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Abstract. In a sequence, approximate patterns are exponential in num-
ber. In this paper, we present a new notion of basis for the patterns with
don’t cares occurring in a given text (sequence). The primitive patterns
are of interest since their number is lower than previous known defini-
tions (and in a case, sub-linear in the size of the text), and these patterns
can be used to extract all the patterns of a text.

We present an incremental algorithm that computes the primitive pat-
terns occurring at least ¢ times in a text of length n, given the IV primitive
patterns occurring at least ¢ —1 times, in time O(|X|Nn? log® nlog log n).
In the particular case where ¢ = 2, the complexity in time is only
O(|Z|n*1og® nloglog n). We also give an algorithm that decides if a given
pattern is primitive in a given text.

1 Introduction

Pattern discovery plays a great role in ’knowledge’ extraction [16]. Patterns are
repeated structured objects in a text (sequence) or in a set of texts. Extraction
algorithms are widely used in bioinformatics for protein motif discovery [6], gene
prediction (promotor consensus identification [8], detection of splice sites), re-
peated patterns [4], sequence alignment [17,15,7,9]. Patterns may be used in
other fields such as data compression [2].

We consider a pattern with don’t cares: a new symbol is considered to be
a joker, matching every other letter of the alphabet. A problem of extracting
patterns with don’t cares (or simply patterns in the following) from a given text
is that they are potentially exponential in number in the size of the sequence
from which they are extracted. This is the main problem which arises for an
interesting application of patterns: sequence indexing. Since indexing texts has
been widely covered in the case of exact patterns [3], due to the exponential
number of patterns, indexing approximate patterns had never been considered.
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A recent work [10] present an idea that tends to reduce the number of pat-
terns, by introducing the maximal non redundant patterns that form a basis for
all the patterns appearing at least ¢ times in a sequence (g-patterns).

In [11,12], we have proposed a new notion of primitive g-patterns. The prim-
itive g-patterns form a basis for the patterns that occur at least ¢ times, which
is smaller than the maximal non redundant g-patterns basis. The number of
primitive 2-patterns is bounded by n [12]. We also proposed an algorithm that
computes the primitive 2-patterns in time O(n?). In this paper, we show the
bound for the primitive 2-patterns, and we give a new algorithm, which is both
an improvement of the one in [12], and a generalization to every g-pattern. The
algorithm computes incrementally the primitive g-patterns given the N primitive
(q-1)-patterns in time O(|X|Nn?log” nloglogn). As there is only one primitive
1-pattern (the text itself), the complexity in time in the case where ¢ = 2 is sim-
ply O(|2|n?log® nloglogn). The number of primitive g-patterns is lower than
the number of maximal non redundant g-patterns defined by [10]. We also give
an algorithm, that decides if a pattern is primitive given the text where it occurs
and the considered quorum.

Very recently, Pisanti et al. have independently presented the same basis they
call ’tilling motifs’, and the algorithm for the case ¢ = 2 [13].

First, we will present some general definitions, followed by the definition of
a primitive pattern, the new algorithm for extracting these primitive patterns
and a new algorithm for deciding whether a given pattern is primitive or not.

2 Definitions

We denote by X the alphabet (set of elements called letters) on which are written
texts (or sequences or words) w = w[l|w[2]---w[n] : w[i] € X. The length of w
is n, denoted by |w]|. In the following, we will work on a text ¢ of length |t| = n.

In t = uww, the integer i = |u| + 1 is a position of the word w in the word t.
w is a factor of ¢ at the position i, also denoted by t[i, |w|]. If v = ¢ (the empty
word), w is a suffix of ¢, denoted suff(i,t).

A pattern is a word written on the alphabet X U {_} : the letter _ is to be
thought as a don’t care (we will name it ’joker’ sometimes). Let X = {4, B, C, D},
a pattern m = A_C corresponds to the language L,, = {AAC, ABC, ACC, ADC'}.

The set pos(m,t) is the set of all the positions where the pattern m occurs
in the text t. The shift § of a position list P is a position list such that if
P=A{pi,p2,- o}, P+d={p+d/peP1<p+4é<|t}

A g-pattern is a pattern that occurs at least g times (such that |pos(m,t)| >
q). In the sequence AAAAAXAAAAA, AA_AA_AA is a 2-pattern.

2.1 Maximal patterns

The idea is to take patterns as long as possible, using the least amount of don’t
cares as possible. We first create groups of motifs that occur on the same posi-
tions, with eventually a shift : my =; me < 30 € Z : pos(ma,t) = pos(ma,t)+9
This is clearly an equivalence relation.
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For example, in the text
t=GACATGATTATTGATGCCTAACCGGCTTATGGATAGC, the following patterns are in the
same equivalence class : TG__TA, ATG__T, AT__TA et T___TA, ATG__TA.

Next, we define the weight of a pattern m as w(m), the number of solid
letters in the pattern. For example w(A_-C) = 2.

Definition 1 (Maximal Pattern) A mazimal pattern m is the shortest pat-
tern (in length) that has the highest weight among the patterns m; such that
m; =+ m.

In the previous example, ATG__TA is a maximal pattern.
By this definition, a pattern belongs to the language X'(X U {_})* 2 U X.

Lemma 1 (Unicity) There is a unique mazimal pattern in each equivalence
class of =;.

2.2 Non-redundancy in a set of patterns
The notion of redundancy will be used in the negative sense in the following:

Definition 2 (Non-Redundant pattern) Let M be a set of patterns occur-
ring in a text t. The pattern m € M is non-redundant in M if there do not exist
patterns m; € M, m; # m, such that pos(m,t) = U;s1pos(m;,t).

