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AbstractIn signal processing applications that require new estimates of the fourth and lower order mo-ments every time a new data sample is received, it is necessary to design algorithms that adaptivelyupdate these terms. In addition, if real-time performance is necessary we should transform thesealgorithms so that their parallel processing and pipelining potential is exploited by a suitable multi-processor architecture. In this paper we present a time- and order-recursive estimation procedurefor updating all moment lag estimates (up to the fourth order) in one of their primary region ofsupport, using the previous estimates and the newly arrived data sample in real-time. Then wesystematically transform the moments updating algorithm onto an architecture that is suitable forVLSI implementation. As a special case a linear array computing the diagonal 1-D slice of thehigher order moments is also synthesized. Under the algorithm-to-architectures transformation thetime- and order- recursive characteristics of the adaptive procedure translate to a scalable archi-tecture whose processing elements consist of pipelined stages of simple multiply-accumulate units.The uni�ed top-down synthesis of the architectures facilitates formal veri�cation of correctness atthe behavioral level, identi�cation of trade-o�s, and the easy introduction of modi�cations, shouldthe design objectives change during the design phase.
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1 IntroductionHigher Order Statistics (HOS), known also as higher order moments, cumulants, along with theirfrequency domain counterparts, the polyspectra, have been added during the recent years in thearsenal of commonly used signal processing tools. There are many situations arising in time se-ries processing that cannot be handled adequately by second order methods (power spectrum orautocorrelation based). For example, HOS techniques are often employed in order to to extractinformation due to deviation from Gaussianity, to estimate the phase of non-Gaussian signals, ordetect and characterize the nonlinear properties of mechanisms generating time series via phase re-lations of their harmonic components [1, 2]. Due to these and other important capabilities, there hasbeen an increasing interest in introducing HOS based techniques in diverse application domains in-cluding - but not limited to - digital communications, biomedical, sonar, radar, geophysical, speechand image processing [3].The computation of Higher Order Moments (HOMs) in particular, is a necessary step towardsthe estimation of other statistics such as the cumulants [3] and the Wigner spectra [4]. In applica-tions where it is crucial to update the HOS estimates frequently using previous estimates and thenewly available data samples, adaptive computation procedures should be employed. However theconsistent estimation of HOS usually requires large data blocks and algorithms with high compu-tational complexity. To support real-time applications using HOS it becomes necessary to exploitthe parallel processing and pipelining potential of the algorithms by transforming them to regularand modular multiprocessor structures that can be implemented using VLSI technology.During the last few years considerable e�ort has been placed in designing application speci�csystems to speed-up HOS computations using VLSI architectures [5] or other emerging technologies[6, 7]. Our research group has also contributed signi�cantly to this e�ort. In [8] we introduced atwo-dimensional array architecture that can compute the higher order moments and the Bispectrumbased on the conventional \indirect" estimation algorithm [9]. This batch-type approach segmentsthe incoming data in non-overlapping blocks of M samples; HOS are estimated for each block bythe array and the average of block estimates is computed by the host. The approach has been usedfor the computation of all moment lags up to the fourth order in [10], as well as for the computationof the fourth order cumulants (via the moments) in [11]. An integrated architecture providing inreal-time both the moments and cumulants, up to the fourth order, has been described in [12]. Forall the details on the systematic VLSI array synthesis methodology used to derive these designsand on the particular characteristics of the resulting architectures the interested reader is referredto [13].In this paper we propose a time-and-order recursive computation procedure using a slidingwindow of size M , that allows for the continuous updating of moment estimates at a minimumcomputational cost as soon as a new data sample becomes available. Its data dependences structureis analyzed and the adaptive algorithm is transformed systematically to an equivalent one withlocalized dependences only. The resulting Locally Recursive Algorithm (LRA) is then mapped to a1



systolic array realization providing estimates for all moment lags, up to the fourth order, in one oftheir primary region of support. The design is not optimized for a particular order, but is rathermeant to serve as a general purpose moments updating engine.The systematic architecture synthesis allows the formal veri�cation of the candidate array so-lutions and their relative evaluation. Moreover it provides a mechanism for deriving architecturesfor the given problem under constraints imposed either by the nature of the problem itself or bythe implementation technology. So the linear array synthesized in this paper is not a unique solu-tion and can be easily modi�ed, should the design objectives change. At the level of granularitypresented the array is more suitable for a VLSI implementation; however larger granularity lineararrays using o�-the-self microprocessors (DSP, RISC, Transputers) can be obtained with minore�ort following the same design methodology by trading time (reducing the data rates) for lesshardware per processor.The rest of the paper is organized as follows: In section 2 we develop the time- and order-recursive procedure for the estimation of HOMs. In section 3 we provide the necessary backgroundon the theory of algorithm-to-architectures transformation methodologies, highlight the limita-tions of the traditional space-time mapping approaches and demonstrate how the uni�ed synthesismethodology can be applied to derive a VLSI array implementing the adaptive algorithm in real-time. The operation of the synthesized array is described in section 4. As a special case the designof a VLSI array computing the slice of the higher order moments when all lags are equal is discussedin section 5. Finally the paper is summarized and directions of current investigation are highlightedin section 6.Before we proceed, let us clarify the notation to be used. We denote the n� dimensional setof integers by Zn, the matrices/column vectors by bold and capital/lower case letters respectively,the matrix transposition sign by \T", index points in Zn by vectors \~ ", and scalar quantities bylower case letters. In addition let the algorithm and processor index space have dimensionality naand np respectively, and e(n)i 2 Zn�1, be the i-th canonical basis vectors (i-th column of identitymatrix In). Finally, for simplicity let ei and ui (without a superscript) denote the canonical basisvectors in the algorithm and processor space respectively.2 Time and order recursive computation of Higher Order Mo-mentsWe recall [3] that the kth order moment estimates f bmkg, based on M samples of a real, one-dimensional process, can be obtained at one of the primary domains of support R0, as follows:bmk(i1; i2; :::; ik�1) = 1M M�1�i1Xi=0 xi xi+i1 � � � xi+ik�1 (1)2



