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Conditional Maximum Likelihood Timing Recovery:
Estimators and Bounds

Jaume Riba, Josep Sala, and Gregori Vazg8enior Member, IEEE

Abstract—This paper is concerned with the derivation of new  In general, the observed signal from which the parameter of
estimators and performance bounds for the problem of timing interest should be estimated also depends on a set of nuisance
estimation of (linearly) digitally modulated signals. The condi- nwanted) parameters. In the context of synchronization, nui-
tional maximum likelihood (CML) method is adopted, in contrast . ’ .
to the classical low-SNR unconditional ML (UML) formulation sance .paramejte.rs are the symbols, amplitude, and phase associ-
that is systematically applied in the literature for the derivation ~ated with the digital waveforms. Usually, symbols and phase are
of non-data-aided (NDA) timing-error-detectors (TEDs). A new estimated in a second stage once the synchronization parameters
CML TED is derived and proved to be self-noise free, in contrastto have been acquired. In this way, the acquisition stage is sim-

the conventional low-SNR-UML TED. In addition, the paper pro- e ; ; : ;
vides a derivation of the conditional Cramér—Rao Bound (CRRB), plified with respect to the more challenging goal of estimating

which is higher (less optimistic) than the modified CRB (MCRB) (H€S€ parameters jointly. Classical non data-aided (NDA) syn-
[which is only reached by decision-directed (DD) methods]. It is Chronization algorithms have been derived by treating the phase
shown that the CRB, is a lower bound on the asymptotic statistical and data symbols as random variables [5]. When the above sto-
accuracy of the set of consistent estimators that are quadratic chastic model is adopted, the ML function associated with the
with respect to the received signal. Although the obtained bound ;ing harameter is computed as the expectation of the joint ML,
is not general, it applies to most NDA synchronizers proposed in . - - L -

the literature. A closed-form expression of the conditional CRB |nv0IV|ng all parameters, with r_espectto the staﬂs’gcs _aSS|_gned to
is obtained, and numerical results confirm that the CML TED  the nuisance parameters. While the ML formulation in this way
attains the new bound for moderate to highE, /IN,. leads to practical algorithms (via approximations), insurmount-

Index Terms—Conditional maximum likelihood (CML), able analytical obstacles appear in most cases when trying to

Cramér—Rao bound (CRB), pulse shaping, self-noise, synchro- cOmpute the true CRB by means of the procedure above, due to
nization, timing error detector (TED), timing recovery. the non-Gaussian nature of the signals. The MCRB provides a
possible solution to this limitation, but the bound obtained de-
parts from the true one in an unknown way.

In this paper, we resort to an entirely different approach for
HE ESTIMATION of the timing epoch is a fundamentathe computation of both the ML function and a performance
task of a digital receiver. Parameter estimation theory prbeund, in which the symbols are modeled deterministic

vides a means of obtaining practical estimators as well as panknown parameters. The approach followed is essentially

formance lower limits on the variance of any unbiased esthe same as that widely applied in the context of sensor

mator. The establishment of such limits is important becausgray processing (see [6] and references therein). When the

they provide benchmarks for evaluating the performance of afeterministic approach is adoptedg@mpressediL function

tual estimators. In particular, Moeneclaey [1], [2] derived thig obtained by expressing the nuisance parameters as a function

Cramér—Rao bound (CRB) for the specific problem of timingf the parameters of interest and the signal itself, instead

estimation. More recently, it has been pointed out by D’Andresf computing anaveragedML function. This formulation

etal.[3] that, in fact, the classical CRB for the timing, as well apas usually been referred to esnditional (or deterministig

the one derived for the carrier-frequency, belong to the classmf. (CML) in contrast to theunconditional (or stochasti

so-calledmodifiedCRBs (MCRBs), which are generally lowerML (UML) adopted when signals are modeled as stochastic

than the true CRBs. The MCRB is much easier to compute apgbcesses. The corresponding CRBs derived under these

proves useful when, in addition to the parameter to be estimathgpotheses are usually referred tocamditional CRB (CRB.)

the observed data also depend on other unwanted parametgidunconditionalCRB (CRB,), respectively.

The key problem is that in general, it is difficult to know in ad- The main contribution of this paper is the application of the

vance whether the MCRB is tight enough for use in practic@ML principle to the timing estimation problem. We derive a

applications [4]. new bound for the timing estimation problem that is more accu-
rate than the MCRB and that it is not subject to the mathemat-
ical difficulties encountered in the computation of the true CRB.
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CML estimator for the timing, which has the property of being L number of symbols in the observation interval;
self-noisé free, is obtained. In this way, it is not necessary to g(t) (real-valued) signaling pulse of energff, =
resort to the classicald hocprocedures [7], [8] proposed for re- ff;o g2 (t) dt.
ducing this noise. The CML principle has already been applidthe set of unknown nuisance parameters includes the signal am-
by the authors to frequency estimation of nonstaggered and stalifude, the signal phase, and the data symbols and is denoted
gered modulations in [9]. Its preliminary application to timingy the following vector
estimation can be found in [10]. Finally, a more recent work on 0
frequency and timing estimation of continuous phase modula- X, = Ace’” 3
tions (CPM) is presented in [11]. where the data symbol vectoiis given by

To our knowledge, the reason why the CML principle has
never been applied to synchronization problems is that it re- c=lco---cr 1]k 4)
quires a finite-dimensional representation of the received wave-
form. Classical synchronization algorithms have been derivEQ" Mmathematical convenience in the formulation of the ML
employing continuous-time signal models, and for that reasdiinciple, we have considered a finite set/ofsymbols in the
only the UML principle, along with the hypothesis of low-SNRSignal model (2). Notice that this is not restrictive lagan be
has been routinely adopted. While, in the context of sensor #ade as large as desired. In the discrete model, the sighal
rays, the finite representation appears naturally, the samplifigg@ssed through an ideal antialiasing filter of bandwigitfe
operation is not essential in the formulation of synchronizatiéi'd sampled at a rate = 1/7;, whereZ, = T/N,,, where
problems, and the application of the CML principle is only pos¥ss 1S an integer such thav,, > 1 (to guarantee thaf, be
sible i a discrete-time signal model is imposed from the begiAbove the Nyquist ratg. Then, (1) and (2) can be written in
ning. This model, however, is adopted only for mathematicglatrix notation as
convenience, and the results obtained in this paper are general, r = [#(0)-
irrespective of whether an analog or a digital receiver is used.

