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t. In a sequen
e, approximate patterns are exponential in num-ber. In this paper, we present a new notion of basis for the patterns withdon't 
ares o

urring in a given text (sequen
e). The primitive patternsare of interest sin
e their number is lower than previous known de�ni-tions (and in a 
ase, sub-linear in the size of the text), and these patterns
an be used to extra
t all the patterns of a text.We present an in
remental algorithm that 
omputes the primitive pat-terns o

urring at least q times in a text of length n, given theN primitivepatterns o

urring at least q�1 times, in time O(j�jNn2 log2 n log log n).In the parti
ular 
ase where q = 2, the 
omplexity in time is onlyO(j�jn2 log2 n log log n). We also give an algorithm that de
ides if a givenpattern is primitive in a given text.1 Introdu
tionPattern dis
overy plays a great role in 'knowledge' extra
tion [16℄. Patterns arerepeated stru
tured obje
ts in a text (sequen
e) or in a set of texts. Extra
tionalgorithms are widely used in bioinformati
s for protein motif dis
overy [6℄, genepredi
tion (promotor 
onsensus identi�
ation [8℄, dete
tion of spli
e sites), re-peated patterns [4℄, sequen
e alignment [17, 15, 7, 9℄. Patterns may be used inother �elds su
h as data 
ompression [2℄.We 
onsider a pattern with don't 
ares: a new symbol is 
onsidered to bea joker, mat
hing every other letter of the alphabet. A problem of extra
tingpatterns with don't 
ares (or simply patterns in the following) from a given textis that they are potentially exponential in number in the size of the sequen
efrom whi
h they are extra
ted. This is the main problem whi
h arises for aninteresting appli
ation of patterns: sequen
e indexing. Sin
e indexing texts hasbeen widely 
overed in the 
ase of exa
t patterns [3℄, due to the exponentialnumber of patterns, indexing approximate patterns had never been 
onsidered.? Supported by the Ministry of Resear
h (Fran
e) with the "Bio-ing�enierie 2000" pro-gram, and the CIFRE 
onvention, in a 
ollaboration between ExonHit Therapeuti
sand ABISS - http://johann.jalix.org/resear
h



2 Pelfrêne et al.A re
ent work [10℄ present an idea that tends to redu
e the number of pat-terns, by introdu
ing the maximal non redundant patterns that form a basis forall the patterns appearing at least q times in a sequen
e (q-patterns).In [11, 12℄, we have proposed a new notion of primitive q-patterns. The prim-itive q-patterns form a basis for the patterns that o

ur at least q times, whi
his smaller than the maximal non redundant q-patterns basis. The number ofprimitive 2-patterns is bounded by n [12℄. We also proposed an algorithm that
omputes the primitive 2-patterns in time O(n3). In this paper, we show thebound for the primitive 2-patterns, and we give a new algorithm, whi
h is bothan improvement of the one in [12℄, and a generalization to every q-pattern. Thealgorithm 
omputes in
rementally the primitive q-patterns given theN primitive(q-1)-patterns in time O(j�jNn2 log2 n log logn). As there is only one primitive1-pattern (the text itself), the 
omplexity in time in the 
ase where q = 2 is sim-ply O(j�jn2 log2 n log logn). The number of primitive q-patterns is lower thanthe number of maximal non redundant q-patterns de�ned by [10℄. We also givean algorithm, that de
ides if a pattern is primitive given the text where it o

ursand the 
onsidered quorum.Very re
ently, Pisanti et al. have independently presented the same basis they
all 'tilling motifs', and the algorithm for the 
ase q = 2 [13℄.First, we will present some general de�nitions, followed by the de�nition ofa primitive pattern, the new algorithm for extra
ting these primitive patternsand a new algorithm for de
iding whether a given pattern is primitive or not.2 De�nitionsWe denote by � the alphabet (set of elements 
alled letters) on whi
h are writtentexts (or sequen
es or words) w = w[1℄w[2℄ � � �w[n℄ : w[i℄ 2 �. The length of wis n, denoted by jwj. In the following, we will work on a text t of length jtj = n.In t = uwv, the integer i = juj+1 is a position of the word w in the word t.w is a fa
tor of t at the position i, also denoted by t[i; jwj℄. If v = " (the emptyword), w is a suÆx of t, denoted suff(i; t).A pattern is a word written on the alphabet � [ f g : the letter is to bethought as a don't 
are (we will name it 'joker' sometimes). Let� = fA;B;C;Dg,a patternm = A C 
orresponds to the languageLm = fAAC;ABC;ACC;ADCg.The set pos(m; t) is the set of all the positions where the pattern m o

ursin the text t. The shift Æ of a position list P is a position list su
h that ifP = fp1; p2; � � � ; pkg; P + Æ = fp+ Æ=p 2 P; 1 � p+ Æ � jtjg.A q-pattern is a pattern that o

urs at least q times (su
h that jpos(m; t)j �q). In the sequen
e AAAAAXAAAAA, AA AA AA is a 2-pattern.2.1 Maximal patternsThe idea is to take patterns as long as possible, using the least amount of don't
ares as possible. We �rst 
reate groups of motifs that o

ur on the same posi-tions, with eventually a shift : m1 �t m2 , 9Æ 2 Z : pos(m1; t) = pos(m2; t)+ÆThis is 
learly an equivalen
e relation.



