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Abstract

In signal processing applications that require new estimates of the fourth and lower order mo-
ments every time a new data sample is received, it is necessary to design algorithms that adaptively
update these terms. In addition, if real-time performance is necessary we should transform these
algorithms so that their parallel processing and pipelining potential is exploited by a suitable multi-
processor architecture. In this paper we present a time- and order-recursive estimation procedure
for updating all moment lag estimates (up to the fourth order) in one of their primary region of
support, using the previous estimates and the newly arrived data sample in real-time. Then we
systematically transform the moments updating algorithm onto an architecture that is suitable for
VLSI implementation. As a special case a linear array computing the diagonal 1-D slice of the
higher order moments is also synthesized. Under the algorithm-to-architectures transformation the
time- and order- recursive characteristics of the adaptive procedure translate to a scalable archi-
tecture whose processing elements consist of pipelined stages of simple multiply-accumulate units.
The unified top-down synthesis of the architectures facilitates formal verification of correctness at
the behavioral level, identification of trade-offs, and the easy introduction of modifications, should

the design objectives change during the design phase.
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1 Introduction

Higher Order Statistics (HOS), known also as higher order moments, cumulants, along with their
frequency domain counterparts, the polyspectra, have been added during the recent years in the
arsenal of commonly used signal processing tools. There are many situations arising in time se-
ries processing that cannot be handled adequately by second order methods (power spectrum or
autocorrelation based). For example, HOS techniques are often employed in order to to extract
information due to deviation from (Gaussianity, to estimate the phase of non-Gaussian signals, or
detect and characterize the nonlinear properties of mechanisms generating time series via phase re-
lations of their harmonic components [1, 2]. Due to these and other important capabilities, there has
been an increasing interest in introducing HOS based techniques in diverse application domains in-
cluding - but not limited to - digital communications, biomedical, sonar, radar, geophysical, speech

and image processing [3].

The computation of Higher Order Moments (HOMs) in particular, is a necessary step towards
the estimation of other statistics such as the cumulants [3] and the Wigner spectra [4]. In applica-
tions where it is crucial to update the HOS estimates frequently using previous estimates and the
newly available data samples, adaptive computation procedures should be employed. However the
consistent estimation of HOS usually requires large data blocks and algorithms with high compu-
tational complexity. To support real-time applications using HOS it becomes necessary to exploit
the parallel processing and pipelining potential of the algorithms by transforming them to regular

and modular multiprocessor structures that can be implemented using VLSI technology.

During the last few years considerable effort has been placed in designing application specific
systems to speed-up HOS computations using VLSI architectures [5] or other emerging technologies
[6, 7]. Our research group has also contributed significantly to this effort. In [8] we introduced a
two-dimensional array architecture that can compute the higher order moments and the Bispectrum
based on the conventional “indirect” estimation algorithm [9]. This batch-type approach segments
the incoming data in non-overlapping blocks of M samples; HOS are estimated for each block by
the array and the average of block estimates is computed by the host. The approach has been used
for the computation of all moment lags up to the fourth order in [10], as well as for the computation
of the fourth order cumulants (via the moments) in [11]. An integrated architecture providing in
real-time both the moments and cumulants, up to the fourth order, has been described in [12]. For
all the details on the systematic VLSI array synthesis methodology used to derive these designs
and on the particular characteristics of the resulting architectures the interested reader is referred
to [13].

In this paper we propose a time-and-order recursive computation procedure using a sliding
window of size M, that allows for the continuous updating of moment estimates at a minimum
computational cost as soon as a new data sample becomes available. Its data dependences structure
is analyzed and the adaptive algorithm is transformed systematically to an equivalent one with

localized dependences only. The resulting Locally Recursive Algorithm (LRA) is then mapped to a



systolic array realization providing estimates for all moment lags, up to the fourth order, in one of
their primary region of support. The design is not optimized for a particular order, but is rather

meant to serve as a general purpose moments updating engine.

The systematic architecture synthesis allows the formal verification of the candidate array so-
lutions and their relative evaluation. Moreover it provides a mechanism for deriving architectures
for the given problem under constraints imposed either by the nature of the problem itself or by
the implementation technology. So the linear array synthesized in this paper is not a unique solu-
tion and can be easily modified, should the design objectives change. At the level of granularity
presented the array is more suitable for a VLSI implementation; however larger granularity linear
arrays using off-the-self microprocessors (DSP, RISC, Transputers) can be obtained with minor
effort following the same design methodology by trading time (reducing the data rates) for less

hardware per processor.

The rest of the paper is organized as follows: In section 2 we develop the time- and order-
recursive procedure for the estimation of HOMs. In section 3 we provide the necessary background
on the theory of algorithm-to-architectures transformation methodologies, highlight the limita-
tions of the traditional space-time mapping approaches and demonstrate how the unified synthesis
methodology can be applied to derive a VLSI array implementing the adaptive algorithm in real-
time. The operation of the synthesized array is described in section 4. As a special case the design
of a VLSI array computing the slice of the higher order moments when all lags are equal is discussed
in section 5. Finally the paper is summarized and directions of current investigation are highlighted

in section 6.

Before we proceed, let us clarify the notation to be used. We denote the n— dimensional set

of integers by Z", the matrices/column vectors by bold and capital/lower case letters respectively,
«T'

[l

the matrix transposition sign by , index points in Z" by vectors , and scalar quantities by

lower case letters. In addition let the algorithm and processor index space have dimensionality n,

and n, respectively, and egn) € Z™*1 be the i-th canonical basis vectors (i-th column of identity
matrix I,,). Finally, for simplicity let e; and u; (without a superscript) denote the canonical basis

vectors in the algorithm and processor space respectively.