The paper is organized as follows. In Section I, a disvhereM is the number of nonzero samplesr¢f), which de-

crete-time signal model is proposed for the application of thgends on the effective length of the signaling pulse, and
ML principle. The proposed CML approach for timing recovery

(M- =A% +w  (5)

is explained in Section Ill, where a new TED and performance A; =Tag(r)---ap1(7)]
bound are derived. We pay special attention to the physical a(r)y=[g(—=iT —71), g(Ts —iT —7)---
meaning and relationship between the low-SNR-UML and g (M — )T, —iT—T)]T

CML approaches in the specific context of timing estimation. w0 M — 1T
Computer simulations comparing the performance of the CML w = [w(0) - w((M - DT

and low-SNR-UML estimators are presented in Section IV, angls noted that the signal model (5) is a special case of that used
conclusions are drawn in Section V. in array signal processing in which each column of the transfer
matrix A depends on a different parameter (typically, the direc-
Il. DISCRETETIME SIGNAL MODEL FORTIMING ESTIMATION  tjon-of-arrival of each signal). In our problem, the entire matrix

AND CLASSICAL ML FORMULATION A depends on a single parameter
We assume that the received waveform has a complex enveAlthough, in the case of infinite duration pulses, matAix
lope becomes semi-infinite, this does not modify the validity of the
results presented through the paper. The matrix covariance of
r(t) = so(t) + w(t) (1) the noise vector after sampling is given by
where sq(¢) is the information-bearing signal, and(t) rep- Cy =0’ (6)

resents complex-valued white Gaussian noise with two-side

2 _ ..
power spectral densiV,. The signalso(t) is modeled as fol- Wnereo™ = 2N, f,. From (5), we can formulate the joint ML
lows: function of 7 andx as

1
L-1 Alr|r, x) = Cexp | —— ¢(r|7, x
st = A S gt —iT—1),  5o(t) = 5(Hrer, (2) (rlr, x) = Ce p{ o7 4T )} "

=0 whereg(r|r, x) is the quadratic cost function defined as

where 2
7,  timing parameter to be estimated; g(xl7, x) = |lr — A-x]] ®)
7 Uming estimate; and C'is a positive constant that is irrelevant for maximiza-
s(t)- corresponding tentative model; tion. In general, trying to estimate and x jointly from (7)
o s!gnal phasg; is computationally intensive. Therefore, the goal is to obtain
A signal amplitude; some cost function that is dependent only-oand to derive
r symbol spacing; NDA estimators from it, along with a bound on the performance
{¢;} complex-valued symbols;
2N, . = 2 suffices in the case of signals having an excess bandwidth less or

IThis noise is referred to as pattern noise by some authors. equal than 100%.
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of any estimator ofr independent ok. To this end, two dif- whereA# = (A% A )~ A denotes the pseudoinverse of ma-
ferent approaches can be considered, which have been exter-A... Substitutingx by X in (8), we get the so-called com-
sively studied in the context of array processing. They have bgemessed ML function or CML function

called the unconditional ML (UML) and the conditional ML

(CML). The UML approach consists of modeling the nuisanceL.(r|7) = In A.(r|7) =In A(r|r, %) = C.r? A, A%r (14)
parameters as random. Then, the UML function associated with

the parameters of interest is computed as the expectation of tere C. is a positive constant irrelevant for maximization.

joint ML function with respect to the statistics of the nuisancElence, the timing estimate resulting from the maximization of
parameters L.(r|7) coincides with ther-component of the joint estimate
of (79, x) obtained from the unconstrained maximization of
Ay (r|7) = ExAlr|7, x). (9)  A(r|m, x) in (7). Itis seen that in the specific context of timing
_ o o _ estimation, the CML function (14) is the cross-energy between
The UML estimator is given by the maximizer 4f,(r|7) with  the sampled matched filtex, and the pseudoinverse filter# .
respect tor. In general, the expectatiafi, in (9) either poses |n general, the filteA # is a zero-forcing equalizer because each
insuperable obstacles or leads to a complicate cost function. Bgmponent oA #r is ISI-free forr = 7,: A#r = x, + A% w.
sides, maximization oA, (r|7) requires knowledge of the op-|n the particular case that the pulgg) does not generate ISI,
erating SNR. Approximations ot (r|7) have been obtained it holds that
(see [5]) under the hypothesis that the SNR is very low or very

high. Moreover, the general CRB of the model AHA — ﬂ I
T T Ts
1
CRB,(7) = (20) _ T,
{‘ammrm } Af=(AfA)TAT = AT (15)
Bl 7

and the CML function becomes simply the energy at the sam-
which is a lower bound on the variance of any unbiased esgted matched filter output, irrespective of the symbol correla-
mate, is even more difficult to compute in the general case. Onign. This is the result obtained with the low-SNR-UML for-
in some special cases, as for a Gaussian distribution of the naulation in the case of uncorrelated symbols. It is important to
sance parameters, does the derivation become straightforwagstice in this case that even when the two different approaches

The MCRB [3] agree, a new performance bound and a new symbol-by-symbol
1 timing error detector can be derived following the conditional
MCRB(7) = < CRB,(7) approach (as proved further on).

B x { ‘ IlnA(r|T, x)

T

2
} B. Conditional CRB

. . _ (11)_ We will now derive an expression for the conditional CRB by
IS als_o a lower bound on the variance of any unbiased eSt'qu&ing benefit of the research performed on the field of sensor
and it reduces to array processing. The possibility to capitalize on the research
1 T2 in this field has been our main motivation in formulating a dis-
8n2L¢ m (12)  crete-time signal modelin Section Il. Employing the conditional
model assumption, Stoica and Nehorai [6] derived ¢badi-
for the timing estimation problem, wit§ = ([~ 72| tional CRB (CRB.). This bound, which in general cannot be
G(HIPdf/ [T, |G()I? df), G(f) the Fourier transform of reached, is applicable when no assumptions on the signal wave-
g(t) and E;, = (1/2)A%E|ci|?E, the symbol energy of the forms (i.e., the modulation symbols in the timing estimation
passband signal. In general, it cannot be known in advar@@blem) are made [12]. For the single parameter—single real-
whether the MCRB is tight enough for use in practical agzation case, it can be expressed as
plications. This limitation motivates the new CML approach )

proposed in the next section. CRB. _ g ) 16
(7) 2xDIPL D, x (16)