Extra
ting approximate patterns 3For example, in the textt=GACATGATTATTGATGCCTAACCGGCTTATGGATAGC, the following patterns are in thesame equivalen
e 
lass : TG TA, ATG T, AT TA et T TA, ATG TA.Next, we de�ne the weight of a pattern m as w(m), the number of solidletters in the pattern. For example w(A C) = 2.De�nition 1 (Maximal Pattern) A maximal pattern m is the shortest pat-tern (in length) that has the highest weight among the patterns mi su
h thatmi �t m.In the previous example, ATG TA is a maximal pattern.By this de�nition, a pattern belongs to the language �(� [ f g)�� [�.Lemma 1 (Uni
ity) There is a unique maximal pattern in ea
h equivalen
e
lass of �t.2.2 Non-redundan
y in a set of patternsThe notion of redundan
y will be used in the negative sense in the following:De�nition 2 (Non-Redundant pattern) Let M be a set of patterns o

ur-ring in a text t. The pattern m 2M is non-redundant in M if there do not existpatterns mi 2M , mi 6= m, su
h that pos(m; t) = [i>1pos(mi; t).2.3 Non-redundant maximal q-patternsParida et al. [10℄ 
onsider the patterns that are non-redundant in the set of allthe maximal q-patterns.De�nition 3 (Irredundant maximal q-pattern [10℄) A maximal q-patternm is redundant if there exist maximal q-patternsmi, mi 6= m, su
h that pos(m; t) =[i>1pos(mi; t).In the text t = AAAAAXAAAAA, the maximal non-redundant 2-patterns are:AA, AAA, AAAA, AAAAA, A AAA A, AA AA AA, AAA A AAA, and AAAA AAAA. The max-imal pattern AAA AAA is redundant be
ause pos(AAA AAA; t) = f1; 2; 3g andpos(AAAA AAAA; t) [ pos(AAA A AAA; t) = f1; 2g [ f1; 3g.2.4 Non-redundant maximal patternsAs Parida et al. de�ne the non-redundant maximal q-patterns, Apostoli
o [1℄de�nes the non-redundant maximal patterns. In that 
ase, it 
an be remarkedthat the de�nition 
orresponds to that of Parida in the 
ase q = 1.3 Primitive PatternsUsing the idea of redundan
y, we give a new de�nition, the primitive patterns,whi
h is more restri
tive than the Parida et al. maximal non-redundant de�ni-tion. The primitive patterns are the maximal non-redundant q-patterns.



4 Pelfrêne et al.3.1 De�nitionDe�nition 4 (Primitive q-pattern [12℄) A maximal q-pattern m is primi-tive if and only if it is non-redundant in the set of all the q-patterns o

urringin the text t.In other words, m is primitive if and only if there is no patterns mi, mi 6= mand mi not ne
essarily maximal, su
h that pos(m; t) = [i>1pos(mi; t).In the previous example, there are only �ve primitive 2-patterns :AAAAA, A AAA A, AA AA AA, AAA A AAA, and AAAA AAAA. Using that de�nition, wemay see that the pattern AAA AAA that is redundant using Parida's de�nitionis, also, not primitive (as we kept the same patterns that make this patternredundant).Lemma 2 Let m be a q-pattern in a text t. If m is primitive, then m is maximalnon redundant.The proof is straightforward : let m be a primitive q-pattern, then there are nomi su
h that pos(m; t) = [i>1pos(mi; t), whi
h means, of 
ourse, that there areno maximal q-patterns m0i su
h that pos(m; t) = [i>1pos(m0i; t).We denote the set of all the primitive q-patterns in the text t by P(t; q).3.2 Pattern fusionThe pattern fusion (�) is an operation on two patterns that wat
hes the patternsletter by letter, keeping only 
ommon letters, and repla
ing a di�eren
e by adon't 
are. For example, ABB CD �AC CC = A C .De�nition 5 Let m1;m2 be two patterns. The pattern m = m1�m2 is su
h thatfor all i; 1 � i � minfjm1j; jm2jg, m[i℄ = m1[i℄ if m1[i℄ = m2[i℄, and m[i℄ =otherwise.That operation is trivially 
ommutative and asso
iative. The obtained pat-tern 'tends' to be maximal : all the jokers are present be
ause there is a 
on
i
tbetween two letters on a same position. Some jokers may be present at the be-ginning of the pattern, or at the end. The operation �max is an extension of theoperation �, but returns a pattern with no heading or tailing jokers.De�nition 6 Let m1;m2 be two patterns. The pattern m = m1�maxm2 is su
hthat m[1℄;m[jmj℄ 2 �, and there exist u; v 2 f g� su
h that umv = m1 �m2.These operations are on 'abstra
t' patterns. We now fo
us on the text, fromwhi
h the patterns are extra
ted, by 
onsidering positions of the text, and the
orresponding suÆx.Given a set of positions P , we denote by Pnorm = P �minfpi 2 Pg+ 1 the'normalized' of P (remark that jP j = jPnormj, and 1 2 Pnorm).De�nition 7 Let P = fp1; p2; � � � pkg be a set of positions from the text. Thepattern m =Lt P is su
h that m = �pi2Pnormsuff(pi; t).



Extra
ting approximate patterns 5And as for the � operation that is extended by �max, we de�neLmaxt fromLt:De�nition 8 Let P = fp1; p2; � � � pkg be a set of positions from the text. Thepattern m =Lmaxt P is su
h that m[1℄;m[jmj℄ 2 �, and there exist u; v 2 f g�su
h that umv =Lt PTheorem 1 Let t be a text. m is a maximal pattern if and only if there existsa set of positions P , su
h that m =Lmaxt P .Proof 1 Let m be a maximal pattern in t, and P = pos(m; t). Let m0 =Lt P .As P = Pnorm + Æ, m0 
an be written as m0 = umv, with u; v 2 f g�. Then is it
lear that there exists P su
h that m =Lmaxt P .Let P be a set of positions in t, and m0 = Lt P . As m is build usingthe normalized set of positions, there is no pattern m00, m00 �t m0, su
h thatw(m00) > w(m0). On
e we remove from m0 the tailing and heading jokers, thereis still no pattern m00, m00 �t m0, su
h that w(m00) > w(m0). But in that 
ase,the pattern is su
h that its �rst and last 
hara
ters are solid letters, i.e. it is theshortest with the highest weight in its equivalen
e 
lass : the patternm =Lmaxt Pis maximal. �3.3 Chara
terizationIn the following, we give two de�nitions in order to 
hara
terize the primitivepatterns.Covering patternDe�nition 9 (Covering pattern) Given a text t and two maximal patternsm and m0, m0 is said to 
over m if and only if there exists Æ � 0 su
h thatpos(m0; t) + Æ � pos(m; t).We will say that a pattern m0 
overs m on a position p if p 2 pos(m; t) and pbelongs to the subset of positions 
overed by m0.It is 
lear that the 
overing relation is re
exive, transitive and antisymmetri
(ex
ept if m = m0), but is not de�ned for every maximal pattern m and m0.HeartsA pattern may have a lot of positions, but only some of them may be suÆ
ientto retrieve the letters 
omposing the pattern. We 
all heart a subset of theposition list of a given pattern su
h that this subset allows to build the pattern.De�nition 10 (Heart) Let m be a pattern, and P � pos(m; t). P is a heart ofm, heart(m; t), if and only if m = �maxt P .



