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ABsTRACT. We prove that certain (discrete time) probabilistic automata which can
be absorbed in a “null state” have a normalized quasi-stationary distribution (when
restricted to the states other than the null state). We also show that the conditional
distribution of these systems, given that they are not absorbed before time n, con-
verges to an honest probability distribution; this limit distribution is concentrated
on the configurations with only finitely many “active or occupied” sites.

A simple example to which our results apply is the discrete time version of the
subcritical contact process on Z? or oriented percolation on Z% (for any d > 1) as
seen from the “leftmost particle”. For this and some related models we prove in

1
addition a central limit theorem for n~ 2 times the position of the leftmost particle
(conditioned on survival till time n).
The basic tool is to prove that our systems are R-positive-recurrent.

1. Introduction and principal results.

Let {X,,}»>0 be a Markov chain on a countable state space S, with an absorbing
state sg. We shall deal exclusively with the discrete time case in this paper, but
we believe that all the results and proofs have analogues in the continuous time
case. We shall write Sy for S\ {sg}. As usual, we denote the probability measure
governing X, when conditioned to start at Xg = x by P,; then for any probability
measure v on S

P, = Z v(z)P, = vP
€S

is the measure which governs X, when the initial distribution is v. F, and F,
denote expectation with respect to P, and P,, respectively. The transition proba-
bilities are

P(z,y) = P,{X, =y} and P"(x,y) = P, {X, = y}. (1.1)

It is convenient to introduce the restriction P of P to Sy x Sg. Because sq is
absorbing we then also have

(P)*(2,y) = Po{X, =y} = P™(z,y) for z,y € So.
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Throughout we assume that

Pis irreducible, i.e., for all z,y € Sy (1.2)
there exists an n = n(z,y) with P"(z,y) > 0. .

The absorption time is
T =T(so) =inf{n >0: X,, = sp}, (1.3)

and we assume that absorption is certain. This means that for some =z € Sy (and
hence all z)
P T < o0} = 1. (1.4)

The fact that sg is absorbing means of course that
X = sg for all n > T and P"(sg,z) = 0(so,x), n > 0. (1.5)

A normalized quasi-stationary distribution for X is a probability measure v on Sy
which satisfies the invariance condition

vP" = r(n)v, (1.6)

where, necessarily,

r(n) =Y vP"(y) = P,{T > n}. (1.7)
yESo

Note that these distributions are conditionally invariant, in the sense that
P{X, =y|T >n} =v(y) for all y € S.
A normalized quasi-stationary distribution vq is called minimal if
E,,T =inf{E,T : v a normalized quasi-stationary distribution }. (1.8)

The interest in normalized quasi-stationary distributions arises from the fact that
if for some initial distribution v on Sy,

Pu{Xn = U}

PAT > 1) — u(y), y € So, (1.9)

for some probability distribution p on Sy, then p is necessarily a normalized quasi-
stationary distribution. (See Seneta and Vere-Jones (1966), Theorem 4.1). If the
limit in (1.9) exists we shall call it a Yaglom limit, because Yaglom (1947) proved
the existence of this limit for subcritical branching processes (when v is concen-
trated on one point x). Such a limit y is also called a conditional limit distribution
in the literature. There is an extensive literature discussing the existence of normal-
ized quasi-stationary distributions and the Yaglom limit; see Ferrari et al. (1995)
for some references. An additional recent reference is Roberts and Jacka (1994).
Recently, Ferrari et al. (1995) gave a necessary and sufficient condition for the
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existence of a normalized quasi-stationary distribution for chains X, which satisfy
in addition to (1.2) and (1.4) the condition

lim P, {T <t} =0 for all fixed t < oc. (1.10)
T—00

This of course means that for all ¢t < oo and ¢ > 0, P,{T < t} < e for all but
finitely many x. (Actually Ferrari et al. (1995) deals with the continuous time
case, but their results carry over to discrete time; see Kesten (1995), Theorem A
for a statement of the discrete time result.) Unfortunately, (1.10) is rarely fulfilled
for chains X, which describe interacting particles which also have a spatial position
or which can be of infinitely many types. The absorbing state is the state in which
no particle is present. Typically in such models absorption in unit time from any
of the infinitely many states in which only one particle is present is bounded away
from 0. Infinitely many states, because the single particle can have infinitely many
positions or types; the above phenomenon occurs if the probability for a particle to
die in one time unit is uniformly bounded away from 0. A simple special example
(which was in fact the principal motivation for this paper) is the subcritical contact
process or oriented percolation on Z% as seen from the “leftmost” particle (with
state space S a certain collection of finite subsets of Z¢ containing {0} plus the
empty set). Our aim here is to prove the existence of a normalized quasi-stationary
distribution and a Yaglom limit for a class of interacting particle systems and
probabilistic automata which includes oriented percolation on Z%, d > 1. This will
be done by proving those chains R-positive-recurrent. (A more detailed description
of some of these examples and the role of the leftmost particle is given before the
statement of Theorem 2 below; full details are in Sect. 4.) Pakes (1995) investigated
some other examples in which (1.10) may fail.

We remind the reader of some basic facts which hold solely under the assumption
(1.2) (see Vere-Jones (1967)). The period

p:= g.cd{n: P*(z,z) > 0} is finite and is the same for all z € Sy; (1.11)

Sp can be decomposed into p disjoint subclasses S o, -, S0 p—1

so that 13(T,y) >0 only if z € Spj, y € So j+1 for some
0 <j <p-—1 (here and in the sequel we take Sy j, = So , (1.12)
when j; = ja(mod p); the Sy ; are referred to as the

cyclically moving subclasses or periodic subclasses);

1 o
if x € Sp; and y € Spj, then = lim [P = (g, )]/ P

n— 00 (1.13)
exists and the value of R is independent of x,y,4 and 7;
1< R< . (1.14)

The chain X, and P are called R-recurrent if for some z €Sy

> R P (z,3) = o0, (1.15)

n=0
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and it is called R-positive-recurrent if, in addition, for some z € Sy

lim sup R™ P (z, ) > 0. (1.16)
n— 00
Again (1.15) and (1.16) either hold for all z in Sy simultaneously or for no x. If
(1.15) and (1.16) hold, then there exist functions f : Sy — (0,00),  : Sp — (0, 00)
which satisfy

P'f(z)= > P"(z,9)f(y) = R "f(z), = € Sp, n >0, (1.17)
YyESo
pP™(y) = > u(x)P"(z,y) = R™"u(y), y € So, n >0, (1.18)
TE Sy
Y f@ua)=10<j<p-1, Y flz)u(z)=p, (1.19)
€S0, ;5 z€So

and for x € So;,y € Sp,; for some 0 <4,5 <p—1

lim R~ PP, g) = f(o)uly). (1.20)

— 00

f and p are uniquely determined up to multiplicative constants by (1.17) and
(1.18). (1.18) does not say that p is a (multiple of a) normalized quasi-stationary

distribution, because Y. pu(z) may diverge. In order to obtain a normalized quasi-
€Sy
stationary distribution, and for the Yaglom limit relation (1.9) we need

Z p(z) < oo (1.21)

TE Sy

(See Seneta and Vere-Jones (1966), Theorem 3.1). It is an important step in our
proof to show that (1.21) indeed holds under the conditions of Theorem 1 below,
which is our principal result.

Theorem 1. Assume that the Markov chain {X,,},>0 satisfies (1.2), (1.4) as well
as the following conditions:

there exists a non empty set Uy C Sy, an g9 > 0 and a constant
C1 such that for all x € Uy and all n > 0 (1.22)
P AT >n, but Xy ¢ Uy for all1 <l <n} <Ci(R+¢ep) ",

there exists a state xo € Uy and a constant Cy such that (1.23)
forallz € Uy andn >0, P{T >n} < CoP, {T > n}, .

and

there exists a finite set Uy C Sy and constants 0 < ng < oo, C3 > 0,

1.24
such that for all z € Uy, Pp{X, € Uy for somen < mng} > Cs. ( )
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Then X is R-positive-recurrent, so that (1.17)-(1.20) hold for p=period of P and
some strictly positive functions f and p. Moreover, (1.21) is satisfied and

. p()
p(x) == —=———, x € So, (1.25)
> ()
YyESo
defines a minimal quasi-stationary distribution for Xo. Also, if So.0,--+ ,S0p—1 are

the cyclically moving subclasses as in (1.12), and © € Sy ;, then

lim  R'PAT >n} = f(z) Y ply), (1.26)
n=j(mod p) yESO,i—}—j

and for x € So i, y € So,;

. 1(y)
lim  P{X, =y|T >n}= —-2L . 1.27
nEjEZIiood P) { | } ZS': l],(U) ( )
V€S0, 5

Finally, for each x € Sy there exists an n(x) > 0 and Cy(x) < oo such that

1

Pe{Xonp = 7, but Xy # @ for 1 < s <np — 1} < Cale) o
nr))"

(1.28)

Remarks: (i) (1.27) can be easily generalized to give convergence of finite dimen-
sional distributions,that is, for 0 < s1 < --- <sg, 2 € So4, Y1 € So,5,.- " Ye € So,j,
it holds that

nll)ngo P’c{XLsran—i—jr—i =y, 1 <1< Z‘T > LSEan + ¢ — Z}
-1 (1.29)

N N (XA

Y veso,, M) o

(ii) A consequence of (1.29) and (1.19) is that for all e > 0 and 0 < s < 1, there
exists a finite set S(e,s) C S such that for all x € Sy

lim Pp{X s € S(e,8)|T >n} >1—c¢.
n— 00

In other words, when conditioned on no absorption till time n, then the chain X,
tends to spend “most of its time near sy”. This contrasts with some of the examples
in Ferrari et al. (1995). E.g., let X, be the absorbing random walk on Z4 with 0
as absorbing state and which moves from x > 1 to x + 1 or x — 1 with probability
p and ¢ = 1 — p, respectively, with 0 < p < % Then {n*%)?tan}OSSsl conditioned
on T > n essentially behaves like a positive Brownian excursion (scaled so that it
has length 1). In particular, for fixed 0 < s < 1,

P’E{D}Lsnj < 5\/E‘T > n}
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can be made small uniformly in n, by taking € small. Thus X conditioned on 7' > n,
spends most of its time far away from the absorbing state 0.