MCRB(71) =

I1l. CONDITIONAL ML FORMULATION
A. CML Function

In the conditional approach, the nuisance parameters are Py =I-P4 Py =AA¥ (17)
modeled asleterministic Therefore, the vectox is substituted
by that solutionx that unconstrainedly maximizes (7) foris the projector onto the null spaceAf-, which is the space or-
r fixed. That is, no constraints whatsoever related to tfiBogonalto the signal subspace spanned by the columas of
distribution law ofx are imposetion the structure ok. Hence

Matrix P-4, which is defined as

4The proof of (16) can be found in [13, App. E], where it is derived for the
general model (5), considering that each column of the transfer mAtide-
X = Afr (13) pends on a different parameter (DOA). Expression (16) for the single parameter
case can be obtained easily via application of the chain derivation rule to [13,
3Contrary to the rule in the maximization of the joint ML function. Eq. (E.2d)], which has only impact on (E.8f) and (E.8q).
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The derivative matriXD. is defined as/A., /dr. For compar- where
ison purposes, with the classical expression (12), we write the
previous bound in (16) as follows: I' = B [xx]. (23)

2
21 T (18) On the other hand, a useful spectral characterizatiob®f; |
w2 L&y, B /N can be obtained by considering thatends to infinity. In par-

where¢/, is an adimensional coefficient depending on the shafi§ular. it can be shown (see Appendixes A and B) that
of g(¢) [similar to ¢ in (12)], as well as on the symbol sequence

CRB,(7) =

roperties (L—o0) (L—oo) 17 vz
prop 2 RN i | s
T o
¢ = ——— T, - x"DIPL D,x (19) (24)
b 4rE 02 L A with probability one, where

with o2 = A?E|c;|?. Let us focus first on the special case of a R,
single symbolL = 1 of powero2 = A2%|co|2. Then, we obtain S F) = <de(ej2”F) _ |Saa(e))] ) (7).

Saa(ejQﬂ-F)
5/ =¢= T T |d ( )|2 _ T5|d6{(7)a0(7)|2 (25)
L7557 yr2 E,"”’ o7 E, The involved discrete spectra are defined as
T2
47r2E Tildo(r)[? (eI = Z Ry (k)e—i2mFk
k=—oc
TGP df .
_ [ e 20 Re(F) = Elaiaty] (26)
G(H? 4, : = __ :
/_OJ (DI df Saa(?¥F) =T, Z diag, [AF A |e=i2F*
where it has been used that for real-valued pulses, the pulse =meo
and its derivative are orthogonal} (r)ao(7) = 0), and the = _jonFk
last equality holds in virtue of Parseval’'s theorem. This means = Z Ryy(KT)
that for L = 1, CRBC(T)Single pulse = MCRB(T), becausfi k=—o0
coincides with the classical coefficiefidefined in (12). In the F+k
next subsection, we examine the asymptotic case whencc. = ‘ < ) (27)
k——oo
C. Spectral Formulation of the Asymptotic CRB) too
In most applications, one is interested in obtaining a mean  Saa(¢’*™") Z diag,[DYD, e~/ F*
performance measure, independent of the specific realization of k=—o0
x, as is the case in continuous mode. Such an indicator may +oo
be defined as the expected value of the conditional CRB, with = Z Ry g (KT)e 727Ex
respect to all realizations of, that is, £xCRB. (7). However, k= 0o
LE,CRB.(7) is difficult to compute. Instead, a more manage- oo 9 9
C : : F+k Ir'+k
able bouné can be formulated in view of Jensen’s inequality - Z <27r _> ‘G <_> (28)
(1/Ex[g7] < Ex[1/67)) Ko r r
S 1 T2 : > ,
RB.(7) = 57 FalE] BN, < ExCRB.(7). (21) Sua(e? ") =1, Y diag,[D)F A ]e"*
k=—o0
Thus, theCRB.(r) is a valid lower bound on the variance of any +o0
consistent estimator when no assumptions on the modulation = Z Ry, (KT)e=32mk
symbols are made [12]. The terBy[¢;] in (21) can be written k=—o00
as 00 2
r+k r+k
/ T 1 pHpL :Z‘j%;‘G(;)
B¢ = T DZP4 DT 22 =
[SL] 47r2E L tr ( ) ( ) k=
_ j2nF
5In a feed-back scheme, the parameieis related to the equivalent noise - S”'d(ej ) (29)

bandwidthB; asL = 1/(2B:T). Most authors write the CRB expressions as
function of this bandwidth [5]. where R,,(t), Ry4(t), and Ry, (t) are the temporal auto

8It is noted that in [6], the bound defined in (21) is referred t@sgmptotic and cross-correlation of the pulseS, aﬂ]d% represents the

CRB., meaning that the number of realizationsafends to infinity. However, | f theth di | of th di
in this paper, byasymptotic we understand that the dimensionsoftends to common element of thét lagonal of the corresponding

infinity. Toeplitz matrix.
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The consideration of large values bfieads to the definition
of the asymptotic CRBas

0121 b

1 17
CRBY(1)= —+— ——. 30 L
c (T) 87T2L£éo ES/NO ( ) 0.1
Eg/=¢ UML

From (24), and with probability one, the following relation _ ;" i

holds:

(dB)

’

L

0.06F Eéz b

CRBC(T) (L—o0) CRBC(T) (L—o0)

ap
]
CRB’(7) CRB?*(T) 1 (31)

ool EE A
which means that the CRB(7) becomes asymptotically (for Eés,
large L) the true CRB(7) and that the CRE7) tends to be 2
independent of the specific realizatiorsofvith probability one. &,
Thus, the lower bound in (21) becomes an asymptotic equal
whenlL — oo. 0 0.1 0.2 0.2 0.4 0.5 0.6 0.7 0.8 0.9 1

The important point is that in contrast to the actual GRB

(that is, the CRB computed by taking into account the true staFig. 1. E¢; as a function of the roll-off parameter for L = 1,2,5,
tistics of the signals), the CRB can be computed analytically. 1020, 50,100, sc.
Moreover, Stoica and Nehorai showed [6] that, although in a
general context the CRR:annot be attained, it converges to tha&here~ is Euler’s constant. Substituting (19) into (18), we ob-
Gaussian CRB(that is, the CRB computed under the hypoth-tain
esis that all the signals are Gaussian) when the SNR increases or

1 T2

the dimension of the signal vectoincreases. While in the con- 7 a>0

text of sensor array processing the dimension of the signal vectop () (L—oo) ) m2al Eg/N, (33)
is finite (i.e., equal to the number of sensors), in the context of ¢ 1 T2

timing estimation, the dimension efincreases in proportion to 8[In(L) + 7] Es/N,’ a=0.