6 Pelfrêne et al.A natural 
onsequen
e is that m must be a maximal pattern, sin
e there existsa set of positions P su
h that m =Lmaxt P (see theorem 1).Lemma 3 Let m be a pattern, and P � pos(m; t). If P is a heart of m, thenfor all P 0 � pos(m; t), P \ P 0 = ;, we have P [ P 0 is a heart of m.Chara
terizationTheorem 2 (Primitive pattern 
hara
terization) Let t be a text, and q �1. Let M be the set of all maximal q-patterns of the text t. The �ve followingpropositions are equivalent:1. m 2M is a primitive q-pattern;2. there exists a position p�, p� 2 pos(m; t), su
h that no pattern m0 2M;m 6=m0; 
overs m on p�;3. there exists a position p�, p� 2 pos(m; t), su
h that 8P , P � pos(m; t) withp� 2 P and jP j = q, we have m =Lmaxt P ;4. there exists a position p�, p� 2 pos(m; t), su
h that 8P , P � pos(m; t),p� 2 P and jpos(Lmaxt P; t))j � q, we have m =Lmaxt P ;5. there do not exist patterns mi 2 M , mi 6= m, and asso
iated shifts Æi � 0su
h that pos(m; t) = [i>1(pos(mi; t) + Æi).We 
all su
h a position p� a 
hara
teristi
 position for the primitive patternm.Proof 2 1) 2 Let m be a primitive q-pattern. Then there do not exist patternsmi (even not maximal) su
h that pos(m; t) = [i>1pos(mi; t). It means thatthere exists at least one position not 
overed by any other pattern.2) 3 Let p� 2 pos(m; t) su
h that no pattern m0 2M;m 6= m0; 
overs m on p�.Assume that there exists P � pos(m; t), jP j = q, and p� 2 P : it is 
lear thatm0 =Lmaxt P is a maximal pattern, with jpos(m0; t)j � q, and m0 
overs mon p, whi
h is a 
ontradi
tion.3) 4 Let p� 2 pos(m; t) su
h that 8P � pos(m; t), p� 2 P , jP j = q, we havem =Lmaxt P . Then it is 
lear that 8P � pos(m; t), p� 2 P and jP j > q, wehave Lmaxt P = m (all the set 
ontaining p�, and having exa
tly q positionsare hearts of m, then adding positions of m 
annot form another patternthan m (
f. lemma 3)). If jP j < q and jpos(Lmaxt P; t)j � q, then as everyP 0 � pos(m0; t), jP 0j = q, is su
h that m =Lmaxt P 0, we have 
learly m0 = m(
f. 3). Consequently, there exists p� 2 pos(m; t) su
h that 8P � pos(m; t),p� 2 P and jpos(Lmaxt P; t))j � q, we have m =Lmaxt P .4) 5 Assume there exists p� 2 pos(m; t) su
h that 8P � pos(m; t), p� 2 Pand jpos(Lmaxt P; t))j � q, we have m =Lmaxt P . It means that no patternm0 2 M is su
h that pos(m0; t) + Æ � pos(m; t), with p � Æ 2 pos(m0; t).Then, 
learly, we 
annot �nd maximal patterns mi and Æi � 0 su
h thatpos(m; t) = [i>1(pos(mi; t) + Æi).



Extra
ting approximate patterns 75) 1 Assume there do not exist patterns mi 2 M and asso
iated shifts Æi � 0su
h that pos(m; t) = [i>1(pos(mi; t) + Æi). Then, there do not exist non-maximal patterns m0i su
h that pos(m; t) = [i>1pos(m0i; t): Assume we 
an�nd su
h patterns m0i, then for ea
h non-maximal pattern m0i, there exists amaximal pattern mi, mi �t m0i, and Æ � 0, whi
h is a 
ontradi
tion with thehypothesis. �It 
an be remarked that there 
an exist more than one 
hara
teristi
 positionfor a given pattern m.The example below shows a 2-pattern, G TA, that is not primitive sin
e it is
overed by two 2-patterns, ATG TA and GC TA, be
ause we have pos(G TA; t) =(pos(ATG TA; t) + 2) [ pos(GC TA; t).GACATGATTATTGATGCCTAACCGGCTTATGGATAGCATG__TA ATG__TA ATG__TAGC_TA GC_TAG__TA G__TA G__TA G__TA3.4 Patterns and quorumAs the primitive patterns are now de�ned, it is important to dis
uss the role ofthe quorum. Looking for a pattern in a set of sequen
e leeds naturally to de�nea thresold that �xes the minimal number of sequen
e in whi
h the pattern shallbe found to be taken into a

ount. However, in a single sequen
e, the interest ofthe quorum may not be 
lear.In fa
t, depending on the value of the quorum q, a maximal pattern 
an be
onsidered as primitive or not.Lemma 4 (Pattern's life) Let t be a text, and m a maximal pattern that o
-
urs in qm positions. There exists an integer qp � qm su
h that :{ for all quorum q < qp, the q-pattern m is non-primitive,{ for all quorum q, qp � q < qm, the q-pattern m is primitive,{ and for all quorum q, q � qm the pattern m is not a q-pattern.Proof 3 When we 
onsider a quorum q greater than a position list size, thepattern is 
learly not a q-pattern. A maximal pattern is either primitive or not,for a given quorum. It is 
lear that for qp = jpos(m; t)j, the pattern is primitive.It is also 
lear that qp may be lower than jpos(m; t)j. We denote by qp the lowestquorum su
h that m is primitive. What we may show is that on
e a patternbe
omes primitive for a quorum qp, it may not be non-primitive for any greaterquorum q, qp � q � qm.The proof is simple: assume there exists q > qp su
h that m is not primitive.By theorem 2, all the positions of m are 
overed by patterns of P(t; q). As m isprimitive for qp, then by the same proposition, it means there exists a position