Theorem 1 has some value only if its hypotheses can be verified without too
much trouble for a reasonable class of examples. The hypothesis which looks the
most troubling is (1.22). The next theorem shows that this actually follows directly
from known results in many instances of so called probabilistic cellular automata,
which are similar to the subcritical contact process. We begin with a Markov chain
{)En}nzo on a countable state space

S = gd,H which is a subset of the collection of all functions (1.30)
x:Z% = {0,1,--- .k — 1} with z(2) # 0 for only finitely many 2. .

Here k > 2 is some fixed integer. Z% can be replaced by other lattices and this
should indeed be done to treat the usual oriented percolation. For simplicity we
restrict ourselves here to the state space (1.30). Let the state 0 with all components
equal to 0 be the absorbing state. Thus

P{X, =z|Xg=0}=6(0,z), n>0,z € S. (1.31)

S and the transition probabilities have to be such that

the transition probability matrix is irreducible on So = S\ {0}. (1.32)
(Tt is for this reason that S may have to be taken only a subset of
{zr e{0,1,---,k— 1}Zd : 2(z) # 0 for only finitely many z},

rather than the full set.) We further impose the following fairly common conditions
on the transition probabilities:

Translation invariance: P{X; =y ® u|Xo = = ® u}

— P{X; = y| Xy = } for all u € Z?, where the state

(1.33)
z @ u is specified by (z ® u)(2) = z(z + u), z € Z°,
and similarly for y & u;
Independence of coordinates: Conditionally on )?0, e ,)}n, (1.34)
the coordinates {X,41(2) : z € Z?} of X,,11 are independent; .
Finite range: There exists some p < oo such that
the conditional distribution of X, 11(z), given X,,, (1.35)

depends only on X,,(2') for ||z’ — z||2 < p.

It is trivial to check that the discrete time version of the contact process and
oriented percolation (see Sect. 4) satisfy (1.31) (1.35) for xk = 2. In analogy with
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the terminology for that chain we shall call sites z with x(z) = 0 (# 0) vacant (and
occupied, respectively) in state x. It is convenient to think of a particle sitting at
each occupied site, the particle having one of the types 1,---,x — 1. The chain
X, then describes motion, birth, death and change of type of a finite system of
particles. N

Theorem 1 will not apply to X itself. As illustrated by oriented percolation we
cannot expect the limit in (1.27) to have a nonzero value because the occupied sites
of X,, will wander all over the space Z% (even under the condition {T" > n}). Also
condition (1.24) will fail because particles cannot jump in fixed time ng from far
away to a site which is occupied in one of the finitely many states in 3. Theorem 1
will only apply to the relative positions of the occupied sites. To make this precise,
let £(n) = {&1(n), -+, & (n)} be the occupied sites at time n, that is the sites in
74 with X,,(€i(n)) # 0. v = v(n) is random here. If no sites are occupied at time
n we take v(n) = 0, {(n) = ¢. If v > 0, the order of the & (n) is arbitrary, except
that we take & to be the first among &1, - -+, &, in the lexicographical ordering on
Z4. We call £1(n) the leftmost occupied position at time n. Finally define

B { 0ifv(n) =0
" jZn S (751(’”))

Thus X, (z) = j precisely when X,,(z+&;(n)) = j. From the translation invariance
(1.33) it is not hard to see that {X,},>¢ is again a Markov chain (this is the only
place where translation invariance is strictly needed). The state space S of the
X-chain is of the same form as that of X. Only X,,(0) # 0 whenever X,, # 0, and
X, (2) # 0 can only occur at a z which comes after 0 in the lexicographical ordering
of Z?. The absorbing state for X, is again 0.

Here are some final definitions. For z € S or = € S,

(1.36)

lz| = number of occupied sites in z = number of z € Z¢ with z(z) # 0. (1.37)

The use of the same symbol | | for points in S and in S will not lead to any serious
confusion, since in both cases |z| represents the number of occupied sites. For

sirﬁr}ilar reasons we shall use 1" for the absorption time of X and of X. The process
{X,} is called strongly subcritical if

n®  sup  Py{X,(z) #0} = 0 as n — . (1.38)
z€S, z€Zd

Theorem 2. Let X be a Markov chain on the space S of (1.30) whose transition

probabilities satisfy (1.31)-(1.85). Let X,, be defined by (1.36). Assume that {X,}
1s strongly subcritical. Then for each v > 0 there exists a K < oo and a Cs =
C5(K,7) < 0o such that for all x with |z| < K

P AT > n, but | Xy| > K for all 1 </ <n} <Csy", n>0. (1.39)

Clearly (1.39) gives us (1.22) with Uy = {z : |x| < K} by taking v < R™', say
v = (R+ 1)7Y Thus, Theorem 2 reduces checking (1.22) to checking that our
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process is strongly subcritical. For some processes it is known that if they die out
w.p.1 (i.e., satisfy (1.4)), then they are automatically strongly subcritical. In other
examples it should be possible to use a Peierls argument or simple comparisons with
other chains to show that the chain X, is strongly subcritical, at least for certain
choices of the transition probabilities. (See also the discussion at the end of Example
(a) in Sect. 4.) Condition (1.24) is usually innocuous; as illustrated in the proof
of Proposition 3 it just depends on probabilities of particles disappearing being
bounded away from 0. Condition (1.23), which is trivial for the contact process
or oriented percolation (see Remark (viii) in Sect. 4), turns out to be nontrivial
in general. We verify it in Sect. 4 for some chains of the form described above.
For the special case of the discrete time contact process or oriented percolation all
hypotheses are verified in this same section.

Finally, in Sect. 5 we derive a central limit theorem for the absolute location of
the occupied sites in the X-chain. The conclusion of Theorem 1, tells us that X,,,
conditioned on {T" > n} has a limit distribution. Thus, for X,, as in (1.36), this
tells us that the number of particles and their distances to the leftmost occupied
position &;(n) are tight (under the condition {T" > n}). However, the absolute
position of the occupied set, by which we simply mean £;(n) itself, will not be
tight without normalization. In fact our last theorem shows that &i(n)/\/n is
usually asymptotically normally distributed and independent of X,, (still under the
condition {T" > n}). This result follows almost immediately from standard central
limit theorems for recurrent Markov chains, by means of the strong recurrence result
(1.28).

Theorem 4. Let {X,,} be defined by (1.36) for a chain X, with rates satisfying
(1.31) (1.35). Assume that (1.22) (1.24) are satisfied. Then there exists an M €
R? and a d x d matriz ¥ such that

&1(n) —nM
Vn

conditioned on {T > n} converges in

distribution to N(0,3). (1.40)

More generally let p be the period of (the restriction to Sy of ) Xe and let Sy o, -, Sop—1
be the cyclically moving subclasses in Sy (c¢f. (1.12)). Then, for 0 < s1 < $3 <
< 8y, T € S0, Y1 € So,4ysc Y € S04, and 1, e €ERw € 72, as n — oo,

) i) — s,npM
P{gl(LS an—f_j Z) o < ,YT'?Xl_Sran"'jr*?: - yral <r< 12 ‘

NG

Xo=2,&0)=w, T > |[sm|p+js— 2} (1.41)

—1
PG, <yi<r< z}% TT1F o))

where {G}i>0 s a d-dimensional Gaussian process with mean zero, Go = 0 and
covariance function

E{G,GI} = (s AD)Y.
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(G* is the transpose of the column vector G ). In particular this result is valid for the
subcritical discrete time contact process (site or bond version) on Z¢ with M = 0,
¥ = 0% (identity matriz of dimension d) for some o > 0.

If ¥ is the zeromatrix, then (1.41) means that for all e > 0

P{ 161 ([srnp + jr — i) — s,mpM]||

NG <& Xsnlptj, i = Y, 1 <7 <L
Xo=u,&

(0) =w,T > |sen|p+ jo — Z}

\
—

¢
5 % ) lyn)]

T

Remarks: (iii) Note that the condition Xy = z, &;(0) = w fixes the full state of
Xo. If Xg =z and £;(0) = w, then Xo(2) = z(z — w).

(iv) Some more information on M and ¥ is given in (5.12), (5.13) and succeeding
lines.

(v) A central limit theorem for oriented percolation (in a Fourier form) was proven
before by Nguyen and Yang (1995). They use lace expansions, which only work
in high dimension and seem to be restricted to oriented percolation. It would be
difficult to extend their method to the more general class of processes described
before Theorem 2. On the other hand Nguyen and Yang also treat the critical
oriented percolation, in addition to the subcritical one. Our method does not
apply at all to the critical case.