the number of symbol&. For that reason, and using (31), the

new bound derived in this paper CRBconverges asymptoti- |t its worth mentioning that th€RB.(7) shows a special be-

cally (for large data) to the same limit as the Gaussian CRBavior fora = 0, decreasing as: In~*(L) for large L, instead

for large L. Moreover, the CML estimator attains this commof the classical dependence@sL~'. Fig. 1 shows the evolu-

bound under this hypothesis [6]. tion of E¢/, for square-root raised-cosine pulses as a function
Ofcourse, inpresence of non-Gaussiansignals (the case of @atine roll-off parameter. It can be seen that all the curves tend

symbols in digital communications), the Gaussian GR8no  to the value given by (32). Fig. 2 shows the evolutiorgf, as

longer a lower bound on the variance of consistent estimatogSunction ofL, which better illustrates the special behavior for
In fact (see [14] corollary 2 and references therein), it appligs — ¢.
only to the set of estimators that are asymptotically robust, i.e.,
those for which the actual distribution of the signal waveforns, CML Timing Error Detector
does not affect the asymptotic properties of the parameter estirn order to avoid the search i the timing error detector can
mates. It ha? been §hown (see_also [12,pp. 117, remark 4.2]) E‘l@tformulated in terms of estimates of the (scalar) gradient of
the CML estimator is asymptotically robust. Moreover, the CM :

. o . . . e CML function
estimator (which is a quadratic estimator, as shown in the next
subsection) attains asymptotically (for large data) the Gaussian A= S
CRB, aswell asthe CRB (see [6]), as explained before. There- fo =T =1L Ve(T) (34)
fore, the CML estimator is asymptotically the best estimator {j,are
the quadratic class. Hence, the new bound derived in this paper.
CRB.?, which depends only on the second-order statistics of the—
symbol sequence, is asymptotically (for large data) a valid lower true parameter.:
bound onthe variance of any consistent estimator thatis quadrati i corresponding step-size:
with respect to the received signal; this is a property shared by@‘p(.) gradient of (14).

most NDA al_gorithms derived in the Iiter_ature. ) The scale factdf’, is introduced to cancel the dependence of the
In the particular case of square-root raised-cosine pulses With, jient magnitude on the sampling rate. The instantaneous gra-

a given roll-off facto_ra, it |s_shown in _Appendlx C that (19) dientV.(7) is an estimate of1/L)V.(7), which is defined in

converges asymptotically with probability one to (35). The factoil / I normalizes the expected value of the block

timing estimate;
available previous estimate sufficiently close to the

, 0 gradientV.(7) to avoidu. — 0 whenL — oo to guarantee
, (I—oo) Soo = ]’ o> stability in updating the timing estimate. As shown further on,
§—— 1 In(L)+~ (32) the way in which instantaneous estimates of the block gradient

o2 4T 0 are produced allows the timing update procedure to operate at
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0=0.8

Instantaneous
gradient

Fig. 3. Structure of the new CML TED.

where the following points can be noted.

i) In the limit, the normalized block gradient in (36) be-
comes, from (37), the expectation of the instantaneous
gradientV.(7),. To emphasize this fact, an asymptotic
gradientVe®(r) can be defined such that with proba-

bility one
- TS = —
V() = Lhm <f VC(T)> = E[V.(T)i] 41)
Fig. 2. E¢; as a function of L for different roll-off parameter, if) From (34) and (38), the final feedback timing algorithm
@=0,0.05,0.1,0.2,0.4,0.8, along with their asymptofic values, . updates the timing estimate at the symbol rate as follows:
the symbol rate and not at the block rate. The conditional gra- 7olk) = 7ok — 1) — peVe(Felk — 1)) (42)

dientV.(7) has been obtained by Vibeeg al. [15] within the o )
more general context of sensor array processing. In the problenfli) The asymptotic filterg;.(#) andd..(#) in (39) and (30) are
of timing estimation, all the columns of.. are parameterized obtained from the central columns of matrick$* and

L
by the samer, and the gradient can be expressed as P‘?I_ D asL — oo, _and the components @ r and of
DEP+ r asymptotically become the sampled output of

Vo(r) = 2Retr(A#rr P4 D,)] = 2Rer’ P4 D, A%r]. r(t +k;) * ge(t), Yo (k) and ofr(t + 7) « de(t), yy(k) at
t = .

) _ ) ) (3_5) It is proven in Appendix D that these asymptotic filters can
It is seen that the gradient is estimated by measuring th expressed as
cross-energy between the sampled signals at the output of ma-
tricesA# andD” Pi- In general, consecutive rows of ma-
trix A# do not differ from a simple time shift equal @,
components. (Contrarily, we find this simple structureAn v iaeT
andD., having columns that are simply shifted versions of a opE  p (f) =G*(f) <27rf _ Sad((i{ )) . (44)
single waveform). The same happens with the columns of ma- e Saa(es?™IT)

trix PL D. because the projector operator breaks the original . . . .
A =7 . Proj P - g These two filters will be referred to as whitened matched filter
structure of matriXD... In both cases, when matrix operators ar

formulated as filters, they become, in general, time-variant, ex- MF) and orthogonal derivative matched filter (ODMF). Ob-

cept for matrixA# in the case of ISI-free pulse shaping, whickeIVe that the ODMF equations (44) _and (96), whm_h are also
i . valid for pulses subject to ISI, constitute a generalization of
becomes the matched filter. For that reason, we focus our atten-

tion on the derivation of asymptotic time-invariant filters from € one obtained by Moeneclaey in [8, eq. (97)]. Moeneclaey's

the gradient expression (35) with the purpose of obtainingsgluuon was derived as a result of a constrained optimization

practical TED structure that is similar to that of the classicglrOblem n the ISl-free case using thedified MLprmmpIe,
ML-oriented TED. whereas in (44), the solution is general and derived directly from

The asymptotic filters, which are defined @$¢) andd.(¢), (conditional) ML arguments.