8 Pelfrêne et al.p� 2 pos(m; t) su
h that no other pattern 
overs m on p�. Let m0 2 P(t; q)
over m on p� for quorum q and have a look at quorum qp. As m is primitive,m0 may not be primitive (otherwise, m would not be primitive). But if m0 isnot primitive for quorum qp, it means that there exist patterns su
h that everyposition is 
overed, and then a pattern that 
overs m0 should 
over m too. Thisis a 
ontradi
tion. �This lemma 
ould apply to the non-redundant patterns with minor modi-�
ations. It shows in parti
ular the interest of the quorum, sin
e the patternso

uring a small number of times hide the other patterns. As an example, thepattern t (the text itself), hides every other pattern (we re
all that P(t; 1) = ftg[12℄). That is why the �rst interesting quorum is 2.3.5 Pattern basisEvery q-pattern 
an be generated by the primitive q-patterns. Interesting pat-terns are, in fa
t, the ones whi
h are maximal in 
omposition : patterns that arefa
tors of maximal patterns (patterns su
h that no don't 
are 
an be repla
edby just one letter). As their number is huge, we 
annot keep them in memory,but we want to be able to generate them from the primitive patterns.A pattern m is generated by � operation.For a given integer q > 1 and a text t, every pattern m, that is maximal in
omposition, 
an be written as m = �i>0mi[ki; li℄, where mi are primitive q-patterns. The primitive q-patterns are free, that is to say no primitive q-pattern
an be generated using other ones. Then, the primitive q-patterns form a basisfor the maximal in 
omposition patterns that o

ur at least q times in t.3.6 Number of primitive patternsGiven Æ � 1, t �max t[Æ℄ is the unique maximal pattern that o

urs at least intwo positions p and p+ Æ.This leads to a bound of the primitive 2-pattern number :Lemma 5 The set [Æ=2;���jtjt�max t[Æ℄ 
ontains all the primitive 2-patterns.Proof 4 Let E be the list of the patterns t�max t[Æ℄. By theorem 1, every patternin E is maximal.Assume now that there exists a pattern m, primitive, but not in E. Let usdenote by p and p0 two positions of m, and Æ = jp� p0j, then there exists m0 =t�max t[Æ℄, m0 2 E. Then as m0 is maximal, there exists s � 0 su
h that p� sand p0 � s belong to pos(m0; t). That means that m0 
overs m on p and p0.Then, either jpos(m; t)j = 2 and then m is not maximal, or for all p; p0 2pos(m; t), there exists a pattern mi su
h that mi 
overs m on p and p0, whi
hmeans that m is not primitive.



Extra
ting approximate patterns 9�Corollary 1 (Bound on the primitive 2-patterns) The number of primi-tive 2-patterns is bounded by n� 1.In [10℄, Parida et al. give a linear bound for the non-redundant q-patterns ina text. Sin
e the number of primitive patterns is lower than the number of non-redundant patterns, we 
ould think that the number of primitive patterns arebounded by 3n. However the following example shows that this is not the 
ase.In the text AkXAk, with k = 9 and q = 5, we have 112 primitive 5-patterns, andas k grows, the number of primitive patterns grows too. In se
tion 5, we showthere is a strong relation between the number of primitive patterns and Cq�1n�1.Lemma 6 (Upper bound) Given a text t and a quorum q, there exist at mostCq�1jtj�1 primitive q-patterns in t.Proof 5 The idea is a 
onsequen
e of our theorem 2, and parti
ularly the thirdproposition: a pattern m is q-primitive if and only if there exists a set P �pos(m; t) su
h that jP j = q and P 
ontains a 
hara
teristi
 position. Thus, if allthe normalized sets 
ontaining q positions are build, we have all the q-primitivepatterns. There are exa
tly Cq�1jtj�1 distin
t sets (the normalized sets 
ontain theposition 1, we have to 
hoose q � 1 among jtj � 1). �An other example is given by Pisanti et al. [13℄ and shows that the 3n boundis not 
orre
t. In this paper, Pisanti et al. show that there exists an in�nitefamily of strings for whi
h the number of primitive patterns is at least Cq�1n�12 �1,and give the same upper bound.4 Algorithm for primitive pattern extra
tionThe primitive q-patterns may be obtained as follow :Lemma 7 (From P(t; q � 1) to P(t; q)) Let m be a primitive pattern for q,q � 2 (m 2 P(t; q)). If m 62 P(t; q � 1), then there exists a maximal patternm0, jpos(m0; t)j = q � 1 and a position p 62 pos(m0; t) su
h that m = m0 �maxsuff(p; t).Proof 6 If m 62 P(t; q � 1), then m is not primitive and there exist patternsmi 2 P(t; q � 1) su
h that m is 
overed by mi. As m 2 P(t; q), it means thatone position of m that was 
overed for P(t; q�1) is not anymore : there exists apattern m0 from P(t; q� 1) that is not taken into a

ount (jpos(m0; t)j = q� 1).m0 62 P(t; q), then jpos(m0; t)j < jpos(m; t)j: there exists a position p su
h thatm is not 
overed by m0 on p. Let Æ � 0 su
h that pos(m0; t) + Æ � pos(m; t). LetP be the set of positions of m su
h that m is not 
overed by m0 on p 2 P .