where R0 = f(i1; :::; ik�1) : 0 � ik�1 � ::: � i2 � i1 �M � 1g.If we want to compute the f bmkg every time a new data sample becomes available we shoulddevelop a time-recursive algorithm. If in addition we want to estimate the cumulants as well, via themoments, then order-recursive algorithms will be preferable in order to reduce the computationalcomplexity. The following proposition addresses the recursive updating of all higher order momentsbased on their estimates at the previous time instant as well as the current and the past M datasamples.Proposition 1 Given initial estimates f bmkg as de�ned by (1), new estimates of all the moments upto desired order k can be computed in the non-redundant region R0 using time- and order- recursiveexpressions. If the data window is of �xed size M , [growing], the moment updating formulas aregiven by equations (2), [(3)] respectively, at any time instant n �M .bml(i1; :::; il�1;n) = bml(i1; :::; il�1;n� 1) + (2)1M �pl�1(i1; :::; il�2;n) � xn�i1+il�1 � ql�1(i1; :::; il�2;n) � xn�M+il�1�bml(i1; :::; il�1;n) = (3)1n+1 �n � bml(i1; :::; il�1;n� 1) + pl�1(i1; :::; il�2;n) � xn�i1+il�1�where by de�nition i0 � 0 and the product variables are pl(i1; :::; il�1; �) � l�1Qj=0 x��i1+ij andql(i1; :::; il�1; �) � l�1Qj=0x��M+ij with p0(�) = q0(�) = 1.Proof:At every time instant n �M the data window of �xed size M will contain the samplesfxn�M+1, :::; xn�1, xng. Then from (1) and for every (i1; :::; ik�1) 2 R0 we get:bmk(i1; :::; ik�1;n) = 1M n�i1Pi=n�M+1 kQl=1 xi+il�1 (4)= 1M  n�i1�1Pi=n�M kQl=1 xi+il�1 + kQl=1 xn�i1+il�1 � kQl=1 xn�M+il�1!= bmk(i1; :::; ik�1;n� 1) + 1M  kQl=1 xn�i1+il�1 � kQl=1 xn�M+il�1!where i0 � 0. Let us now de�ne two k-th order product terms at time instant n as:pk(i1; :::; ik�1;n) � kYl=1xn�i1+il�1 = pk�1(i1; :::; ik�2;n) � xn�i1+ik�1 (5)qk(i1; :::; ik�1;n) � kYl=1xn�M+il�1 = qk�1(i1; :::; ik�2;n) � xn�M+ik�1 (6)3



Then (4) becomes:bmk(i1; :::; ik�1;n) = bmk(i1; :::; ik�1;n� 1) + 1M (pk(i1; :::; ik�1;n)� qk(i1; :::; ik�1;n))= bmk(i1; :::; ik�1;n� 1) ++ 1M �pk�1(i1; :::; ik�2;n) xn�i1+ik�1 � qk�1(i1; :::; ik�2;n) xn�M+ik�1�The proof of (3) is easier and can be reached by following similar steps. In this casesince the data window is growing we do not need to subtract the second product term.2In Figure 1 we provide a nested loop algorithm that provides all moments, up to a desired orderk in a forward order- and time- recursive fashion based on (2). Notice that we made all variableinstances pl and ql, for di�erent values of l, to have common region of support in order to avoidintroducing conditional statements. An algorithm of similar complexity can be formulated for therecursive expression (3), with the di�erence that only one product term should be generated atevery time iteration. On the other hand, a multiplication by n and a division by n+ 1 respectivelyis needed, whereas in (2) we may pre-scale by M (�xed and independent of time n) all the momentterms and avoid division.In the next section we derive a linear array of processors implementable in VLSI for the e�cientestimation of all the higher order moments, up to the 4th order, since these are most commonlyneeded in practice. However our approach is order-independent and can be extended to any k > 4,should that become necessary.3 Uni�ed Array synthesis methodologyIn general, array synthesis can be achieved via several behavior preserving transformations appliedat di�erent levels of abstraction. First the nested loop algorithm is transformed into an equivalentLocally Recursive Algorithm (LRA). Then the array architecture is generated as a result of appro-priate linear space-time transformations (S;T) directly applied to the LRA [14, 15]. The synthesishas been traditionally treated as a two-phase process, namely the localization of the algorithm (se-lection of the LRA) followed by the mapping of the LRA to an array structure. We emphasize herethat in both phases, a speci�c starting point (nested-loop algorithm/LRA) may lead to numeroussolutions (equivalent LRA's/ASAP's) respectively. If the two phases are dealt with independently,it is possible that either no architecture can be found that meets all the design speci�cations, ora \good" choice for S and T has led to a suboptimal array, because of the inappropriate choice ofthe LRA in the �rst place.In this work we eliminate the aforementioned drawback by applying the uni�ed array synthesismethodology we introduced in [13]. The key idea behind this methodology is that the localization4