2 Time and order recursive computation of Higher Order Mo-

ments

We recall [3] that the kth order moment estimates {my}, based on M samples of a real, one-

dimensional process, can be obtained at one of the primary domains of support Rg, as follows:
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where RO = {(il, ...,ik_l) : 0 S ik—l S S iz S il S M — 1}

If we want to compute the {m} every time a new data sample becomes available we should
develop a time-recursive algorithm. If in addition we want to estimate the cumulants as well, via the
moments, then order-recursive algorithms will be preferable in order to reduce the computational
complexity. The following proposition addresses the recursive updating of all higher order moments
based on their estimates at the previous time instant as well as the current and the past M data

samples.

Proposition 1 Given initial estimates {my} as defined by (1), new estimates of all the moments up
to desired order k can be computed in the non-redundant region Rg using time- and order- recursive
expressions. If the data window is of fized size M, [growing], the moment updating formulas are

given by equations (2), [(3)] respectively, at any time instant n > M.

ﬁu(il,...,il_l;n): ﬁu(il,...,il_l;n— 1)—|— (2)
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At every time instant n > M the data window of fixed size M will contain the samples
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where 19 = 0. Let us now define two k-th order product terms at time instant n as:

k
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Then (4) becomes:
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The proof of (3) is easier and can be reached by following similar steps. In this case
since the data window is growing we do not need to subtract the second product term.
O

In Figure 1 we provide a nested loop algorithm that provides all moments, up to a desired order
k in a forward order- and time- recursive fashion based on (2). Notice that we made all variable
instances p; and ¢, for different values of [, to have common region of support in order to avoid
introducing conditional statements. An algorithm of similar complexity can be formulated for the
recursive expression (3), with the difference that only one product term should be generated at
every time iteration. On the other hand, a multiplication by n and a division by n + 1 respectively
is needed, whereas in (2) we may pre-scale by M (fixed and independent of time n) all the moment

terms and avoid division.

In the next section we derive a linear array of processors implementable in VLSI for the efficient
estimation of all the higher order moments, up to the 4th order, since these are most commonly
needed in practice. However our approach is order-independent and can be extended to any k > 4,

should that become necessary.

3 Unified Array synthesis methodology

In general, array synthesis can be achieved via several behavior preserving transformations applied
at different levels of abstraction. First the nested loop algorithm is transformed into an equivalent
Locally Recursive Algorithm (LRA). Then the array architecture is generated as a result of appro-
priate linear space-time transformations (S, T) directly applied to the LRA [14, 15]. The synthesis
has been traditionally treated as a two-phase process, namely the localization of the algorithm (se-
lection of the LRA) followed by the mapping of the LRA to an array structure. We emphasize here
that in both phases, a specific starting point (nested-loop algorithm/LRA) may lead to numerous
solutions (equivalent LRA’s/ASAP’s) respectively. If the two phases are dealt with independently,
it is possible that either no architecture can be found that meets all the design specifications, or

a “good” choice for S and T has led to a suboptimal array, because of the inappropriate choice of
the LRA in the first place.

In this work we eliminate the aforementioned drawback by applying the unified array synthesis

methodology we introduced in [13]. The key idea behind this methodology is that the localization



and mapping phases are interleaved. In particular, instead of choosing one LRA out of the many
possible, we rather gradually construct an appropriate LRA that meets architectural constraints
and design specifications arising from the mapping phase. In the sequel, we explain the steps we
follow towards the systematic synthesis for the architecture computing adaptively the higher order

moments.

1. DaTA DEPENDENCE ANALYSIS: The index space of the nested-loop algorithm is known at
compile-time to be 7 = { (iy, i3, i3, n, ) 0< i3 <ip<iy <M -1, n> M, 1<1<4}C 25
The first three indices correspond to the lags i1, ¢2, and i3 of the fourth order moments restricted
in the primary domain of support Ro. The fourth index n corresponds to time iteration, and
the last index [ to the order of the moments under investigation. Clearly, the range of n makes 7
unbounded. However, every hyperplane (for a given n), is a convex polyhedron in Z*. The variables
involved are m, p, ¢ and . Their instances (encountered at the right hand side of the assignment
statements) are my(iy, iz, i35 0 — 1), pr—1(i1, t2, 035 1), qi—1(41, @2, 035 n) and @p_i 44,y 5 TueM4i,_,» LOT

1 =1,2,3,4 respectively.

To perform a systematic localization we need to identify all possible dependences associated
with every variable involved. This can be achieved by finding the indexing matriz of every variable

instance, as explained below.

Let us assume that a variable w has an instance w( f[7]) defined by an affine transformation
fl¥] = Ay -T+by,, where ¥ € 7 is a point in the index space of the algorithm. Then A, is called the
indexing matrix of w( f[#]), and if A, is row rank deficient, variable w is called a broadcast, meaning
that its value is needed to more than one indexed computations of the algorithm. Moreover, the
valid contours over which the value of w can be propagated are restricted within a subspace of the
right null space of A,,, namely AV (A,,) [16, 17]. Clearly, there may exist many possible contours
of propagation to be considered for the localization of a broadcast variable; the number is directly

related to the row rank of the indexing matrix.

In our case, we identify the instances z,_; 4;,_, and z,_p4;,_, with w; and v, { =1,2,3,4

respectively and consider the index space Z as their common domain of support. Then the indexing

matrices for all instances are: A, = [e1 | es | e3 | es | es]”; Aq =1, Ay = [—e§4) + eff)]T,
Ao = W7, A e e o e 4o A = o

= [~
A, = [e§4)—|—e£14)]T, A, = [e(;l)—l—ef1 )] and A,, = [ i )4 51 )]T In addltlon the indexing matrix

for the moment estimates m;(iy,i3,i3;n — 1) is A,,, = Is.