10 Pelfrêne et al.Let us have a look at the patterns mp = m0 �max suff(p; t), 8p 2 P � Æ.Either there exists p 2 P � Æ su
h that mp = m, or 8p 2 P � Æ;mp 6= m (that isto say, adding just one position was not enough to build m). Assume no p 2 P�Æis su
h that mp = m. In this 
ase, there is more than one position in P , and8p 2 P � Æ;mp belongs to the basis P(t; q). It means that m is non-primitivesin
e pos(m; t) = [p2P�Æ(pos(mp; t)). �Note that a pattern m 
an be obtained from a pattern m0, m0 2 P(t; q � 1)and m0 2 P(t; q). But in the 
ase where m is primitive, it 
an be easily shownthat there exists a pattern m00, jpos(m00; t)j = q�1, su
h that m is also obtainedby adding a position.The lemma justi�es the in
remental approa
h for 
omputing the basis for agiven quorum. Informally speaking, the idea is:1. generate hearts of possible primitive q-patterns, by taking the primitive (q-1)-patterns that have exa
tly q � 1 positions, and by adding a new positionthat is not already in the position list of the given pattern.2. all the primitive (q-1)-patterns, that have more than q � 1 positions, areimmediately primitive;3. for ea
h generated pattern, 
ompute its position list : if the size is exa
tly q,the pattern is primitive, otherwise test the primitivity.The algorithm Extra
tPrimitiveQPatterns (t; q;P(t; q � 1)) 
omputesin
rementaly the primitive patterns for a quorum q, given the primitive patternsfor the quorum q � 1:Extra
tPrimitiveQPatterns(text; q;P(t; q � 1))1 . Input :. the text, the quorum q, the primitive (q-1)-patterns2 . Output : result, a trie 
ontaining all the primitive q-patterns3 result NewTrie()4 for ea
h pattern m 2 P(t; q � 1); jpos(m; t)j = q � 1 do5 for shift 1 to jtextj do6 if shift 62 pos(m; t) then7 pattern m�max suff(shift; text)8 Push(sta
k; pattern)9 Insert(result; pattern)10 while sta
k 6= ; do11 pattern Pop(sta
k)12 pos ComputePatternPositions(text; pattern)13 if TestPrimitivity(pattern; t; q) then14 . The pattern is primitive15 Affe
t pos to the final state16 else Remove(pattern; result)17 . The pattern is not primitive18 return result



Extra
ting approximate patterns 11In order to store the 
reated patterns, we use a trie, in whi
h the inser-tion/removal of a word of size n 
osts O(n). On
e the position list is 
omputed,it is asso
iated to the 
orresponding �nal state.Note that for quorum q = 2, it is as if we 
omputed all the t�max suff(Æ; t)patterns, for all Æ between 2 and jtj;In order to 
ompute the position list of pattern build by a given heart, we needto obtain the pattern itself (the letters 
omposing the pattern): the operation�max is done in time O(n).Two approa
hes are possible for testing the primitivity: First, we may usethe way patterns are extra
ted to de
ide if they are primitive or not (validfor the 
ase q = 2, this does not generalize easily). That idea is des
ribed inthe next se
tion. Se
ond, we may use the way position lists 
an be en
oded asintegers, and then use multipli
ations to dis
ard 
overed positions. The se
tion6 des
ribes the algorithm that allows to 
he
k the primitivity of a pattern intime O(j�jn log2 n log logn).5 Using the heartsRemoving non-primitive patterns is done using the hearts that have been studiedduring the extra
tion.We will use a simple 
ounting pro
ess for the removal step : a 
ounter 
(p;m)is asso
iated to ea
h position for ea
h pattern. Using the theorem 2, and par-ti
ularly the idea of the third proposition, we have the following a

ountings
heme:Lemma 8 If a pattern m is primitive for a quorum q, a 
hara
teristi
 positionp� 
an be found in Cq�1jpos(m;t)j�1 sets P su
h that jP j = q and p� 2 P .The number is obtained by �xing the �rst element of P with p�, and then wejust have to �nd q � 1 positions among the remaining jpos(m; t)j � 1.As for the 
ase q = 2, we generate all the possible 2-uplets, and Cq�1jpos(m;t)j�1 =jpos(m; t)j � 1, we just have to 
ount a position in jpos(m; t)j � 1 hearts to saythat a 2-pattern is primitive. The 
ounters are updated ea
h time a pattern isextra
ted, in 
onstant time. Still for the 
ase q = 2, 
he
king the 
ounters is donein time O(n) for ea
h pattern, that is in time O(n2) at most: this is the same
omplexity as the generation step (it does not dominate the time 
omplexity).In that spe
ial 
ase, the algorithmExtra
tPrimitiveQPatterns (t; q;P(t; q�1)) be
omes Extra
tPrimitive2Patterns (t). We asso
iate to ea
h patternthe 
ounters, that are automati
ally updated as a new heart of the pattern isfound.



12 Pelfrêne et al.Extra
tPrimitive2Patterns(text)1 . Input : the text2 . Output : result, a trie 
ontaining all the primitive q-patterns3 result NewTrie()4 for shift 2 to jtextj do5 pattern; Æ  m�max suff(shift; text)6 . Æ � 0 is the shift between. m�max suff(shift; text) and m� suff(shift; text)7 hearts(m) hearts(m) [ f1 + Æ; shift+ Æg8 Push(sta
k; pattern)9 Insert(result; pattern)10 while sta
k 6= ; do11 pattern Pop(sta
k)12 pos ComputePatternPositions(text; pattern)13 if MaxCount(hearts(m)) = q � 1 then14 . The pattern is primitive15 Affe
t pos to the final state16 else Remove(pattern; result)17 . The pattern is not primitive18 return resultThat idea does not generalize trivially, sin
e two possibilities do not appearin the 
ase q = 2: we may have patterns that are primitive in P(t; q) and inP(t; q � 1) (whi
h 
ompli
ates the in
rementation of the 
ounter); and we mayhave patterns extra
ted for P(t; q � 1), and de
lared to be non primitive (andthen, some of the q-uplets are not formed). In the present version of this extendedabstra
t, we prefered to des
ribe a more simpler algorithm (given in the nextse
tion) for doing the primitivity test.The lemma given above, and the lemma 6 lead to an other approa
h to
ompute the primitive q-patterns. It is possible to generate all the sets P , with1 2 P and jP j = q. Then for ea
h set, we 
ompute the 
orresponding maximalpattern, its position list, and we de
ide whether it is primitive or not. Consideringa set, the two steps (
omputing the maximal pattern, and its position list) 
anbe done in time O(j�jn log2 n log logn) using the te
hnique we des
ribe in thefollowing se
tion. The de
ision of the primitivity is a 
ounting pro
ess givenby the previous lemma. Su
h an algorithm would have a 
omplexity in timeO(Cq�1jtj�1j�jn log2 n log logn).6 Algorithm for de
iding the primitivity of a patternIn this se
tion, we introdu
e a new operation on sets that 
an be done using asimple translation of the sets into integers that are to be multiplied. This is themain idea of the Fisher and Paterson's algorithm [5℄ for 
omputing the positionlist of a pattern with don't 
ares in time O(j�jn log2 n log logn).Then, we explain how it is possible to de
ide, given only a text, a patternand a quorum, whether the pattern is primitive or not.