2.3 Non-redundant maximal g-patterns

Parida et al. [10] consider the patterns that are non-redundant in the set of all
the maximal g-patterns.

Definition 3 (Irredundant maximal g-pattern [10]) A mazimal g-pattern
m is redundant if there exist maximal g-patterns m;, m; # m, such that pos(m,t) =
Uis1pos(m;,t).

In the text ¢ = AAAAAXAAAAA, the maximal non-redundant 2-patterns are:
AA, AAA, AAAA, AAAAA, A_AAA_A, AA_AA_AA, AAA_A_AAA, and AAAA__AAAA. The max-
imal pattern AAA___AAA is redundant because pos(AAA___AAA,t) ={1,2,3} and
pos(AAAA__AAAAt) Upos(AAA_A_AAAt) = {1,2} U {1, 3}.

2.4 Non-redundant maximal patterns

As Parida et al. define the non-redundant maximal g-patterns, Apostolico [1]
defines the non-redundant maximal patterns. In that case, it can be remarked
that the definition corresponds to that of Parida in the case ¢ = 1.

3 Primitive Patterns

Using the idea of redundancy, we give a new definition, the primitive patterns,
which is more restrictive than the Parida et al. maximal non-redundant defini-
tion. The primitive patterns are the maximal non-redundant g-patterns.
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3.1 Definition

Definition 4 (Primitive g-pattern [12]) A mazimal g-pattern m is primi-
tive if and only if it is non-redundant in the set of all the g-patterns occurring
in the text t.

In other words, m is primitive if and only if there is no patterns m;, m; # m
and m; not necessarily maximal, such that pos(m,t) = U;s1pos(m;, t).

In the previous example, there are only five primitive 2-patterns :
AAAAA, A_AAA_A, AA_AA_AA, AAA_A_AAA, and AAAA__AAAA. Using that definition, we
may see that the pattern AAA___AAA that is redundant using Parida’s definition
is, also, not primitive (as we kept the same patterns that make this pattern
redundant).

Lemma 2 Let m be a g-pattern in a text t. If m is primitive, then m is mazimal
non redundant.

The proof is straightforward : let m be a primitive g-pattern, then there are no
m; such that pos(m,t) = U;s1pos(m;,t), which means, of course, that there are
no maximal g-patterns m} such that pos(m,t) = U;s1pos(m}, t).

We denote the set of all the primitive g-patterns in the text ¢ by P(t, q).

3.2 Pattern fusion

The pattern fusion (@) is an operation on two patterns that watches the patterns
letter by letter, keeping only common letters, and replacing a difference by a
don’t care. For example, ABB.CD & AC__.CC = A__C..

Definition 5 Let mq,ms be two patterns. The pattern m = mi®&ms is such that
for all i,1 < i < min{|m|,|mal}, m[i] = m[i] if m1[i] = ma[i], and m[i] = _
otherwise.

That operation is trivially commutative and associative. The obtained pat-
tern ’tends’ to be maximal : all the jokers are present because there is a conflict
between two letters on a same position. Some jokers may be present at the be-
ginning of the pattern, or at the end. The operation &™%* is an extension of the
operation @, but returns a pattern with no heading or tailing jokers.

Definition 6 Let my, mo be two patterns. The pattern m = mqi & msy is such
that m[1],m[lm|] € X, and there exist u,v € {_}* such that umv = my & ma.

3

These operations are on ’abstract’ patterns. We now focus on the text, from
which the patterns are extracted, by considering positions of the text, and the
corresponding suffix.

Given a set of positions P, we denote by Pp,orm = P — min{p; € P} + 1 the
'normalized’ of P (remark that |P| = |Porm|, and 1 € Ppypp,).

Definition 7 Let P = {p1,p2, - -pr} be a set of positions from the text. The
pattern m = @, P is such that m = ®y,cp,....suff(pi,1).
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And as for the & operation that is extended by &™*, we define @;"** from
@t:

Definition 8 Let P = {p1,pa, - pr} be a set of positions from the text. The
mazxr

pattern m = @, " P is such that m[1],m[|m|] € X, and there exist u,v € {_}"*
such that umv = @, P

Theorem 1 Let t be a text. m is a mazimal pattern if and only if there exists
a set of positions P, such that m = @;""" P.

Proof 1 Let m be a mazimal pattern in t, and P = pos(m,t). Let m' = @, P.
As P = Pporm + 6, m' can be written as m' = umuv, with u,v € {_}*. Then is it
clear that there exists P such that m = @;""" P.

Let P be a set of positions in t, and m' = @, P. As m is build using
the normalized set of positions, there is no pattern m", m'" =; m', such that
w(m'") > w(m'). Once we remove from m' the tailing and heading jokers, there
is still no pattern m'', m" =y m', such that w(m") > w(m'). But in that case,
the pattern is such that its first and last characters are solid letters, i.e. it is the
shortest with the highest weight in its equivalence class : the pattern m = @;naz P
is mazimal.

O

3.3 Characterization

In the following, we give two definitions in order to characterize the primitive
patterns.

Covering pattern

Definition 9 (Covering pattern) Given a text t and two mazimal patterns
m and m', m' is said to cover m if and only if there exists § > 0 such that
pos(m',t) +§ C pos(m, t).

We will say that a pattern m’ covers m on a position p if p € pos(m,t) and p
belongs to the subset of positions covered by m'.

It is clear that the covering relation is reflexive, transitive and antisymmetric
(except if m = m'), but is not defined for every maximal pattern m and m'.

Hearts

A pattern may have a lot of positions, but only some of them may be sufficient
to retrieve the letters composing the pattern. We call heart a subset of the
position list of a given pattern such that this subset allows to build the pattern.