and mapping phases are interleaved. In particular, instead of choosing one LRA out of the manypossible, we rather gradually construct an appropriate LRA that meets architectural constraintsand design speci�cations arising from the mapping phase. In the sequel, we explain the steps wefollow towards the systematic synthesis for the architecture computing adaptively the higher ordermoments.1. Data Dependence Analysis: The index space of the nested-loop algorithm is known atcompile-time to be I = f (i1; i2; i3; n; l) : 0 � i3 � i2 � i1 � M � 1; n � M; 1 � l � 4 g � Z5.The �rst three indices correspond to the lags i1, i2, and i3 of the fourth order moments restrictedin the primary domain of support R0. The fourth index n corresponds to time iteration, andthe last index l to the order of the moments under investigation. Clearly, the range of n makes Iunbounded. However, every hyperplane (for a given n), is a convex polyhedron in Z4. The variablesinvolved are m, p, q and x. Their instances (encountered at the right hand side of the assignmentstatements) areml(i1; i2; i3;n�1), pl�1(i1; i2; i3;n), ql�1(i1; i2; i3;n) and xn�i1+il�1 ; xn�M+il�1 , forl = 1; 2; 3; 4 respectively.To perform a systematic localization we need to identify all possible dependences associatedwith every variable involved. This can be achieved by �nding the indexing matrix of every variableinstance, as explained below.Let us assume that a variable w has an instance w(f [~v]) de�ned by an a�ne transformationf [~v] � Aw �~v+bw, where ~v 2 I is a point in the index space of the algorithm. ThenAw is called theindexing matrix of w(f [~v]), and ifAw is row rank de�cient, variable w is called a broadcast, meaningthat its value is needed to more than one indexed computations of the algorithm. Moreover, thevalid contours over which the value of w can be propagated are restricted within a subspace of theright null space of Aw, namely N (Aw) [16, 17]. Clearly, there may exist many possible contoursof propagation to be considered for the localization of a broadcast variable; the number is directlyrelated to the row rank of the indexing matrix.In our case, we identify the instances xn�i1+il�1 and xn�M+il�1 with wl and vl, l = 1; 2; 3; 4respectively and consider the index space I as their common domain of support. Then the indexingmatrices for all instances are: Ap = [e1 j e2 j e3 j e4 j e5]T ; Aq = I5, Aw1 = [�e(4)1 + e(4)4 ]T ,Aw2 = [e(4)4 ]T , Aw3 = [�e(4)1 + e(4)2 + e(4)4 ]T , Aw4 = [�e(4)1 + e(4)3 + e(4)4 ]T , Av1 = [e(4)4 ]T ,Av2 = [e(4)1 +e(4)4 ]T , Av3 = [e(4)2 +e(4)4 ]T and Av4 = [e(4)3 +e(4)4 ]T . In addition the indexing matrixfor the moment estimates ml(i1; i2; i3;n� 1) is Am = I5.Since Am, Ap and Aq are full rank, variables m, p, q are not broadcasts. So there is a true datadependence associated with each one of them, between their instances on the right and left handside of the assignment statements. These true data dependences are dm = e4, dp = dq = e5. Onthe other hand, wl and vl are broadcasts that can be localized by introducing dependences withdirections con�ned within the null space of their indexing matrices, i.e.,dw1 = a1;1(e(4)1 + e(4)4 ) + a1;2e(4)2 + a1;3e(4)35



dw2 = a2;1e(4)1 + a2;2e(4)2 + a2;3e(4)3dw3 = a3;1(e(4)1 + e(4)2 ) + a3;2(e(4)1 + e(4)4 ) + a3;3e(4)3dw4 = a4;1(e(4)1 + e(4)3 ) + a4;2(e(4)1 + e(4)4 ) + a4;3e(4)2 (7)dv1 = b1;1e(4)1 + b1;2e(4)2 + b1;3e(4)3dv2 = b2;1(�e(4)1 + e(4)4 ) + b2;2e(4)2 + b2;3e(4)3dv3 = b3;1e(4)1 + b3;2(�e(4)2 + e(4)4 ) + b3;3e(4)3dv4 = b4;1e(4)1 + b4;2e(4)2 + b4;3(�e(4)3 + e(4)4 )where al;j and bl;j, l = 1; 2; 3; 4, j = 1; 2; 3 are integers to be determined.2. Choosing The Space Transformation S: The linear space transformation allocates (places)the algorithm's index points to Processing Elements (PEs). It may be represented by a matrixS 2 Znp�na with full row rank [15] that maps the na- dimensional algorithm index space ontothe np- dimensional processor space, i.e., S : Zna � I 7�! P � Znp . Under S an index point(Dependence Graph node [14]) ~v 2 I will be transformed to the PE (or Signal Flow Graph node[14]) S � ~v 2 P and a dependence vector d onto the communication link c = S � d.The choice of permissible and optimum S is based on architecture design considerations andapplication imposed constraints. Current VLSI technology mandates that the target architectureshould be at most two-dimensional with input/output operations occurring at the architectureboundaries and obviously should have some �nite size.The last constraint imposes that we \project" along the time axis n in order to obtain a boundedprocessor space (�nite number of processors). Therefore, since e4 will not in the bases of P anddm = e4 is a true dependence, the updated moment estimates will be distributed among all theprocessors of the architecture. The VLSI constraints impose that only one of the canonical rowvectors eT1 , eT2 , eT3 (or their linear combination) constitute a row of matrix S (basis vector for P).Among di�erent choices, we selected eT1 . Finally, we want to fully exploit all the available parallelismand pipelining potential of the algorithm. Therefore we should not perform unnecessary projectionssince these introduce sequentiality. So the selected space transformation is:S = [e1; e5]T = " 1 0 0 0 00 0 0 0 1 # (8)This choice of S results to a two-dimensional processor space P � f(i1; l) : 0 � i1 �M�1; 1 � l �4g. Since the second dimension l of P is independent of the problem size M (pseudo-dimension),the architecture can be thought of as a linear array of M PE's communicating along i1. Since lcorresponds to the order index, by including eT5 in the rows of S (i.e. by not projecting along l),we translate the order recursive generation of products to a pipelined internal structure for theprocessors of the linear array, where each pipeline stage l computes the corresponding l-th ordermoment terms, l = 1; 2; 3; 4. 6