For the more difficult case of ordinary, unoriented percolation a related — but
slightly different — central limit result was first proved in Campanino, Chayes and
Chayes (1991).

(vi) It is not difficult to extend the limit theorem (1.41) for the finite dimensional
distributions of {&1(|sn])/v/n}s>0 conditioned on {T" > n} to a full invariance
principle (of the & coordinate only, though).

Acknowledgments. P.F. and H.K. thank the Newton Institute of Mathematical
Sciences for its hospitality and its support during the Fall of 1993, when this research
was carried out.

2. R-Positive-recurrence.

In this section we shall prove Theorem 1 for general absorbing Markov chains.
(1.2), (1.4) and (1.22) (1.24) will be in force throughout this section.

Here is a brief outline of the proof. Fix a state yg. (1.22) (in conjunction with
(1.13)) says more or less that, conditionally on T' > n, the chain cannot stay away
from U; too long. This will be used to show that in fact X4 will visit ¢; at a time
near n, with a probability bounded away from 0. By (1.24) X, will then also visit
Uy, and even gy at a time near n, with a probability bounded away from 0. We
will actually show that even the probability for X, = yo and X,, = yg is on the
average (over k € [0,n]) not too small, still under the condition {T" > n}. A little
renewal theory then shows that X, must be R-positive-recurrent (see Lemma 5).
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As already stated, Vere-Jones’ results then show that there exist f and p satisfying
(1.17) (1.20). One can therefore introduce the honest transition probability matrix

P, y) = RP(;iigf(y)’

This is positive recurrent. From the fact that {X,, = yo} has not too small a
probability we will obtain that P, {1" > n} is of the same order as P"(yo, o).
Using P* and a Markov chain X* with this transition probability quickly leads to
(1.21), (1.26) and (1.27).

To prove (1.28) we appeal to the hypothesis (1.23). Specifically, this is used to
show that the function f is bounded on U;. This will allow us to reduce (1.28) to
fairly standard exponential bounds or large deviation estimates for the chain X*
(these no longer involve R).

The above steps are separated into various lemmas. The R positive recurrence
and (1.17)-(1.20) are proven in Lemma 5; the fact that the g of (1.25) is a minimal
quasi-stationary distribution is in Lemma 7. Finally, (1.21) and (1.26)—(1.28) are
proven in Lemmas 6 and 8. We carry out the proof only for the aperiodic case
(p = 1); the extension to general p is routine.

Throughout D; will stand for a strictly positive, finite constant whose value is
of no significance to us; the same symbol D; may represent a different constant
in different proofs, but we will not vary the value of D; in a single lemma. Also
C1,Cy, - - will be constants in (0, o), but they maintain the same value throughout
this section.

We begin with a simple reduction, based merely on the irreducibility assumption
(1.2), and which is not strictly needed, but which simplifies the formulae.

x,y € Sp.

Lemma 1. For any fixed yo € Sy we may assume that Us consists of yo only and
that the xo of (1.23) equals yo. (In particular we may assume that Uy contains yg.)

Proof. Fix yy € Sy. By the irreducibility of P and the finiteness of Us there exists
an mg < oo and a Dy > 0 such that for all y € Us

P*(y,40) > Dy for some 0 < k < my. (2.1)
Then, by (1.24), for x € U,

P.{X,, = yo for some n < ng+ mg}

no
> Z Z P, {X, first visits Uy at time j, X; = y} P,{ X} = yo for some k < mg}
J=0yel>
no

> D1 Y Pp{X, first visits Uy at time j} > D, Cj.
§=0

Thus, by replacing C3 by D1C5 and ng by ng + mg, we may assume (1.24) valid
with Us = {yo}.

Next we compare P, {T" > n} and P, {T > n} for arbitrary =1,y; € Sp. These
two probabilities will be of the same order. Indeed, there exists a k = k(z1,y1) so
that

P*(y1, 1) > 0.



2.2

2.3

QUASI STATIONARY DISTRIBUTIONS AND RATIO LIMIT 11

Since X = x1 € Sp implies T' > k, we also have

P, AT > n} > PF(y1,21)Pe, {T >n — k}

> P¥(yy, 21) Py, {T > n}. (2.2)

In particular, if yo is any fixed state, then the inequality in (1.23) will continue to
hold (with a suitable change in Cs) if we replace z¢ by yo. However, (1.23) in its
original form required that zo € U;, and yo may not belong to U;. In the latter
case we simply add yo to U; and verify that (1.22) and (1.24) remain valid after
this enlargement of U4;. To verify (1.22) we note that the irreducibility of P shows
that if yg does not belong to U, then there exists some k£ > 0 and some y € Uy,
such that
P{Xr =yo, Xe ¢ Uy for 1 <<k} >0.

Moreover,

PAT >n+k, but X, ¢ U; forall 1 </ <n+k}
> P A{Xr =yo, Xe g Uy for 1 <L <k}
- Py {T > n, but Xy, ¢ Uy for all 1 <2 < n}.

The first factor in the right hand side is strictly positive, and the left hand side is
at most C1(R + e0)~"™. Thus (1.22) also holds for x = y, (after a suitable change
of C1). Now adding yo to U; can only help for the inequality in (1.22).

(1.24) holds automatically, because if the inequality holds for z € U; and for
x = Yo, then it holds for x € Uy U {yo}. |

From now on we assume that Us is a singleton, say Us = {yo}, and that this yq
belongs to Uy and that z( in (1.23) equals yq.

Lemma 2. There exists a constant Cg > 0 and for all x € Uy an ny = ny(x) < oo
such that

n
> P Xk = yolT > n} > Con, n>ny. (2.3)
k=0

Proof. For ng as in (1.24) and k < n — ng one has

no
ZP.T{XICM = yo|T > n}
=0
1 <
> Pr(z,u)Y P (u,yo) Py {T > n — k}
DR

P AT >n —k}
P AT > n}

> C3Cy " Y PH(w,u) (by (1.23) and (1.24))

uel/{l

= C3C5 "Pp{ Xy € UL|T > n}.

It therefore suffices to prove that for some D > 0
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o5 me{Xk eUL|T >n} > Din, x €Uy,n > ny. (2.4)
k=0
Now, let 0 < g < 01 < --- be the successive times at which X, visits /; and define

A(n) = max{j: 0; < n}.

We shall take Xy = x € Uy so that og = 0 and A(n) will be well defined. A(n) + 1
will be the number of visits by Xo to Uy during [0,n]. We define

Fi = o-field generated by X, -, Xk.

Then, conditionally on F, , 011 — 0; has a defective distribution, which satisfies
on the event {o; < 00, X, =y} with y € Uy

P ir <oj41 — 05 < o0|F,,} = Py{r < o1 < oo}
06 = P, {X, ¢ Uy for 1 < £ <7, but X}, returns to U, for some k > r} (2.5)
<PAT >r, but Xy ¢ Uy for 1 </ <r} <Ci(R+¢eo)"
(by (1.22)). Consequently, for any > 0 with e < R+ &g, on the event {o; < oc},

oo

ZQGTP${0j+1 — O'j = T|F0j}

r=1

S DY R < 0y <xlF,)
r=1

< Dy(0)

for some 1 < D5(f) < oo. It follows that

P,{j-th return to Uy occurs at time r} = P,{o; =}

o7 < e*TgEm{eZ'g;& O(vin1=0i): 5, < 00} < e " [Dy(9)). (2.6)

We use this to prove that for some a > 0 (independent of x € ;) and n,

1
08 P.{X(n) < an|T >n} < 50 L€ Ui, n > nq, (2.7)

which in turn will imply

n
ZP_%{X;c € Uy|T > n} = E,{ number of visits by X, during [0,n] to Uy |T > n}
k=0

1
> E,AAn)|T > n} > anPy{\(n) > an|T > n} > 5 0n-
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Thus (2.4), and hence the lemma, will follow from (2.7). But for z € U, by a
standard last exit decomposition,

P.{\(n) < an,T >n}

— Z Z Z Pp{X(n) = j,orxm) =1, Xp =y, T > n}

0<j<an r=0yel;

= Z ZZPx{aj:r,XT:y}

0<j<an r=0yel,
-PAT >n—r, but X, ¢ Uy for 1 <L <n-—r}

< Y Y Poy = r}Ci(R+20) " (by (1.22)

0<j<an r=0

<O Y S DO (R 4 eq)

0<j<an r=0

n

< D3(0)[Da(0)]"" (R +e0) ™ Y _[(R+e)e *T".

r=0

Now choose # > 0 such that ¢/ = R + ggo, and then « > 0 so small that
«a, —6 3 —1
[Dz(g)] € S (R+ 160) .
We then find that the left hand side of (2.7) is at most
3 —n —1
D4(0)(R+ ZEO) [PAT >n}]™". (2.9)
On the other hand, for € Sy there exists an n; < oo such that
P AT > n} > P'(z,z) > (R+ %0)7 > ny, (2.10)

by virtue of (1.13) (recall that we took p = 1). (2.8)-(2.10) show that , if nq is
chosen large enough, also

P.{X(n) < an|T > n} < D5(0) ( i+ 3 ) < n>mny, (2.11)

1
B | S

as desired. ]

