that for all x 2 S0limn!1PxfXbsnc 2 S("; s)jT > ng � 1� ":In other words, when conditioned on no absorption till time n, then the chain X�tends to spend \most of its time near s0". This contrasts with some of the examplesin Ferrari et al. (1995). E.g., let eXn be the absorbing random walk on Z+ with 0as absorbing state and which moves from x � 1 to x+ 1 or x� 1 with probabilityp and q = 1� p, respectively, with 0 < p < 12 . Then fn� 12 eXbsncg0�s�1 conditionedon T > n essentially behaves like a positive Brownian excursion (scaled so that ithas length 1). In particular, for �xed 0 < s < 1;Pxfj eXbsnc < "pnjT > ng



6 P. A. FERRARI, H. KESTEN AND S. MART�INEZcan be made small uniformly in n, by taking " small. Thus eX conditioned on T > n,spends most of its time far away from the absorbing state 0.Theorem 1 has some value only if its hypotheses can be veri�ed without toomuch trouble for a reasonable class of examples. The hypothesis which looks themost troubling is (1.22). The next theorem shows that this actually follows directlyfrom known results in many instances of so called probabilistic cellular automata,which are similar to the subcritical contact process. We begin with a Markov chainf eXngn�0 on a countable state spaceeS = eSd;� which is a subset of the collection of all functionsx : Zd ! f0; 1; � � � ; �� 1g with x(z) 6= 0 for only �nitely many z: (1:30)1:32 Here � � 2 is some �xed integer. Zd can be replaced by other lattices and thisshould indeed be done to treat the usual oriented percolation. For simplicity werestrict ourselves here to the state space (1.30). Let the state 0 with all componentsequal to 0 be the absorbing state. ThusPf eXn = xj eX0 = 0g = �(0; x); n � 0; x 2 eS: (1:31)1:33 eS and the transition probabilities have to be such thatthe transition probability matrix is irreducible on eS0 = eS n f0g: (1:32)1:34 (It is for this reason that eS may have to be taken only a subset offx 2 f0; 1; � � � ; �� 1gZd : x(z) 6= 0 for only �nitely many zg;rather than the full set.) We further impose the following fairly common conditionson the transition probabilities:Translation invariance: Pf eX1 = y � uj eX0 = x� ug= Pf eX1 = yj eX0 = xg for all u 2 Zd; where the statex� u is speci�ed by (x� u)(z) = x(z + u); z 2 Zd;and similarly for y � u; (1:33)1:35 Independence of coordinates: Conditionally on eX0; � � � ; eXn;the coordinates f eXn+1(z) : z 2 Zdg of eXn+1 are independent; (1:34)1:36 Finite range: There exists some � <1 such thatthe conditional distribution of eXn+1(z); given eXn;depends only on eXn(z0) for kz0 � zk2 � �: (1:35)1:37 It is trivial to check that the discrete time version of the contact process andoriented percolation (see Sect. 4) satisfy (1.31){(1.35) for � = 2. In analogy with



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 7the terminology for that chain we shall call sites z with x(z) = 0 (6= 0) vacant (andoccupied, respectively) in state x. It is convenient to think of a particle sitting ateach occupied site, the particle having one of the types 1; � � � ; � � 1. The chaineX� then describes motion, birth, death and change of type of a �nite system ofparticles.Theorem 1 will not apply to eX itself. As illustrated by oriented percolation wecannot expect the limit in (1.27) to have a nonzero value because the occupied sitesof eXn will wander all over the space Zd (even under the condition fT > ng). Alsocondition (1.24) will fail because particles cannot jump in �xed time n0 from faraway to a site which is occupied in one of the �nitely many states in U2. Theorem 1will only apply to the relative positions of the occupied sites. To make this precise,let �(n) = f�1(n); � � � ; ��(n)g be the occupied sites at time n, that is the sites inZd with eXn(�i(n)) 6= 0. � = �(n) is random here. If no sites are occupied at timen we take �(n) = 0, �(n) = �. If � > 0, the order of the �i(n) is arbitrary, exceptthat we take �1 to be the �rst among �1; � � � ; �� in the lexicographical ordering onZd. We call �1(n) the leftmost occupied position at time n. Finally de�neXn = � 0 if �(n) = 0eXn � (��1(n)) (1:36)1:38 Thus Xn(z) = j precisely when eXn(z+�1(n)) = j. From the translation invariance(1.33) it is not hard to see that fXngn�0 is again a Markov chain (this is the onlyplace where translation invariance is strictly needed). The state space S of theX-chain is of the same form as that of eX. Only Xn(0) 6= 0 whenever Xn 6= 0, andXn(z) 6= 0 can only occur at a z which comes after 0 in the lexicographical orderingof Zd. The absorbing state for X� is again 0.Here are some �nal de�nitions. For x 2 eS or x 2 S,jxj = number of occupied sites in x = number of z 2 Zd with x(z) 6= 0: (1:37)1:39 The use of the same symbol j j for points in eS and in S will not lead to any seriousconfusion, since in both cases jxj represents the number of occupied sites. Forsimilar reasons we shall use T for the absorption time of eX and of X. The processf eXng is called strongly subcritical ifnd supx2eS; z2ZdPxf eXn(z) 6= 0g ! 0 as n!1: (1:38)1:40 Theorem 2. Let eX be a Markov chain on the space eS of (1.30) whose transitionprobabilities satisfy (1.31){(1.35). Let Xn be de�ned by (1.36). Assume that f eXngis strongly subcritical. Then for each 
 > 0 there exists a K < 1 and a C5 =C5(K; 
) <1 such that for all x with jxj � KPxfT > n; but jX`j > K for all 1 � ` � ng � C5
n; n � 0: (1:39)1:41 Clearly (1.39) gives us (1.22) with U1 = fx : jxj � Kg by taking 
 < R�1, say
 = (R + 1)�1. Thus, Theorem 2 reduces checking (1.22) to checking that our



8 P. A. FERRARI, H. KESTEN AND S. MART�INEZprocess is strongly subcritical. For some processes it is known that if they die outw.p.1 (i.e., satisfy (1.4)), then they are automatically strongly subcritical. In otherexamples it should be possible to use a Peierls argument or simple comparisons withother chains to show that the chain X� is strongly subcritical, at least for certainchoices of the transition probabilities. (See also the discussion at the end of Example(a) in Sect. 4.) Condition (1.24) is usually innocuous; as illustrated in the proofof Proposition 3 it just depends on probabilities of particles disappearing beingbounded away from 0. Condition (1.23), which is trivial for the contact processor oriented percolation (see Remark (viii) in Sect. 4), turns out to be nontrivialin general. We verify it in Sect. 4 for some chains of the form described above.For the special case of the discrete time contact process or oriented percolation allhypotheses are veri�ed in this same section.Finally, in Sect. 5 we derive a central limit theorem for the absolute location ofthe occupied sites in the eX-chain. The conclusion of Theorem 1, tells us that Xn,conditioned on fT > ng has a limit distribution. Thus, for Xn as in (1.36), thistells us that the number of particles and their distances to the leftmost occupiedposition �1(n) are tight (under the condition fT > ng). However, the absoluteposition of the occupied set, by which we simply mean �1(n) itself, will not betight without normalization. In fact our last theorem shows that �1(n)=pn isusually asymptotically normally distributed and independent of Xn (still under thecondition fT > ng). This result follows almost immediately from standard centrallimit theorems for recurrent Markov chains, by means of the strong recurrence result(1.28).Theorem 4. Let fXng be de�ned by (1.36) for a chain eX� with rates satisfying(1.31){(1.35). Assume that (1.22){(1.24) are satis�ed. Then there exists an M 2Rd and a d� d matrix � such that�1(n)� nMpn conditioned on fT > ng converges indistribution to N(000;�): (1.401:42 )More generally let p be the period of (the restriction to S0 of) X� and let S0;0; � � � ; S0;p�1be the cyclically moving subclasses in S0 (cf. (1.12)). Then, for 0 < s1 < s2 <� � � < s`, x 2 S0;i; y1 2 S0;j1 ; � � � ; y` 2 S0;j` and 
1; � � � ; 
` 2 R; w 2 Zd, as n!1;P��1(bsrncp+ jr � i)� srnpMpnp � 
r; Xbsrncp+jr�i = yr; 1 � r � ` ��X0 = x; �1(0) = w; T > bs`ncp+ j` � i�! PfGsr � 
r; 1 � r � `g �(y`)Pv2S0;j` �(v) `�1Yr=1[f(yr)�(yr)]; (1:41)1:43
where fGtgt�0 is a d-dimensional Gaussian process with mean zero, G0 = 000 andcovariance function EfGsG�t g = (s ^ t)�:



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 9(G� is the transpose of the column vector G). In particular this result is valid for thesubcritical discrete time contact process (site or bond version) on Zd with M = 000,� = �2� (identity matrix of dimension d) for some �2 > 0.If � is the zeromatrix, then (1.41) means that for all " > 0P�k�1(bsrncp+ jr � i)� srnpMkpn � ";Xbsrncp+jr�i = yr; 1 � r � ` ��X0 = x; �1(0) = w; T > bs`ncp+ j` � i�! �(y`)Pv2S0;j` �(v) `�1Yr=1[f(yr)�(yr)]:Remarks: (iii) Note that the condition X0 = x, �1(0) = w �xes the full state ofeX0. If X0 = x and �1(0) = w, then eX0(z) = x(z � w).(iv) Some more information on M and � is given in (5.12), (5.13) and succeedinglines.(v) A central limit theorem for oriented percolation (in a Fourier form) was provenbefore by Nguyen and Yang (1995). They use lace expansions, which only workin high dimension and seem to be restricted to oriented percolation. It would bedi�cult to extend their method to the more general class of processes describedbefore Theorem 2. On the other hand Nguyen and Yang also treat the criticaloriented percolation, in addition to the subcritical one. Our method does notapply at all to the critical case.For the more di�cult case of ordinary, unoriented percolation a related { butslightly di�erent { central limit result was �rst proved in Campanino, Chayes andChayes (1991).(vi) It is not di�cult to extend the limit theorem (1.41) for the �nite dimensionaldistributions of f�1(bsnc)=pngs�0 conditioned on fT > ng to a full invarianceprinciple (of the �1 coordinate only, though).Acknowledgments. P.F. and H.K. thank the Newton Institute of MathematicalSciences for its hospitality and its support during the Fall of 1993, when this researchwas carried out.2. R-Positive-recurrence.In this section we shall prove Theorem 1 for general absorbing Markov chains.(1.2), (1.4) and (1.22){(1.24) will be in force throughout this section.Here is a brief outline of the proof. Fix a state y0. (1.22) (in conjunction with(1.13)) says more or less that, conditionally on T > n, the chain cannot stay awayfrom U1 too long. This will be used to show that in fact X� will visit U1 at a timenear n, with a probability bounded away from 0. By (1.24) X� will then also visitU2, and even y0 at a time near n, with a probability bounded away from 0. Wewill actually show that even the probability for Xk = y0 and Xn = y0 is on theaverage ( over k 2 [0; n]) not too small, still under the condition fT > ng. A littlerenewal theory then shows that X� must be R-positive-recurrent (see Lemma 5).



10 P. A. FERRARI, H. KESTEN AND S. MART�INEZAs already stated, Vere-Jones' results then show that there exist f and � satisfying(1.17){(1.20). One can therefore introduce the honest transition probability matrixP �(x; y) = RP (x; y)f(y)f(x) ; x; y 2 S0:This is positive recurrent. From the fact that fXn = y0g has not too small aprobability we will obtain that Py0fT > ng is of the same order as Pn(y0; y0).Using P � and a Markov chain X� with this transition probability quickly leads to(1.21), (1.26) and (1.27).To prove (1.28) we appeal to the hypothesis (1.23). Speci�cally, this is used toshow that the function f is bounded on U1. This will allow us to reduce (1.28) tofairly standard exponential bounds or large deviation estimates for the chain X�(these no longer involve R).The above steps are separated into various lemmas. The R{positive recurrenceand (1.17){(1.20) are proven in Lemma 5; the fact that the ~� of (1.25) is a minimalquasi-stationary distribution is in Lemma 7. Finally, (1.21) and (1.26){(1.28) areproven in Lemmas 6 and 8. We carry out the proof only for the aperiodic case(p = 1); the extension to general p is routine.Throughout Di will stand for a strictly positive, �nite constant whose value isof no signi�cance to us; the same symbol Di may represent a di�erent constantin di�erent proofs, but we will not vary the value of Di in a single lemma. AlsoC1; C2; � � � will be constants in (0;1), but they maintain the same value throughoutthis section.We begin with a simple reduction, based merely on the irreducibility assumption(1.2), and which is not strictly needed, but which simpli�es the formulae.Lemma 1. For any �xed y0 2 S0 we may assume that U2 consists of y0 only andthat the x0 of (1.23) equals y0. (In particular we may assume that U1 contains y0.)Proof. Fix y0 2 S0. By the irreducibility of bP and the �niteness of U2 there existsan m0 <1 and a D1 > 0 such that for all y 2 U2P k(y; y0) � D1 for some 0 � k � m0: (2:1)2:1 Then, by (1.24), for x 2 U1PxfXn = y0 for some n � n0 +m0g� n0Xj=0 Xy2U2 PxfX� �rst visits U2 at time j;Xj = ygPyfXk = y0 for some k � m0g� D1 n0Xj=0 PxfX� �rst visits U2 at time jg � D1C3:Thus, by replacing C3 by D1C3 and n0 by n0 + m0, we may assume (1.24) validwith U2 = fy0g.Next we compare Px1fT > ng and Py1fT > ng for arbitrary x1; y1 2 S0. Thesetwo probabilities will be of the same order. Indeed, there exists a k = k(x1; y1) sothat P k(y1; x1) > 0:



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 11Since Xk = x1 2 S0 implies T > k, we also havePy1fT > ng � P k(y1; x1)Px1fT > n� kg� P k(y1; x1)Px1fT > ng: (2:2)2:2 In particular, if y0 is any �xed state, then the inequality in (1.23) will continue tohold (with a suitable change in C2) if we replace x0 by y0. However, (1.23) in itsoriginal form required that x0 2 U1, and y0 may not belong to U1. In the lattercase we simply add y0 to U1 and verify that (1.22) and (1.24) remain valid afterthis enlargement of U1. To verify (1.22) we note that the irreducibility of bP showsthat if y0 does not belong to U1, then there exists some k > 0 and some y 2 U1,such that PyfXk = y0; X` =2 U1 for 1 � ` � kg > 0:Moreover, PyfT > n+ k; but X` =2 U1 for all 1 � ` � n+ kg� PyfXk = y0; X` =2 U1 for 1 � ` � kg� Py0fT > n; but X` =2 U1 for all 1 � ` � ng:The �rst factor in the right hand side is strictly positive, and the left hand side isat most C1(R + "0)�n. Thus (1.22) also holds for x = y0 (after a suitable changeof C1). Now adding y0 to U1 can only help for the inequality in (1.22).(1.24) holds automatically, because if the inequality holds for x 2 U1 and forx = y0, then it holds for x 2 U1 [ fy0g. �From now on we assume that U2 is a singleton, say U2 = fy0g, and that this y0belongs to U1 and that x0 in (1.23) equals y0.Lemma 2. There exists a constant C6 > 0 and for all x 2 U1 an n1 = n1(x) <1such that nXk=0PxfXk = y0jT > ng � C6n; n � n1: (2:3)2:3 Proof. For n0 as in (1.24) and k � n� n0 one hasn0X̀=0 PxfXk+` = y0jT > ng� 1PxfT > ng Xu2U1 P k(x; u) n0X̀=0 P `(u; y0)Py0fT > n� kg� C3C�12 Xu2U1 P k(x; u)PufT > n� kgPxfT > ng (by (1.23) and (1.24))= C3C�12 PxfXk 2 U1jT > ng:It therefore su�ces to prove that for some D1 > 0



12 P. A. FERRARI, H. KESTEN AND S. MART�INEZnXk=0PxfXk 2 U1jT > ng � D1n; x 2 U1; n � n1: (2:4)2:5 Now, let 0 � �0 < �1 < � � � be the successive times at which X� visits U1 and de�ne�(n) = maxfj : �j � ng:We shall take X0 = x 2 U1 so that �0 = 0 and �(n) will be well de�ned. �(n) + 1will be the number of visits by X� to U1 during [0; n]. We de�neFk = �-�eld generated by X0; � � � ; Xk:Then, conditionally on F�j ; �j+1 � �j has a defective distribution, which satis�eson the event f�j <1; X�j = yg with y 2 U1Pxfr < �j+1 � �j <1jF�jg = Pyfr < �1 <1g= PyfX` =2 U1 for 1 � ` � r; but Xk returns to U1 for some k > rg� PyfT > r; but X` =2 U1 for 1 � ` � rg � C1(R+ "0)�r (2:5)2:6 (by (1.22)). Consequently, for any � � 0 with e� < R+ "0, on the event f�j <1g,1Xr=1 e�rPxf�j+1 � �j = rjF�jg� e� + (e� � 1) 1Xr=1 e�rPxfr < �j+1 � �j <1jF�jg� D2(�)for some 1 < D2(�) <1. It follows thatPxfj-th return to U1 occurs at time rg = Pxf�j = rg� e�r�ExfePj�1i=0 �(�i+1��i);�j <1g � e�r�[D2(�)]j: (2.62:7 )We use this to prove that for some � > 0 (independent of x 2 U1) and n1Pxf�(n) � �njT > ng � 12 ; x 2 U1; n � n1; (2:7)2:8 which in turn will implynXk=0PxfXk 2 U1jT > ng = Exf number of visits by X� during [0; n] to U1jT > ng� Exf�(n)jT > ng � �nPxf�(n) > �njT > ng � 12�n:



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 13Thus (2.4), and hence the lemma, will follow from (2.7). But for x 2 U1, by astandard last exit decomposition,Pxf�(n) � �n; T > ng= X0�j��n nXr=0 Xy2U1 Pxf�(n) = j; ��(n) = r;Xr = y; T > ng= X0�j��n nXr=0 Xy2U1 Pxf�j = r;Xr = yg� PyfT > n� r; but X` =2 U1 for 1 � ` � n� rg� X0�j��n nXr=0Pxf�j = rgC1(R+ "0)�n+r (by (1.22))� C1 X0�j��n nXr=0 e�r�[D2(�)]j(R+ "0)�n+r� D3(�)[D2(�)]�n(R+ "0)�n nXr=0[(R+ "0)e��]r:
(2:8)2:9

Now choose � > 0 such that e� = R+ 78"0, and then � > 0 so small that[D2(�)]�e�� � (R+ 34"0)�1:We then �nd that the left hand side of (2.7) is at mostD4(�)(R+ 34"0)�n[PxfT > ng]�1: (2:9)2:10 On the other hand, for x 2 S0 there exists an n1 <1 such thatPxfT > ng � bPn(x; x) � �R+ "02 ��n ; n � n1; (2:10)2:11 by virtue of (1.13) (recall that we took p = 1). (2.8){(2.10) show that , if n1 ischosen large enough, alsoPxf�(n) � �njT > ng � D5(�) R+ "02R+ 3"04 !n � 12 ; n � n1; (2:11)2:12 as desired. �The preceding lemma showed that there is a reasonable chance for the \average"k, that Xk = y0. We now show that fXk 2 U1 for some k \close to n"g has a highprobability (all this conditioned on fT > ng).



14 P. A. FERRARI, H. KESTEN AND S. MART�INEZLemma 3. For every � > 0 and x 2 U1 there exist m0 = m0(x; �), n2 = n2(x; �) <1 such thatPxfX` =2 U1 for all n�m0 � ` � njT > ng � �; n � n2: (2:12)2:13 Proof. Take n1(x) as in (2.10). Then for any x 2 U1, y 2 S0 and p � n1(x)PxfT > ng � P p(x; x)PxfT > n� pg� �R+ "02 ��p PxfT > n� pg; (2:13)2:14 and for m � n1(x)PxfT > n; last visit to U1 by X� occurs before time n�mg= n�m�1Xr=0 PxfXr 2 U1; X` =2 U1 for r < ` � n; T > ng= n�m�1Xr=0 Xy2U1 P r(x; y)PyfX` =2 U1 for 1 � ` � n� r; T > n� rg� nXp=m+1 Xy2U1 Pn�p(x; y)C1(R+ "0)�p (by (1.22))� C1 nXp=m+1PxfT > n� pg(R+ "0)�p (because Xn�p = y 2 U1 implies T > n� p)� D1 �R+ "02R+ "0 �m PxfT > ng (by (2.13)) :Thus, for any � > 0, we can �x m0 = m0(x; �) such that for all large n, sayn � n2(x; �), (2.12) holds. �We now combine Lemmas 2 and 3 to get our �rst real recurrence statement.Lemma 4. There exist constants C7 > 0 and n3 <1 such that for n � n3nXk=0Py0fXk = y0 and Xn = y0jT > ng � C7n: (2:14)2:15 Proof. We start from (2.3) with x = y0 2 U1. We now take � = C6=4 and subtractfrom (2.3) the following consequence of (2.12)nXk=0Py0fX` =2 U1 for all n�m0 � ` � njT > ng� �(n+ 1) � 12C6n; n � n2(y0; �) + 2



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 15(m0 = m0(y0; �)). We obtain that for n � n1(y0) _ (n2(y0; �) + 2)nXk=0Py0fXk = y0; and X` 2 U1 for some n�m0 � ` � njT > ng � 12C6n: (2:15)2:16 The value of Xn is still unspeci�ed in (2.15) and we must now make Xn itselfequal to y0. First we note that there exists an r and D1 > 0 so thatP q(y; y0) � D1 for all y 2 U1 and r � q � r +m0: (2:16)2:20 This is so because, by (1.13), there exists an s and a D2 > 0 such thatP q(y0; y0) � D2 for all q with s � q � s+ n0 +m0:Thus for y 2 U1, s+ n0 � q � s+ n0 +m0P q(y; y0) � n0X̀=0 Pyf �rst visit to y0 occurs at time `gP q�`(y0; y0)� D2 n0X̀=0 Pyf �rst visit to y0 occurs at time `g � D2C3:This is (2.16) for r = s+ n0; D1 = D2C3. Finally, (2.15) and (2.16) show thatnXk=0Py0fXk = y0; Xn+r = y0g� nXk=0 nX`=n�m0 Xy2U1 Py0fXk = y0; �rst visit to U1at or after time n�m0 is at time ` and X` = ygPn+r�`(y; y0)� D1 nXk=0Py0fXk = y0; X` 2 U1 for some n�m0 � ` � ng� 12D1C6nPy0fT > ng � 12D1C6nPy0fT > n+ rg:
(2:17)2:21

Short of replacing n+r by n, this is (2.14) with C7 = 12D1C6 and n3 = (n1_n2)+2:�Lemma 5. bP is R-positive-recurrent and there exist strictly positive functions f; � :S0 ! (0;1) which satisfy (1.17){(1.20). Up to multiplicative constants f and �are unique.Proof. De�ne gn = Py0fXn = y0; Xr 6= y0 for 1 � r � n� 1g;and L = 1Xn=1 gnRn:



16 P. A. FERRARI, H. KESTEN AND S. MART�INEZThen, by Vere-Jones (1967), Theorem C, L � 1, and bP is not R-recurrent is equi-valent to L < 1: (2:18)2:22 We begin by proving that (2.18) is not consistent with (2.14). To see this note that(2.14) implies nXk=0 bP k(y0; y0) bPn�k(y0; y0) � C7nPy0fT > ng� C7n bPn(y0; y0); n � n3; (2:19)2:23 (again because Xn = y0 2 S0 implies T > n). Next introduce i.i.d. randomvariables Y; Y1; Y2; � � � with the distributionPfY = ng = g�n := gnRn; 1 � n <1;PfY =1g = 1� L: (2:20)2:24 (This is really a distribution by the de�nition of L and (2.18).) Under (2.18) themass of this distribution on 1 is strictly positive. Now setT` = X̀j=1 Yjand observe thatPy0fXk = y0jXn = y0g = bP k(y0; y0) bPn�k(y0; y0)bPn(y0; y0)= Rk bP k(y0; y0)Rn�k bPn�k(y0; y0)Rn bPn(y0; y0)= Pfk equals some T`gPfn� k equals some T`gPfn equals some T`g= Pfk equals some T`jn equals some T`g:Therefore (2.19) shows that for n � n3;C7n � nXk=0 bP k(y0; y0) bPn�k(y0; y0)bPn(y0; y0) = Efnumber of T` in [0; n]��n equals some T`g� 12C7n+ (n+ 1)Pfnumber of T` in [0; n] exceeds 12C7n��n equals some T`g:But for any � > 0Pfn equals some T`g = Rn bPn(y0; y0) � (1� �)n



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 17for large n, by virtue of (1.13). ThereforePfnumber of T` in [0; n] exceeds 12C7ng� 14C7Pfn equals some T`g � 14C7(1� �)n (2:21)2:225 for all large n. This, however, is impossible ifLC7=2 < 1� �;because Pfnumber of T` in [0; n] exceeds 12C7ng� PfYj <1 for j � 12C7ng � LC7n=2:This is the required contradiction and we conclude that L = 1 and that bP is R-recurrent.Next we show that bP is R-positive-recurrent. Multiply (2.19) by snRn and sumover n. If we write U(s) = 1Xn=0 bPn(y0; y0)snRn;we obtain U2(s) � C7sU 0(s)� C7(n3 + 1)2Rn3 ; 0 � s < 1 (2:22)2:25 (the C7(n3 + 1)2Rn3 is needed because (2.19) holds only for n � n3). Now theR-recurrence of bP simply says thatU(1) = 1X0 Rn bPn(y0; y0) =1:Therefore for 12 � t < 1 and some D1 <11U(t) = 1U(t) � lims"1 1U(s) = 1Zt U 0(s)U2(s)ds � D1(1� t):Consequently, U(t) � 1D1(1� t) as t " 1and necessarily lim supn!1 Rn bPn(y0; y0) > 0;which gives R-positive-recurrence.The existence of f and � which satisfy (1.17){(1.20) and their uniqueness up tomultiplicative constants is now guaranteed by Vere-Jones (1967), Theorem 4.1 andCorollary on p. 375. �



18 P. A. FERRARI, H. KESTEN AND S. MART�INEZLemma 6. The f and � of Lemma 5 satisfy (1.21), (1.26) and (1.27).Proof. Assume that (1.21) fails, so thatXy2S0 �(y) =1:Then, by (1.20) and Fatou's lemmalim infn!1 RnPy0fT > ng = lim infn!1 Xy2S0RnPy0fXn = yg � f(y0) Xy2S0 �(y) =1:This, however, is not posible, since (2.14) implies that for n � n3C7 nn+ 1 � 1n+ 1 nXk=0Py0fXk = y0; Xn = y0jT > ng� Pn(y0; y0)Py0(T > n) = RnPn(y0; y0)RnPy0fT > ng� f(y0)�(y0)RnPy0fT > ng (by (1.20)).Thus (1.21) must hold.(1.26) now follows from the dominated convergence theorem. Indeed, by (1.18),�(x) bPn(x; y) � � bPn(y) = R�n�(y)so that Rn bPn(x; y) � �(y)�(x) :Thus, by (1.20)limn!1RnPxfT > ng = limn!1 Xy2S0Rn bPn(x; y) = f(x) Xy2S0 �(y):Finally, (1.27) is immediate from (1.26) and (1.20). �Lemma 7. e� as de�ned in (1.25) is the unique minimal normalized quasi-stationarydistribution.Proof. Clearly e�(S0) = 1. Moreover, by (1.18)e� bPn = R�ne� ;so that � is a normalized quasi-stationary distribution.To show the minimality of e� observe that for any normalized quasi-stationarydistribution �, (1.6) impliesr(n+m) = r(n)r(m) and r(n) = [r(1)]n



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 19and hence, by virtue of (1.7),P�fT > ng = [P�fT > 1g]n;E�T = 1Xn=0P�fT > ng = [1� P�fT > 1g]�1:Thus, in the set of normalized quasi-stationary distributions the expected absorp-tion times are ordered in the same way as P�fT > 1g, and a normalized quasi-stationary distribution e� is minimal if and only if P�fT > 1g is minimized for� = e�. But (1.6) implies that r(1) = bP�fT > 1g (cf. (1.7)), so that it su�ces forthe lemma to show thatr(1) � R�1 for any normalized quasi-stationary distribution �: (2:23)2:26 But (2.23) follows from (1.13) andbPn(x; y) � [r(1)]n �(y)�(x)(cf. (1.6) and (1.7)).Finally, there is only one minimal normalized quasi-stationary distribution be-cause the solution of (1.18) is unique, up to a multiplicative constant. (see Vere-Jones (1967), Theorem 4.1). �Lemma 8. (1.28) holds.Proof. As we saw in Lemma 1 we can take x0 equal to any state and that thismay be the same state as y0. We therefore only have to provegn = Py0fXn = y0; but Xr 6= y0 for 1 � r � n� 1g � D1(R+ �0)�n (2:24)2:27 for some D1 < 1; �0 > 0, under the assumption that (1.23) holds with x0 re-placed by y0. Now introduce a Markov chain X�n with state space S0 and (honest)transition probability matrixP �(x; y) = RP (x; y)f(y)f(x) ; x; y 2 S0:Analogously to the preceding write P �x for the distribution of X�-paths conditionedon X�0 = x. It is well known and easy to check that the R-positive recurrence ofX� implies that X�� is positive recurrent.We shall �rst prove that for some � > 0; �1 > 0 and D2 <1P �y0fX�r 2 U1 for fewer than �n values of r in [0; n]g � D2(1� �1)n: (2:25)2:28 Note the similarity of (2.25) with (2.11). The principal di�erence is that we nowuse the measure P �y0 , instead of the measure Px, conditioned on fT > ng, of (2.11).Even though this will not be needed in the sequel, we point out that there exists



20 P. A. FERRARI, H. KESTEN AND S. MART�INEZa general relationship between the measures Px conditioned on fT > ng and P �x .The latter is a limit of the former in the following sense:limn!1PxfX1 = x1; :::; Xk = xkjT > ng= limn!1 PxkfT > n� kgPxfT > ng PxfX1 = x1; � � � ; Xk = xkg= Rk f(xk)f(x) PxfX1 = x1; � � � ; Xk = xkg (by (1.26))= Rk f(xk)f(xk�1) � � � f(x1)f(x) PxfX1 = x1; � � � ; Xk = xg= P �xfX�1 = x1; � � � ; X�k = xkg:Returning to the proof of (2.25), we haveP �y0fX�r 2 U1 for fewer than �n values of r in [0; n]g= 1Xm=n+1 Xy2U1 Rmf(y)f(y0) Py0fb�n+ 1c-th visit by X� to U1occurs at time m and Xm = yg: (2:26)2:29 Moreover, by (1.26) and (1.23), we have for some D3 <1f(y)f(y0) = limn!1 PyfT > ngPy0fT > ng � D3 for all y 2 U1: (2:27)2:30 Therefore, the left hand side of (2.26) is (for large n) at most2D3 1Xm=n+1 Xy2U1RmPy0fb�n+ 1c-th visit byX� to U1 occurs at time m;Xm = y; T > mg (again because Xm = y 2 U1; implies T > m)� D4 1Xm=n+1 Xy2U1 Py0fb�n+ 1c-th visit by X� to U1 occurs at time m;Xm = yjT > mg (by (1.26))� D4 1Xm=n+1Py0fXr 2 U1 for fewer than (�n+ 2) values of r in [0;m]jT > mg� D5 1Xm=n+1� R+ "0=2R+ 3"0=4�m (by (2.11)):This proves (2.25) with �1 = "04R+ 3"0 :



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 21The second ingredient for the proof is the following simple estimate, which holdsuniformly for y 2 U1 and k � 0 :P �y0fX�r = y0 for some k � r � k + n0jX�k = yg� 1n0 + 1E�y0f number of r in [k; k + n0] with X�r = y0jX�k = yg= 1n0 + 1 n0Xj=0(P �)j(y; y0)� f(y0)n0 + 1 � supy2U1 f(y)��1 n0Xj=0 P j(y; y0)� C3 f(y0)n0 + 1 � supy2U1 f(y)��1 (by (1.24))� D6 > 0 (by (2.27))
(2:28)2:31

for some constant D6 > 0. If 0 � ��0 < ��1 < � � � are the times of the successivevisits by X�� to U1 andF�k = �-�eld generated by X�0 ; � � � ; X�k ;then (2.28) implies thatP �y0fX�r equals y0 for some ��j � r � ��j+n0 jF��jg� P �y0fX�r equals y0 for some ��j � r � ��j + n0jF��jg� Dd:This in turn shows thatP �y0fX�r 6= y0 for all 1 � r � ��̀g � (1�D6)(`�1)=(n0+1): (2:29)2:32 Finally note thatg�n : = P �y0fX�n = y0 but X�r 6= y0 for 1 � r � n� 1g= Xx1;:::;xn�1 6=y0 P �(y0; x1)P �(x1; x2) � � �P �(xn�1; y0)= Rn Xx1;:::;xn�1 6=y0 P (y0; x1) � � �P (xn�1; y0) = Rngn;so that (2.24) is equivalent to g�n � D1 � RR+ �0�n : (2:30)2:33