Extra
ting approximate patterns 136.1 Multisets and produ
tsA �nite set of integers is 
lassi
ally represented with an array of booleans, whoseindi
es belong to a range of integers, where the value at index i is true if andonly if the value i is in the set. Integers may also be used to represent a set.For example, the set E = f1; 4; 5g, 
an be represented by an array a, in whi
hthe indi
es range from 1 to 6, a = [true; false; false; true; true; false℄, and aninteger 011001.We introdu
e the notion of multiset, in whi
h elements are valued. For ex-ample, in the multiset E = f(1; 5); (4; 2); (5; 1)g, the element 4 is valued 2. Weuse the value as the number of time the element is present in the set. A multiset
an also be represented with an array, of integer this time. As an example, wemay have E = f(1; 5); (4; 2); (5; 1)g represented as a = [5; 0; 0; 2; 1; 0℄, and the
orresponding integer 012005.The operation toInteger(E; i; j) translates the set E, in whi
h the valuesare bounded by i and j into an integer where the rightmost 
oeÆ
ient stands forthe value of the bound i. The reverse operation, toMultiSet(k; i), translatesthe integer k into a multiset with lower bound i.Adding a 
onstant to a multiset 
onsists in adding the 
onstant to ea
hvalue: E+ 
 = fx+ 
=x 2 Eg. Realized on an integer, that operation 
onsists inmultiplying the integer by b
, where b is tha basis of the integer.In the following, we need to produ
e the union/interse
tion of a multisetwith itself, with a shift of its elements. For example, E [ (E + 1) [ (E + 4) =f(1; 5); (4; 2); (5; 1)g [ f(2; 5); (5; 2); (6; 1)g [ f(5; 5); (8; 2); (9; 1)g. That is E [(E +1) [ (E +4) = f(1; 5); (2; 5); (4; 2); (5; 8); (6; 1); (8; 2); (9; 1)g. We denote by� the operation that takes a multiset in the left side, and a set of shifts in therightside, and 
omputes the union of the multiset with itself at the di�erentshifts: E � f0; 1; 4g = E [ (E + 1) [ (E + 4).As we use multisets, the result 
ontains both the union and the interse
-tion: the value asso
iated to the element 
ontains the number of time the ele-ment is present in the sets. If we set the values to 1 before doing the � oper-ation, for ea
h element in the result, we know in how many shifts the elementwas present. On the example, E � f0; 1; 4g = f(1; 1); (4; 1); (5; 1)g � f0; 1; 4g =f(1; 1); (2; 1); (4; 1); (5; 3); (6; 1); (8; 1); (9; 1)g. The element 1 is present in exa
tlyone shift. The element 5 is present in all the three shifts, and thus in the inter-se
tion of the three sets.Sin
e the number of shifts 
an be equal to the number of elements in the set,this operation 
an be done with a O(n2) time algorithm with n the size of theset, and the number of shifts/union to do.But it is possible to write the operations with integers: E � f0; 1; 4g 
an betranslated into toInteger(E; 1; 6)+toInteger(E; 1; 6)�b1+toInteger(E; 1; 6)�b4 = 011001+0110010+0110010000 = 0110131011, where b is the basis used toen
ode the integers. Whi
h is in fa
t a simple produ
t of 011001 by 10011.It is known that a produ
t of integers of k bits 
an be done with a O(k log k)time algorithm, using for example the S
h�onhage-Strassen algorithm [14℄ (there



14 Pelfrêne et al.are numerous fast produ
t algorithms. A te
hnique 
ommonly used is the FastFourier Transform).The basis in whi
h integers are written has to be 
arrefully 
hosen, sin
e noretenue shall be propagated in the produ
t. A good 
hoi
e is to have the basislogn, where n is the maximal integer en
oded. Thus, the integer is en
oded onn logn bits, and the produ
t is 
omputed in time O(n log2 n log logn).6.2 Fisher and Paterson's algorithmThe algorithm [5℄ 
onsists in 
omputing the positions of a pattern with don't
ares in a given text t.In exa
t pattern mat
hing, the positions of the o

urren
es of a pattern min a text t 
an be seen as an interse
tion of shifted letter positions: pos(m; t) =\jmji=1(pos(m[i℄; t) � i� 1). This gives a naive time O(jmjjtj) algorithm for 
om-puting all the positions of m in t. For example, with t = AAATAAGTAGAT ,and m = AA, we have pos(m; t) = pos(A) \ (pos(A)� 1) = f1; 2; 3; 5; 6; 9; 11g\f1; 2; 4; 5; 8; 10g= f1; 2; 5g.Adapted to pattern mat
hing with don't 
ares, this 
ould be written aspos(m; t) = \jmji=1;m[i℄6= (pos(m[i℄; t) � i � 1), whi
h is still a quadrati
 algo-rithm. With the same text, and the pattern m = AA AG, we have pos(m; t) =pos(A; t)\ (pos(A; t)�1)\ (pos(A; t)�4)\ (pos(G; t)�5) = f1; 2; 3; 5; 6; 9; 11g\f1; 2; 4; 5; 8; 10g\ f1; 2; 5; 6g \ f2; 5g = f2; 5g.Therefore, it is possible to do only j�j interse
tions, by fa
torising with theletters of the alphabet : pos(m; t) = \
2�(pos(
; t)��(pos(
;m)� 1)). On theexample, we have pos(AA AG; t) = (pos(A; t) � f�0;�1;�4g) \ (pos(G; t) �f�5g).As � 
an be done by a simple produ
t, we just need to en
ode the positionlists. A re
urrent problem is to address: positions in a text are numbered fromleft to right, and digits in an integer are numbered from right to left. Thus,the notationdpos(m; t) will be the set of all the position of m in t, where thenumbering of the positions of t begin from the end of the text. As the numbering
hanges, the negative sign for the shifts disappears. The operation to do be
omesdpos(m; t) = \
2�(dpos(
; t) � (pos(
;m) � 1)). We 
omputedpos(m; t) instead ofpos(m; t), but it is easy to retrieve pos(m; t).The algorithm is the following:1. 
hoose a basis, for example equal to logn if n is the maximal integer to berepresented (the length of the text);2. for ea
h letter 
 2 �, 
ompute P
 =dpos(
; t) � (pos(
;m) � 1) using theinteger 
onversion;3. do the sum of the � produ
ts S = �
2�P
;4. look for every 
oeÆ
ient in S that is equal to the number of �xed letters inthe pattern to �nd the positions.The time 
omplexity is 
learly O(j�jn log2 n log logn) (dominated by the step2).