The preceding lemma showed that there is a reasonable chance for the “average”
k, that X} = yo. We now show that { X} € Uy for some k “close to n”} has a high
probability (all this conditioned on {T' > n}).
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Lemma 3. For everyn > 0 and x € Uy there exist mg = mo(x,n), na = na(x,n) <
oo such that

P {X, ¢ Uy for allm —mo <L<n|T>n}<n, n>ns. (2.12)
Proof. Take ni(z) as in (2.10). Then for any x € Uy, y € Sp and p > nq(x)

PAT > n} > PP(z,2)P,{T > n — p}
€0\ P (2.13)
Z <R+§> PT{T>TL—p},

and for m > ny(x)

P,{T > n, last visit to U; by X, occurs before time n — m}

n—m-—1
= Z PAX, €Uy, Xy ¢ Uy forr <L <n,T >n}
r=0
n—m-—1
= Z Z P (z,y)PAXs g Uy for 1 <l <n—rT>n—r}
r=0 yel
< 3 S P y)Cu(R +e0) P (by (122))
p=m+1yel

n

< Z PAT >n—p}(R+¢eo) ? (because X,,_, =y € Uy implies T > n — p)

p=m-+1
R+ 2\
<D 2 PA{T > by (2.13)) .
<D () BT >} by (21)
Thus, for any n > 0, we can fix myg = mg(x,n) such that for all large n, say
n > na(z,n), (2.12) holds. |

We now combine Lemmas 2 and 3 to get our first real recurrence statement.

Lemma 4. There exist constants C7 > 0 and ng < oo such that for n > ns
ZPyO{Xk =y and X,, = yo|T > n} > Crn. (2.14)
k=0

Proof. We start from (2.3) with x = yo € U;. We now take n = Cg/4 and subtract
from (2.3) the following consequence of (2.12)

ZPyO{Xg ¢ Uy for alln —mg < £ <n|T >n}
k=0

1
<n(n+1) < 5Csn, 0> na(yo, ) +2
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(mo = mo(yo,n)). We obtain that for n > nq(yo) V (n2(yo,n) + 2)
- 1
ZPyo{Xk = 1o, and Xy € Uy for some n —my <L <n|T >n} > EC’Gn. (2.15)
k=0

The value of X, is still unspecified in (2.15) and we must now make X,, itself
equal to yo. First we note that there exists an » and D > 0 so that

P(y,yg) > D for all y € Uy and r < g < 1+ my. (2.16)
This is so because, by (1.13), there exists an s and a Dy > 0 such that
P(yo,y0) > Do for all ¢ with s < ¢ < s+ ng + my.

Thus for y € Uy, s +ng < q < s+ ng+ mg

no
Pi(y,yo) > ZPy{ first visit to yg occurs at time Z}Pq_z(yo, Yo)

=0
ng

> Dy ZPy{ first visit to yo occurs at time £} > DyCs.
=0

This is (2.16) for r = s + ng, D1 = DyC5. Finally, (2.15) and (2.16) show that

ZPyg{Xk = ?JOan—I—r = yO}
k=0

> i i Z Py { Xy = yo, first visit to U,

k=04=n—mg yeEU,

at or after time n — myg is at time £ and X, = y}P""”“‘é(y, Yo) (2.17)

n
> DlZPyg{Xk = yo, Xy € Uy for some n —mg < £ < n}
k=0

1 1
> §D16’6nPyO{T > n} > §D16’6nPyO{T >n+ T}.
Short of replacing n+r by n, this is (2.14) with C7 = $D1Cg and ng = (nqVn)+2.1

Lemma 5. P is R-positive-recurrent and there exist strictly positive functions f, p :
So — (0,00) which satisfy (1.17)-(1.20). Up to multiplicative constants f and p
are unique.

Proof. Define
gn = Py { X = y0, X, #yo for 1 <r <n-—1},

and

L= i gnR".
n=1
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Then, by Vere-Jones (1967), Theorem C, L < 1, and P is not R-recurrent is equi-
valent to
L < 1. (2.18)

We begin by proving that (2.18) is not consistent with (2.14). To see this note that
(2.14) implies

Zﬁk(yoa yo)P" ¥ (yo, yo) > CynPy{T > n}

(2.19)
> ConP"™(yo, o), 1 > na,
(again because X, = yg € Sp implies T > n). Next introduce i.i.d. random
variables Y, Y7, Y,, - - - with the distribution
P{Y =n} =g :=g,R",1 <n < oo,
{ } = 9n = gn (2.20)

P{Y =00} =1-L.

(This is really a distribution by the definition of L and (2.18).) Under (2.18) the
mass of this distribution on oo is strictly positive. Now set

and observe that

P*(yo, yo) P™ *(yo, yo)
pn (yO: yO)

_ REP*(yo, yo) R™ % Pm* (4, o)

R™Pm (o, y0)
_ P{k equals some T} P{n — k equals some T} }

Pyg{Xk - y0|Xn - yO} =

P{n equals some Ty}

= P{k equals some Ty|n equals some T}}.

Therefore (2.19) shows that for n > ns,

Cwn < Z * (w0 yo) P * (40, o) = E{number of T} in [0, n]‘n equals some Ty}
P (yo. yo)

[y

< =C7n + (n + 1)P{number of T} in [0, n] exceeds —C’7n‘n equals some Ty }.

N}

But for any n > 0

P{n equals some Ty} = R" p" (%0,%0) > (1 —n)"
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for large n, by virtue of (1.13). Therefore

1
P{number of T} in [0, n] exceeds §C7n}
| 1 (2.21)
> ZC&P{n equals some Ty} > 16’7(1 —n)"

for all large n. This, however, is impossible if
LC7? <1 -y,

because .
P{number of T, in [0, n] exceeds §C7n}

1
< P{Y; < oo for j < 50771} < LOm/2,

This is the required contradiction and we conclude that L = 1 and that Pis R-
recurrent. N
Next we show that P is R-positive-recurrent. Multiply (2.19) by s R™ and sum

over n. If we write
[ee]

Z Uo Uo

we obtain

U?(s) > C7sU'(s) — C7(ns+1)*R™, 0<s<1 (2.22)

(the C7(n3 + 1)2R™ is needed because (2.19) holds only for n > n3). Now the
R-recurrence of P simply says that

= " R"P"(yo,y0) = 0
0

Therefore for % <t <1 and some D; < o0

1
1 1 U'(s)
N S ds < Di(1 1t
ORI /U (1 =8
t
Consequently,
t) > ——— t1T1
vtz 5a—p »11

and necessarily
lim sup R P™ (yo, yo) > 0,
— 00
which gives R-positive-recurrence.
The existence of f and p which satisfy (1.17) (1.20) and their uniqueness up to
multiplicative constants is now guaranteed by Vere-Jones (1967), Theorem 4.1 and
Corollary on p. 375. |
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Lemma 6. The f and p of Lemma 5 satisfy (1.21), (1.26) and (1.27).
Proof. Assume that (1.21) fails, so that

> uly) = oo

y€So

Then, by (1.20) and Fatou’s lemma

hnrr_1>10101fR Py AT > n} :llnrr_1>1013f ; R"Py,{Xn =y} > f(yo) ; pu(y) = oc.
Yoo Yycoo

This, however, is not posible, since (2.14) implies that for n > ng

n 1 -
C < P, 1 X, = yo, X,, = yo|T >
7n+1_n+1kz_% o1 Xk = Yo, Yo n}
P (yo,yo0) _ R"™P™(yo, yo0)
- P,(T>n) R"P,{T >n}

S (o) i(yo)
~ R"PyO{T > (by (1.20)).

Thus (1.21) must hold.
(1.26) now follows from the dominated convergence theorem. Indeed, by (1.18),

(@) P (w,y) < uP™(y) = R "u(y)

so that
R"P"(z,y) <

pu(z)
Thus, by (1.20)

lim R*PAT >n} = lim »  R"P™(x,y) = f(z) Y u(y).
YyESo yESo

Finally, (1.27) is immediate from (1.26) and (1.20). |

Lemma 7. 1 as defined in (1.25) is the unique minimal normalized quasi-stationary
distribution.

Proof. Clearly u(Sp) = 1. Moreover, by (1.18)
P = R

so that p is a normalized quasi-stationary distribution.
To show the minimality of g observe that for any normalized quasi-stationary
distribution v, (1.6) implies

r(n+m)=r(n)r(m) and r(n) = [r(1)]"
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and hence, by virtue of (1.7),

PA{T >n} =[P,{T > 1}]",

T = iPy{T >n}=[1-Pf{T>1}]""

n=0

Thus, in the set of normalized quasi-stationary distributions the expected absorp-
tion times are ordered in the same way as P,{T > 1}, and a normalized quasi-
stationary distribution g is minimal if and only if P,{T > 1} is minimized for
v = fi. But (1.6) implies that r(1) = P,{T > 1} (cf. (1.7)), so that it suffices for
the lemma to show that

r(1) > R~ for any normalized quasi-stationary distribution v. (2.23)

But (2.23) follows from (1.13) and

P(o) < )P

(cf. (1.6) and (1.7)).

Finally, there is only one minimal normalized quasi-stationary distribution be-
cause the solution of (1.18) is unique, up to a multiplicative constant. (see Vere-
Jones (1967), Theorem 4.1). |

Lemma 8. (1.28) holds.