Definition 10 (Heart) Let m be a pattern, and P C pos(m,t). P is a heart of
m, heart(m,t), if and only if m = """ P.
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A natural consequence is that m must be a maximal pattern, since there exists
a set of positions P such that m = @;"*" P (see theorem 1).

Lemma 3 Let m be a pattern, and P C pos(m,t). If P is a heart of m, then
for all P' C pos(m,t), PN P =, we have PU P’ is a heart of m.

Characterization

Theorem 2 (Primitive pattern characterization) Lett be a text, and q >
1. Let M be the set of all maximal q-patterns of the text t. The five following
propositions are equivalent:

1. m € M is a primitive q-pattern;

2. there exists a position p*, p* € pos(m,t), such that no pattern m' € M, m #
m’, covers m on p*;

3. there exists a position p*, p* € pos(m,t), such that VP, P C pos(m,t) with
p* € P and |P| = q, we have m = @;""" P;

4. there exists a position p*, p* € pos(m,t), such that VP, P C pos(m,t),
p* € P and |pos(@;""" P,t))| > q, we have m = @;""" P;

5. there do not exist patterns m; € M, m; # m, and associated shifts §; > 0
such that pos(m,t) = U;s1(pos(my, t) + 6;).

We call such a position p* a characteristic position for the primitive pattern

Proof 2 1 = 2 Let m be a primitive q-pattern. Then there do not exist patterns
m; (even not mazximal) such that pos(m,t) = U;s1pos(mg,t). It means that
there exists at least one position not covered by any other pattern.

2 = 3 Let p* € pos(m,t) such that no pattern m' € M,m # m', covers m on p*.
Assume that there exists P C pos(m,t), |P| = q, and p* € P : it is clear that
m' = @ P is a mazimal pattern, with |[pos(m’,t)| > q, and m' covers m
on p, which is a contradiction.

3 =4 Let p* € pos(m,t) such that VP C pos(m,t), p* € P, |P| = q, we have
m = @;""" P. Then it is clear that VP C pos(m,t), p* € P and |P| > ¢, we
have @;"** P = m (all the set containing p*, and having exactly q positions
are hearts of m, then adding positions of m cannot form another pattern
than m (cf. lemma 3)). If |P| < q and |pos(@;""" P,t)| > q, then as every
P' C pos(m',t), |P'| = q, is such that m = @;""" P', we have clearlym' = m
(cf. 3). Consequently, there exists p* € pos(m,t) such that VP C pos(m,t),
p* € P and |pos(@;""" P,t))| > q, we have m = @;""* P.

4 = 5 Assume there exists p* € pos(m,t) such that VP C pos(m,t), p* € P
and |pos(@;""" P,t))| > q, we have m = @;"*" P. It means that no pattern
m' € M is such that pos(m',t) + 0 C pos(m,t), with p — § € pos(m',t).
Then, clearly, we cannot find mazimal patterns m; and §; > 0 such that
pos(m, t) = Uis1(pos(m;, t) + §;).
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5 =1 Assume there do not exist patterns m; € M and associated shifts 6; > 0
such that pos(m,t) = U;s1(pos(my,t) + 0;). Then, there do not exist non-
mazimal patterns m) such that pos(m,t) = U;s1pos(mi,t): Assume we can
find such patterns m}, then for each non-mazimal pattern m;, there exists a
mazimal pattern m;, m; = m}, and 6 > 0, which is a contradiction with the
hypothesis.

O

It can be remarked that there can exist more than one characteristic position
for a given pattern m.

The example below shows a 2-pattern, G__TA, that is not primitive since it is
covered by two 2-patterns, ATG__TA and GC_TA, because we have pos(G_TA,t) =
(pos(ATG_TA,t) + 2) Upos(GC_TA,t).

GACATGATTATTGATGCCTAACCGGCTTATGGATAGC

ATG__TA  ATG__TA ATG__TA
GC_TA GC_TA
G__TA G__TA G__TA G__TA

3.4 Patterns and quorum

As the primitive patterns are now defined, it is important to discuss the role of
the quorum. Looking for a pattern in a set of sequence leeds naturally to define
a thresold that fixes the minimal number of sequence in which the pattern shall
be found to be taken into account. However, in a single sequence, the interest of
the quorum may not be clear.

In fact, depending on the value of the quorum ¢, a maximal pattern can be
considered as primitive or not.

Lemma 4 (Pattern’s life) Let t be a text, and m a mazimal pattern that oc-
curs in qp, positions. There exists an integer q, < g, such that :

— for all quorum q < gy, the g-pattern m is non-primitive,
— for all quorum q, qp < q < @y, the g-pattern m is primitive,
— and for all quorum q, q > q., the pattern m is not a g-pattern.

Proof 3 When we consider a quorum q greater than a position list size, the
pattern is clearly not a g-pattern. A mazimal pattern is either primitive or not,
for a given quorum. It is clear that for q, = |pos(m,t)|, the pattern is primitive.
It is also clear that g, may be lower than |pos(m,t)|. We denote by q, the lowest
quorum such that m is primitive. What we may show is that once a pattern
becomes primitive for a quorum gy, it may not be non-primitive for any greater
quorum ¢, gy < q < G, -

The proof is simple: assume there exists ¢ > q, such that m is not primitive.
By theorem 2, all the positions of m are covered by patterns of P(t,q). As m is
primitive for q,, then by the same proposition, it means there exists a position
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p* € pos(m,t) such that no other pattern covers m on p*. Let m' € P(t,q)
cover m on p* for quorum g and have a look at quorum gq,. As m is primitive,
m' may not be primitive (otherwise, m would not be primitive). But if m' is
not primitive for quorum gqp, it means that there exist patterns such that every
position is covered, and then a pattern that covers m' should cover m too. This
is a contradiction.