Extra
ting approximate patterns 15For example, with the text t = AAATAAGTAGAT , and the pattern m =AA AG:dpos(m; t) = (dpos(A; t)�(pos(A;m)�1))\(dpos(G; t)�(pos(G;m)�1)).We do the produ
ts 111011001010� 10011 = 1111331131111110 and 100100�100000 = 10010000000. Then we do the sum, obtaining 1111341141111110.There are two values equal to 4, the number of �xed letters in m, whi
h areat positions 2 and 5 (see �gure 1).t A A A T A A G T A G A TPA 1 1 1 1 3 3 1 1 3 1 1 1 1 1 1 0PG 1 0 0 1 0 0 0 0 0 0 0S 1 1 1 1 3 4 1 1 4 1 1 1 1 1 1 0pos(m; t) 1 1Fig. 1. The positions of m = AA AG in t = AAATAAGTAGAT .6.3 De
ision algorithmWe propose in the following a method that takes a text t, a maximal pattern mand an integer q for the quorum, and de
ides whether the pattern is primitive ornot. With minor 
hanges it is possible to test for maximality, or non-redundan
y.A pattern 
an be extended with jokers at the both sides. Ea
h joker, insideand outside the pattern, 
an be repla
ed by a letter in ea
h o

urren
e of thepattern in the text. The idea is to 
ount, for ea
h joker, how many times ea
hletter of the alphabet repla
es the joker in the text. If a joker 
an be repla
edmore than q times by a same letter 
, it means that there exists a pattern thathas all the �xed letters of the pattern of interest, plus one, the letter 
 : it isa 
overing pattern. In that 
ase, the 
orresponding positions of m are 
overed,and thus have to be marked. If all the positions of m in t are marked, it meansthat all the positions are 
overed, and then m is not primitive (with theorem 2).Informally speaking, the algorithm 
onsists in two steps:{ step 1: 
ompute the 
ounters 
ount
(z;m; t). 8z 2 [�jtj; jtj℄; 
ount
(z;m; t) =jfp=p 2 pos(m; t) + z; t[p℄ = 
gj;{ step 2: 
ompute the 
overed positions. p 2 pos(m; t) is 
overed if there existsz and a letter 
 2 � su
h that 
ount
(z;m; t) � q.In �gure 2, we see the text t = AAATAAGTAGAT aligned with it selfthree times, using ea
h o

urren
e of the pattern m = A T as an
hor for thealignment. The 
ounters are represented on the same �gure. For example, we mayremark that the 
olumn standing for the A in the pattern 
ounts three timesthat letter. We also see that the �rst joker inside the pattern 
an be repla
edtwi
e by a A: there exists a 
overing pattern (if we 
onsider q = 2). There isnot enough information to tell what pattern it is, but there is one that look like



16 Pelfrêne et al.z -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11m A Tp1 = 1 A A A T A A G T A G A Tp2 = 5 A A A T A A G T A G A Tp3 = 9 A A A T A A G T A G A T
ountA 1 1 1 0 2 2 1 0 3 2 2 0 2 1 1 0 1 0 1 0
ountT 0 0 0 1 0 0 0 2 0 0 0 3 0 0 0 2 0 0 0 1
ountG 0 0 0 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1 0 0Fig. 2. All the o

urren
es of the pattern aligned, with the asso
iated 
ounters.AA T . It is not interesting to retrieve the pattern, but just to mark the positionsp1 and p2.If q = 2, the 
olumn �3 allows to mark positions p2 and p3, and the 
olumn7 let positions p1 and p2 marked. As all the positions are marked, the pattern isnot primitive: we have pos(A T; t) = (pos(A A T; t) + 3)[ (pos(A T T; t)).(we do not show here all the possible 
overing patterns, sin
e two are suÆ
ientto show that m is not primitive.)It is worth to remark that this sket
h of algorithm takes a maximal patternin input (all the patterns we have to test are maximal), but we 
ould easily 
he
kif the pattern is maximal be
ause if a joker 
an be repla
ed by a single letter inea
h position of the pattern, it is 
lear that the pattern is not maximal.Step 1: Compute the 
ountersFirst, we will show that if a 
ounter for the letter 
 is higher than the quorum,it means that there exists a 
overing pattern. Then, we show how to 
omputeeÆ
iently the 
ounters.Proposition 1 If there is a value in the 
ounter of the letter 
 that higher than qand lower than pos(m; t), there exists a 
overing pattern for the positions where,in the text, the 
orresponding joker is repla
ed by the letter 
.The proof is, in fa
t, trivial: in su
h a 
ase, a pattern m0 would o

ur at some ofthe positions of m (with eventually a shift), and thus having all the �xed lettersof m, plus one other �xed letter. We have 
learly pos(m0; t) + Æ ( pos(m; t) andjpos(m0; t)j � q.Computing the 
ounters is done by 
ount
 =dpos(
; t)� (pos(m; t)� 1), for aletter 
 2 �.Step 2: Compute the 
overed positionsOn the example (�g. 2), we see that the �rst joker in the pattern A T 
an berepla
ed twi
e by a A. In order to dis
over what positions are 
overed, we 
ouldbuild the pattern AA T , and look for its positions. As the se
ond joker is alsorepla
ed twi
e by a A, we 
ould build A AT , and look for its positions, and so