Proof. As we saw in Lemma 1 we can take zy equal to any state and that this
may be the same state as yo. We therefore only have to prove

= Py {X, =yo,but X, #yofor 1 <r<n—-1} < Dy(R+mn) " (2.24)

for some Dy < oo,nm9 > 0, under the assumption that (1.23) holds with zy re-
placed by yo. Now introduce a Markov chain X® with state space Sy and (honest)
transition probability matrix

P*(z,y) = x,y € Sp.

Analogously to the preceding write P for the distribution of X*-paths conditioned
on X; = z. It is well known and easy to check that the R-positive recurrence of
X, implies that XJ is positive recurrent.

We shall first prove that for some a > 0,77 > 0 and Dy < oc

Py { X, € Uy for fewer than an values of 7 in [0, n]} < Do(1 — ny)". (2.25)

Note the similarity of (2.25) with (2.11). The principal difference is that we now
use the measure Py, instead of the measure P, conditioned on {T' > n}, of (2.11).
Even though this Wlll not be needed in the sequel we point out that there exists
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a general relationship between the measures P, conditioned on {T" > n} and P}
The latter is a limit of the former in the following sense:

nll)nolo P X1 =x1,...., X = 2T > n}
_nll)Igo PT{T>n} Pm{Xl—Tl,,Xk—Tk}
:ka(mk)

() PAX1 =z, -+, X = xx} (by (1.26))

o [l _._f(xl) — —r
B LT R (R

=P {X{ =z, -, X} = xx}.

Returning to the proof of (2.25), we have

o 1 X, € Uy for fewer than an values of r in [0, n]}

Rm
2.29 Z Z Py, {lan +1]-th visit by X, to U, (2.26)
m=n+1yel, '

occurs at time m and X,,, = y}.

Moreover, by (1.26) and (1.23), we have for some D3 < 0o

. PAT >n}
. =1 —<D f Nyeld 2.27
Flg) o B (T > ny = P2 forally €. (2:27)

2.30

Therefore, the left hand side of (2.26) is (for large n) at most

Z Z R™P, {|an + 1]-th visit by X, to U; occurs at time m,
m=n+1yel

Xm =y, T >m} (again because X,,, = y € Uy, implies T > m)

Z Z o4 lan + 1]-th visit by X, to U; occurs at time m,
m=n+1yell

Xm =y|T > m} (by (1.26))

oo

< Dy Z P, {X, € U; for fewer than (an + 2) values of 7 in [0, m]||T > m}

m=n-+1
> R—|—€0/2 "
<D SEE ) (by (2.11)).
<D > (i) v @n)

This proves (2.25) with
€0

M= AR+ 36,
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The second ingredient for the proof is the following simple estimate, which holds
uniformly for y € Y; and k£ > 0 :

Py { X = yo for some k <r <k +no| Xy =y}

1
> - 1E;O{ number of r in [k, k 4+ ng] with X7 = yo| X} =y}
1 .
— P*)i(y,
"0+1jz::0( )7 (¥, yo)
_ 2.28)
100 {p sp] 55 (
> —— I'sup f(y P (y,y

> ¢y LWo) [sup f(y>] (b (1.24))

no+ 1 [yeu,
> Dg >0 (by (2.27))

for some constant Dg > 0. If 0 < o5 < o] < --- are the times of the successive
visits by X7 to U; and

F; = o-field generated by X, -+, X},
then (2.28) implies that

Py {X; equals yo for some o <1 <oj,, |F; }
> Py {X; equals yo for some o <r <o} 4 nglF; }

> Dy.
This in turn shows that

5 39 Pr{X}#yoforalll <r<oj} < (1— Dg)lt-D/mot), (2.29)

Finally note that

g = Py X, =yo but X7 # yo for 1 <r <n—1}

Yo

= Z P*(yo, v1) P*(x1,22) - - P* (%51, Y0)

T1,--Tn—17Y0

= R" Z P(yo,x1) - P(xp_1,y0) = R"gn,

Tl Tn—17Y0

so that (2.24) is equivalent to

R n
*< D ) 2.30
2.33 In > 1<R+770> ( )
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But this follows for suitable g > 0, D7 < oo from (2.25) and (2.29), by observing
that

9 < Py { X € Uy for fewer than an values of 7 in [0, n]}
+ Py { X, # yo up till the an-th visit of X™* to U, }

Y0

< Dy(1 — )™ + (1 — Dg)(Lanl=2)/(no+1) .

We have now proven all statements in Theorem 1.

3. Cellular automata.

In this section we discuss Markov chains of the type discussed before Theorem
2 in the introduction and prove Theorem 2. As we shall show, the main reason for
the validity of Theorem 2 is that the number of occupied sites in its chains does
have a very strong downwards drift when this number of occupied sites becomes
large. This is made precise by the estimate (3.2) below.
Proof of Theorem 2. We shall occasionaly write X (n, z) and | X (n)| for X, (z)
and \)Z'n|, respectively, for typographical convenience. We remind the reader that
the range p is introduced in (1.35). Because X, is strongly subcritical, there exists
an n4 > 1 such that for all z € §, z €79,

- 1 B
PoAR(n0,2) £ 0} < (24 1) n7 (3.1)
We claim that this implies
- 1 -
E {|X(n4)|} < §|T\ for all z € S. (3.2)

To see this write

X (ng)] = Y I[na, 2], (3.3)

z€Z.d

where I[n, z] is the indicator function at the event { X (n, z) # 0}. Now the distribu-

tion of X (n, z) depends on z only through the values of z(v) with v € Z% such that
|lv—z|| < np (where || || is short for || ||2). For n = 1 this is just assumption (1.35),
and it easily follows for general n by induction on n. Consequently, if z(v) = 0 for
all v with ||[v — z|| < np, then

P {X(n,z) # 0} = Po{X(n,2) # 0} = 0, (3.4)

because the state 0, with all components equal to 0, is absorbing. It follows that if
V1, , )y are the sites in Z% with (v) # 0, then a.e. [Py]

||
X(na)| <> > I[na, 2], (3.5)

=1 2€B(v;,n4p)
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where

Bv,r)={z€Z%: ||z —v| <r}.

Taking expectation with respect to P, in (3.5) gives

£l
E,X(na)| <> Y. PofX(na,2) #0}
J=1 2€B(v;,n4p)
B, nap)| 520+ 1) ny® (by (3.1)

1
§\$|-

IN

IN

This establishes (3.2).
Now for any integer n > 1 and |z| < K

Pm{|)~((jn4)\ > K for 1 <j<m,T>mng}

1
<
= K

Eo{|X (mnag)|"; | X (jng)| > K, 1< j < m}

| r

x X 1)
_ el [ R e
K X (jna)

X (jna)l > K, 1<j<m (3.6)
7=0

~ ~ m—1
X(na)" X(na)|"
B e AN B (e TN TAY
| <K x| ly[>K ||

By (3.5)
X(n4)| < [X(0)|(2p + 1)"ng
so that
X r
sup Fy ﬂ < (2p+1)¥ndr, (3.7)
|z|<K ||
We next fix r such that
9 r/ng
2 < 3.8
(3) <~ (3
(where 7 is the number appearing in the right hand side of (1.39)). We shall show
that for all large K
X (na)|" 2
sup 1, [ X0 < 2y (39
ly|>K 1yl 3

Now observe that the absorption time T is the same for the two chains {X,,} and
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{X,}. Also | X,,| = | X,|. Therefore, if (3.9) holds,

sup P,{T > n, but |X,| > K for all 1 < /¢ < n}

TES

= sup P,{T > n, but |5(:p| > K forall 1 </{<n}
m€§

< sup Po{| X (jng)| > K for all 1 < j < |n/ng]}
m€§

2>T(Ln/"4J1)

.

< Csvy™  (by (3.8))

(by (3.6), (3.7), (3.9))

with

3 2r
05 — <§> (2p_|_ l)d’r dr

(which is independent of n). Thus (3.9) will imply (1.39) and we now turn the
proof of (3.9).
By (3.3)

Ey|X(na)" = Y Ep{Ilna, 1] I[na, ]}

= Z HEmI[n4,zi]+ Z {Em{l[n4,zl] I[ng, 2.} HE In4,zz}

Also, by (3.2)

3 HE T(na, 2] = { B, sz, Iy < (%|m)T.

Moreover,

E {Ing, z1] - I[ng, 2]} HE Ing, z]| <1,

so that (3.10) shows

X r
EJFLO < 27" 4 |z|7" - (number of r-tuples
€T T
3.11 r (3.11)
21y eeey 2r with E${I[n4, Zl] o I[n47 ZT]} 7& H E$I[n47 Z’U])'
i=1
We claim that for any subsets E1, ..., E, of Z%, which satisfy
3 19 d(E;, Ej) =inf{||z' —2"||: 2 € E;,2" € E;} >2np for i+ j, (3.12)
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the families {X(n,z) : z € FE;} are independent under P,. In fact, for n = 1
all X(1,2),z € Z*%, are independent under P, by (1.34). For general n our claim
follows by induction, by means of (1.34) and (1.35). Indeed if the result is true for
n=1,---,kand Eq,---, E, satisfy (3.12) with n = k + 1, then for any bounded
functions f;, depending on {)}(k +1,2): 2z € E;} 1 <i<r, the Markov property
and (1.34) imply that

B, {llIf} = E, {Em{lf[fﬂ?k}} ~E, {HE {f)?k}} (3.13)

(note that the E; are disjoint). Furthermore, by (1.35) E,{f;|Xi} = g; for some
bounded function g; of the Xy (v) with v € E., where

El={veZ: ||v—z| < p for some z € E;}.