O

This lemma could apply to the non-redundant patterns with minor modi-
fications. It shows in particular the interest of the quorum, since the patterns
occuring a small number of times hide the other patterns. As an example, the
pattern ¢ (the text itself), hides every other pattern (we recall that P(t,1) = {t}
[12]). That is why the first interesting quorum is 2.

3.5 Pattern basis

Every g-pattern can be generated by the primitive g-patterns. Interesting pat-
terns are, in fact, the ones which are maximal in composition : patterns that are
factors of maximal patterns (patterns such that no don’t care can be replaced
by just one letter). As their number is huge, we cannot keep them in memory,
but we want to be able to generate them from the primitive patterns.

A pattern m is generated by @ operation.

For a given integer ¢ > 1 and a text t, every pattern m, that is maximal in
composition, can be written as m = ®;>om;[ki,l;], where m; are primitive g-
patterns. The primitive g-patterns are free, that is to say no primitive g-pattern
can be generated using other ones. Then, the primitive g-patterns form a basis
for the maximal in composition patterns that occur at least ¢ times in ¢.

3.6 Number of primitive patterns

Given § > 1, t ™* ¢[d] is the unique maximal pattern that occurs at least in
two positions p and p + 6.
This leads to a bound of the primitive 2-pattern number :

Lemma 5 The set Us—y ..;;jt ©™" t[5] contains all the primitive 2-patterns.

Proof 4 Let E be the list of the patterns t®™** t[§]. By theorem 1, every pattern
i E s mazimal.

Assume now that there exists a pattern m, primitive, but not in E. Let us
denote by p and p' two positions of m, and § = |p — p'|, then there exists m' =
t @™ t[§], m' € E. Then as m' is mazimal, there exists s > 0 such that p — s
and p' — s belong to pos(m',t). That means that m' covers m on p and p'.

Then, either |pos(m,t)] = 2 and then m is not mazimal, or for all p,p' €
pos(m,t), there exists a pattern m; such that m; covers m on p and p', which
means that m is not primitive.
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O

Corollary 1 (Bound on the primitive 2-patterns) The number of primi-
tive 2-patterns is bounded by n — 1.

In [10], Parida et al. give a linear bound for the non-redundant g-patterns in
a text. Since the number of primitive patterns is lower than the number of non-
redundant patterns, we could think that the number of primitive patterns are
bounded by 3n. However the following example shows that this is not the case.
In the text A¥ X A* with k = 9 and ¢ = 5, we have 112 primitive 5-patterns, and
as k grows, the number of primitive patterns grows too. In section 5, we show
there is a strong relation between the number of primitive patterns and C%_ 1.

Lemma 6 (Upper bound) Given a textt and a quorum q, there exist at most
C‘qt‘ill primitive g-patterns in t.

Proof 5 The idea is a consequence of our theorem 2, and particularly the third
proposition: a pattern m is g-primitive if and only if there exists a set P C
pos(m,t) such that |P| = q and P contains a characteristic position. Thus, if all
the normalized sets containing q positions are build, we have all the g-primitive
patterns. There are exactly Cfﬂill distinct sets (the normalized sets contain the
position 1, we have to choose ¢ — 1 among |t| — 1).

O

An other example is given by Pisanti et al. [13] and shows that the 3n bound
is not correct. In this paper, Pisanti et al. show that there exists an infinite
family of strings for which the number of primitive patterns is at least C%_}

n—1 )
O |

and give the same upper bound.

4 Algorithm for primitive pattern extraction

The primitive g-patterns may be obtained as follow :

Lemma 7 (From P(t,q — 1) to P(t,q)) Let m be a primitive pattern for q,
qg>2(m € P(tyq) If m € P(t,q — 1), then there exists a mazimal pattern
m', |pos(m’,t)] = ¢ — 1 and a position p € pos(m',t) such that m = m' §m™e*

suff(p.t).

Proof 6 If m & P(t,q — 1), then m is not primitive and there exist patterns
m; € P(t,q — 1) such that m is covered by m;. As m € P(t,q), it means that
one position of m that was covered for P(t,q— 1) is not anymore : there exists a
pattern m' from P(t,q — 1) that is not taken into account (|pos(m’,t)| =q—1).
m' & P(t,q), then |pos(m',t)| < |pos(m,t)|: there exists a position p such that
m is not covered by m' on p. Let § > 0 such that pos(m',t) + 3 C pos(m,t). Let
P be the set of positions of m such that m is not covered by m' onp € P.
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Let us have a look at the patterns m, = m' @™ suff(p,t), Vp € P — 4.
Fither there exists p € P — § such that m, = m, or ¥p € P — §,m, # m (that is
to say, adding just one position was not enough to build m). Assume nop € P—§
is such that m, = m. In this case, there is more than one position in P, and
Vp € P — 4§, my, belongs to the basis P(t,q). It means that m is non-primitive
since pos(m,t) = Upep_s(pos(my,t)).

O

Note that a pattern m can be obtained from a pattern m', m' € P(t,q — 1)
and m' € P(t,q). But in the case where mn is primitive, it can be easily shown
that there exists a pattern m"| |pos(m',t)| = ¢ — 1, such that m is also obtained
by adding a position.

The lemma justifies the incremental approach for computing the basis for a
given quorum. Informally speaking, the idea is:

1. generate hearts of possible primitive g-patterns, by taking the primitive (q-
1)-patterns that have exactly ¢ — 1 positions, and by adding a new position
that is not already in the position list of the given pattern.