: . . SN The asymptotic structure of the CML TED is shown in Fig. 3.
are derived (see Appendix D) according to the following IdenI:he classical structure of the ML-oriented TED is the same
tification of the gradient in (35) with convolutions @ds— co: '

although the filters are the matched filter (MF) and the derivative

G (f)

WME,  Ge(f) = g5

(43)

T, T, Heol u matched filter (DMF). The main advantage of the new solution
fvc(T) -7 Z2Rer" P DAT] (36) i thatthe ODMF does not generate self-noise because its output
- in the noiseless case BYP4 A x = 0 in the absence of
(L—oo) 1 Z @c(?)k 37) timing error, as illustrated in Fig. 5 by the zero samples_ at t.he
L — ODMF output. For that reason, the asymptotic ODMF filter is
R ) » self-noise free, which is in contrast with the DMF.
V()i = 2Rely, (k)y' 4 (k)] (38) It is important to notice that the asymptotic ODMF filter
differs from the DMF filter even in the standard case of
v(k)y=1[r(t ()] 39 :
Yalk) = [r(t+7) % ge (Dl (39) ISI-free pulse shaping® = T,AX/E, when the CML and
(k) = [rt + 7) * de(®) et (40) low-SNR-UML functions coincide within a scale factor to
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,_1 WMF oME | o '
vk | _ODMF y B ]
Tk \ \/
. L 1
v a vk L
Instmt@eous vu (7) Instantaneous v, (z) Time /T
gradient gradient . i
(low-SNR-UML) (CML) - DMF output
. [ _ ODMF output T
ASYH;P“’"C Asymptotic /_\
gradient vV (r dient V& - / 3 4
(low-SNR- UML) “ ® g(?h,}ir; ) LY N j N
N e %
. . . . . - Self noise B
Fig. 4. Evaluation of instantaneous and asymptotic gradients f free b
low-SNR-UML and CML as discrete filters on the decimated outputs o - 4
the MF and DMF. We have thd&[y/,(k)y’! (k)] = 0 in the ODMF scheme. ) P )

-4 -3 -2 -1 ! 1 2 3 4
i L. . . . Time /T
r? A, Afr. This apparent contradiction is easily explained.

The coincidence of the gradients,(7) (low-SNR-UML) = Fig. 5. Impulse response (up) and output to a single pulse (down) of the

yid i o Hpl # classical DMF and new ODMF fax = 1/2. Self-noise is absent, as illustrated
2Re{r D;AZ r] . O(_ VC(T) - QRe[r PA,— D;AZ r] does by the zero samples at the ODMF output.
not imply the coincidence of the filters used to construct the

asymptotic gradient (although the converse is true). Hencgy —
although the asymptotic low-SNR-UML and CML filters differ, 02j | — oo
the asymptotic gradient€ () andV2*(r) do not.

This is proven in more detail in Appendix D (self-noise can °
cellation in the ODMF). In summary, the substraction of th.q;
Saa(e?*™) filter branch from the DMF output in Fig. 4 does not ) G . , , , .
change the expected value of the instantaneous gradientin (= =® =% =04 0f e 00t
on which the asymptotic gradieRt?*(r) is based (41) so that a

. . 0.43 T
scheme operating on the cross-correlation between the out ™ | - DpMFoupu

_ ODMF output

of the WMF and DMF would also be valid to implement an alter ®%
native’ CML-TED. That is, the output of th€ (e~ ") filter .
branchys,, (k) is not correlated with the WMF output. The mo- |
tivation of a WMF/ODMF scheme over a WMF/DMF scheme
stems from the self-noise cancellation property of the ODM 4 555 L PR VI S— ]
as shown in (47) and Figs. 5 and 6. Then, the instantanec.. Normalized frequency
gradientV.(r) is Self_n_OIS_e, free for the optimum, and the Fig.6. Frequency response of the DMF and ODMF filters (up), as well as their
TED need not rely on infinitely long time averages to CanC@LtputS to a single pulse, for=1/3,» = 2/3,ando = 1 (down). Self-noise
this noise contribution. This is specially advantageous in tlgthe ODMF outputis absent, as illustrated by the mirror symmetry around half
medium to high range df, /V,, where the dominant noise termthe symbol rate.
in the lower (DMF) branch of the TED correlator is precisely
self-noise. With respect to estimator performance, it should be
noted that although CML and low-SNR-UML share the same , _
asymptotic gradient, they yield different instantaneous gradi- 0, |F| < ——
ents. As the timing algorithm makes use of the instantaneous < 1_@)
w

%5t

rather than the asymptotic gradient, the tracking performance
resulting from both methods will not be the same, as shown in sin?|— = 71|, T T F<e 2
Figs. 7 and 8. W(F) = 2a 2 2
For square-root raised-cosine pulses, itis not difficult to show

(see Appendix C) that < 1—a>
al—F—
2

WMF, G.(f) = 2 T <3

ODMF, D.(f)=G*(/\W(fT (45)
<2 (W) Fig. 6 shows the frequency response of the ODMF and of the

"We can generate an infinity of valid asymptotic filters by changinhpDMF output Interestingly enough the frequency response of
Saa(e?*™") inFig. 4 by any filterH .4 (777, where R@H .4 (7> )] is an e ODMF is different from zero oﬁl in the roll-off band, in
odd function ofF' (Appendix C and D). Of course, the associated performanég' y ’

curves for finiteL would vary. contrast with the classical DMF response, which is zero only at
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Fig. 7. Tracking performance of low-SNR-UML and CML TED’s and
Cramer—Rao bounds, for a rolloff factor @f= 0.5.
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fore, its sampled output at the correct strobe instants is

0elbT) = k:ffmvc <f - %) ~0

(47)

which constitutes an alternative illustration of the total self-
noise cancellation. Finally, it is noted than the valueg ef £]
and¢._ are no more than the area under DMF and ODMF out-
puts to a single pulse respectively [see (78)].

Finally, the following conclusions can be drawn about the
new CML TED.

» The CML gradient does not depend on the statistics of the
data symbols.

The symbol-by-symbol implementation of the CML TED
based on the CML gradient involves two time-variant
filters, the time-variant whitening matched filteAf),

and the time-variant orthogonal derivative matched filter
(P D), which differ from the classical matched (MF)
and derivative (DMF) filtersP+_D. is time variant even

in the standard case of ISI-free pulse shaping.

The asymptotic time-invariant CML TED becomes self-
noise free, and the two filters admit a closed-form expres-
sion in the frequency domain.

IV. SIMULATION RESULTS

Numerical results are presented here to demonstrate the
tracking performance of the CML TED compared with the
low-SNR-UML TED (conventional ML-oriented TED). Figs. 7
and 8 show the normalized (with respectfd) timing vari-
ance as a function oF;/N,. Modulation is QPSK, and the
overall channel response is Nyquist with rolloff 0.5 and 0.2,
respectively. In both cases, a loop bandwidthsof 102 is
chosen, which corresponds to an effective memor¥ ef 100
symbols. It is seen that the CML TED attains the asymptotic
CRB. at high E;/N, (in accordance with [6]), whereas the
low-SNR-UML TED has a floor timing jitter due to self-noise.
Self-noise is due to the overlapping in the time domain.