22 P. A. FERRARI, H. KESTEN AND S. MART�INEZBut this follows for suitable �0 > 0; D1 < 1 from (2.25) and (2.29), by observingthat g�n � P �y0fX�r 2 U1 for fewer than �n values of r in [0; n]g+ P �y0fX�r 6= y0 up till the �n-th visit of X� to U1g� D2(1� �1)n + (1�D6)(b�nc�2)=(n0+1): �We have now proven all statements in Theorem 1.3. Cellular automata.In this section we discuss Markov chains of the type discussed before Theorem2 in the introduction and prove Theorem 2. As we shall show, the main reason forthe validity of Theorem 2 is that the number of occupied sites in its chains doeshave a very strong downwards drift when this number of occupied sites becomeslarge. This is made precise by the estimate (3.2) below.Proof of Theorem 2. We shall occasionaly write eX(n; z) and j eX(n)j for eXn(z)and j eXnj, respectively, for typographical convenience. We remind the reader thatthe range � is introduced in (1.35). Because eX� is strongly subcritical, there existsan n4 � 1 such that for all x 2 eS; z 2 Zd,Pxf eX(n4; z) 6= 0g � 12(2�+ 1)�dn�d4 : (3:1)3:1 We claim that this impliesExfj eX(n4)jg � 12 jxj for all x 2 eS: (3:2)3:2 To see this write j eX(n4)j = Xz2Zd I[n4; z]; (3:3)3:3 where I[n; z] is the indicator function at the event f eX(n; z) 6= 0g. Now the distribu-tion of eX(n; z) depends on x only through the values of x(v) with v 2 Zd such thatkv� zk � n� (where k k is short for k k2). For n = 1 this is just assumption (1.35),and it easily follows for general n by induction on n. Consequently, if x(v) = 0 forall v with kv � zk � n�, thenPxf eX(n; z) 6= 0g = P0f eX(n; z) 6= 0g = 0; (3:4)3:4 because the state 0, with all components equal to 0, is absorbing. It follows that ifv1; � � � ; vjxj are the sites in Zd with x(v) 6= 0, then a.e. [Px]j eX(n4)j � jxjXj=1 Xz2B(vj ;n4�) I[n4; z]; (3:5)3:5



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 23where B(v; r) = fz 2 Zd : kz � vk � rg:Taking expectation with respect to Px in (3.5) givesExj eX(n4)j � jxjXj=1 Xz2B(vj ;n4�)Pxf eX(n4; z) 6= 0g� jxjjB(0; n4�)j12(2�+ 1)�dn�d4 (by (3.1))� 12 jxj:This establishes (3.2).Now for any integer n � 1 and jxj � KPxfj eX(jn4)j > K for 1 � j � m;T > mn4g� 1KrExfj eX(mn4)jr; j eX(jn4)j > K; 1 � j � mg= jxjrKr Ex8<:m�1Yj=0 j eX((j + 1)n4)jrj eX(jn4)jr ; j eX(jn4)j > K; 1 � j � m9=;� supjxj�KEx j eX(n4)jrjxjr !" supjyj>KEy  j eX(n4)jrjyjr !#m�1 : (3:6)3:6
By (3.5) j eX(n4)j � j eX(0)j(2�+ 1)dnd4so that supjxj�KEx j eX(n4)jrjxjr ! � (2�+ 1)drndr4 : (3:7)3:7 We next �x r such that �23�r=n4 < 
 (3:8)3:8 (where 
 is the number appearing in the right hand side of (1.39)). We shall showthat for all large K supjyj>KEy  j eX(n4)jrjyjr ! � (23)r: (3:9)3:9 Now observe that the absorption time T is the same for the two chains fXng and



24 P. A. FERRARI, H. KESTEN AND S. MART�INEZf eXng. Also jXnj = j eXnj. Therefore, if (3.9) holds,supx2S PxfT > n; but jX`j > K for all 1 � ` � ng= supx2eS PxfT > n; but j eX`j > K for all 1 � ` � ng� supx2eS Pxfj eX(jn4)j > K for all 1 � j � bn=n4cg� (2�+ 1)drndr4 �23�r(bn=n4c�1) (by (3.6), (3.7), (3.9))� C5
n (by (3.8))with C5 = �32�2r (2�+ 1)drndr4(which is independent of n). Thus (3.9) will imply (1.39) and we now turn theproof of (3.9).By (3.3)Exj eX(n4)jr = Xz1;:::;zrExfI[n4; z1] � � � I[n4; zr]g= Xz1;:::;zr rYi=1ExI[n4; zi] + Xz1;:::;zr(ExfI[n4; z1] � � � I[n4; zr]g � rYi=1ExI[n4; zi])(3:10)3:10 Also, by (3.2) Xz1;:::;zr rYi=1ExI[n4; zi] = fExXz I[n4; z]gr � (12 jxj)r:Moreover, �����ExfI[n4; z1] � � � I[n4; zr]g � rYi=1ExI[n4; zi]����� � 1;so that (3.10) showsEx j eX(n4)jrjxjr � 2�r + jxj�r � (number of r-tuplesz1; :::; zr with ExfI[n4; z1] � � � I[n4; zr]g 6= rYi=1ExI[n4; zv]): (3:11)3:11 We claim that for any subsets E1; :::; Er of Zd, which satisfyd(Ei; Ej) = inffkz0 � z00k : z0 2 Ei; z00 2 Ejg > 2n� for i 6= j; (3:12)3:12



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 25the families f eX(n; z) : z 2 Eig are independent under Px. In fact, for n = 1all eX(1; z); z 2 Zd, are independent under Px by (1.34). For general n our claimfollows by induction, by means of (1.34) and (1.35). Indeed if the result is true forn = 1; � � � ; k and E1; � � � ; Er satisfy (3.12) with n = k + 1, then for any boundedfunctions fi, depending on f eX(k + 1; z) : z 2 Eig 1 � i � r, the Markov propertyand (1.34) imply thatEx( nY1 fi) = Ex(Ex� rY1 fij eXk	) = Ex( rY1 Ex nfij eXko) (3:13)3:13 (note that the Ei are disjoint). Furthermore, by (1.35) Exffij eXkg = gi for somebounded function gi of the eXk(v) with v 2 E0i, whereE0i = fv 2 Zd : kv � zk � � for some z 2 Eig:The E0i satisfy (3.12) with n = k, so that by the induction hypothesis the gi areindependent under Px. ThusEx( rY1 fi) = Ex( rY1 gi) = rY1 Exfgig = rY1 ExfExffij eXkgg = rY1 Exffig:Thus the families f eXk+1(z) : z 2 Eig are independent, as claimed.The above independence property shows thatExfI[n4; z1] � � � I[n4; zr]g = rYi=1ExI[n4; zi]as soon as kzi� zjk > 2n4� for i 6= j. Furthermore, by (3.4), I[n4; zi] = 0 a.e. [Px],unless zi lies within distance n4� from the setfv 2 Zd : x(v) 6= 0g: (3:14)3:14 Thus ExfI[n4; z1] � � � I[n4; zr]g = rYi=1ExI[n4; zi] = 0unless each zi lies within distance n4� from the set (3.14). Since the set in (3.14) hascardinality jxj, the number of r-tuples z1; :::; zr which lie entirely within distancen4� of the set (3.14) and have kzi � zjk � 2n4� for some i 6= j is at most[(2n4�+ 1)djxj]r�1r2(4n4�+ 1)dThis is therefore an upper bound for the number appearing in the right hand sideof (3.11), and consequentlyEx j eX(n4)jrjxrj � 2�r + 1jxjr2(4n4�+ 1)dr:



26 P. A. FERRARI, H. KESTEN AND S. MART�INEZ(3.9) is now immediate for jKj > r2(4n4�+ 1)dr(23 )r � ( 12 )r : �4. Some examples.We shall now use Theorem 2 to give some speci�c examples to which Theorem1 applies. These examples therefore have normalized quasi-stationary distributionsand the limit relations (1.26), (1.27) hold for them. All examples are of the formdescribed before Theorem 2, and we allow only the values 0 or 1 for eXn(z) (thatis, � = 2 in (1.30)). By the translation invariance (1.33) and the independenceproperty (1.34) the model is completely speci�ed by the probabilitiesPf eX1(000) = 1j eX0 = xg; (4:1)4:1 (where 000 denotes the origin in Zd) and this probability depends only on x(z) forkzk � � (by (1.35)). Note that we have an obvious partial order on eSd;2 : x0 � x00if and only if x0(z) � x00(z) for all z 2 Zd. We now impose four further conditionson the probabilities in (4.1). These conditions arePf eX1(000) = 1j eX0 = xg is increasing in x; (4:2)4:2 Pf eX1(000) = 1j eX0 = xg < 1 for all x 2 eSd;2; (4:3)4:3 Pf eX1(000) = 1j eX0 = xg = 0 if x(z) = 0 for all z 2 B(000; �);but Pf eX1(z0) = 1j eX0 = xg > 0 for some z0 if x(z) = 1for some z 2 B(000; �): (4:4)4:4 For any disjoint subsets A1; � � � ; As of B(000; �) = fv : kvk � �g;it holds thatP ( eX1(000) = 1j eX0(z) = 1 in B(000; �) exactly for the z's in s[1 Ai)� 1� sYi=1Pf eX1(000) = 0j eX0(z) = 1 in B(000; �) exactly for the z's in Aig: (4:5)4:5
(4.5) says that the chain starting with only the sites in sS1 Ai occupied lies stochasti-cally below the maximum of s independent chains, the i-th of which starts with onlythe sites in Ai occupied, 1 � i � s. In order to obtain the required irreducibility(1.2) or (1.32), we shall restrict the state space S to0 [ collection of states which can be reached by X�when starting at X0 = �(000) (4.64:6 )(�(000) is the state with only the component at the origin equal to one and all othersequal to zero). We shall prove the following result.