Since A,,, A, and A, are full rank, variables m, p, ¢ are not broadcasts. So there is a true data
dependence associated with each one of them, between their instances on the right and left hand
side of the assignment statements. These true data dependences are d,,, = e4, d, =d, = e5. On
the other hand, w; and v; are broadcasts that can be localized by introducing dependences with

directions confined within the null space of their indexing matrices, i.e.,

dy, = aii(e ( ) + ei )) + aq 26(2 ) + 01,3624)



d,, = 02,1654) + 02,26(24) + 02,3624)
(4) (4) (4)

(4) (4)

dy, = asi(e;’ +ey’)+azz(e]’ +ey’)+ azze;

dy, = asa(el” +el)+asa(el” +ef) + ayzel! (7)
d,, = b1,1e§4) + b1,2e(24) + b1,3e§,4)

d, = 52,1(—654) + effl)) + 52,26(24) + b2,3e§4)

d,, = b3,1e§4) + b372(—e(24) + effl)) + b3,3e§4)

d, = b4,1e§4) + b472e(24) + b4,3(—e§4) + egfl))

where a;; and b;;, 1 =1,2,3,4, 5 = 1,2,3 are integers to be determined.

2. CHOOSING THE SPACE TRANSFORMATION S: The linear space transformation allocates (places)
the algorithm’s index points to Processing Elements (PEs). It may be represented by a matrix
S € Z™*"a with full row rank [15] that maps the n,- dimensional algorithm index space onto
the n,- dimensional processor space, i.e., S: Z" O I +— P C Z". Under S an index point
(Dependence Graph node [14]) ¥ € T will be transformed to the PE (or Signal Flow Graph node

[14]) S- ¥ € P and a dependence vector d onto the communication link ¢ = S - d.

The choice of permissible and optimum S is based on architecture design considerations and
application imposed constraints. Current VLSI technology mandates that the target architecture
should be at most two-dimensional with input/output operations occurring at the architecture

boundaries and obviously should have some finite size.

The last constraint imposes that we “project” along the time axis n in order to obtain a bounded
processor space (finite number of processors). Therefore, since e4 will not in the bases of P and
d,, = e4 is a true dependence, the updated moment estimates will be distributed among all the
processors of the architecture. The VLSI constraints impose that only one of the canonical row
vectors el , el el (or their linear combination) constitute a row of matrix S (basis vector for P).
Among different choices, we selected e . Finally, we want to fully exploit all the available parallelism
and pipelining potential of the algorithm. Therefore we should not perform unnecessary projections

since these introduce sequentiality. So the selected space transformation is:

10000
S:[el’eS]T:lO 00 0 1] )

This choice of S results to a two-dimensional processor space P = {(i1,0): 0<i; < M-1,1<1<
4}. Since the second dimension [ of P is independent of the problem size M (pseudo-dimension),
the architecture can be thought of as a linear array of M PE’s communicating along ¢;. Since [
corresponds to the order index, by including el in the rows of S (i.e. by not projecting along [),
we translate the order recursive generation of products to a pipelined internal structure for the
processors of the linear array, where each pipeline stage [ computes the corresponding [-th order

moment terms, [ = 1,2, 3,4.



3. CONSTRUCTING AN APPROPRIATE LOCALLY RECURSIVE ALGORITHM: This step corresponds
to fixing the dependence directions associated with every broadcast variable, or equivalently choos-
ing the values of all integer coefficients {a} and {b} of (7). If we want to have near-neighbor
interconnections only it is sufficient to limit to unity the lengths of every communication link, or
equivalently impose a;; = £1, b;; = £1, VI=1,2,3,4,V j =1,2,3.

It is meritorious to find a minimum number of linearly independent vectors whose linear com-
binations with non-negative coeflicients correspond to valid directions of propagation for all the
broadcast variables (see equations (7)). In this way we reduce all critical paths of the algorithm, or
equivalently minimize the number of precedence constraints on the choice of a permissible schedule
T, thus increasing the probability of finding a minimum latency schedule [13]. In addition we also

minimize the number of distinct communication links in the array.

Based on this criterion and using equations (7) we fix the direction of dependences for all
broadcast variables. In particular, we choose d,, =d,, =d,, = —e§4). This direction (along
“decreasing ¢1”) yields an input hyperplane at all index points with ¢4 = M — 1, which is mapped
under S onto a single Processing Element, namely PFp;_1. Notice that the opposite direction e§4)
(i.e., along “increasing i1”) yields the input hyperplane ¢; = iy, which is mapped under S onto M
different PEs of the linear array.

4))
(4)

= —e2

Then, we observe that the direction of propagation for the variable ws can be :l:(e§4) + e(2

Given that —e§4) is already selected, we choose the dependences d,,, = d,, = d,, = d,

(1) _ ()

for the rest of the broadcast variables. In this way, we can make d,,, = —e;’ — e, to be a linear

4

combination of two other dependences with non-negative integer coefficients. The resulting LRA
is shown in Figure 2, where the “transmittal” [14] variables w, v embody all the variables {wy, vy,

for [ =1,2,3,4} respectively.

4. CHOOSING THE TIME TRANSFORMATION T: The linear time transformation (schedule) T €
ZXna assigns to every computation, ¥, an integer T - @ corresponding to the schedule time instant
of its execution, i.e. T : 2" +—— Z. The chosen schedule has to be permissible and satisfy
certain optimality criteria, such as achieving minimum latency or mazimum PF utilization. To
be permissible, a systolic schedule must satisfy both the precedence and space-time compatibility
constraints [18, 15]. The former ensure that if there is a dependence from a Dependence Graph
(DG) node ¥ to node %, then ¥, will be executed at least one schedule time instant after #;. The
latter constraints guarantee that there will be no data collisions in the array, i.e., two distinct
points in the algorithm’s index space allocated to the same PE will not be scheduled for execution
at the same time. For linear transformations S and T, both sets of constraints can be expressed

analytically as:

Precedence Constraints (PC’s): For every data dependence d it should be true that T -d > 1

Space-Time Compatibility Constraints (STC’s): Let #, ©2 be two arbitrary and distinct



index points allocated to processors S - ¥, S - ¥ at time instants T - ¥y, T - ¥ respectively