The E! satisfy (3.12) with n = k, so that by the induction hypothesis the g; are
independent under P,. Thus

E, {H fz'} = E, {Hgi} = [ Bedoi} = [ BoABALi1 Xi}} = [ | Bud i}

Thus the families {Xy11(2) : z € E;} are independent, as claimed.
The above independence property shows that

E {I[ng,z1]---I[ng, z.|} = H E.I[ng, z]

i=1
as soon as ||z; — z;|| > 2n4p for ¢ # j. Furthermore, by (3.4), I[n4, z;] = 0 a.e. [Py],
unless z; lies within distance nyp from the set
{vezt: x(v) #0}. (3.14)
Thus .
Ep{I[na, z1] - Ilna, 2]} = [ [ Bullna, z:] =0

i=1
unless each z; lies within distance ngp from the set (3.14). Since the set in (3.14) has
cardinality |z|, the number of r-tuples z, ..., z,. which lie entirely within distance
nap of the set (3.14) and have ||z; — z;|| < 2n4p for some i # j is at most

[(2n4p + D)4 z|]" 1r2(dngp + 1)?

This is therefore an upper bound for the number appearing in the right hand side
of (3.11), and consequently

IN

1
27"+ —r?(4ngp + 1)™.

@
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(3.9) is now immediate for

r?(4ngp + 1)

& -G

K[>

4. Some examples.

We shall now use Theorem 2 to give some specific examples to which Theorem
1 applies. These examples therefore have normalized quasi-stationary distributions
and the limit relations (1.26), (1.27) hold for them. All examples are of the form
described before Theorem 2, and we allow only the values 0 or 1 for X,,(z) (that
is, K = 2 in (1.30)). By the translation invariance (1.33) and the independence

property (1.34) the model is completely specified by the probabilities
P{X1(0) = 1|X, = z}, (4.1)

(where 0 denotes the origin in Z?) and this probability depends only on z(z) for
|z]| < p (by (1.35)). Note that we have an obvious partial order on Sgo : 2’ > "
if and only if 2/(z) > 2’ (z) for all z € Z%. We now impose four further conditions
on the probabilities in (4.1). These conditions are

P{X(0) = 1| X, = «} is increasing in ; (4.2)
P{X1(0) = 1|Xy = 2} < 1 for all z € S4; (4.3)
P{X1(0) = 1| X, = 2} = 0 if 2(2) = 0 for all z € B(0, p),
but P{X;(20) = 1|Xo = 2} > 0 for some z if 2(z) = 1 (4.4)

for some z € B(0, p).

For any disjoint subsets Ay, ---, As of B(0,p) = {v : ||v|| < p},
it holds that

P {)?1(0) = 1|X(2) = 1 in B(0, p) exactly for the 2’s in UA’} (4.5)
1
<1 - J[P{X1(0) = 0/Xo(2) = 1 in B(0, p) exactly for the 2’s in A;}.
=1

S
(4.5) says that the chain starting with only the sites in | J A; occupied lies stochasti-
1

cally below the maximum of s independent chains, the i-th of which starts with only
the sites in A; occupied, 1 < i < s. In order to obtain the required irreducibility
(1.2) or (1.32), we shall restrict the state space S to

0 U collection of states which can be reached by X,

when starting at Xo = 6(0)
(4.6)

(0(0) is the state with only the component at the origin equal to one and all others
equal to zero). We shall prove the following result.
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Proposition 3. If (1.81)(1.35) and (4.2)-(4.5) hold, and if {X,} is strongly
subcritical, then {X,,} (as defined by (1.36) and restricted to the space S of (4.6))
satisfies all hypothesis of Theorem 1. It therefore has a minimal normalized quasi-
stationary distribution p, and the limit relations (1.26) and (1.27) hold as well as
the bound (1.28).

Before proving the proposition we give some very specific examples.
(a) One dimensional nearest neighbor chains.

These chains haved = 1, p = 1, and )?n(z) takes on only the values 1 and 0. Thus,
given X,,, the distribution of X, 11(z) depends only on X, (z — 1), X, (2), Xp(z+1)
(remember that z € Z now). In fact we shall assume that it depends only on the
number of 1’s among X,,(z — 1), Xn(2), X,,(z + 1). The distribution of X, is

b

therefore completely specified by the four probabilities

7 =P{Xp41(2) = 1|X,} on the event
{exactly i of the values X,,(z — 1), X,,(2), Xn(z + 1) equal 1}, 0 < i < 3.
In fact, to make 0 absorbing we must take

o = 0. (4.7)

(4.2)—(4.5) will then hold if we take in addition to (4.7)

O<m <My <3 <1, (48)
3 <1—(1—-m)*=2m —n}, (4.9)
and
3 <1—(1—=m)(1 —mg)=m + my — my72. (4.10)
Indeed (4.2)—(4.4) hold by virtue of (4.8). As for (4.5), B(0,1) = {~1,0,+1} and
the only possible disjoint choices for A, -, A, are
s=2 A, = {1}, Ay = {0}, (4.11)
or
s=2,A; ={-1}, Ay = {0,1}, (4.12)
or
s=3,A; ={-1}, Ay = {0}, A3 = {1} (4.13)

or equivalent choices obtained from (4.11)—(4.13) by permuting {—1,0,1}. (4.5) is
void for s = 1. For the situations in (4.11) and (4.12), (4.5) is guaranteed by (4.9)
and (4.10), respectively. For the case in (4.13), (4.5) requires

T3 S ]_ — (1 *7’[’1)3,

but this is easily seen to be a consequence of (4.9) and (4.10).
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We do not have a sharp criterion for this chain to be strongly subcritical. How-
ever, this chain lies stochastically below oriented site percolation withd =1, p = w3,
discussed in the next example. Thus if 73 is sufficiently small, then { X, } is strongly
subcritical.

(b) The discrete time contact process or oriented percolation.

We describe here a discrete time analogue of the contact process. As will be
apparent from the description below, this model can also be viewed as percolation
on the vertex set Z%x {1,2,---} with an oriented edge from y x {n} to z x {n+1} if
and only if y and z are adjacent on Z?. The usual oriented percolation is essentially
the same model but with Z? replaced by another lattice; we shall not consider that,
though. Again we take a nearest neighbor process on Z¢%, that is with p = 1. The
probability in (4.1) depends only on the number of 1’s among the z(v), with v in
B(0,1)\ {0} = {v : v adjacent to 0 on Z%}. We do allow d > 1 now, though. There
are two versions of this model.

(i) Site-version.

This version corresponds to the threshold contact process. We take P{X;(0) =
1| X, = x} = p if at least one v adjacent on Z% to 0 has z(v) = 1, and P{X;(0) =
1/ Xy = 2} = 0 otherwise. (4.2) is obvious, and so are (4.3) and (4.4) if 0 < p < 1.
We shall not check (4.5) formally, but this is almost obvious from the following
percolation construction. Color all sites of Z% x {1,2,---} white (black) with
probability p (1 — p, respectively), independently of each other. When )}0 =x is

b

given, define X,, for n > 1 recursively by the following rule. If the site at z x {n}
is black, then X, (z) = 0 (i.e., z is vacant at time n). If z x {n} is colored white,
and at least one of its neighbor’s is occupied at time n — 1 (i.e., X,,_1(v) = 1 for
some neighbor v on Z% of z), then z is also occupied at time n. If z has no occupied
neighbor at time n — 1, then z is not occupied at time n, irrespective of the color
of z x {n}.

It is known (see for instance Durrett (1988), Sect. 5a) that this chain has a
critical probability p. = p.(d, site) € (0,1) such that for p < p. the process becomes
extinct, i.e., (1.4) holds for any starting configuration with finitely many occupied
sites. Moreover, if we write (zg) for the state = with x(z) = 1 if and only if z = 2y,
then

Ps(z:){T > n} — 0 exponentially in n (4.14)

whenever p < p. (the probability in (4.14) is independent of zp). This can be
seen by redoing Menshikov’s proof for the usual unoriented percolation (as given
in Grimmett (1989), Sect. 3.2), or by using Aizenman and Barsky (1987) together
with Hammersley’s theorem (Theorem 5.1 in Grimmett (1989); the latter’s proof
in the oriented case is quite easy). For a proof of (4.14) in a more complicated
situation see also Bezuidenhout and Grimmett (1991).

(4.14) implies that

for p < p. {X,} is strongly subcritical. (4.15)

To see this note that as in the lines following (3.3), X,,(0) depends only on z(v)

3

with [|v]| < n. Furthermore, by the above description, X,,(0) = 1 occurs if and only
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if there is a path vg = 0, vy, va, - - - , v, on Z% such that v x {n — k} is colored white
for 0 <k <n—1and z(v,) = 1. Therefore

PT{)?n(O) = 1} < Z P(S(v){jzn(o) = 1}
Jvl|<n (4.16)

< (2n 4 1) Py {T > n},

and this tends to 0 exponentially fast in n. Thus for p < p. all conclusions of
Theorem 1 hold for this chain.
(ii) Bond-version.