Fig. 8. Tracking performance of low-SNR-UML and CML TED’s and CRBsThis means that if the pulses were received one by one, the

for a roll-off factor ofa = 0.2.

performance curve of the low-SNR-UML TED would have
approached asymptotically to the MCRB curve. In contrast, the

the origin. Moreover, we can write the following closed-fornfML TED attains the asymptotic CRBbut it shows a variance

expression of the ODMF output to a single pulse#oee 7

Ve(lf) =G(NHDAf) = |G(HIPW(ST)
4 l—«
0, FARS o7
_1 o o
_1 o o
| "1 cos? <7r(f1; 2)>, 12T <—f<12LT
(46)

The previous odd function, which is also depicted in Fig.

penalty in the lower range df, /N,. This penalty is higher for
small excess bandwidth (rolloff), which is the case of a higher
discrepancy of the MCRB from the asymptotic CRB

There is another point to be remarked about the comparative
performance results between the low-SNR-UML and the con-
ditional ML timing estimators in the moderate-to-high range
of E,/N,. The low-SNR-UML TED (without knowledge of
the symbols) is derived under the hypothesis of low SNR, and
is, in fact, an approximation to thexact mathematically in-
tractable, ML estimate (with SNR tending to zero, the exact and
low-SNR-UML estimators would coincide). With increasing
SNR, the low-SNR-UML estimator differs increasingly more
from the exact ML estimator, and then, nothing can, in prin-
@iple, be said about its performance. Observe now how this

shows mirror symmetry around half the symbol rate, and theiis-reflected in the moderate-to-high rangeff/N, with the
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Concerning the estimators, a practical CML TED has
been derived, which is self-noise free, in contrast with the
low-SNR-UML TED that requires additionald hoctechniques
to cancel out this effect. We also find that the new CML TED
attains the new lower bound for moderate-to-higly NV, and
sufficiently small loop bandwidth.

Losses (dB)

APPENDIX A
CONSISTENCY OF THECRB.(7)

The purpose of this Appendix is the derivation of two propo-
sitions, which are to prove the following:

« the consistency of the CRBr) using Proposition A.1 in
Appendix B;

e an auxiliary result (Proposition A.2) necessary for Ap-
pendix D on asymptotic filters. This result is included
in this Appendix because it can be readily derived using
Proposition A.1.

The consistency of the CRBr) is implied by

Fig. 9. Comparative performance of the approximate vs. exact CML estimator
for uncorrelated QPSK. The losses are insensitive to the wodiygV., .

appearance of a performance floor. This has also been related ) _ ) _
before to the presence of self-noise in the low-SNR-UML ~ lim & = lim E.[&]  (with prob. one) (48)
TED (which is canceled in the CML scheme thanks to the

zero-forcing operatiok = A#r, although it is not the ML [see (24)], which is proved using Proposition A.1 and the

solution for the vecto,). results in Appendix B. The spectral identity to express the
Finally, Fig. 9 compares the performance of the proposed ~COrresponding asymptotic value
(time-invariant) TED on the basis of the asymptotic gradient T2 1/2 '
estimate in (38) with that of the exact (time-variant) CML es- lim By [é] = —55—3 / (e ) dF (49)
L—oo dmiEg07 J_1/2

timator on the basis of the exact gradient in (35). This compara-
tive analysis is useful to highlight the tradeoff between the com-  [see (24)] is proved in Appendixes B-D, based on Propo-
plexity of the estimator and its estimation accuracy. It is seen sition B.3.
that its loss is not significant fak sufficiently high (loop band-
width small enough) as well as for large rolloff. The dependende Proposition A.1
of the performance loss on rolloff for fixefl is related to the  For some positive definitel x L matrix MZM, if
fact that the central rows of the matrices involved in the exain; . (1/L)t((M¥M) < oo, the limit m., defined from
CML take largetLs to converge to their time-invariant structurethe second-order statisticef x exists
That is, pulseg(t) with a small rolloff have longer tails. 1
Mo = lim - tr(M7MT), T'=E(xx") (50)
V. CONCLUSIONS

and if Ay, (M7 MT) is a supremum bound on all eigenvalues

A number of results developed in the field of sensor array ngHMT whenZ — oo. then. with probability one, and for
processing have been translated to the problem of timing e%ﬁéingle realization of process

mation of a (linearly) digitally modulated signal in the presence

of unknown data symbols and phase. The CML principle has lim 1 <HMHMx = m.,. (51)
been considered on the basis of a discrete-time signal model. L—oo

We have shown that the CML principle can be applied without  proof; To this end, it suffices to show that

the usual approximations and leads to new bounds and estimgz—L)xHMHMx is a random variable whose mean and

tors. co-variance tend ten.. (50) and zero, respectively. Therefore,
Concerning the bounds, a new lower bound on the asymge sequence of powerd

totic variance of consistent quadratic timing estimators has been )
derived and formulated in the spectral domain. In combination 2 1 goom 1 H

i . . X =F|-x"M"Mx — — tr(M"MT 52
with the classical MCRB, the new conditional bound gives us 7L L 7T ( ) (52)
useful information about the performance of timing estimators: @
i) The MCRB is valid lower bound for all possible consistenshould go to zero fof. — cc. Thatis,c2, = limy, ., 07 = 0.
estimators, although the NDA methods do not attain this bouifdthis holds, and given thatn., is the limit of (1/L)
in most cases; ii) the new conditional CRB is a more realistteg M MT') (50), we must necessarily have that (51) is true.
bound that is asymptotically (for large data) attainable, althouglsing the Karthunen-Loéve expansion, we can expeess
it is only valid for the subclass of quadratic NDA estimators. — _ , _
These estimators are often the most adequate for a practical i '_I'hls proposition |s_a|so valid for any random vectothat is not n_e_cessarlly

) a P #Bector of modulation symbols. This allows us to use Propositions A.1 and

plementation. A.2 in Appendix D.
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asx = I''/2v, where E{vv!’} = I. Defining matrix©2 as C. Proposition A.2

H 2 H 1/2
Q = I'"2M"MI"/? and expanding? in (52), yields Generalization of Proposition A.Mith Ry, = E(xx1),

we have

2
1 1
2 :E<— HMHAM ) —tr? <— MHMI‘> 1 1
7L L= x L Jim zRe[foHMxQ]:Llim zRe[tr(M”MRgl)].