2. all the primitive (q-1)-patterns, that have more than ¢ — 1 positions, are
immediately primitive;

3. for each generated pattern, compute its position list : if the size is exactly g,
the pattern is primitive, otherwise test the primitivity.

The algorithm EXTRACTPRIMITIVEQPATTERNS (t, ¢, P(t,q — 1)) computes
incrementaly the primitive patterns for a quorum ¢, given the primitive patterns
for the quorum ¢q — 1:

EXTRACTPRIMITIVEQPATTERNS(text, g, P(t,q — 1))
1 > Input :
> the text, the quorum ¢, the primitive (g-1)-patterns
2 > Output : result, a trie containing all the primitive g-patterns
3 result <+ NEWTRIE()
4 for each pattern m € P(t,q — 1), |pos(m,t)] =q¢—1do
5 for shift < 1 to |text| do
6 if shift & pos(m,t) then
7 pattern < m &M suf f(shift, text)
8 PusH(stack, pattern)

9 INSERT (result, pattern)
10 while stack # 0 do
11 pattern < PoP(stack)
12 pos < COMPUTEPATTERNPOSITIONS(text, pattern)
13 if TESTPRIMITIVITY (pattern,t,q) then
14 > The pattern is primitive
15 Af fect pos to the final state
16 else  REMOVE(pattern, result)
17 > The pattern is not primitive

18 return result
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In order to store the created patterns, we use a trie, in which the inser-
tion/removal of a word of size n costs O(n). Once the position list is computed,
it is associated to the corresponding final state.

Note that for quorum ¢ = 2, it is as if we computed all the t ®™** suf f(9,t)
patterns, for all § between 2 and |¢[;

In order to compute the position list of pattern build by a given heart, we need
to obtain the pattern itself (the letters composing the pattern): the operation
@™ ig done in time O(n).

Two approaches are possible for testing the primitivity: First, we may use
the way patterns are extracted to decide if they are primitive or not (valid
for the case ¢ = 2, this does not generalize easily). That idea is described in
the next section. Second, we may use the way position lists can be encoded as
integers, and then use multiplications to discard covered positions. The section
6 describes the algorithm that allows to check the primitivity of a pattern in
time O(|¥|nlog® nloglogn).

5 Using the hearts

Removing non-primitive patterns is done using the hearts that have been studied
during the extraction.

We will use a simple counting process for the removal step : a counter ¢(p, m)
is associated to each position for each pattern. Using the theorem 2, and par-
ticularly the idea of the third proposition, we have the following accounting
scheme:

Lemma 8 If a pattern m is primitive for a quorum q, a characteristic position

p* can be found in C‘qp;i(m 11 Sets P such that |P| = q and p* € P.

The number is obtained by fixing the first element of P with p*, and then we
just have to find ¢ — 1 positions among the remaining |pos(m,t)| — 1.
\qpoi(m,t)\fl =
|[pos(m, t)] — 1, we just have to count a position in |pos(m,t)| — 1 hearts to say
that a 2-pattern is primitive. The counters are updated each time a pattern is
extracted, in constant time. Still for the case ¢ = 2, checking the counters is done
in time O(n) for each pattern, that is in time O(n?) at most: this is the same
complexity as the generation step (it does not dominate the time complexity).

As for the case ¢ = 2, we generate all the possible 2-uplets, and C'

In that special case, the algorithm EXTRACTPRIMITIVEQPATTERNS (¢, ¢, P (¢, g—
1)) becomes EXTRACTPRIMITIVE2PATTERNS (t). We associate to each pattern
the counters, that are automatically updated as a new heart of the pattern is
found.
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EXTRACTPRIMITIVE2PATTERNS(text)
1 o Input : the text

2 > Output : result, a trie containing all the primitive g-patterns
3 result < NEWTRIE()
4 for shift < 2 to |text| do
5 pattern,d < m @™ suf f(shift, text)
6 > ¢ > 0 is the shift between
>  m @M suf f(shift,text) and m @ suf f(shift, text)
7 hearts(m) < hearts(m) U {1 + 4, shift+ 0}
8 PusH(stack, pattern)
9 INSERT(result, pattern)
10 while stack # 0 do
11 pattern < Pop(stack)
12 pos < COMPUTEPATTERNPOSITIONS(text, pattern)
13 if MaxCounT(hearts(m)) = ¢ — 1 then
14 > The pattern is primitive
15 Af fect pos to the final state
16 else  REMOVE(pattern, result)
17 > The pattern is not primitive

18 return result

That idea does not generalize trivially, since two possibilities do not appear
in the case ¢ = 2: we may have patterns that are primitive in P(¢,¢) and in
P(t,q — 1) (which complicates the incrementation of the counter); and we may
have patterns extracted for P(t,q — 1), and declared to be non primitive (and
then, some of the g-uplets are not formed). In the present version of this extended
abstract, we prefered to describe a more simpler algorithm (given in the next
section) for doing the primitivity test.

The lemma given above, and the lemma 6 lead to an other approach to
compute the primitive g-patterns. It is possible to generate all the sets P, with
1 € P and |P| = q. Then for each set, we compute the corresponding maximal
pattern, its position list, and we decide whether it is primitive or not. Considering
a set, the two steps (computing the maximal pattern, and its position list) can
be done in time O(]¥|nlog® nloglogn) using the technique we describe in the
following section. The decision of the primitivity is a counting process given
by the previous lemma. Such an algorithm would have a complexity in time
O(C’ft:l\2|nlog2 nloglogn).