We now take

P{X:(z)=1Xo=a}=1 (1 p)

if z has exactly 7 occupied neighbors in state . In terms of independent colorings
we can describe this model as follows: put an edge or bond between v x {n} €
7% x {0,1,...} and z x {n + 1} if and only if v and z are adjacent. Color all
edges independently white (or black) with probability p (or 1 — p, respectively).
)~(n+1(z) = 1 if and only if it has a white edge to an occupied neighbor at time n,

e., if X,,(v) = 1 for some v adjacent to z for which the edge between v x {n} and
z X {n + 1} is white. Again this chain has a critical probability p. = p.(d,bond) €
(0,1) such that for p < p. all conclusions of Theorem 1 hold. We skip the details.
Remarks. (vii). A closely related problem to (1.27) for one-dimensional oriented
subcritical percolation is the following question: Is there a limit distribution for
the configuration of occupied sites at time n, as seen from the leftmost occupied
site, when in the initial state all sites in {0, 1,2, ...} are occupied? In this case it
is not necessary to condition on {T" > n} because T = oo almost surely for any
initial state with infinitely many occupied sites. This question was investigated by
A. Galves, M. Keane and 1. Meilijson (private communication). Our results do not
apply directly to this problem but we hope that they will nevertheless be useful.
(viii). For the discrete time contact process it is almost trivial to verify (1.23) if
we take Uy = {z : |x| < K} for some K and z¢ = 6(0). Indeed, for any z € Uy,

P.{X, is not absorbed by time n}
= P,{ one of the |z| initial particles survives till time n} (4.17)
< ‘$|P5(0){T > ’ﬂ} < KP(;(O){T > ’ﬂ}

The next lemma shows how to generalize this estimate under (4.2) (4.5).

Lemma 9. Let {{)Z”}nx) NS Zd} be a family of independent Markov chains,

each of which has the same transition probabilities as {X } but X'“ has initial state
X0 =0(v). If (1.81) (1.85) and (4.2),(4.5) hold, then {X,,}, starting from Xo =
is stochastically smaller than the process {Y,} defined by

Y (2) = max{X"(z) : z(v) = 1}. (4.18)
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In particular, for any A C 72,

P {X,(z) =0 forall z€ A} > P{V,,(2) = 0 for all z € A}
H P{X"(z) =0 for all z € A}, (4.19)

v with

z(v)=1

Proof. (4.19) is proven by induction on n, together with a coupling of X, and all
the X!. For n =1, (4.19) is immediate from (4.5) with A; = {v;}, if vy,--- , v, are
the sites for which z(v) = 1. Indeed, by (1.34)

P{Xi(z)=0forall z€ A} = H P.{X1(z) = 0}.
z€A

Moreover, by (1.35) P,{X;(z) = 0} depends only on which v’s in B(z,1) have
xz(v) =1, and by (4.5)

PiXi(2)=0}> [ PswniXi(z) =0}

V; EE(Z,I)

> Hpa(ui){)?l(z) = 0} = P{Yi(2) = 0}. (4.20)

Now the Yi(z),z € Z%, are also independent when X, = z is given (by virtue
of (1.34)). Thus (4.20) gives (4.19) for n = 1. It is now easy to couple all the
X}’,v e 74, and X1 One merely chooses the X 1, V€ 7%, independently of each
other, with their prescribed distribution. These X{’ determine Y;. One now takes
X1(z) = 0 for all z with ¥;(z) = 0, and takes X1(z) = 0 (respectively 1) with
probability
PAK(2) = 0} — Pu{Yi(2) = 0}
— P Ni(2) = 0}

(respectively N
Pe{Xa(2) =1}
1 - P {Y1(2) =0}

)

when Y7(z) = 1. These choices of the )~(1(z), z € 7.4, are conditionally independent
(given z and all the X¥,v € Z%). One easily checks that the X;(z),z € Z4, are
independent under this construction, and therefore have the correct distribution.
Moreover

X1(2) < Yi(2), z € 2%,

Now assume that (4.19) has been proven for n = 1,--- ,k, and that we have also
constructed joint versions of all X X” v e Z0<n <k, such that

Xo(2) <Vy(2), z€ 2% 0<n<k. (4.21)
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Let Cp, = {wq,---,w,} be the collection of sites for which Xj(w) = 1. A fortiori
Yi(w;) = 1 for 1 < 4 < r, and hence we can choose a v; such that z(v;) =
1,)?;“ (w;) = 1. The v;,1 < 4 < r, are not in general distinct. Call w; ~ w; if
v; = v;. C} then breaks up into disjoint equivalence classes, say Aq,---, A;. Thus
w; and w; belong to the same subclass if and only if v; = v;. We now apply (4.5)
with these A; or rather with A; N B(z, p) for fixed 2. Specifically, we first use

Pp{Xp41(2) = 0 for all z in A|X;} = [] Pg, {X1(2) = 0}.
zZEA

Then, by (4.5), for fixed z,

Pg {Xi(z) = HP{X1 = 0| Xo(w) =1 in
E( p) exactly for the w's in A; N B(z,p)}.
Finally, on the event {)Z'z’ (w) =1 for w € A;},

P{X:(z) = 0|Xo(w) = 1 in B(z, p) exactly for the w’s in 4; N B(z,p)}
= P{X}",(2) = 0]X}"(w) = 1 in B(z, p) exactly for the w’s in A; N B(z, p)}
> P{X;%(2) = 0[X;"} (by (4.2)).

Thus, on the event {Xj(w) =1 on Cj, = |J 4;}, which is contained in
1

ﬂ{f(;;l (w) =1 for w € A;},

1=1

and under (4.21), it holds that
Po{Xy41(2) =0 for all z in A| Xy, X?, v € 29}

> 11 HP{X,Z;l —0|X}} = HP{X;;;l =0 for all z € A| X"}

z€Ai=1
> Po{Vis1(z) = 0 for all z € A|XP}.

As before in the case n = 1, we can now couple )Z'k“ and the X}?ﬂ such that (4.21)
continues to hold for n = k + 1. (4.19) for n = k + 1 is immediate from (4.21) for
n<k+1. [ |

Proof of Proposition 3. We have to check (1.2), (1.4) and (1.22)—(1.24) for the
chain {X,,} defined in (1.36) (on the space S of (4.6)). For the set Uy of (1.24)
we shall take the singleton {6(0)}, i.e., the state which has only one occupied site
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(which is automatically the leftmost particle and therefore shifted to the origin in
X,,). For Uy in (1.23) we shall take the set

Ui (K) = {z € Sy =S\ {0}: |z] < K} (4.22)

for some large K, yet to be determined. x( will also be taken equal to 6(0).
Now first observe that from any state x transition to x( in one step is possible.
This (and several of the succeeding statements) are proven somewhat simpler in

terms of the chain X,, than in terms of X, itself. Indeed, if vq,---,v, are the
occupied sites of a state x € S, then with 2y as in (4.4)

P, {|X1| =1} > P,{X1(2) = 1 only for 2 = v1 + 2}

=P {Xi(nn+20) =1} [ P{Xi(2) =0}
z#v1+20

Now for some constant D; > 0
P:r:{jzl(vl +29) =1} > D,

for all & with z(v1) = 1, by (4.2) and (4.4). Also P,{Xi(z) = 0} = 1 when
z ¢ B(v;, p) for some 1 < i < /£ (by (1.35) and (4.4)). For z € B(v;, p)

P{Xi(2) =0} =1- P{X1(2) =1} > D> > 0
for some constant Dy independent of z and z (by (1.33), (1.35) and (4.3)). Thus
P{|X:| =1} > D, DLV, (4.23)

This proves the irreducibility condition (1.2). It also proves (1.24) (with ng = 1)
for our choice of Uy and Us, because the estimate (4.23) depends on £ = |z| only;
the right hand side is at least

D, DX+ (4.24)

for any x € Uy (K).
Condition (1.4), the certainty of absorption, follows directly from the assumption

that X, is (strongly) subcritical and the fact that X,,(z) = 0 automatically for all
2 ¢ | B, n0).

where the union is over the finitely many v with Xo(v) # 0. (cf. proof of (3.4)).
Condition (1.23) follows from Lemma 9. Indeed, if z(v) = 1 exactly when
v € {vy, -+, v}, with £ < K, then by (4.19)

P AT >n} = P,{X,(2) = 1 for some z}
< Pp{Y,(2) =1 for some z}

¢
< ZP{;(vi){)?n(z) =1 for some z}
i=1

< ZP(;(O){T > n} < KP(;(O){T > n}
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Finally, condition (1.22) for any sufficiently large choice of K, is guaranteed by
Theorem 2. [

5. A central limit theorem.

Finally we prove Theorem 4. We shall prove (1.41) for a single time only; that
is we take £ = 1 and s; = 1. The general case follows then easily by induction on
/, from the Markov property. Also, as before, we restrict ourselves to the aperiodic
case (except when we prove M = 0,3 = o2 x identity matrix for the discrete time
contact process, which has period 2).

For the proof we shall make use of an analogue of the P*-measure used in Lemma
8. However, this time we need a measure on the space Sy := S\ {0}, which is the
state space for )?. minus its absorbing state. To define this we must first lift the
function f of (1.17), which is defined on Sy, to §0. To this end let 7 be the projection
from Sy to So. That is, if #(z) # 0 exactly for z € {€1,---,&,}, then we take
7m(x) = £ ® (=) which has 7(z)(z) # 0 if and only if z € {0,& — &1, -+, & — &1}

If X,, =z, then 7(z) is the corresponding state of X,,. We now define
@) = f=(@), 7 € 8.