. s - .
and 6 = vh — ¥; it should be true that [ T ] 0 # 0,41, V6

The former constraints translate to:
T [—e;,—ey,eqe5] > [1,1,1,1] = ty,to < —1 and t4,t5 > 1 (9)
The latter translate to S-6 =0 = T - § # 0 or equivalently
1960y + 1303 + 1404 > 1, V6 (10)

where § = [61, 82, 83, 64,065]7 represents the difference between any two distinct points within the
index space Z. We find that T = [~1,—1, M, M? 1] is indeed permissible. We can easily verify
that this T is indeed conflict free since for S-§ = 0 = & = &5 = 0, the Diofantine equation
T-6=0= Méy+ M2, = —6, does not have an integer solution, because ged(M, M?) = M
cannot divide é3, since |62] < M — 1 for the given index space Z. From this analysis, we conclude
that any choice of {t,t3,t4} = {£1, £M, £M?} would yield a conflict free schedule. We select
t; = —1 since (a) it satisfies the precedence constraints on the selected dependence vectors, and
(b) the resulting delays on the corresponding communication links are problem size independent.
By selecting t3 = M the results are generated in increasing order with respect to lag ¢3. Notice
that we could not achieve the same with respect to the other two lags i1 and ¢3 because this would
require 1,1 > 1 that contradicts the precedence constraints (9). The interpretation of t; = —1,
ts = M is that index 19, decreases by one every schedule time instant whereas index 73 increases

by one every M time instants when we keep fixed the rest of the indexes.

Regarding the fourth element of the schedule vector, we let t4 = M? take the largest among all
other permissible values because we want to have all moments terms updated before a new sample
becomes available. Finally we let t5 = 1 since this value is permissible and yields the smallest

number of delays for the dependences d, and d, as it will become more clear in the next section.

4 Array architecture

The resulting architecture is a linear array processor consisting of M PEs each having a four-stage
pipelined structure, as shown in Figure 3 for the case M = 4. Application of the space-time
transformations to the dependences of the LRA yields the communication links of the array and
the associated delays. For example, when [ = 1 the communication links become ¢,,, = S-d,,, = 03
(self-loop) and ¢,;, =S-d,;, = —uy (along “decreasing #1”) with delays T-d,,, =1 and T-d,, =1
respectively. Similarly we find: ¢,, = ¢y, = ¢y, = —u; and ¢,, = ¢, = ¢,, = 02 whereas

¢, = ¢, = uy. The associated delays are:

T [dy,, du,, dy,, du,, duy,, dy,, dp dg] =11, 1, 2, 1, 1, 1, 1, 1]



Notice that the systematic construction of the LRA yielded an array with local memory per PF
independent of the problem size since all dependence vectors depend only on e; and ey whereas the

schedule elements ¢; and t5 are independent of M.

Every PE consists of four pipelined Multiply-ACcumulate (MAC) stages. Moment terms
my(i1, iz, 13) become available from PFE; , MAC stage [. Clearly the average (mq) becomes available
from the first stage of the left most PFy. At iteration (sampling period) t; = n, the current sample
z, and only M previous samples (i.e., #,_1, ..., Z,—ps) are necessary as input data for the correct
operation of the architecture. Input occurs either at specific stages of all PEs, or at the rightmost
PFy_1 depending on the input hyperplane of the corresponding variable. Simple M- size First-In-
First-Out (FIFO) queues or buffers are sufficient to achieve proper input distribution, as it can be
seen in Figures 4 and 5. At every MAC(iy,[) stage the product terms p;, ¢; are produced and then
added/subtracted respectively from estimates of m; at iteration n— 1 to generate the new estimates
m; at sampling time ¢, = n. Then, the products p;, ¢ are fed to the next stage to produce the
(I4 1)- order terms. Figures 4 and 5 show the internal pipelined structure of PEy;_1 and PEp_o
respectively and the input/output skews when z,, becomes available (¢, = n). All other PEs have

the same structure.

In the sequel we elaborate on the array operation by presenting the recursive computation of
some product and moment terms from the two rightmost Pls. We make use of two timing variables
the schedule time t, and sampling time t;. The former denotes when a new data token may become
available to one of the input lines. The period of the schedule clock corresponds roughly to the time
needed for a MAC computation. The sampling instant denotes the time when every new sample
becomes available from the host. The sampling period is equal to M? schedule periods; this is so
because in the worst case, M? moment terms (of fourth order) have to be updated on every PE

within a sampling period and before the new data sample becomes available.

When sample z,, becomes available (at sampling time instant ¢; = n) tokens @,_pr41 and z,—ps
are fed as input into stage [ = 1 of PEy;_; viainput lines ¢,,, and ¢,, and loaded to communication
links py and ¢; respectively (see Fig. 4). This schedule time instant corresponds to the execution
of the index point #; = [M — 1, M —1,0,n,1]7, that happens at ¢; = T - %, = nM? — 2M + 3. At
subsequent schedule time instants, the same token z,,_ps41 is either reused (dash lines in the input
line ¢y, ) or provided as input again. This is a direct consequence of the space-time mapping of the
input hyperplane for variable wy (I = 1). Recall that for wy input occurs when i1 = i (see Fig. 2),
or every other M schedule time instants under T = [—1,—1, M, M? 1]. On the other hand token
Z,_p should be provided into input line ¢,, at every schedule time instant. Again this is due to
the fact that input for v, happens when i3 = M — 1 (see Fig. 2). Dashes at line ¢,, denote schedule
periods where no useful operation is performed and this is so because of the hyper-pyramid like
shape of the index space for the lags in the non-redundant region Rq (i3 < i3 < ¢1). For instance,
the eighth input token (2M-th token in general) in line ¢,, is shown as a dash since it corresponds
to the execution of index point ¥ =[M — 1, M — 2, M — 1, n, 1] which does not belong in the index

space (13 > ig).