3. Constructing an Appropriate Locally Recursive Algorithm: This step correspondsto �xing the dependence directions associated with every broadcast variable, or equivalently choos-ing the values of all integer coe�cients fag and fbg of (7). If we want to have near-neighborinterconnections only it is su�cient to limit to unity the lengths of every communication link, orequivalently impose al;j = �1; bl;j = �1, 8 l = 1; 2; 3; 4; 8 j = 1; 2; 3.It is meritorious to �nd a minimum number of linearly independent vectors whose linear com-binations with non-negative coe�cients correspond to valid directions of propagation for all thebroadcast variables (see equations (7)). In this way we reduce all critical paths of the algorithm, orequivalently minimize the number of precedence constraints on the choice of a permissible scheduleT, thus increasing the probability of �nding a minimum latency schedule [13]. In addition we alsominimize the number of distinct communication links in the array.Based on this criterion and using equations (7) we �x the direction of dependences for allbroadcast variables. In particular, we choose dw2 = dv1 = dv3 = �e(4)1 . This direction (along\decreasing i1") yields an input hyperplane at all index points with i1 = M � 1, which is mappedunder S onto a single Processing Element, namely PEM�1. Notice that the opposite direction e(4)1(i.e., along \increasing i1") yields the input hyperplane i1 = i2, which is mapped under S onto Mdi�erent PEs of the linear array.Then, we observe that the direction of propagation for the variable w3 can be �(e(4)1 + e(4)2 ).Given that �e(4)1 is already selected, we choose the dependences dw1 = dw4 = dv2 = dv4 = �e(4)2for the rest of the broadcast variables. In this way, we can make dw3 = �e(4)1 � e(4)2 to be a linearcombination of two other dependences with non-negative integer coe�cients. The resulting LRAis shown in Figure 2, where the \transmittal" [14] variables w, v embody all the variables fwl, vl;for l = 1; 2; 3; 4g respectively.4. Choosing the Time Transformation T: The linear time transformation (schedule) T 2Z1�na assigns to every computation, ~v, an integer T � ~v corresponding to the schedule time instantof its execution, i.e. T : Zna 7�! Z . The chosen schedule has to be permissible and satisfycertain optimality criteria, such as achieving minimum latency or maximum PE utilization. Tobe permissible, a systolic schedule must satisfy both the precedence and space-time compatibilityconstraints [18, 15]. The former ensure that if there is a dependence from a Dependence Graph(DG) node ~v1 to node ~v2, then ~v2 will be executed at least one schedule time instant after ~v1. Thelatter constraints guarantee that there will be no data collisions in the array, i.e., two distinctpoints in the algorithm's index space allocated to the same PE will not be scheduled for executionat the same time. For linear transformations S and T, both sets of constraints can be expressedanalytically as:Precedence Constraints (PC's): For every data dependence d it should be true that T � d � 1Space-Time Compatibility Constraints (STC's): Let ~v1, ~v2 be two arbitrary and distinct7



index points allocated to processors S � ~v1, S � ~v2 at time instants T � ~v1, T � ~v2 respectivelyand ~� � ~v2 � ~v1; it should be true that " ST # � ~� 6= 0np+1; 8~�The former constraints translate to:T � [�e1;�e2; e4; e5] � [1; 1; 1; 1]) t1; t2 � �1 and t4; t5 � 1 (9)The latter translate to S � ~� = 0) T � � 6= 0 or equivalentlyt2�2 + t3�3 + t4�4 � 1; 8� (10)where ~� � [�1; �2; �3; �4; �5]T represents the di�erence between any two distinct points within theindex space I. We �nd that T = [�1;�1;M;M2; 1] is indeed permissible. We can easily verifythat this T is indeed con
ict free since for S � ~� = 0 ) �1 = �5 = 0, the Diofantine equationT � ~� = 0 ) M�3 + M2�4 = ��2 does not have an integer solution, because gcd(M;M2) = Mcannot divide �2, since j�2j � M � 1 for the given index space I. From this analysis, we concludethat any choice of ft2; t3; t4g = f�1; �M; �M2g would yield a con
ict free schedule. We selectt2 = �1 since (a) it satis�es the precedence constraints on the selected dependence vectors, and(b) the resulting delays on the corresponding communication links are problem size independent.By selecting t3 = M the results are generated in increasing order with respect to lag i3. Noticethat we could not achieve the same with respect to the other two lags i1 and i2 because this wouldrequire t1; t2 � 1 that contradicts the precedence constraints (9). The interpretation of t2 = �1,t3 = M is that index i2, decreases by one every schedule time instant whereas index i3 increasesby one every M time instants when we keep �xed the rest of the indexes.Regarding the fourth element of the schedule vector, we let t4 = M2 take the largest among allother permissible values because we want to have all moments terms updated before a new samplebecomes available. Finally we let t5 = 1 since this value is permissible and yields the smallestnumber of delays for the dependences dp and dq as it will become more clear in the next section.4 Array architectureThe resulting architecture is a linear array processor consisting of M PEs each having a four-stagepipelined structure, as shown in Figure 3 for the case M = 4. Application of the space-timetransformations to the dependences of the LRA yields the communication links of the array andthe associated delays. For example, when l = 1 the communication links become cw1 � S �dw1 = 02(self-loop) and cv1 � S �dv1 = �u1 (along \decreasing i1") with delays T �dw1 = 1 and T �dv1 = 1respectively. Similarly we �nd: cw2 = cw3 = cv3 = �u1 and cv2 = cw4 = cv4 = 02 whereascp = cq = u2. The associated delays are:T � [dw2 ; dv2 ; dw3 ; dv3 ; dw4 ; dv4 ; dp dq] = [1; 1; 2; 1; 1; 1; 1; 1]8