It is easy to see that for z = 7 (7)

S P(X, = X0 =3)f(7)

yeS

= B{f(X,)|Xo = &} = B{f(X,)|Xo = z}

= R f(z) (see (1.17)) = R™"f(Z).
Thus if we define for ¢ € Sn+?

P{Xy, X1, -+, Xn € C| X, = 7}

= L plRo, K € O1%0 = B} F(X0).

f(@)

then P* defines an honest distribution on the space of paths §§+. (In order not to

(5.1)

overburden notation we shall refrain from attaching asterisks to the X as well, in
contrast to what we did in Lemma 8. Note also that the measure induced by P*
on the paths of the X-process agrees with the P*-measure of Lemma 8).

Now fix Z € Sy and y € Sy for the remainder of the proof. Let z = n(Z) € Sy
and let B C Z®. Then

P{¢&(n) € B, X, =y|Xo=2,T > n}

R0 e .

= ) Ty ) € B X =3l Ko = S WIPAT > n)]

~ | f(y) Z p(w) ;?i) P{¢&i(n) € B, X, = y|)}0 =7} (y) (5.2)
L wESy ] T

(by (1.26))

- 4 -1

= |f(w) Y ww)| P{&n) € B,m(X,) = y|Xo = 7}.

L wESy i
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We now define g = 0 < 77 < --- as the successive times at which X, visits  and
write

W; = ()271717‘%}1714-17 T 7XTi) 1> 1, (5-3)

for the ¢-th excursion between visits to . We already remarked in Lemma 8, that
under P*, X, is positive recurrent, so that a.e. [P*] all 7; are finite and the W;

well defined. Also by the strong Markov property, and the translation invariance
property (1.33), the shifted excursions

Wi @ (—&i(rim1)) =(Xr, , @ (:51 Ti21))s Xoy 1 ® (&1 (1i21)),s (5.4)
o Xp @ (6(Tim))), i >1,
are i.i.d. Define further
A; = “length” of W; =1, — 731, (5.5)
A; = “displacement” of W; = & (1) — &1(mi1), (5.6)

and
7, = “diameter” of W; = max{|€1(n) — &1(1i1)| : 1ii1 <n < 7}

These are functions of W;, and hence (A;, A;, 7;)i>1 are also i.i.d. Moreover (1.28)
shows that the distribution of A; under P* has an exponentially bounded tail, as

follows: _ ~

=3 P{A =k Xg =3} =) P{r = kX, =7}
k=¢ k=¢

. (5.7)
=Y RFP{Xp=2. X, #2,1<r<k1X,=a}
k=t
oo k 12
R R
< Co|——| <Dy(z)|—| .
<o (rm) <20 (7r0)
In addition we claim that for some Dy = Ds(2) < oo,
To see this note that if X,, has occupied sites at §1(n), -+, &my(n), then the

occupied sites of )~(n+1 must all lie in
v(n)
i=1

(by virtue of (1.35) and (1.31); compare (3.4)). Therefore the occupied sites of X,
for any 7;_1 < n < 7; have to lie in

v(Ti—1)

U E(fi(ﬂ'fl); (1i = Ti-1)p)

1=1
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and
7 <2(r —mio1)p+ max [|&(Tic1) = &i(mioa)|
1<r<v
< 2A;p + max v, — v,
T,8
where vy, vg, - - - are the occupied site of the state z (because )A(:Tiil =z,X,_, =)

and v = v(1;_1). Thus (5.8) holds with Dy = max ||v, — vs]|.
Next we define 7
O(n) = max{i: 7 < n}.
Then

6(n)

&1(n) = &(0(n)) + &1(n) — &1(0(n)) = £2(0) + Y Aj + &1(n) — £1(0(n))

and
€1(n) =& (0(n))| < 7(6(n) + 1) < 2Ag(n)41p + Da.

In addition

1
—A, — 0 almost surely [P*]

NG

because the A, are i.i.d. and have all moments under P*. Also, by the strong law
of large numbers

9 ~
% — [E*{A1]| X = ?1“?}]_1 almost surely [P*], (5.9)

again because the A, are i.i.d. and 7; = Zzl A,. Thus

Ag(n)+1

NG

The standard proof of the central limit theorem for Markov chains (Chung (1967),
Sect 1.16) now shows that

— 0 almost surely [P*]. (5.10)

&1(n) —nM

VA N(0,Y) (5.11)

under P*, conditioned on Xy = z, with

I E*{A|X, =7}

= 0 (5.12)
E*{Al‘Xo = T}

1
 EBH{A Xy =7}

3 (i, ) E*{(Ar; — MAy)(Arj — MjAy) | Xo =7}, (5.13)
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where Ay ; and M; are the i-th component of Ay and M, respectively. Slightly more
explicit expressions for M and ¥ can be given in the same form as in Theorems
1.14.5, 1.14.7 and its Corollary in Chung (1967). Note in this connection that

E*{number of indices 0 < n < 71 with X,, = v\)?o =1z}
= F*{ number of indices 0 < n < 1 with X,, =v|Xo=2x} =

because f(v)u(v) is the unique invariant probability measure for the X, chain under
P*. That is,

> fl@)p(z) PH{X1 = v|Xo =z}

’IJESO

= Rf(v) Z p(x)P{X1 =v|Xog =2} = f(v)u(v)

€Sy

(5.15)

(by (1.18)), and (1.19) holds. We shall not pursue more explicit expressions for M
and > here; see, however, the end of this proof.

In view of (5.11) we basically only have to prove the independence of X, and
[€1(n) — nM]A/n. The arguments for this are at least part of the folklore and we
shall therefore be brief. For ¢ > 0 we can choose ns such that for all n > 2ns

|P*{X, =y|Xo =7} — f(y)u(y)

| (5.16)
= |P{X, =y Xo=2} - fly)u(y)| <e

and
P{r(0(n—2ns) + 1) >n — ns|Xo =7} <e. (5.17)

(5.16) is immediate from (1.26) and (1.27) after a translation to the P*-measure.
In (5.17) we have written

7(0(n — 2n5) + 1) instead of 7y, —2n5)41
for typographical convenience; the estimate (5.17) itself is straighforward renewal
theory, since 7(6(n — 2ns5) + 1) is the smallest m > n — 2n5 with X,, = = (see

Chung (1967), Theorem 1.14.2). It is further easy to see by means of (5.8) and
Chung (1967), Theorem 1.14.2) that for fixed ns

Jim P{|€(n) = &(7(0(n = 2n5) +1))| > a|Xo = 7} =0,
uniformly in n > 2n5. Therefore

%Kl(n) —&(7(0(n — 2n5) + 1)) — 0 in P"-measure, (5.18)

conditioned on X;(0) = Z, as n — oc.
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Finally, a decomposition with respect to the value of 7(6(n — 2ns5) + 1) gives

(P*{&(T(0(n — 2n5) + 1)) € B, X,, = y| Xy = &}

— P*{&(r(6(n — 2n5) + 1)) € B|Xo = T} (y)u(y)|
< P{7(0(n —2ns) + 1) >n —ns| Xy = 7}
+ > P*{r(0(n — 2ns) + 1) = r,&.(r) € B| X, = 7}

n—2nz<r<n—ns

P {Xp—r =yl Xo=2} — f(y)u(y)]
< 2e¢ (by (5.16) and (5.17)).

(5.19)

Since £ > 0 is arbitrary, it is now not hard to obtain from (5.11), (5.18) and (5.19)

that f ( ) M
Jim P {f
= P{G1 <7} f(y)u(y).

Translating this back to the P-measure gives (1.41) for £ = 1,s, = 1 (by means of
(1.26) again).

The last statement of Theorem 4 is about the values of M and 3 for the discrete
time contact process. Since M and ¥ are independent of the choice of  (see Chung
(1967), Corollary to Theorem 1.15.4 and Corollary 2 to Theorem 1.16.1) we can take
Z = §(0). It is then clear from the symmetry of the discrete time contact process
that M =0 and ¥;; = 0 for ¢ # j (see (5.12), (5.13)). Also all ¥, ;,1 < i < d, must
have the same value, say o2, so the only nontrivial part of our claim is that

< ’Yan = ?JP?O = 'Af}

5 1
T T B MK = 6(0))

E*{(A11 — MyA1)% X, = 6(0)} > 0,

or equivalently, that
P*{Ay 1 — MiA; # 0] Xy = 6(0)} > 0.
But M; = 0, and one easily sees that

P*{A11 # 0/Xy=0(0)} > P*{m =2, A1 = 2| X, = 6(0)}
> P*{X, = d(e1) + 6(—e1), Xo = 6(2e1)| X0 = 6(0)} > 0,

where e; = (1,0,---,0). Indeed the event {X(1) = d(e1) + 6(—e1)} occurs if at
time 1 exactly the sites e; and —e; are occupied; similarly {X(2) = 6(2e;)} is
the event that only the site 2e; is occupied at time 2. The description in Sect. 4
of the discrete time contact process shows that these events have strictly positive
probability. Thus ¢2 > 0 and the proof of Theorem 4 is complete.
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