At the next schedule time, t; 4+ 1, the two most recent samples z,, z,_1 are fed to stage [ = 2
of PFEy_y via input lines ¢, and c,, respectively. They are multiplied by p;, ¢; in order to
update the autocorrelation term mg(M — 1;n). Then at #; + 2 the second token z,_ps at input
line ¢,, of PEps_y becomes available at stage [ = 1 of PEjps_o; at the same time and PFE token
Tn_My2 is also fed via line ¢, and participate at the first useful computation in MAC stage
Il =1 of PEp_3. Notice that even though a token z,_ps (the first in ¢, of PEy_q) arrives
at stage [ = 1 of PFy;_o at t; + 1, no useful computation is performed at that time because it
corresponds to the execution of index point [M — 2, M — 1,0, n,1] which does not belong to the
index space (i3 > ¢1). In a similar fashion all tokens arrive at every stage of all PEs at the proper
schedule time instant so that synchronization is achieved thus guaranteeing correct operation. It
is important to mention that no additional control complexity is introduced in order to deal with
the non-useful computations. They are indeed allowed to happen and produce results that are
discarded at the end of the processing. Furthermore for the given shape of the index space these
computations cannot be avoided without introducing complicated non-linear scheduling, that will
of-course induce considerable hardware/software cost and compromise the capability of formally

proving the correctness of the design.

Let us now describe how some moment terms at PFjy;_o are updated at sampling time ¢, = n.
During that time data tokens z,_ar4+2 and x,_ps are fed into stage | = 1 of PFp;_9. The former
is fed via the input line ¢,,, and the latter via the communication link ¢,, coming from the right
neighbor PFEy;_1. Both tokens are loaded to internal product links p; and ¢ respectively. Next,
the tokens z,,, ,_o are fed into the stage [ = 2 originated from PFEjs;_; via link ¢,, and input line
c,, respectively. They are multiplied with the products of the previous stage p; and g respectively
to form products py = @,_pri2, and ¢ = x,_pr2,—2. These products are added/subtracted
respectively from autocorrelation term mqg(M —2;n—1) = @M Tp—2+ 24— M412n—1 to produce the
new estimate mq(M —2;n) = T (M=1)Tn—1FTn—M+22n- Similarly, tokens z,, and x,,_9 are fed into
the third stage, both coming from PFEjs;_; via links ¢,, and c,, respectively. They are multiplied
with pp and ¢z, added and subtracted from the ms(M —2, M —2;n—1) = xn_Mx%_Q —I—xH_M_Hx%_l
to yield ma(M — 2, M — 2;n) = xp_pe122 | + @p_p422%. Similarly, my(M — 2, M — 2,0;n) =
E2 ey F 22 _ppyotr is produced at stage MAC(iy = M — 2,1 = 4). Clearly the resulting
moment terms correspond to those defined by (1) based on the M- size sliding data window at time

n.

At any time iteration, the array computes all the lags in Rg of all the moments up to the 4th
order within M (M — 1)+ 3 schedule periods using 4M pairs of MAC units (a schedule period is
the time required for a MAC-stage operation). We can easily verify that claim as follows: Due
to the non-redundant region of estimation, PFEjy;_1 performs most of the computation. Index
points assigned to that PE vary from [M — 1, M —1,0,n,1]" to [M — 1, M — 1, M — 1,n,4]". The
difference [0,0, M — 1,0, 3]7 between these two points translates to a M(M — 1)+ 3 time difference
under the selected schedule T = [—1,—1, M, M?% 1]. The performance figures attained by the

array are summarized in Table 1. For every sampling time iteration n, the sequential algorithm
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M+k-2
based on (2) requires ( * ) = MOML4Y)...(Mk=2)

L1 = ho1)! multiplications to produce every product

Pr(i1, .oy tp—1;n) within Rg [13]. Thus, the total number of multiplications required would be twice
as much to account for the product g, as well. Thus, the total sequential time after N sampling
periods would be Ly = w for orders up to the fourth (k = 4). On the other hand,
the total parallel execution time in the array will be the time difference between the execution of
the first ((M — 1, M — 1,0, M, 1]7) and the last ((M — 1,M — 1, M — 1, N + M,4]") index points
according to T. This gives a latency L, = M*N + M(M — 1) + 3 and consequently theoretical
speedup (as N — o00) of § = ﬁM——%%M The PE locations and time instants of results generation
are provided in Table 2.

5 Moments estimation over an 1-D slice

In many practical situations only one or more 1-D slices of the higher order moments is needed
[19, 1]. The formula for such a diagonal 1-D slice can be easily deduced from (1) if we let iy = i =

C= -1

o 1 .
(i1, 015 ey 115 7) = I Yoo wmal! (11)
t=n—M+1

Following similar steps as with the general case, time-recursive computation of the diagonal 1-D

slice based on a fixed-size M sliding data window is possible according to:

P ) P ) 1 ) )
my(i1, 1, ooy i3 1) = (g, i, i3 — 1) + i (pi—1(i13m) 2 — q—1(013 1) T M4y ) (12)

(1-1) (1-1)

and QI(Zlvn) = Tp-M xn—M-I—Zj’
l=1,2,---k. A nested-loop, time- and order-recursive algorithm based on (12) is shown is Fig. 6.

where the product terms are defined as p;(i1;n) = 2,y @

Next we derive an array processor for the computation of the diagonal 1-D slice of all moments up

to the fourth order based on this algorithm.