Notice that the systematic construction of the LRA yielded an array with local memory per PEindependent of the problem size since all dependence vectors depend only on e1 and e2 whereas theschedule elements t1 and t2 are independent of M .Every PE consists of four pipelined Multiply-ACcumulate (MAC) stages. Moment termsml(i1; i2; i3) become available from PEi1 , MAC stage l. Clearly the average (m1) becomes availablefrom the �rst stage of the left most PE0. At iteration (sampling period) ts = n, the current samplexn and only M previous samples (i.e., xn�1; :::; xn�M) are necessary as input data for the correctoperation of the architecture. Input occurs either at speci�c stages of all PEs, or at the rightmostPEM�1 depending on the input hyperplane of the corresponding variable. Simple M - size First-In-First-Out (FIFO) queues or bu�ers are su�cient to achieve proper input distribution, as it can beseen in Figures 4 and 5. At every MAC(i1; l) stage the product terms pl, ql are produced and thenadded/subtracted respectively from estimates ofml at iteration n�1 to generate the new estimatesml at sampling time ts = n. Then, the products pl, ql are fed to the next stage to produce the(l+1)- order terms. Figures 4 and 5 show the internal pipelined structure of PEM�1 and PEM�2respectively and the input/output skews when xn becomes available (ts = n). All other PEs havethe same structure.In the sequel we elaborate on the array operation by presenting the recursive computation ofsome product and moment terms from the two rightmost PEs. We make use of two timing variablesthe schedule time t, and sampling time ts. The former denotes when a new data token may becomeavailable to one of the input lines. The period of the schedule clock corresponds roughly to the timeneeded for a MAC computation. The sampling instant denotes the time when every new samplebecomes available from the host. The sampling period is equal to M2 schedule periods; this is sobecause in the worst case, M2 moment terms (of fourth order) have to be updated on every PEwithin a sampling period and before the new data sample becomes available.When sample xn becomes available (at sampling time instant ts = n) tokens xn�M+1 and xn�Mare fed as input into stage l = 1 of PEM�1 via input lines cw1 and cv1 and loaded to communicationlinks p1 and q1 respectively (see Fig. 4). This schedule time instant corresponds to the executionof the index point ~v1 � [M � 1;M � 1; 0; n; 1]T, that happens at t1 � T � ~v1 = nM2 � 2M + 3. Atsubsequent schedule time instants, the same token xn�M+1 is either reused (dash lines in the inputline cw1) or provided as input again. This is a direct consequence of the space-time mapping of theinput hyperplane for variable w1 (l = 1). Recall that for w1 input occurs when i1 = i2 (see Fig. 2),or every other M schedule time instants under T = [�1;�1;M;M2; 1]. On the other hand tokenxn�M should be provided into input line cv1 at every schedule time instant. Again this is due tothe fact that input for v1 happens when i1 = M �1 (see Fig. 2). Dashes at line cv1 denote scheduleperiods where no useful operation is performed and this is so because of the hyper-pyramid likeshape of the index space for the lags in the non-redundant region R0 (i3 � i2 � i1). For instance,the eighth input token (2M -th token in general) in line cv1 is shown as a dash since it correspondsto the execution of index point ~v � [M � 1;M � 2;M � 1; n; 1] which does not belong in the indexspace (i3 > i2). 9



At the next schedule time, t1 + 1, the two most recent samples xn, xn�1 are fed to stage l = 2of PEM�1 via input lines cw2 and cv2 respectively. They are multiplied by p1, q1 in order toupdate the autocorrelation term m2(M � 1;n). Then at t1 + 2 the second token xn�M at inputline cv1 of PEM�1 becomes available at stage l = 1 of PEM�2; at the same time and PE tokenxn�M+2 is also fed via line cw1 and participate at the �rst useful computation in MAC stagel = 1 of PEM�2. Notice that even though a token xn�M (the �rst in cv1 of PEM�1) arrivesat stage l = 1 of PEM�2 at t1 + 1, no useful computation is performed at that time because itcorresponds to the execution of index point [M � 2;M � 1; 0; n; 1] which does not belong to theindex space (i2 > i1). In a similar fashion all tokens arrive at every stage of all PEs at the properschedule time instant so that synchronization is achieved thus guaranteeing correct operation. Itis important to mention that no additional control complexity is introduced in order to deal withthe non-useful computations. They are indeed allowed to happen and produce results that arediscarded at the end of the processing. Furthermore for the given shape of the index space thesecomputations cannot be avoided without introducing complicated non-linear scheduling, that willof-course induce considerable hardware/software cost and compromise the capability of formallyproving the correctness of the design.Let us now describe how some moment terms at PEM�2 are updated at sampling time ts = n.During that time data tokens xn�M+2 and xn�M are fed into stage l = 1 of PEM�2. The formeris fed via the input line cw1 and the latter via the communication link cv1 coming from the rightneighbor PEM�1. Both tokens are loaded to internal product links p1 and q1 respectively. Next,the tokens xn, xn�2 are fed into the stage l = 2 originated from PEM�1 via link cw2 and input linecv2 respectively. They are multiplied with the products of the previous stage p1 and q1 respectivelyto form products p2 = xn�M+2xn and q2 = xn�Mxn�2. These products are added/subtractedrespectively from autocorrelation termm2(M�2;n�1) � xn�Mxn�2+xn�M+1xn�1 to produce thenew estimatem2(M�2;n) = xn�(M�1)xn�1+xn�M+2xn. Similarly, tokens xn and xn�2 are fed intothe third stage, both coming from PEM�1 via links cw3 and cv3 respectively. They are multipliedwith p2 and q2, added and subtracted from them3(M�2;M�2;n�1) � xn�Mx2n�2+xn�M+1x2n�1to yield m3(M � 2;M � 2;n) = xn�M+1x2n�1 + xn�M+2x2n. Similarly, m4(M � 2;M � 2; 0;n) =x2n�M+1x2n�1 + x2n�M+2x2n is produced at stage MAC(i1 = M � 2; l = 4). Clearly the resultingmoment terms correspond to those de�ned by (1) based on the M - size sliding data window at timen. At any time iteration, the array computes all the lags in R0 of all the moments up to the 4thorder within M(M � 1) + 3 schedule periods using 4M pairs of MAC units (a schedule period isthe time required for a MAC-stage operation). We can easily verify that claim as follows: Dueto the non-redundant region of estimation, PEM�1 performs most of the computation. Indexpoints assigned to that PE vary from [M � 1;M � 1; 0; n; 1]T to [M � 1;M � 1;M � 1; n; 4]T . Thedi�erence [0; 0;M� 1; 0; 3]T between these two points translates to a M(M � 1)+3 time di�erenceunder the selected schedule T = [�1;�1;M;M2; 1]. The performance �gures attained by thearray are summarized in Table 1. For every sampling time iteration n, the sequential algorithm10