6 Algorithm for deciding the primitivity of a pattern

In this section, we introduce a new operation on sets that can be done using a
simple translation of the sets into integers that are to be multiplied. This is the
main idea of the Fisher and Paterson’s algorithm [5] for computing the position
list of a pattern with don’t cares in time O(]X|nlog? nloglogn).

Then, we explain how it is possible to decide, given only a text, a pattern
and a quorum, whether the pattern is primitive or not.
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6.1 Multisets and products

A finite set of integers is classically represented with an array of booleans, whose
indices belong to a range of integers, where the value at index i is true if and
only if the value ¢ is in the set. Integers may also be used to represent a set.
For example, the set E = {1,4,5}, can be represented by an array a, in which
the indices range from 1 to 6, a = [true; false; false;true;true; false], and an
integer 011001.

We introduce the notion of multiset, in which elements are valued. For ex-
ample, in the multiset E = {(1,5), (4,2), (5,1)}, the element 4 is valued 2. We
use the value as the number of time the element is present in the set. A multiset
can also be represented with an array, of integer this time. As an example, we
may have E = {(1,5),(4,2),(5;1)} represented as a = [5;0;0;2;1;0], and the
corresponding integer 012005.

The operation TOINTEGER(FE, i, j) translates the set E, in which the values
are bounded by i and j into an integer where the rightmost coefficient stands for
the value of the bound i. The reverse operation, TOMULTISET(k, ), translates
the integer k into a multiset with lower bound i.

Adding a constant to a multiset consists in adding the constant to each
value: E+c = {z+c/z € E}. Realized on an integer, that operation consists in
multiplying the integer by b, where b is tha basis of the integer.

In the following, we need to produce the union/intersection of a multiset
with itself, with a shift of its elements. For example, EU (E + 1) U (E + 4) =
{(1,5),(4,2),(5, 1)} U {(2,5),(5,2),(6,1)} U {(5,5),(8,2),(9,1)}. That is E U
(E+1)U(E+4) ={(1,5),(2,5),(4,2), (5,8),(6,1),(8,2),(9,1)}. We denote by
® the operation that takes a multiset in the left side, and a set of shifts in the
rightside, and computes the union of the multiset with itself at the different
shifts: E® {0,1,4} = EU(E+ 1)U (E + 4).

As we use multisets, the result contains both the union and the intersec-
tion: the value associated to the element contains the number of time the ele-
ment is present in the sets. If we set the values to 1 before doing the ® oper-
ation, for each element in the result, we know in how many shifts the element
was present. On the example, E ® {0,1,4} = {(1,1),(4,1),(5,1)} ® {0,1,4} =
{(1,1),(2,1),(4,1),(5,3),(6,1),(8,1),(9,1) }. The element 1 is present in exactly
one shift. The element 5 is present in all the three shifts, and thus in the inter-
section of the three sets.

Since the number of shifts can be equal to the number of elements in the set,
this operation can be done with a O(n?) time algorithm with n the size of the
set, and the number of shifts/union to do.

But it is possible to write the operations with integers: E ® {0,1,4} can be
translated into TOINTEGER(E, 1,6)+TOINTEGER(E, 1, 6) xb! +TOINTEGER(E, 1, 6) x
b* = 011001 4 0110010+ 0110010000 = 0110131011, where b is the basis used to
encode the integers. Which is in fact a simple product of 011001 by 10011.

It is known that a product of integers of k bits can be done with a O(klog k)
time algorithm, using for example the Schénhage-Strassen algorithm [14] (there
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are numerous fast product algorithms. A technique commonly used is the Fast
Fourier Transform).

The basis in which integers are written has to be carrefully chosen, since no
retenue shall be propagated in the product. A good choice is to have the basis
logn, where n is the maximal integer encoded. Thus, the integer is encoded on
nlogn bits, and the product is computed in time O(n log® nloglogn).

6.2 Fisher and Paterson’s algorithm

The algorithm [5] consists in computing the positions of a pattern with don’t
cares in a given text t.

In exact pattern matching, the positions of the occurrences of a pattern m
in a text ¢ can be seen as an intersection of shifted letter positions: pos(m,t) =
ﬂLZ‘l (pos(mli],t) —i — 1). This gives a naive time O(|m/|t|) algorithm for com-
puting all the positions of m in ¢. For example, with t = AAATAAGT AGAT,
and m = AA, we have pos(m,t) = pos(A) N (pos(4) — 1) = {1,2,3,5,6,9,11} N
{1,2,4,5,8,10} = {1,2,5}.

Adapted to pattern matching with don’t cares, this could be written as
pos(m,t) = ﬁ‘iz\l’m[i#_(pos(m[i],t) — i — 1), which is still a quadratic algo-
rithm. With the same text, and the pattern m = AA__AG, we have pos(m,t) =
pos(A,t)N(pos(A,t) —1)N(pos(A,t) —4)N(pos(G,t) —5) ={1,2,3,5,6,9,11} N
{1,2,4,5,8,10} n{1,2,5,6} N {2,5} = {2,5}.

Therefore, it is possible to do only |X'| intersections, by factorising with the
letters of the alphabet : pos(m,t) = Neex(pos(c,t) © —(pos(e,m) — 1)). On the
example, we have pos(AA__AG,t) = (pos(4,t) © {—0,—1,—4}) N (pos(G,t) ®
{-5}).

As ® can be done by a simple product, we just need to encode the position
lists. A recurrent problem is to address: positions in a text are numbered from
left to right, and digits in an integer are numbered from right to left. Thus,
the notation pos(m,t) will be the set of all the position of m in ¢, where the
numbering of the positions of ¢ begin from the end of the text. As the numbering
changes, the negative sign for the shifts disappears. The operation to do becomes
pos(m,t) = Neex(pos(c,t) ® (pos(c,m) — 1)). We compute pos(m,t) instead of
pos(m,t), but it is easy to retrieve pos(m,t).