The algorithm index space is now 7 = {(i1,n,0): 0< i3 <M -1, n>M, 1 <I]<4}. We
define the variables wyi(i1,n) = @iy, wi(i1,n) = Ty, v1(i1, 1) = Tp—ps and vy(i1,n) = Tp_pryq, for
[ =2,3,4. Based on their indexing matrices we find that variables w and v are broadcasts whereas

p, ¢ and m are not. The corresponding data dependences are:

d, = d,=e3

d, = e

dy = a(el’+ef?)

d,, = dy, =d,, =’ (13)
d, = bel?

d, = d, =d, =0b-e? +e?)
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We project “along n and [” to get a bounded processor space and reduce the granularity of every
PE. These projections yield the space transformation S = el. Next we need to select a permissible
linear schedule T = [ty,t2,%3]. The precedence constraints with respect to the true dependences
require that t5 > 1, t3 > 1. In addition the space-time compatibility constraints require that
t209 + t363 > 1 for every pair of arbitrary and distinct points of the index space. But for the given
T we have |63] < 3. So to avoid collisions it should be true that ty > 1+ 3t5. Therefore if we let
a; = by = a=0b=1 then the schedule T = [1,4, 1], whose elements do not depend on the problem

size M, is permissible. The dependence matrix D becomes:

111 -1 -1 -1 000
000 1 1 1 001
000 0 0 0 1 10

(14)

D = [dw17d’LU27dIU37d’LU47dU17d’U27dvgvdv47dp7dq7dm] =

o = =
o O =

Due to the dependences d,,, and d,,, I = 2,3,4 input is required to all the PEs when n = M.
However this can be avoided if we extend the algorithm index space appropriately. Indeed let us
consider the index space where n > 1. This extension reduces the input hyperplanes to 7y = 0 and
11 = M — 1 that are mapped under S to the border processors PFy and PFEp;_q respectively. The

corresponding LRA is given in Figure 7.

Applying the aforementioned space-time transformations to the LRA we get the SFG shown in
Fig. 8. The resulting architecture is a linear array of M bidirectionally interconnected PIs along
the 7; direction. Every SFG node accepts data from four communication lines ¢, , €y, €, and
c, with delays 5,1, 1,3 respectively. The sampling time period is now equivalent to four schedule
periods, i.e., a new data sample may become available and consumed by the array every four
schedule time instants. During the first M (M — 1) schedule time instants of operation, preloading
takes place. This phase corresponds to the execution of all points of the index space extension
(part with 1 < n < M —1). During preloading data tokens {z1,...,zp—1} and {0, ...,2n-1}
are fed to PEy and PFy/_y via lines ¢, and c, respectively and from those PEs they become
available wherever they might be needed during the computation phase. Preloading takes a total
of M(M — 1) schedule time instants to be completed and there are no results generated during this

phase.

During computation phase, every PE operates on a periodic fashion with period equal to 4
schedule time instants. At the first schedule time instant, it receives data from lines ¢,,, and c,,
whereas at the rest three instants data are fed from lines ¢,, and c¢,. Computation starts when
sample xp; becomes available (i.e. sampling instant ¢, = M) or equivalently M (M — 1) schedule
time instants after the initiation of array operation. In general, when z,, becomes available (t; = n)
lines ¢,,, and c,, should receive tokens z, and z,_js respectively. At the next three consecutive
schedule time instants (within the same t; = n), every PE receives data from lines ¢,, and ¢, which

carry data tokens z, and z,_1 respectively. Apparently, the interface with the host is considerably

12



simpler. Moment terms at sampling instant {; = n need only three data samples, namely the
current x,, the previous one z,_1 and that one before M sampling time instants z,_p;. Update
of the moment terms is performed in the same fashion as with the array in the previous section.
The only difference is that every PE updates the moment terms of different order in a sequential

rather than pipelined fashion.

We give description of the architecture by explaining the update of moment terms with lag
17 = 1 at PFy during the sampling time instant ¢{; = n. At that time the moment terms are

updated according to (12) as follows:

m?(lvn) = m?(l;n_1)+$n—lxn_$n—Mxn—M—|—1
ma(l,1;n) — mg(l,l;n—1)+xn_1wi—wn_Mwi_M+l (15)

m4(17171;n) — m4(17171;n_1)+$n—1$i_$n—Mxi_M+1

PFy starts updating the moment terms with lags ¢; = 1 at sampling instant ¢{; = n when the
index point [1,n,1]T is executed under the selected schedule. This is also schedule time instant
11 = 4n + 2. At that time the register corresponding to ¢, is loaded with the value carried by link
cy, - This line has a 5-size buffer associated with it, meaning that the token residing in the fifth
position of the buffer that is consumed by ¢, at PFE; has been fed as input to the architecture via
¢y, five schedule time instants before i.e., at time t = 4n —3 = 4(n — 1) + 1. But at that time
token x,_; is fed at input line ¢,,, at PEy. On the other hand the contents of register ¢, at PE;
are loaded with token x,,_3; because this is the token that is fed to the architecture at PEy at time
t; — 1, where the one delay we subtract corresponds to the delay associated with link ¢,,. At the
next schedule time instant, the content of ¢, is multiplied with the token available at PFE; via link
¢, namely z,. Indeed, this token is fed as input via line ¢,, at PFEy at time ¢;. On the other hand
the content of ¢, is multiplied by the token currently available at link c,, namely z,_pr41. This
token is originated from PFjy;_q at sampling time instant {; = n — M + 2, or equivalently when
index point [M —1,n— M +2,2]7 is executed, i.e., at schedule time instant t = 4n—3M +9. Indeed,
at that time, token z,,_ps41 is fed as input via ¢, at PEp;_1. Then, after 3(M — 2) schedule time
instants, it becomes available at PFy at time 4n —3M + 9 —3(M — 2) = 4n + 3. Thus, contents of
registers ¢, and ¢, become x,2,_1 and x,_prz,_ar41 respectively. Clearly, these are the necessary
terms to be added subtracted respectively from mq(1;n — 1) in order to yield the new estimates
mo(1;n). In a similar fashion the rest of the moment terms are updated and assume their new

values according to (15).

6 Conclusions— Further research directions
We have investigated the adaptive computation of higher order moments based on real-time data.

We first proposed two time- and order- recursive algorithms for the computation of all moments

up to an arbitrary order, based on a fixed size sliding, or a growing data window. Then we
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systematically transformed the fixed size sliding window algorithm onto a linear array realization
suitable for VLSI implementation. At any time instant, the last received sample along with the
M previous ones are used to update all moment lags up to the fourth order within the primary
domain of support. As a special case a linear array that adaptively computes the diagonal 1-D slice

of moments has been synthesized.