based on (2) requires  M + k � 2k � 1 ! = M(M+1):::(M+k�2)(k�1)! multiplications to produce every productpk(i1; :::; ik�1;n) within R0 [13]. Thus, the total number of multiplications required would be twiceas much to account for the product qk as well. Thus, the total sequential time after N samplingperiods would be Ls = M(M+1)(M+2)N3 for orders up to the fourth (k = 4). On the other hand,the total parallel execution time in the array will be the time di�erence between the execution ofthe �rst ([M � 1;M � 1; 0;M; 1]T) and the last ([M � 1;M � 1;M � 1; N +M; 4]T ) index pointsaccording to T. This gives a latency Lp = M2N + M(M � 1) + 3 and consequently theoreticalspeedup (as N !1) of S = (M+1)(M+2)3M . The PE locations and time instants of results generationare provided in Table 2.5 Moments estimation over an 1-D sliceIn many practical situations only one or more 1-D slices of the higher order moments is needed[19, 1]. The formula for such a diagonal 1-D slice can be easily deduced from (1) if we let i1 = i2 =� � � = ik�1 bmk(i1; i1; :::; i1;n) = 1M n�i1Xi=n�M+1 xi xk�1i+i1 (11)Following similar steps as with the general case, time-recursive computation of the diagonal 1-Dslice based on a �xed-size M sliding data window is possible according to:bml(i1; i1; :::; i1;n) = bml(i1; i1; :::; i1;n� 1) + 1M (pl�1(i1;n) xn � ql�1(i1;n) xn�M+i1) ; (12)where the product terms are de�ned as pl(i1;n) � xn�i1 x(l�1)n and ql(i1;n) � xn�M x(l�1)n�M+i1 ,l = 1; 2; � � �k. A nested-loop, time- and order-recursive algorithm based on (12) is shown is Fig. 6.Next we derive an array processor for the computation of the diagonal 1-D slice of all moments upto the fourth order based on this algorithm.The algorithm index space is now I � f(i1; n; l) : 0 � i1 � M � 1; n � M; 1 � l � 4g. Wede�ne the variables w1(i1; n) � xn�i1 , wl(i1; n) � xn, v1(i1; n) � xn�M and vl(i1; n) � xn�M+i1 forl = 2; 3; 4. Based on their indexing matrices we �nd that variables w and v are broadcasts whereasp, q and m are not. The corresponding data dependences are:dp = dq = e3dm = e2dw1 = a1(e(2)1 + e(2)2 )dw2 = dw3 = dw4 = ae(2)1 (13)dv1 = b1e(2)1dv2 = dv3 = dv4 = b(�e(2)1 + e(2)2 )11



We project \along n and l" to get a bounded processor space and reduce the granularity of everyPE. These projections yield the space transformation S = eT1 . Next we need to select a permissiblelinear schedule T = [t1; t2; t3]. The precedence constraints with respect to the true dependencesrequire that t2 � 1, t3 � 1. In addition the space-time compatibility constraints require thatt2�2 + t3�3 � 1 for every pair of arbitrary and distinct points of the index space. But for the givenI we have j�3j � 3. So to avoid collisions it should be true that t2 � 1 + 3t3. Therefore if we leta1 = b1 = a = b = 1 then the schedule T = [1; 4; 1], whose elements do not depend on the problemsize M , is permissible. The dependence matrix D becomes:D � [dw1 ;dw2 ;dw3 ;dw4 ;dv1 ;dv2;dv3 ;dv4 ;dp;dq;dm] = 2664 1 1 1 1 1 �1 �1 �1 0 0 01 0 0 0 0 1 1 1 0 0 10 0 0 0 0 0 0 0 1 1 0 3775(14)Due to the dependences dw1 and dvl , l = 2; 3; 4 input is required to all the PEs when n = M .However this can be avoided if we extend the algorithm index space appropriately. Indeed let usconsider the index space where n � 1. This extension reduces the input hyperplanes to i1 = 0 andi1 = M � 1 that are mapped under S to the border processors PE0 and PEM�1 respectively. Thecorresponding LRA is given in Figure 7.Applying the aforementioned space-time transformations to the LRA we get the SFG shown inFig. 8. The resulting architecture is a linear array of M bidirectionally interconnected PEs alongthe i1 direction. Every SFG node accepts data from four communication lines cw1 , cw, cv1 andcv with delays 5; 1; 1; 3 respectively. The sampling time period is now equivalent to four scheduleperiods, i.e., a new data sample may become available and consumed by the array every fourschedule time instants. During the �rst M(M � 1) schedule time instants of operation, preloadingtakes place. This phase corresponds to the execution of all points of the index space extension(part with 1 � n � M � 1). During preloading data tokens fx1; :::; xM�1g and fx0; :::; xM�1gare fed to PE0 and PEM�1 via lines cw1 and cv respectively and from those PEs they becomeavailable wherever they might be needed during the computation phase. Preloading takes a totalof M(M � 1) schedule time instants to be completed and there are no results generated during thisphase.During computation phase, every PE operates on a periodic fashion with period equal to 4schedule time instants. At the �rst schedule time instant, it receives data from lines cw1 and cv1whereas at the rest three instants data are fed from lines cw and cv. Computation starts whensample xM becomes available (i.e. sampling instant ts = M) or equivalently M(M � 1) scheduletime instants after the initiation of array operation. In general, when xn becomes available (ts = n)lines cw1 and cv1 should receive tokens xn and xn�M respectively. At the next three consecutiveschedule time instants (within the same ts = n), every PE receives data from lines cw and cv whichcarry data tokens xn and xn�1 respectively. Apparently, the interface with the host is considerably12