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 27Proposition 3. If (1.31){(1.35) and (4.2){(4.5) hold, and if f eXng is stronglysubcritical, then fXng (as de�ned by (1.36) and restricted to the space S of (4.6))satis�es all hypothesis of Theorem 1. It therefore has a minimal normalized quasi-stationary distribution e�, and the limit relations (1.26) and (1.27) hold as well asthe bound (1.28).Before proving the proposition we give some very speci�c examples.(a) One dimensional nearest neighbor chains.These chains have d = 1; � = 1, and eXn(z) takes on only the values 1 and 0. Thus,given eXn, the distribution of eXn+1(z) depends only on eXn(z�1); eXn(z); eXn(z+1)(remember that z 2 Z now). In fact we shall assume that it depends only on thenumber of 1's among eXn(z � 1); eXn(z); eXn(z + 1). The distribution of eXn+1 istherefore completely speci�ed by the four probabilities�i :=Pf eXn+1(z) = 1j eXng on the eventfexactly i of the values eXn(z � 1); eXn(z); eXn(z + 1) equal 1g; 0 � i � 3:In fact, to make 0 absorbing we must take�0 = 0: (4:7)4:7 (4.2){(4.5) will then hold if we take in addition to (4.7)0 < �1 � �2 � �3 < 1; (4:8)4:8 �2 � 1� (1� �1)2 = 2�1 � �21; (4:9)4:9 and �3 � 1� (1� �1)(1� �2) = �1 + �2 � �1�2: (4:10)4:10 Indeed (4.2){(4.4) hold by virtue of (4.8). As for (4.5), B(0; 1) = f�1; 0;+1g andthe only possible disjoint choices for A1; � � � ; As ares = 2; A1 = f�1g; A2 = f0g; (4:11)4:11 or s = 2; A1 = f�1g; A2 = f0; 1g; (4:12)4:12 or s = 3; A1 = f�1g; A2 = f0g; A3 = f1g (4:13)4:13 or equivalent choices obtained from (4.11){(4.13) by permuting f�1; 0; 1g. (4.5) isvoid for s = 1. For the situations in (4.11) and (4.12), (4.5) is guaranteed by (4.9)and (4.10), respectively. For the case in (4.13), (4.5) requires�3 � 1� (1� �1)3;but this is easily seen to be a consequence of (4.9) and (4.10).



28 P. A. FERRARI, H. KESTEN AND S. MART�INEZWe do not have a sharp criterion for this chain to be strongly subcritical. How-ever, this chain lies stochastically below oriented site percolation with d = 1; p = �3,discussed in the next example. Thus if �3 is su�ciently small, then f eXng is stronglysubcritical.(b) The discrete time contact process or oriented percolation.We describe here a discrete time analogue of the contact process. As will beapparent from the description below, this model can also be viewed as percolationon the vertex set Zd�f1; 2; � � � g with an oriented edge from y�fng to z�fn+1g ifand only if y and z are adjacent on Zd. The usual oriented percolation is essentiallythe same model but with Zd replaced by another lattice; we shall not consider that,though. Again we take a nearest neighbor process on Zd, that is with � = 1. Theprobability in (4.1) depends only on the number of 1's among the x(v), with v inB(000; 1) n f000g = fv : v adjacent to 000 on Zdg. We do allow d > 1 now, though. Thereare two versions of this model.(i) Site-version.This version corresponds to the threshold contact process. We take Pf eX1(000) =1j eX0 = xg = p if at least one v adjacent on Zd to 000 has x(v) = 1, and Pf eX1(000) =1j eX0 = xg = 0 otherwise. (4.2) is obvious, and so are (4.3) and (4.4) if 0 < p < 1.We shall not check (4.5) formally, but this is almost obvious from the followingpercolation construction. Color all sites of Zd � f1; 2; � � � g white (black) withprobability p (1 � p, respectively), independently of each other. When eX0 = x isgiven, de�ne eXn for n � 1 recursively by the following rule. If the site at z � fngis black, then eXn(z) = 0 (i.e., z is vacant at time n). If z � fng is colored white,and at least one of its neighbor's is occupied at time n � 1 (i.e., eXn�1(v) = 1 forsome neighbor v on Zd of z), then z is also occupied at time n. If z has no occupiedneighbor at time n� 1, then z is not occupied at time n, irrespective of the colorof z � fng.It is known (see for instance Durrett (1988), Sect. 5a) that this chain has acritical probability pc = pc(d; site) 2 (0; 1) such that for p � pc the process becomesextinct, i.e., (1.4) holds for any starting con�guration with �nitely many occupiedsites. Moreover, if we write �(z0) for the state x with x(z) = 1 if and only if z = z0,then P�(z0)fT > ng ! 0 exponentially in n (4:14)4:14 whenever p < pc (the probability in (4.14) is independent of z0). This can beseen by redoing Menshikov's proof for the usual unoriented percolation (as givenin Grimmett (1989), Sect. 3.2), or by using Aizenman and Barsky (1987) togetherwith Hammersley's theorem (Theorem 5.1 in Grimmett (1989); the latter's proofin the oriented case is quite easy). For a proof of (4.14) in a more complicatedsituation see also Bezuidenhout and Grimmett (1991).(4.14) implies thatfor p < pc f eXng is strongly subcritical. (4:15)4:15 To see this note that as in the lines following (3.3), eXn(000) depends only on x(v)with kvk � n. Furthermore, by the above description, eXn(000) = 1 occurs if and only



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 29if there is a path v0 = 000; v1; v2; � � � ; vn on Zd such that vk�fn�kg is colored whitefor 0 � k � n� 1 and x(vn) = 1. ThereforePxf eXn(000) = 1g � Xkvk�nP�(v)f eXn(000) = 1g� (2n+ 1)dP�(000)fT > ng; (4:16)4:16 and this tends to 0 exponentially fast in n. Thus for p < pc all conclusions ofTheorem 1 hold for this chain.(ii) Bond-version.We now take Pf eX1(z) = 1j eX0 = xg = 1� (1� p)jif z has exactly j occupied neighbors in state x. In terms of independent coloringswe can describe this model as follows: put an edge or bond between v � fng 2Zd � f0; 1; :::g and z � fn + 1g if and only if v and z are adjacent. Color alledges independently white (or black) with probability p (or 1 � p, respectively).eXn+1(z) = 1 if and only if it has a white edge to an occupied neighbor at time n,i.e., if eXn(v) = 1 for some v adjacent to z for which the edge between v � fng andz � fn+ 1g is white. Again this chain has a critical probability pc = pc(d,bond) 2(0; 1) such that for p < pc all conclusions of Theorem 1 hold. We skip the details.Remarks. (vii). A closely related problem to (1.27) for one-dimensional orientedsubcritical percolation is the following question: Is there a limit distribution forthe con�guration of occupied sites at time n, as seen from the leftmost occupiedsite, when in the initial state all sites in f0; 1; 2; :::g are occupied? In this case itis not necessary to condition on fT > ng because T = 1 almost surely for anyinitial state with in�nitely many occupied sites. This question was investigated byA. Galves, M. Keane and I. Meilijson (private communication). Our results do notapply directly to this problem but we hope that they will nevertheless be useful.(viii). For the discrete time contact process it is almost trivial to verify (1.23) ifwe take U1 = fx : jxj � Kg for some K and x0 = �(000). Indeed, for any x 2 U1,PxfXn is not absorbed by time ng= Pxf one of the jxj initial particles survives till time ng� jxjP�(000)fT > ng � KP�(000)fT > ng: (4:17)4:17 The next lemma shows how to generalize this estimate under (4.2){(4.5).Lemma 9. Let nf eXvngn�0 : v 2 Zdo be a family of independent Markov chains,each of which has the same transition probabilities as f eXng but eXv� has initial stateeXv0 = �(v). If (1.31){(1.35) and (4.2),(4.5) hold, then f eXng, starting from eX0 = x,is stochastically smaller than the process fYng de�ned byYn(z) = maxf eXvn(z) : x(v) = 1g: (4:18)4:18