The unified systematic array synthesis methodology employed [13], facilitated (a) the design of
processor arrays with elements having regular, pipelined structure and problem size independent
memory requirements, and (b) the formal verification of the architecture’s correctness at the be-
havioral level. The evaluation of trade-offs between computational complexity and local memory,
the partitioning and matching of the algorithm to arrays with a fixed number of processors, and
the integration of the moment generating array to an architecture can also provide the cumulants

via the moments, are currently under investigation.
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Initially: po(i1, ..., tk—137) = qo(t1, .oy th—1;n) = 1, V (41, ..., 0—1) € Ro and n > M. i = 0.
forn=M,M+1,M+2,...

foriy =0to M — 1

for i = 0 to ¢4

for ij,_1 = 0 to t15_9
forl=1to k

P, ey thm13 ) = P (81 ey =15 R) Tpeiy iy,
G0, ey =13 1) — Qo1 (15 ooy T 13 ) T Mtip_,
My, ey thm13 1) — (g, ey thm1sn — 1) + pr(in, ey th—13 1) — @81, ooy th—15 1)

endfor {l}
endfor {i;_1}

endfor {is}

endfor {i;}
endfor {n}

Moment Estimates: 7(%1, ..., 1x—1; 1) — ﬁml(il, ey Tk—15 )

Figure 1: A nested-loop, time- and order- recursive algorithm for the adaptive updating of all the
moments, up to a desired order k, at the primary domain of support Ro = {(¢1,....06-1) : 0 <
i1 < .. <ig <y <M -1}
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Initially: p(i1,42,43,n,0) = q(i1,42,i3,n,0) =1, V (41,42,43) € Rg and n > 1.
form=M M+1,M+2,...

forigy. =0to M — 1

for 5 = 0 to 43

for 23 = 0 to i»

fori=1to 4
w(il,iz + 1,i3,77,,l), ifl=1 1y, <1iy (dwl = —ez)
Tn—iq ifl = 1, il = iz
w(zl + 1,i2,i3,n,l), ifl=2 i < M-1 (dw2 = —el)
Ty, ifl=2 1 =M-1

w(ilaiZaiE}anal) =
w(i1+1,i2+1,i3,n,1), ifl=3 i < M-1 (dwaz—el—ez)

LTn—ii+iss If l = 3, il = M-1
w(iy,ia + 1,43, n,1), fl=4, iy < iy (dw, = —e3)
x”—il‘Haa If l = 4, il = i2

U(il =+ 1,i2,i3,n,l), ifl= 1, il < M-1 (dvl = —el)
Tn_ M, ifl=1, 1 = M-1

v(iy,t2+ 1,i5,n,0), fl=2,iy< iy (dy, = —e2)
Tn—M+iq ifl = 2, il = iz

v(iy, 92,43, n,1) —
v(iy + 1,42,43,n,0), fl=3,i <M1 (dy,=—e1)
Tn—M+is ifl = 3, il = M-1

U(il,iz + 1,i3,77,,l), ifl=4, iy <iy (dv4 = —ez)

Tn—M+is ifl = 4, il = iz

plin, 49,43, n, 1) — p(i1, 42, i3, 0,1 — 1) - w(iy, iz, i3, n,1) (d, = e5)

q(i, 49,43, n, 1) — q(i1, 42,43, n,{ — 1) - v(d1, iz, i3, n,1) (dy =e5

m(iy, ia, i3, n,{) — miy, éa,i3,n — 1, ) + p(i1, 2, 43,0, 1) — q(é1, ..., ip—1, 0, ) (dm = €4)
endfor {[}

endfor {is}

endfor {is}
endfor {i;}
endfor {n}

. . o~ . . . 1 . . .
Moment Estimates: m(i1, 2,13, 1,1) < 57m(i1, i2,13,n, )

Figure 2: The Locally Recursive Algorithm in Single Assignment Form constructed systematically

for the time- and order- recursive updating of all moments up to the 4th order, & = 4.
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Figure 3: The structure of the linear array. Every PE consists of 4 pairs of MAC units. Product
terms of different orders are generated along the direction [. The communication delays are shown
in the left most PE (i; = 0) only. The data window size is M = 4.
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-- nB(M 1, M 1;n) ---

m8(M 1, M 2; n) mi(M 1, M 1, 0; n)
nB(M 1, M 3;n) m(M 1, M2, 0;n)
n8(M 1, 0;n) m (M1, M3,0;n)
m(M1,0,0;n)

(
(M1,M2,1,n)
(M1,M3,1,n)
(M1, M1,2,n)
(M1, M2,2,n)

mi(M1, M1, M1,n)

To PE M-2 T To PE M-2 T To PE M-2

' PE: (i1 = M-1)

| ‘CW4T Cv4‘
Xn- M1 -M - - - - -
-- -M - - - -
-- -M (;n-1) --- --- ---
--- Xn- M Xn --- Xn- 1 Xn-2 Xn- Ml mé(; n-1) Xn-M
Xn- Mr1 Xn-M Xn Xn-2 Xn-3  ---
Xn-M Xn Xn-1 Xn-3 Xn-M  ---
Xn-M Xn Xn Xn-1  ---
--- Xn Xn- 1 Xn-2 Xn- M+2 Xn- M1
Xn- Mr1 Xn-M --- --- Xn-2 Xn-3  --- ---
Xn-M Xn Xn-1  --- - -
Xn Xn Xn-1  ---
Xn-1 Xn-2  Xn- M3 Xn- M2
Xn- M1 Xn-M --- ---
--- --- Xn Xn-1  --- --- - -
- --- Xn Xn- 1 -
- --- --- - --- Xn Xn-1

Figure 4: The structure of PEj;_1 and the input/output data skews at time when sample z,

becomes available (i.e. t; = n).
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m(M2;n)
(M2, M 2;n)
m8(M 2, M 3; n) mi(M 2, M 2, 0; n)
m8(M 2, 0; n) mi(M 2, M 3,0;n)
m(M 2,0, 0;n)

mi(M 2, M2, 1,n)
mi(M 2, M3, 1, n)

mi(M 2, M2, 2, n)