The algorithm is the following:

1. choose a basis, for example equal to logn if n is the maximal integer to be
represented (the length of the text);

2. for each letter ¢ € ¥, compute P. = pos(c,t) © (pos(c,m) — 1) using the
integer conversion;

3. do the sum of the ¥ products S = Y.cx P.;

4. look for every coefficient in S that is equal to the number of fixed letters in
the pattern to find the positions.

The time complexity is clearly O(|¥|nlog? nloglogn) (dominated by the step
2).
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For example, with the text t = AAATAAGT AGAT, and the pattern m =
AA__AG: pos(m,t) = (pos(A,t)© (pos(4A,m)—1))N(pos(G,t)® (pos(G,m)—1)).
We do the products 111011001010 x 10011 = 1111331131111110 and 100100 x
100000 = 10010000000. Then we do the sum, obtaining 1111341141111110.
There are two values equal to 4, the number of fixed letters in m, which are
at positions 2 and 5 (see figure 1).

t AAATAAGTAGAT

Paj1111331131111110

Pg 10010000000

S1111341141111110
pos(m,t) 1 1

Fig. 1. The positions of m = AA_AG int = AAATAAGTAGAT.

6.3 Decision algorithm

We propose in the following a method that takes a text ¢, a maximal pattern m
and an integer ¢ for the quorum, and decides whether the pattern is primitive or
not. With minor changes it is possible to test for maximality, or non-redundancy.
A pattern can be extended with jokers at the both sides. Each joker, inside
and outside the pattern, can be replaced by a letter in each occurrence of the
pattern in the text. The idea is to count, for each joker, how many times each
letter of the alphabet replaces the joker in the text. If a joker can be replaced
more than g times by a same letter ¢, it means that there exists a pattern that
has all the fixed letters of the pattern of interest, plus one, the letter ¢ : it is
a covering pattern. In that case, the corresponding positions of m are covered,
and thus have to be marked. If all the positions of m in t are marked, it means
that all the positions are covered, and then m is not primitive (with theorem 2).
Informally speaking, the algorithm consists in two steps:

— step 1: compute the counters count.(z, m,t). Vz € [—|t|;|t|], count.(z,m,t) =
{p/p € pos(m,t) + 2,t[p] = c}|;

— step 2: compute the covered positions. p € pos(m;, t) is covered if there exists
z and a letter ¢ € X such that count.(z,m,t) > q.

In figure 2, we see the text t = AAATAAGT AGAT aligned with it self
three times, using each occurrence of the pattern m = A__T as anchor for the
alignment. The counters are represented on the same figure. For example, we may
remark that the column standing for the A in the pattern counts three times
that letter. We also see that the first joker inside the pattern can be replaced
twice by a A: there exists a covering pattern (if we consider ¢ = 2). There is
not enough information to tell what pattern it is, but there is one that look like
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z|-8-7-6-5-4-3-2-101234567891011

m A__T
p1=1 AAATAAGTAGAT
pa =25 AAATAAGTAGAT
ps=9AAATAAGTAGAT
counta(1 1102 210322021101010
count7|0 001 000200030002000 1
countg{0 0 0 0001 0011001100100

Fig. 2. All the occurrences of the pattern aligned, with the associated counters.

AA_T. It is not interesting to retrieve the pattern, but just to mark the positions
p1 and ps.

If ¢ = 2, the column —3 allows to mark positions p, and ps3, and the column
7 let positions p; and p; marked. As all the positions are marked, the pattern is
not primitive: we have pos(A_T,t) = (pos(A-_A_T,t) +3) U (pos(A__T__T,t)).
(we do not show here all the possible covering patterns, since two are sufficient
to show that m is not primitive.)

It is worth to remark that this sketch of algorithm takes a maximal pattern
in input (all the patterns we have to test are maximal), but we could easily check
if the pattern is maximal because if a joker can be replaced by a single letter in
each position of the pattern, it is clear that the pattern is not maximal.

Step 1: Compute the counters

First, we will show that if a counter for the letter ¢ is higher than the quorum,
it means that there exists a covering pattern. Then, we show how to compute
efficiently the counters.

Proposition 1 If there is a value in the counter of the letter ¢ that higher than q
and lower than pos(m, t), there exists a covering pattern for the positions where,
in the text, the corresponding joker is replaced by the letter c.

The proof is, in fact, trivial: in such a case, a pattern m' would occur at some of
the positions of m (with eventually a shift), and thus having all the fixed letters
of m, plus one other fixed letter. We have clearly pos(m',t) + 6 C pos(m,t) and
[pos(m’,1)] > q.

Computing the counters is done by count. = pos(c,t) ® (pos(m,t) — 1), for a
letter ¢ € X.

Step 2: Compute the covered positions

On the example (fig. 2), we see that the first joker in the pattern A__T can be
replaced twice by a A. In order to discover what positions are covered, we could
build the pattern AA_T, and look for its positions. As the second joker is also
replaced twice by a A, we could build A_AT', and look for its positions, and so
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on for each joker that can be replace by a A. This method would give all the
covered positions, but with a bad time algorithm.