simpler. Moment terms at sampling instant ts = n need only three data samples, namely thecurrent xn, the previous one xn�1 and that one before M sampling time instants xn�M . Updateof the moment terms is performed in the same fashion as with the array in the previous section.The only di�erence is that every PE updates the moment terms of di�erent order in a sequentialrather than pipelined fashion.We give description of the architecture by explaining the update of moment terms with lagi1 = 1 at PE1 during the sampling time instant ts = n. At that time the moment terms areupdated according to (12) as follows:m2(1;n)  m2(1;n� 1) + xn�1xn � xn�Mxn�M+1m3(1; 1;n)  m3(1; 1;n� 1) + xn�1x2n � xn�Mx2n�M+1 (15)m4(1; 1; 1;n)  m4(1; 1; 1;n� 1) + xn�1x3n � xn�Mx3n�M+1PE1 starts updating the moment terms with lags i1 = 1 at sampling instant ts = n when theindex point [1; n; 1]T is executed under the selected schedule. This is also schedule time instantt1 � 4n+ 2. At that time the register corresponding to cp is loaded with the value carried by linkcw1 . This line has a 5-size bu�er associated with it, meaning that the token residing in the �fthposition of the bu�er that is consumed by cp at PE1 has been fed as input to the architecture viacw1 �ve schedule time instants before i.e., at time t = 4n � 3 = 4(n � 1) + 1. But at that timetoken xn�1 is fed at input line cw1 at PE0. On the other hand the contents of register cq at PE1are loaded with token xn�M because this is the token that is fed to the architecture at PE0 at timet1 � 1, where the one delay we subtract corresponds to the delay associated with link cv1 . At thenext schedule time instant, the content of cp is multiplied with the token available at PE1 via linkcw , namely xn. Indeed, this token is fed as input via line cw at PE0 at time t1. On the other handthe content of cq is multiplied by the token currently available at link cv , namely xn�M+1. Thistoken is originated from PEM�1 at sampling time instant ts = n �M + 2, or equivalently whenindex point [M�1; n�M+2; 2]T is executed, i.e., at schedule time instant t = 4n�3M+9. Indeed,at that time, token xn�M+1 is fed as input via cv at PEM�1. Then, after 3(M � 2) schedule timeinstants, it becomes available at PE1 at time 4n� 3M + 9� 3(M � 2) = 4n+3. Thus, contents ofregisters cp and cq become xnxn�1 and xn�Mxn�M+1 respectively. Clearly, these are the necessaryterms to be added subtracted respectively from m2(1;n � 1) in order to yield the new estimatesm2(1;n). In a similar fashion the rest of the moment terms are updated and assume their newvalues according to (15).6 Conclusions{ Further research directionsWe have investigated the adaptive computation of higher order moments based on real-time data.We �rst proposed two time- and order- recursive algorithms for the computation of all momentsup to an arbitrary order, based on a �xed size sliding, or a growing data window. Then we13



systematically transformed the �xed size sliding window algorithm onto a linear array realizationsuitable for VLSI implementation. At any time instant, the last received sample along with theM previous ones are used to update all moment lags up to the fourth order within the primarydomain of support. As a special case a linear array that adaptively computes the diagonal 1-D sliceof moments has been synthesized.The uni�ed systematic array synthesis methodology employed [13], facilitated (a) the design ofprocessor arrays with elements having regular, pipelined structure and problem size independentmemory requirements, and (b) the formal veri�cation of the architecture's correctness at the be-havioral level. The evaluation of trade-o�s between computational complexity and local memory,the partitioning and matching of the algorithm to arrays with a �xed number of processors, andthe integration of the moment generating array to an architecture can also provide the cumulantsvia the moments, are currently under investigation.
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Initially: p0(i1; :::; ik�1;n) = q0(i1; :::; ik�1;n) = 1, 8 (i1; :::; ik�1) 2 R0 and n �M . i0 � 0.for n = M;M + 1;M + 2; :::for i1 = 0 to M � 1for i2 = 0 to i1... for ik�1 = 0 to ik�2for l = 1 to kpl(i1; :::; ik�1;n)  pl�1(i1; :::; ik�1;n) xn�i1+il�1ql(i1; :::; ik�1;n)  ql�1(i1; :::; ik�1;n) xn�M+il�1ml(i1; :::; ik�1;n) ml(i1; :::; ik�1;n� 1) + pl(i1; :::; ik�1;n)� ql(i1; :::; ik�1;n)endfor flgendfor fik�1g...endfor fi2gendfor fi1gendfor fngMoment Estimates: bml(i1; :::; ik�1;n) 1Mml(i1; :::; ik�1;n)Figure 1: A nested-loop, time- and order- recursive algorithm for the adaptive updating of all themoments, up to a desired order k, at the primary domain of support R0 = f(i1; :::; ik�1) : 0 �ik�1 � ::: � i2 � i1 �M � 1g. 15