Extra
ting approximate patterns 17on for ea
h joker that 
an be repla
e by a A. This method would give all the
overed positions, but with a bad time algorithm.Instead of 
omputing the positions of the pattern AA T , we 
an build thepattern A . The positions we �nd are at least the ones that AA T has, andothers. We 
an do so for ea
h pattern (see �g 3), and then build an aggregatepattern, mA. z = �4 A A Tz = �3 A A Tz = 1 A A Tz = 2 A A Tz = 4 A T AmA A A A A AFig. 3. the pattern mAThen it is possible to apply the algorithm in order to �nd its positions,dpos(A; t) � (pos(A;mA) � 1), but using a di�erent interpretation of the result.In the normal 
ase, we look for values equal to the number of �xed letters, sin
ewe want all the letters of the pattern to appear. In our 
ase, we just want thatthere exists one letter, thus, we are just looking for non null values.On the example, we build the pattern mA = AA AA A, and the patternmT = T T relatively to A T (see �g. 4). Note that as the positions of mA
over the positions of m with a shift equal to 4, we have to divide the integer byb4, that is remove the last four values (or in terms of multiset, we have to addthe value 4 to ea
h element).m A TmA A A A A AmT T TFig. 4. Step 2: building patternsThe result of the produ
ts are presented in �gure 5. Note that to simulatethe division, we add four 0s to the integer representing the positions of m (thewhole integers obtained after the produ
ts are given here).In �gure 5, the underlined values stands for positions of m, and show thatall of them are 
overed.For ea
h 
ounter, we 
an easily know what letters belong to 
overing patterns.We denote by CovPat(m; 
; 
ount
) the operation that build the pattern m
, inwhi
h all the jokers that 
an be repla
ed by the letter 
 are really repla
ed by it,and the �xed letters in m are removed. We denote by k
 the maximal distan
e



18 Pelfrêne et al. pos( m; t) 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0dpos(A; t)� pos(A;mA)� 1 1 1 2 2 3 2 1 3 4 2 3 2 3 2 0 1 1 1 1 0dpos(T; t)� pos(T;mT )� 1 1 0 0 0 1 0 0 0 2 0 0 0 1 0 0 0 1 0 0 0Fig. 5. Step 2: produ
ts and 
overed positionsfrom the �rst letter of the pattern to the �rst joker repla
ed by a letter 
, su
hthat the repla
ed joker is present before the �rst letter of the pattern, k
 = 0 ifno joker before the �rst letter of m is repla
ed.Su
h patterns m
 may not o

ur in the text, but when 
omputing P
 =(dpos(
; t) � pos(
;m
) � 1) + k
, if an element is present in the set, whateveris the 
orresponding value, it means that there is a 
overing pattern at the
orresponding position. The operation ToSet(E) 
onverts a multiset into a set.Proposition 2 Let m be a maximal pattern in a text t. We 
onsider the letters
 2 � su
h that there exists z with 
ount
(z;m; t) � q. Let m
 be the patternsm
 = CovPat(m; 
; 
ount
), and k � 0 the shifts of m
 relatively to m. All the
overed positions of m are in the set:ToSet(dpos(m; t)) \ToSet([
2�(dpos(
; t)� (pos(
;m
)� 1)) + k
)Algorithm and ComplexityFinally, the algorithm IsPrimitive(m; t; q), where m is a maximal pattern inthe text t, is the following:1. Step 1: for 
 2 �, 
ompute 
ount
 =dpos(
; t)� (pos(m; t)� 1);2. Step 2:(a) for 
 2 �, 
ompute m
 = CovPat(m; 
; 
ount
), and k
;(b) for 
 2 �, 
ompute E
 =dpos(
; t)� (pos(
;m
)� 1);(
) 
onvert the multisets E
 in sets S
 (forget the values asso
iated to ea
helement);(d) 
ompute I =dpos(m; t) \ ([
2�(S
 + k
));(e) if jI j = jpos(m; t)j, the pattern is not primitive, it is primitive otherwise.Theorem 3 (Complexity) The 
omplexity in time for de
iding whether a pat-tern is primitive or not in a text t of size n with quorum q is O(j�jn log2 n log logn).Proof 7 The �rst step 
onsists in � produ
ts. The step (2.a) allows to buildpatterns of size O(n) in linear time. The step (2.b) 
omputes the produ
t of ea
hpattern. Finally, as the j�j + 1 interse
tions are 
omputed using additions ofintegers, it is 
lear that the 
omplexity is dominated by the j�j produ
ts. �



Extra
ting approximate patterns 19A slightly modi�ed version of this algorithm 
an be used to �nd the letters
omposing a pattern, given a text and a set of positions : on
e the position listif 
omputed, we 
an either keep the letters of the pattern, or the position list(or just an heart of the pattern, to redu
e memory spa
e), sin
e one 
an be
omputed from the other.7 ComplexityTheorem 4 For a quorum q � 2, the algorithm Extra
tPrimitiveQPatternsfor extra
ting the primitive q-patterns from a text t of size n takes a timeO(N j�jn2 log2 n log logn), where N is the number of primitive (q-1)-patterns.Proof 8 The �rst step of Extra
tPrimitiveQPatterns for generating thepattern generation takes O(Nn2) time as for ea
h if the N patterns that are(q � 1) primitive, we study the n positions, and we need to 
ompute the letters
ompising the pattern, and to insert it into our data stru
ture.The se
ond step, whi
h 
onsists in 
omputing the set of all the positions of allthe extra
ted patterns, dominates the overall 
omplexity. Computing the positionlist of ea
h extra
ted pattern takes O(j�jn log2 n log logn) time using Fis
herand Paterson's [5℄ algorithm. As we have O(Nn) patterns to study, this steptakes O(N j�jn2 log2 n log logn).The last step 
onsists in de
iding whether a pattern is primitive or not: this
an be done in time O(j�jn log2 n log logn). This has to be done for ea
h patternhaving more than q positions, that is O(N j�jn2 log2 n log logn). �Corollary 2 For the 
ase where q = 2, the algorithm Extra
tPrimitive2Patternsfor extra
ting the primitive 2-patterns from a text t of size n takes a timeO(j�jn2 log2 n log logn).8 Con
lusion and perspe
tivesWe give an algorithm to 
ompute in
rementally the primitive patterns in timeO(N j�jn2 log2 n log logn), with N the number of primitive patterns for the pre-vious quorum. As we seen, the number N of primitive patterns, at worst, is notlinear (a bound is given in [13℄). Therefore, it 
ould be useful to study the aver-age 
ase, and the properties of the texts for whi
h there is not su
h an explosion.Preliminary tests show that this approa
h 
ould be of interest.9 A
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