Instead of computing the positions of the pattern AA_T', we can build the
pattern _A__. The positions we find are at least the ones that AA_T has, and
others. We can do so for each pattern (see fig 3), and then build an aggregate
pattern, m 4.

z=—-4A ___A_ _T
=-3/_A__A__T

z=1 AA_T
z = A_AT
z=4 A__TA

malAA___AA_A

Fig. 3. the pattern ma

Then it is possible to apply the algorithm in order to find its positions,
pos(A,t) ® (pos(A,ma) — 1), but using a different interpretation of the result.
In the normal case, we look for values equal to the number of fixed letters, since
we want all the letters of the pattern to appear. In our case, we just want that
there exists one letter, thus, we are just looking for non null values.

On the example, we build the pattern myq = AA___AA_A, and the pattern
mp=__T______ T relatively to A__T (see fig. 4). Note that as the positions of m 4
cover the positions of m with a shift equal to 4, we have to divide the integer by
b*, that is remove the last four values (or in terms of multiset, we have to add
the value 4 to each element).

m A__T
malAA__ _AA_A

Fig. 4. Step 2: building patterns

The result of the products are presented in figure 5. Note that to simulate
the division, we add four Os to the integer representing the positions of m (the
whole integers obtained after the products are given here).

In figure 5, the underlined values stands for positions of m, and show that
all of them are covered.

For each counter, we can easily know what letters belong to covering patterns.
We denote by CovPat(m, ¢, count.) the operation that build the pattern m., in
which all the jokers that can be replaced by the letter ¢ are really replaced by it,
and the fixed letters in m are removed. We denote by k. the maximal distance



18 Pelfréne et al.

pos(——m,£)[000010001000L0000000
pos(A,t) ©pos(A,ma) —1]11223213423232011110
pos(T,t) ® pos(T,mr) —1{10001000200010001000

Fig. 5. Step 2: products and covered positions

from the first letter of the pattern to the first joker replaced by a letter ¢, such
that the replaced joker is present before the first letter of the pattern, k. = 0 if
no joker before the first letter of m is replaced.

Such patterns m,. may not occur in the text, but when computing P. =
(pos(c,t) ® pos(c,m.) — 1) + k., if an element is present in the set, whatever
is the corresponding value, it means that there is a covering pattern at the
corresponding position. The operation TOSET(F) converts a multiset into a set.

Proposition 2 Let m be a mazimal pattern in a text t. We consider the letters
¢ € X such that there exists z with count.(z,m,t) > q. Let m. be the patterns
m¢ = CovPat(m,c,count.), and k > 0 the shifts of m. relatively to m. All the
covered positions of m are in the set:

ToSET(pos(m,t)) N ToSET( U (pos(c,t) @ (pos(c,m.) — 1)) + k)

Algorithm and Complexity
Finally, the algorithm ISPRIMITIVE(m,t,q), where m is a maximal pattern in
the text ¢, is the following:

1. Step 1: for ¢ € X, compute count, = pos(c,t) ® (pos(m,t) — 1);
2. Step 2:
(a) for ¢ € X', compute m, = CovPat(m, ¢, count.), and k;
(b) for ¢ € X, compute E, = pos(c,t) @ (pos(c,m.) — 1);
(c) convert the multisets E. in sets S, (forget the values associated to each
element);
(d) compute I = ﬁo\s(m ) N (Ueex(Se + ke));
(e) if |I| = |pos(m,t)|, the pattern is not primitive, it is primitive otherwise.

Theorem 3 (Complexity) The complexity in time for deciding whether a pat-
tern is primitive or not in a textt of size n with quorum q is O(|X|nlog” nloglogn).

Proof 7 The first step consists in X products. The step (2.a) allows to build
patterns of size O(n) in linear time. The step (2.b) computes the product of each
pattern. Finally, as the |X| + 1 intersections are computed using additions of
integers, it is clear that the complexity is dominated by the |X| products.

O
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A slightly modified version of this algorithm can be used to find the letters
composing a pattern, given a text and a set of positions : once the position list
if computed, we can either keep the letters of the pattern, or the position list
(or just an heart of the pattern, to reduce memory space), since one can be
computed from the other.

7 Complexity

Theorem 4 For a quorum q > 2, the algorithm EXTRACTPRIMITIVEQPATTERNS
for extracting the primitive g-patterns from a text t of size n takes a time
O(N|X|n?log® nloglogn), where N is the number of primitive (g-1)-patterns.

Proof 8 The first step of EXTRACTPRIMITIVEQPATTERNS for generating the
pattern generation takes O(Nn?) time as for each if the N patterns that are
(g — 1) primitive, we study the n positions, and we need to compute the letters
compising the pattern, and to insert it into our data structure.

The second step, which consists in computing the set of all the positions of all
the extracted patterns, dominates the overall complezity. Computing the position
list of each extracted pattern takes O(|¥|nlog® nloglogn) time using Fischer
and Paterson’s [5] algorithm. As we have O(Nn) patterns to study, this step
takes O(N|X|n?log® nloglogn).

The last step consists in deciding whether a pattern is primitive or not: this
can be done in time O(|X|nlog” nloglogn). This has to be done for each pattern
having more than q positions, that is O(N|X|n?log” nloglogn).

O

Corollary 2 For the case where g = 2, the algorithm EXTRACTPRIMITIVE2PATTERNS
for extracting the primitive 2-patterns from a text t of size n takes a time
O(|Z|n?log” nloglogn).

8 Conclusion and perspectives

We give an algorithm to compute incrementally the primitive patterns in time
O(N|X|n?log® nloglogn), with N the number of primitive patterns for the pre-
vious quorum. As we seen, the number N of primitive patterns, at worst, is not
linear (a bound is given in [13]). Therefore, it could be useful to study the aver-
age case, and the properties of the texts for which there is not such an explosion.
Preliminary tests show that this approach could be of interest.
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