= ﬁ( (v Qv)" —tr(Q2)). Proof: Let us note that defining = x; — x»
Now, we may apply Proposition E.2 in Appendix E and Re[x I M Mx,]
= % (x{{MHMxl + x¥MIMx, — XHMHMX) .
o = lim —(ETQv?-t3(Q)  (53) - |
L—oo L All three terms may go by Proposition A.1 and the associated
conditions, and (57) is proved
= (K — 1) Jim Li r(Q2) (54) S

lim — Re[x{{MHMx ]
but t(Q2) = tr(M7MI)?) < Ap(MIMID)tr(MZMI) 7%

11
and = tim - {§(x{{ M Mx; +x¥ MY Mx, —xT M7 Mx)}
1
2 <(K - DAap(MIMTI hm —tr(Q)=0 1
o5 = DAsup ) L=oo L2 () = lim z[tr <MHM B(x;xH —i—xngI—xxH))}

for the finiteness ofimy,_,..(1/L)tr(2) = my is a working

.1 "
assumption. = lim - Reft(M"MRy,)].

B. Consistency

SettingM = (T/2r0,)\/(T,/E,)P% D, (Proposition APPENDIX B ,
A.l), withPL2PL =P , we have from (19) that SPECTRAL CHARACTERIZATION OF £,
S ' This Appendix proves thalim; ... Fx[¢;] = (17 /4x?
P B E,o? )f152 E(e9*7F)dF [see (24)] in Section D of this
&L = i3 x"M"Mx (55) Appendix, using Proposition B.3. Propositions B.1 and B.2 are
72 only auxiliary to the proof of Proposition B.3, which will also
MiM=———T7,(DD, - D¥A_A#D,). (56) be used in Appendix D.
dn2E o2

A. Proposition B.1
Consistency is implied byn., = lim;_.., E{; = £ (48)
and (51). Therefore, from this particular definition ©f,

we must prove that the conditions of Proposition A.1 are +1/2 N
fulfilled. The first condition is that the limitn,, must exist. lim —tr <H Rk> = / I sx(e*Fydf (58)
See proof in Appendix B-D. The second condition is that %~ 1/2 p21
limyr,— oo (1/L?)tr(Q2) in (54) be zero [or thad,, (M7 MTI')
exists]. Using (54) whereR,; are N Toeplitz L x L matrices whose diagonals are
1 diag[Rx] = m(D)1,_ l=—(L-1),...,(L-1) (59
o2, =(K = 1) lim — (M7MI)?) @Rl = relDh iy (L), - (E71) (59)
2 . and Sy (e?>*F) are the discrete Fourier transforms of real se-
=(K—-1)—— lim = uences({), which are given b
(K 1)47r2Eg0320 ngr;o L a w(0) g y
. Ts H H # 2 . L .
| fim (DD — DI A-ATD,) ) Si(e*™) = lim (e 927 L (60)
g —

the decomposition into two limits is valid because Proof: We can express the trace as follows:

: T52 " " # 2 12 =2/ j2nF N Ll
ngr;o I tr(D7 DD A,ATD;)") = /_1/2 E(e )dr tr <k1_[1 Rk> = {z}:o ri(in —d1)ra(iy —d2) - N1
= ik
k=1---N

is finite [trivial from (73) and Proposition B.3]. Hence?, = 0. “(in_2 —in_1)rN(EN—1 — IN)- (61)
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Using the inverse discrete Fourier transform, we have The limit inside the integral can be written as
1 L—1
lim — Z 2 (F2—F)
ngr;o f B <H Rk) Loee L {i1}=0
= .00 =
_ 4 j2rFyy j2m Py (i n —ir) N BT §2mio (Fs—Fy)
= ngr;o I Z </_Oo Sy (ef?m iy es2malin =t dF1> nglgo I Z gtz (bs—Fs
{i}=0 {i2}=0
k=1---N
. SQ(ejQWFz)ejQWFZ(il—iZ) dFQ) . 1 JQWiN—l(FN*FN—l)
{ZN 1} 0
</ SAT—l(CjQTVFN—l)ejQWFN—l(iN—Z—iN—l) dFN_1> L
—00 1 o
. 1 — JQWZN(Fl—FN)
N ngr;o I Z e . (65)
. </ SN(GjQWFN)GjQWFN(iN,l—iN) dFN> ) (62) {i2}=0

Each of the previou#/ limits is equal to one iff their associated
difference between frequencies is zero. Otherwise, the limits

In a more compact form, we can write i : : _
vanish. Therefore, the previous equation equals oné}iff=

Fy, =... = Fy_; = Fy. Then, (64) can be expressed with a
N single integral, as we wanted to prove
lim —tr <H Rk>
k=1
= 1i — Jj27Fy J2mFey
Sjm o Y [ sesy e | |
S e Sn-1(e?7"F)Sn (™ F) dF. (66)

S GJ'QWFN71 e ej?ﬂ'FN
vl o ) B. Proposition B.2

ej27T[F1 (iN—i1)+F2 (11—12)—1—

+Enoa(iv—2 —in—1) + Fn(in_1 —in)] 1) N
= -1 _ —1/ j2rF
dF, dFy---dFy 1 dFy. (63) JH{{O I < H Rk> [ s ST ]

k=2

_ = _ - S (e dF (67)
Under the assumption of absolute summabilityrpfl) (uni-

form convergence of the Fourier transforms), the summation
and integral operators in (63) can be interchanged whereR,; are N Toeplitz L x L matrices as defined in Propo-

sition B.1, andR; must have diagR:] = »()1,_; =

ri(=D1p_y.
N Proof: To this end, we will first prove that any inverse of
lim —tr <H Rk> a Toeplitz matrixR can be expressed as
> k=1
= / - Sl(GjQWFl)SQ(GjQWFZ)"'S/\f_l(ejQﬂ—FNfl) . . oo -
AN RT =D =R, o> max IR 68)
1 L—-1 B
2w F; .
FSn () JLim - Z where;(R) is theith (nonzero) eigenvalue of the Toeplitz ma-
O trix R. To prove this, let us constru® = ¢—!R. Then, ifR

displays Hermitian symmetry, its eigenvalue decomposition is
given byR = QAQH, whereA is the diagonal eigenvalue
b Py (in—s —in—1) + Fxlin—1 —in)] matrix of R, andQ” = Q™. ThereforeR = Q(s~'A)Q" =
QAQ™ and all eigenvalues @ fulfill 0 < \;(R) < 1. Then,
-dF dFy - - dFnv_1 dFy. (64) for the unitary character d) and the diagonal form ok, we