To PE M-3 T To PE M-3
1

\

T To PE M-3

\ ) ! PE: (i1=M-2)

CW4T Cv4
‘ T I
.- From PE M-1 __.. FromPEM-1 |FromPEM-1 ‘
Xn- M+2
--- Xn-2
- m2(;n-1) --- -
n8(; n-1) Xn- M2 Xn-M
Xn- M2
m(; n-1)
Xn-3
Xn- M+3 Xn- M1
Xn- M2
Xn
Xn Xn- M2

Figure 5: The structure of PEj;_o and the input/output data skews at time when sample z,

becomes available (i.e. t; = n).
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Initially: po(i1;n) = qo(iy;n) =1, Vg € [0,M — 1] and n > M.

forn=M,M+1,M+2,...
foriy =0to M — 1

forl=1to k
. pi—1(isn) @, ifl1>1
n;n _
pl(l )H{xn—i“ B
_1(iy; neMd4i, HI>1
q(i;n) — q-1(i13n) Tn-prtiy ' >
xn—M7 |f l = 1
ml(il, ey U1 n) — ml(il, e b1y — 1) —I—pl(il; n) — ql(il; n)
endfor {l}
endfor {i;}
endfor {n}

Moment Estimates: m(i1,...,71;n) < ﬁml(il, ey 113 M)

Figure 6: A nested-loop, time- and order- recursive algorithm for the adaptive computation of the

diagonal 1-D slice of all moments, up to a desired order k.
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Initially: p(i1,,n,0)=q¢(i1,n,0)=1, VO<i3 <M-1,n>1

forn=1,2,... M, M+1,M+1,...
foriy =0to M — 1

forl=1tok
wliy —L,n—1,0), ifl=1,4 >0 (dy, =e +e)
w(iy,n, ) — < w(iy —1,n,1), ifl>1,4>0 (dy, =€)
Ty If il - O,Vl
v(iy — 1,m,1), ifl=1,24>0 (dy, = e1)
Tp—M, Iflzl, 21:0

v(i1,n,l) —
?J(i1—|-1,n—1,l), fl>1,41<M-—1 (dvl:—el—l—eg)
Tpn—1, fl>1,i1=M-—1

p(ilvnvl)Hp(ilvnvl_l) w(il,n,l) |fn2 M (dp:e3)
Q(ilvnvl) — (Z(ilvnvl_ 1) v(ihn?l) ifn Z M (dq = 63)

m(ilvnvl) — m(ilvn - 171) —I_p(ilvnvl) - Q(ilvnvl) if n > M (dm = 62)

endfor {l}
endfor {i;}
endfor {n}
Moment Estimates: m1(;n) — 3rm(i1,n,1),for n > M
ma(in;n) — 3pmlir, n,2)
ms(i1, 113 n) — qpm(i, n,3)
Mmaliy, 11,015 n) — Mm(zl,n,él)

Figure 7: The constructed LRA for the time- and order- recursive updating of all the moments up
to the fourth order on the diagonal 1-D slice
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Preloading

Computation --
m(0; M --
n8(0,0; M m2(1; M
m(0,0,0; M (1, 1; M nm(2; M
mi(; Mr1) m(1,1,1,M (2, 2; M
m2( 0; M+1) m(2,2,2;M
m8( 0, 0; Mr1) nm2(1; Mr1) .-
m( 0, 0, 0; Mr1) nB( 1, 1; Mr1) nR(2; Mr1)
: mi(1, 1, 1; Mel) n8( 2, 2; Mrl)
) mi(2, 2, 2; Mr1)
mL(; n)
m2(0, n)
mB( 0, 0; n) (1, n)
mi(0, 0, 0; n) nB(1, 1; n) n2(2, n)
m(1,1,1;n) (2, 2;n)
m(2,2,2;n)
C D T D q D T D D T D
e (L (2L
C D D - D
e PE O D PE1 p | PE2 D
v]l— — >
XL --- oL < 3D < 3D < 3D
T \/4D \/4D \/4D
X2 Ch
X3
------ Preloading
.- =M
X4 XA s Computation
--- X4
--- X4
X5 . ts = M+1
.- X5
- X5
--- X5
’ - ts=n
Xn  --- -M -
--- Xn
--- Xn
--- Xn

m(; M

;11_223;
mB( 3,
(3,

m2(3; M
ns(3,
(3,

w w
w=

Mr1)
3; Mr1)
3, 3; M+1)

ts = M+1
—

ts=n

X0

X1

Xn-1
Xn-1
Xn-1

Figure 8: The SFG with a typical data skew for the time-and order- recursive updating of 1-D

slices of all moments up to the fourth order, M = 4.
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H Algorithm Execution ‘ Latency (schedule time) ‘ Speedup, (N — )

Sequential

— MM (MI2)N
L, = MO0

S = L,/L, = D0

Parallel (Linear Array)

L,=MN+M(M-1)+3

Table 1: Comparison of the sequential and parallel running times achieved using the proposed time-
and order- recursive algorithm for the computation of all the moments up to the 4th order. We

assume that the data sequence has length N >> M and the sliding window has length M.

H Sequence ‘ PE Index, MAC Index Schedule Time H
m1)(n) i1 =0, =1 M?(n— M) +2(M —1)
m(* iy, n) 0<ip <M—1, =2 —iy 4+ M?*(n— M)+2M — 1
m3) (i, dia,m) | 0<ip <M —1, =3 —iy — iy + M?*(n — M) 4 2M
mH) iy, 49, 43,m) | 0<ip < M —1, =4 —iy — iy + Miz+ M*(n — M) +2M + 1

Table 2: The PE locations and time instants of results generation on the linear array. The per-

missible schedule used is T = [~1,—1, M, M?,1]. It is assumed that the array starts operating at

t=0.
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