30 P. A. FERRARI, H. KESTEN AND S. MART�INEZIn particular, for any A � Zd;Pxf eXn(z) = 0 for all z 2 Ag � PfYn(z) = 0 for all z 2 Ag= Yv withx(v)=1 Pf eXvn(z) = 0 for all z 2 Ag: (4:19)4:19 Proof. (4.19) is proven by induction on n, together with a coupling of eX� and allthe eXv� . For n = 1, (4.19) is immediate from (4.5) with Ai = fvig, if v1; � � � ; vs arethe sites for which x(v) = 1. Indeed, by (1.34)Pxf eX1(z) = 0 for all z 2 Ag = Yz2APxf eX1(z) = 0g:Moreover, by (1.35) Pxf eX1(z) = 0g depends only on which v's in B(z; 1) havex(v) = 1, and by (4.5)Pxf eX1(z) = 0g � Yvi2B(z;1)P�(vi)f eX1(z) = 0g� sYi=1P�(vi)f eX1(z) = 0g = PfY1(z) = 0g: (4.204:19a )Now the Y1(z); z 2 Zd, are also independent when eX0 = x is given (by virtueof (1.34)). Thus (4.20) gives (4.19) for n = 1. It is now easy to couple all theeXv1 ; v 2 Zd, and eX1. One merely chooses the eXv1 ; v 2 Zd, independently of eachother, with their prescribed distribution. These eXv1 determine Y1. One now takeseX1(z) = 0 for all z with Y1(z) = 0, and takes eX1(z) = 0 (respectively 1) withprobability Pxf eX1(z) = 0g � PxfY1(z) = 0g1� PxfY1(z) = 0g(respectively Pxf eX1(z) = 1g1� PxfY1(z) = 0g)when Y1(z) = 1. These choices of the eX1(z); z 2 Zd, are conditionally independent(given x and all the eXv1 ; v 2 Zd). One easily checks that the eX1(z); z 2 Zd, areindependent under this construction, and therefore have the correct distribution.Moreover eX1(z) � Y1(z); z 2 Zd:Now assume that (4.19) has been proven for n = 1; � � � ; k, and that we have alsoconstructed joint versions of all eXn; eXvn, v 2 Zd; 0 � n � k, such thateXn(z) � Yn(z); z 2 Zd; 0 � n � k: (4:21)4:20



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 31Let Ck = fw1; � � � ; wrg be the collection of sites for which eXk(w) = 1. A fortioriYk(wi) = 1 for 1 � i � r, and hence we can choose a vi such that x(vi) =1; eXvik (wi) = 1. The vi; 1 � i � r, are not in general distinct. Call wi � wj ifvi = vj . Ck then breaks up into disjoint equivalence classes, say A1; � � � ; As. Thuswi and wj belong to the same subclass if and only if vi = vj . We now apply (4.5)with these Ai or rather with Ai \B(z; �) for �xed z. Speci�cally, we �rst usePxf eXk+1(z) = 0 for all z in Aj eXkg = Yz2AP eXkf eX1(z) = 0g:Then, by (4.5), for �xed z,P eXkf eX1(z) = 0g � sYi=1Pf eX1(z) = 0j eX0(w) = 1 inB(z; �) exactly for the w0s in Ai \ B(z; �)g:Finally, on the event f eXvik (w) = 1 for w 2 Aig,Pf eX1(z) = 0j eX0(w) = 1 in B(z; �) exactly for the w's in Ai \B(z; �)g= Pf eXvik+1(z) = 0j eXvik (w) = 1 in B(z; �) exactly for the w's in Ai \ B(z; �)g� Pf eXvik+1(z) = 0j eXvik g (by (4.2)):Thus, on the event f eXk(w) = 1 on Ck = sS1 Aig, which is contained ins\i=1f eXvik (w) = 1 for w 2 Aig;and under (4.21), it holds thatPxf eXk+1(z) = 0 for all z in Aj eXk; eXvk ; v 2 Zdg� Yz2A sYi=1Pf eXvik+1(z) = 0j eXvik g = sYi=1Pf eXvik+1(z) = 0 for all z 2 Aj eXvik g� PxfYk+1(z) = 0 for all z 2 Aj eXvkg:As before in the case n = 1, we can now couple eXk+1 and the eXvk+1 such that (4.21)continues to hold for n = k + 1. (4.19) for n = k + 1 is immediate from (4.21) forn � k + 1. �Proof of Proposition 3. We have to check (1.2), (1.4) and (1.22){(1.24) for thechain fXng de�ned in (1.36) (on the space S of (4.6)). For the set U2 of (1.24)we shall take the singleton f�(000)g, i.e., the state which has only one occupied site



32 P. A. FERRARI, H. KESTEN AND S. MART�INEZ(which is automatically the leftmost particle and therefore shifted to the origin inXn). For U1 in (1.23) we shall take the setU1(K) := fx 2 S0 = S n f0g : jxj � Kg (4:22)4:21 for some large K, yet to be determined. x0 will also be taken equal to �(000).Now �rst observe that from any state x transition to x0 in one step is possible.This (and several of the succeeding statements) are proven somewhat simpler interms of the chain eX�, than in terms of X� itself. Indeed, if v1; � � � ; v` are theoccupied sites of a state x 2 eS, then with z0 as in (4.4)Pxfj eX1j = 1g � Pxf eX1(z) = 1 only for z = v1 + z0g= Pxf eX1(v1 + z0) = 1g Yz 6=v1+z0 Pxf eX1(z) = 0g:Now for some constant D1 > 0Pxf eX1(v1 + z0) = 1g � D1for all x with x(v1) = 1, by (4.2) and (4.4). Also Pxf eX1(z) = 0g = 1 whenz =2 B(vi; �) for some 1 � i � ` (by (1.35) and (4.4)). For z 2 B(vi; �)Pxf eX1(z) = 0g = 1� Pxf eX1(z) = 1g � D2 > 0for some constant D2 independent of x and z (by (1.33), (1.35) and (4.3)). ThusPxfj eX1j = 1g � D1D`(2�+1)d2 : (4:23)4:22 This proves the irreducibility condition (1.2). It also proves (1.24) (with n0 = 1)for our choice of U1 and U2, because the estimate (4.23) depends on ` = jxj only;the right hand side is at least D1DK(2�+1)2 (4:24)4:23 for any x 2 U1(K).Condition (1.4), the certainty of absorption, follows directly from the assumptionthat eX� is (strongly) subcritical and the fact that eXn(z) = 0 automatically for allz =2[B(v; n�);where the union is over the �nitely many v with eX0(v) 6= 0. (cf. proof of (3.4)).Condition (1.23) follows from Lemma 9. Indeed, if x(v) = 1 exactly whenv 2 fv1; � � � ; v`g, with ` � K, then by (4.19)PxfT > ng = Pxf eXn(z) = 1 for some zg� PxfYn(z) = 1 for some zg� X̀i=1 P�(vi)f eXn(z) = 1 for some zg� `P�(000)fT > ng � KP�(000)fT > ng:



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 33Finally, condition (1.22) for any su�ciently large choice of K, is guaranteed byTheorem 2. �5. A central limit theorem.Finally we prove Theorem 4. We shall prove (1.41) for a single time only; thatis we take ` = 1 and s` = 1. The general case follows then easily by induction on`, from the Markov property. Also, as before, we restrict ourselves to the aperiodiccase (except when we prove M = 0;� = �2� identity matrix for the discrete timecontact process, which has period 2).For the proof we shall make use of an analogue of the P �-measure used in Lemma8. However, this time we need a measure on the space eS0 := eS n f0g, which is thestate space for eX� minus its absorbing state. To de�ne this we must �rst lift thefunction f of (1.17), which is de�ned on S0, to eS0. To this end let � be the projectionfrom eS0 to S0. That is, if ex(z) 6= 0 exactly for z 2 f�1; � � � ; ��g, then we take�(ex) = ex� (��1) which has �(ex)(z) 6= 0 if and only if z 2 f000; �2� �1; � � � ; �� � �1g.If eXn = ex, then �(ex) is the corresponding state of Xn. We now de�neef(ex) = f(�(ex)); ex 2 eS0:It is easy to see that for x = �(ex)Xey2eS P ( eXn = eyj eX0 = ex) ef(ey)= Eff(Xn)j eX0 = exg = Eff(Xn)jX0 = xg= R�nf(x) (see (1.17)) = R�n ef(ex):Thus if we de�ne for C 2 eSn+10P �f eX0; eX1; � � � ; eXn 2 Cj eX0 = exg= Rnef(ex)Pf eX0; � � � ; eXn 2 Cj eX0 = exg ef( eXn); (5:1)5:1 then P � de�nes an honest distribution on the space of paths eSZ+0 . (In order not tooverburden notation we shall refrain from attaching asterisks to the eX as well, incontrast to what we did in Lemma 8. Note also that the measure induced by P �on the paths of the X-process agrees with the P �-measure of Lemma 8).Now �x ex 2 eS0 and y 2 S0 for the remainder of the proof. Let x = �(ex) 2 S0and let B � Zd. ThenPf�1(n) 2 B;Xn = yj eX0 = ex; T > ng= f(x)f(y) 1ef(ex)Pf�1(n) 2 B;Xn = yj eX0 = exgf(y)[PxfT > ng]�1� "f(y) Xw2S0 �(w)#�1 Rnef(ex)Pf�1(n) 2 B;Xn = yj eX0 = exgf(y)(by (1.26))= "f(y) Xw2S0 �(w)#�1 P �f�1(n) 2 B; �( eXn) = yj eX0 = exg:
(5:2)5:2