Initially: p(i1; i2; i3; n; 0) = q(i1; i2; i3; n; 0) = 1, 8 (i1; i2; i3) 2 R0 and n � 1.for n = M;M + 1;M + 2; :::for i1 = 0 to M � 1for i2 = 0 to i1for i3 = 0 to i2for l = 1 to 4w(i1; i2; i3; n; l) 8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
w(i1; i2 + 1; i3; n; l); if l = 1, i2 < i1 (dw1 = �e2)xn�i1; if l = 1, i1 = i2w(i1 + 1; i2; i3; n; l); if l = 2, i1 < M -1 (dw2 = �e1)xn; if l = 2, i1 = M -1w(i1 + 1; i2 + 1; i3; n; l); if l = 3, i1 < M -1 (dw3 = �e1 � e2)xn�i1+i2 ; if l = 3, i1 = M -1w(i1; i2 + 1; i3; n; l); if l = 4, i2 < i1 (dw4 = �e2)xn�i1+i3 ; if l = 4, i1 = i2v(i1; i2; i3; n; l) 8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
v(i1 + 1; i2; i3; n; l); if l = 1, i1 < M -1 (dv1 = �e1)xn�M ; if l = 1, i1 = M -1v(i1; i2 + 1; i3; n; l); if l = 2, i2 < i1 (dv2 = �e2)xn�M+i1; if l = 2, i1 = i2v(i1 + 1; i2; i3; n; l); if l = 3, i1 < M -1 (dv3 = �e1)xn�M+i2; if l = 3, i1 = M -1v(i1; i2 + 1; i3; n; l); if l = 4, i2 < i1 (dv4 = �e2)xn�M+i3; if l = 4, i1 = i2p(i1; i2; i3; n; l) p(i1; i2; i3; n; l� 1) �w(i1; i2; i3; n; l) (dp = e5)q(i1; i2; i3; n; l) q(i1; i2; i3; n; l � 1) � v(i1; i2; i3; n; l) (dq = e5)m(i1; i2; i3; n; l) m(i1; i2; i3; n� 1; l) + p(i1; i2; i3; n; l)� q(i1; :::; ik�1; n; l) (dm = e4)endfor flgendfor fi3gendfor fi2gendfor fi1gendfor fngMoment Estimates: bm(i1; i2; i3; n; l) 1Mm(i1; i2; i3; n; l)Figure 2: The Locally Recursive Algorithm in Single Assignment Form constructed systematicallyfor the time- and order- recursive updating of all moments up to the 4th order, k = 4.16
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Initially: p0(i1;n) = q0(i1;n) = 1, 8 i1 2 [0;M � 1] and n �M .for n = M;M + 1;M + 2; :::for i1 = 0 to M � 1for l = 1 to kpl(i1;n) ( pl�1(i1;n) xn; if l > 1xn�i1 ; if l = 1ql(i1;n)  ( ql�1(i1;n) xn�M+i1 ; if l > 1xn�M ; if l = 1ml(i1; :::; i1;n) ml(i1; :::; i1;n� 1) + pl(i1;n)� ql(i1;n)endfor flgendfor fi1gendfor fngMoment Estimates: bml(i1; :::; i1;n) 1Mml(i1; :::; i1;n)Figure 6: A nested-loop, time- and order- recursive algorithm for the adaptive computation of thediagonal 1-D slice of all moments, up to a desired order k.
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Initially: p(i1; ; n; 0) = q(i1; n; 0) = 1, 8 0 � i1 �M � 1; n � 1for n = 1; 2; :::;M;M + 1;M + 1; :::for i1 = 0 to M � 1for l = 1 to kw(i1; n; l) 8>>>>>>><>>>>>>>: w(i1 � 1; n� 1; l); if l = 1, i1 > 0 (dw1 = e1 + e2)w(i1 � 1; n; l); if l > 1, i1 > 0 (dwl = e1)xn; if i1 = 0; 8lv(i1; n; l) 8>>>>>>><>>>>>>>: v(i1 � 1; n; l); if l = 1, i1 > 0 (dv1 = e1)xn�M ; if l = 1, i1 = 0v(i1 + 1; n� 1; l); if l > 1, i1 < M � 1 (dvl = �e1 + e2)xn�1; if l > 1, i1 = M � 1p(i1; n; l) p(i1; n; l� 1) w(i1; n; l) if n �M (dp = e3)q(i1; n; l) q(i1; n; l� 1) v(i1; n; l) if n �M (dq = e3)m(i1; n; l) m(i1; n� 1; l) + p(i1; n; l)� q(i1; n; l) if n �M (dm = e2)endfor flgendfor fi1gendfor fngMoment Estimates: bm1(;n) 1Mm(i1; n; 1); for n �Mbm2(i1;n) 1Mm(i1; n; 2)bm3(i1; i1;n) 1Mm(i1; n; 3)bm4(i1; i1; i1;n) 1Mm(i1; n; 4)Figure 7: The constructed LRA for the time- and order- recursive updating of all the moments upto the fourth order on the diagonal 1-D slice 21
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Figure 8: The SFG with a typical data skew for the time-and order- recursive updating of 1-Dslices of all moments up to the fourth order, M = 4.22



Algorithm Execution Latency (schedule time) Speedup, (N !1)Sequential Ls = M(M+1)(M+2)N3 S � Ls=Lp = (M+1)(M+2)3MParallel (Linear Array) Lp =M2N +M (M � 1) + 3Table 1: Comparison of the sequential and parallel running times achieved using the proposed time-and order- recursive algorithm for the computation of all the moments up to the 4th order. Weassume that the data sequence has length N >> M and the sliding window has length M .
Sequence PE Index, MAC Index Schedule Timem(1)(n) i1 = 0, l = 1 M2(n�M ) + 2(M � 1)m(2)(i1; n) 0 � i1 �M � 1, l = 2 �i1 +M2(n�M ) + 2M � 1m(3)(i1; i2; n) 0 � i1 �M � 1, l = 3 �i1 � i2 +M2(n �M ) + 2Mm(4)(i1; i2; i3; n) 0 � i1 �M � 1, l = 4 �i1 � i2 +Mi3 +M2(n�M ) + 2M + 1Table 2: The PE locations and time instants of results generation on the linear array. The per-missible schedule used is T = [�1;�1;M;M2; 1]. It is assumed that the array starts operating att = 0.
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