34 P. A. FERRARI, H. KESTEN AND S. MART�INEZWe now de�ne �0 = 0 < �1 < � � � as the successive times at which X� visits x andwrite Wi = ( eX�i�1 ; eX�i�1+1; � � � ; eX�i); i � 1; (5:3)5:3 for the i-th excursion between visits to x. We already remarked in Lemma 8, thatunder P �; X� is positive recurrent, so that a.e. [P �] all �i are �nite and the Wiwell de�ned. Also by the strong Markov property, and the translation invarianceproperty (1.33), the shifted excursionsWi � (��1(�i�1)) :=( eX�i�1 � (��1(�i�1)); eX�i�1+1 � (��1(�i�1));� � � ; eX�i � (��1(�i�1))); i � 1; (5:4)5:4 are i.i.d. De�ne further �i = \length" of Wi = �i � �i�1; (5:5)5:5 �i = \displacement" of Wi = �1(�i)� �1(�i�1); (5:6)5:6 and �i = \diameter" of Wi = maxfj�1(n)� �1(�i�1)j : �i�1 � n � �ig:These are functions of Wi, and hence (�i;�i;�i)i�1 are also i.i.d. Moreover (1.28)shows that the distribution of �i under P � has an exponentially bounded tail, asfollows: P �f�i � `j eX0 = exg = P �f�1 � `j eX0 = exg= 1Xk=`P �f�1 = kj eX0 = exg = 1Xk=`P �f�1 = kj eX0 = exg= 1Xk=`RkPfXk = x;Xr 6= x; 1 � r � k � 1jX0 = xg� 1Xk=`C4 � RR+ �(x)�k � D1(x)� RR+ �(x)�` : (5:7)5:7
In addition we claim that for some D2 = D2(x) <1,�i � 2�i�+D2: (5:8)5:8 To see this note that if eXn has occupied sites at �1(n); � � � ; ��(n)(n), then theoccupied sites of eXn+1 must all lie in�(n)[i=1 B(�i(n); �)(by virtue of (1.35) and (1.31); compare (3.4)). Therefore the occupied sites of eXnfor any �i�1 � n � �i have to lie in�(�i�1)[i=1 B(�i(�i�1); (�i � �i�1)�)



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 35and �i � 2(�i � �i�1)�+ max1�r�� k�r(�i�1)� �1(�i�1)k� 2�i�+maxr;s kvr � vsk;where v1; v2; � � � are the occupied site of the state x (because eX�i�1 = ex;X�i�1 = x)and � = �(�i�1). Thus (5.8) holds with D2 = maxr;s kvr � vsk.Next we de�ne �(n) = maxfi : �i � ng:Then�1(n) = �1(�(n)) + �1(n)� �1(�(n)) = �1(0) + �(n)X1 �i + �1(n)� �1(�(n))and j�1(n)� �1(�(n))j � �(�(n) + 1) � 2��(n)+1�+D2:In addition 1pr�r ! 0 almost surely [P �]because the �r are i.i.d. and have all moments under P �. Also, by the strong lawof large numbers �(n)n ! [E�f�1j eX0 = exg]�1 almost surely [P �]; (5:9)5:9 again because the �r are i.i.d. and �i =Pi1 �r. Thus��(n)+1pn ! 0 almost surely [P �]: (5:10)5:10 The standard proof of the central limit theorem for Markov chains (Chung (1967),Sect I.16) now shows that �1(n)� nMpn ) N(000;�) (5:11)5:11 under P �, conditioned on X0 = ex, withM = E�f�1j eX0 = exgE�f�1j eX0 = exg ; (5:12)5:12 �(i; j) = 1E�f�1j eX0 = exgE�f(�1;i �Mi�1)(�1;j �Mj�1)j eX0 = exg; (5:13)5:13



36 P. A. FERRARI, H. KESTEN AND S. MART�INEZwhere �1;i andMi are the i-th component of �1 andM , respectively. Slightly moreexplicit expressions for M and � can be given in the same form as in TheoremsI.14.5, I.14.7 and its Corollary in Chung (1967). Note in this connection thatE�fnumber of indices 0 � n < �1 with Xn = vj eX0 = exg= E�f number of indices 0 � n < �1 with Xn = vjX0 = xg = f(v)�(v)f(x)�(x) (5:14)5:14 because f(v)�(v) is the unique invariant probability measure for the X� chain underP �. That is, Xx2S0 f(x)�(x)P �fX1 = vjX0 = xg= Rf(v) Xx2S0 �(x)PfX1 = vjX0 = xg = f(v)�(v) (5:15)5:15 (by (1.18)), and (1.19) holds. We shall not pursue more explicit expressions for Mand P here; see, however, the end of this proof.In view of (5.11) we basically only have to prove the independence of Xn and[�1(n) � nM ]=pn. The arguments for this are at least part of the folklore and weshall therefore be brief. For " > 0 we can choose n5 such that for all n � 2n5jP �fXn = yj eX0 = exg � f(y)�(y)j= jP �fXn = yjX0 = xg � f(y)�(y)j � " (5:16)5:16 and P �f�(�(n� 2n5) + 1) � n� n5j eX0 = exg � ": (5:17)5:17 (5.16) is immediate from (1.26) and (1.27) after a translation to the P �-measure.In (5.17) we have written�(�(n� 2n5) + 1) instead of ��(n�2n5)+1for typographical convenience; the estimate (5.17) itself is straighforward renewaltheory, since �(�(n � 2n5) + 1) is the smallest m > n � 2n5 with Xm = x (seeChung (1967), Theorem I.14.2). It is further easy to see by means of (5.8) andChung (1967), Theorem I.14.2) that for �xed n5lima!1P �fj�1(n)� �1(�(�(n� 2n5) + 1))j > aj eX0 = exg = 0;uniformly in n � 2n5. Therefore1pn j�1(n)� �1(�(�(n� 2n5) + 1))j ! 0 in P �-measure,conditioned on eX1(0) = ex; as n!1: (5:18)5:18



QUASI{STATIONARY DISTRIBUTIONS AND RATIO LIMIT 37Finally, a decomposition with respect to the value of �(�(n� 2n5) + 1) givesjP �f�1(�(�(n� 2n5) + 1)) 2 B;Xn = yj eX0 = exg� P �f�1(�(�(n� 2n5) + 1)) 2 Bj eX0 = exgf(y)�(y)j� P �f�(�(n� 2n5) + 1) � n� n5j eX0 = exg+ Xn�2n5<r<n�n5 P �f�(�(n� 2n5) + 1) = r; �1(r) 2 Bj eX0 = exgjP �fXn�r = yjX0 = xg � f(y)�(y)j� 2" (by (5.16) and (5.17)). (5:19)5:19
Since " > 0 is arbitrary, it is now not hard to obtain from (5.11), (5.18) and (5.19)that limn!1P ���1(n)� nMpn < 
;Xn = yj eX0 = ex�= PfG1 � 
gf(y)�(y):Translating this back to the P -measure gives (1.41) for ` = 1; s` = 1 (by means of(1.26) again).The last statement of Theorem 4 is about the values of M and � for the discretetime contact process. SinceM and � are independent of the choice of ex (see Chung(1967), Corollary to Theorem I.15.4 and Corollary 2 to Theorem I.16.1) we can takeex = �(000). It is then clear from the symmetry of the discrete time contact processthat M = 000 and �ij = 0 for i 6= j (see (5.12), (5.13)). Also all �i;i; 1 � i � d, musthave the same value, say �2, so the only nontrivial part of our claim is that�2 = 1E�f�1j eX0 = �(000)gE�f(�1;1 �M1�1)2j eX0 = �(000)g > 0;or equivalently, that P �f�1;1 �M1�1 6= 0j eX0 = �(000)g > 0:But M1 = 0, and one easily sees thatP �f�1;1 6= 0j eX0 = �(000)g � P �f�1 = 2;�1;1 = 2j eX0 = �(000)g� P �f eX1 = �(e1) + �(�e1); eX2 = �(2e1)j eX0 = �(000)g > 0;where e1 = (1; 0; � � � ; 0). Indeed the event f eX(1) = �(e1) + �(�e1)g occurs if attime 1 exactly the sites e1 and �e1 are occupied; similarly f eX(2) = �(2e1)g isthe event that only the site 2e1 is occupied at time 2. The description in Sect. 4of the discrete time contact process shows that these events have strictly positiveprobability. Thus �2 > 0 and the proof of Theorem 4 is complete.References
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