. 2R R (v =i )+ Fa (i —in) 4
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can write The left term of (72) is obtained using Proposition B.3 /o=
2, where the Toeplitz matrices ak, = 7,DZD, andR, =
RI=(I-(I-R))'=(I-(I-QAQ")™" I, and their spectrunyq(c’27¥) andS,...(e’>* ) correspond
to (28) and (26), respectively. The right term of (72) is obtained
=Q(I-(I-A)'QY (69) for N = 4, where the matrices al,, = T,AHZA, Ry =
T.DHA ., R3; = T,AYD,, andR, = T, and their spectrum
+oo +o0 Saal(e??™Y), Sga (€™, Soq(e?™F), and S, (e/*F) corre-
=Q) I-A)"Q" =) (QE-A)Q")” spond to (27), (29), and (26), respectively. Fraife/27F) in
m=0 m=0 (25)
4 oo
= ZO(I -R)™. (70) Jim % tr(DFD. T — DXA,A#*D.T)
1/2
Substitution ofR = ¢~'R into (69) yields (68). Now, we :/ 2Ty dF (73)
may use Proposition B.1 because the trace expression tr —1/2

(R TTo_, R) can be formulated in terms of powers of
Toeplitz matrices as ;Ojotr(g—l(I—g—lRl)m HQ:Q R;). proves the result. Neighboring columns&af andD. are sam-

Thus, we have pled versions of the pulsegt) andg’(t) one symbol apart so
that the components of each mati; are the corresponding

N discrete cross-correlations evaluated at multiples of the symbol
lim [ R IIr iodT
T 1 k periodT.
k=2
+1/2 +oo ’ N ' APPENDIX C
= / Z sTHI — TS ()™ H Si(e??™)dF  COMPUTATION OF THEASYMPTOTIC ¢/, FOR SQUARED-ROOT
—1/2 =0 k=2 RAISED-COSINE PULSES
+1/2 ' N ' This Appendix proves (32). The frequency response of a
= / Sy ) [ Su(e?*F) ar. squared-root raised-cosine pulse is
—1/2 k=2
j ; ( l-«a
By 0 < < 18.(¢/>*F) < 1, we recoverSy(¢/27F), thus L 1< 57
proving (67); the classical resulim;,_,., max[A\;,(Rq)] = I—o
max[S; (e/27 )] assures thazj;oio ¢TH1 - ¢TLS (eF )™ T <|fT|— T) I—g l+a
converges. G(f) = -
9 (f) = § cos o o <M< 57
C. Proposition B.3
1+ao
L 0, 1> o7
1 N +1/2 N . j27F J27Fy ()
lm = Ly _ be( @327FY g Wlth E, = 1. The spectr&,,(¢’*™") andS,.(¢’*™") involved
o u <k1:[1 Ry ) /_1/2 kI:[l Sile )d (71) in (26) and (27) can be expressed as
whereR;, andS’iA»(CJQwF) asin (59), (60), and,. < {—1, —|—1}. S,;,;(Gﬂﬂ—p) — 0_2’ Saa(ejQﬂ—F) — i
Proof: (Straightforward) We proceed exactly as for * T

Proposition B.2, decomposing each inverse into a power series
and recomposing the associated spectrum within the integffleres, (/2" andS4,(/27F) in (28) and (29) can be split

. i . N L jom .
via Proposition B.L intd [;,_, S;* (e/2*F). into two frequency ranges
D. Proof of limy_..c Ex[¢r] = ) )
(12 /452 B,02) [1)7, E(e7wF) dF Sad e F), |f| < =57
j2nF
Using (17) and (19), we can wrig as Saa(e*™") = ' 1— o 1
Saa(e”* ), <Ifl<35
! T2 )
T 2E, o] Sale Py, 171 < 15
1 1 Saa(e) = 1 7
. - H - H # i —
T <L tr(D”D..I') I tr(D A A7 DTI‘)> . (72) \ Saa(@?EY,, . <|f] < 3
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where
472 9
T.7?

1—
7r<F— a)
2 2 2

Cos
2

7r<F—1+a>
2\ 2/

2

de(ejQﬂ'F)l —

472
= F
K

+ (F — 1)? cos

472
273

«

= de(CjQﬂ—F)h —|— F(F — 1)

- oS (76)
After some algebraic manipulation, we obtain

|Sda(6j2ﬂ—F) |2
Saa(ejQTFF)

1 _
= cos? <7rF 1/2>
4 o

which is valid only in the rangél — «)/2 < F' < 1/2. Finally

1/2 1 F—
&= 2/ — cos? <7r
(1-ay/2 4 @

Now, the case ofc = 0 is considered. FaF = o2l andA# =
T, A the right term of (24) before taking the limit ih — oo
is

E(CjQﬂ'F)

— de(CjQﬂ'F) _

(77)

1/2

) dF = % (78)

L—1
1 L—|n

(LS T R e

n=—(L-1)
(79)

while the left term of (24) is

9 1 H = 2

oy 7DD = Y ¢ (D). (80)

n=—o0

847

For o« = 0, we have

|1 sin(nt/T)
g(t) = \/; Tt

Byglt) = Ryy(t) =\ 6/

0 forn=0

JL=cum

Using the previous expressions, we can write, from (79)

Ryolt) = (0

g(nT) = (81)

forn #£ 0.

L-1 -
1 1
SIS S
(82)
The left term of (82) converges faster than the right term and

cancels out with (80). Then, using (19), and for lafgeve can
write

L—1

L —

n=—(L—1)

(L—)oo) i hl(L) —+ Y
272 L

L—-1
) iz 1 1NS1
N I DO (83)
where forL — o, the harmonic series can be substituted by
ln(L) + v, with v = 0.57721 ..., which is Euler's constant.
That proves the result (32).

APPENDIX D
AsympTOTIC ODMF

In this Appendix, we prove the following.

» Subsection A: The identities in (38) and (41) as well as
the expression for the WMF and the ODMF in terms of
discrete filters (Fig. 4).

e Subsection B: The expression for the analog WMF and
ODMF in (43) and (44) and in Fig. 3.

e Subsection C: Some properties related with the self-noise
cancellation property of the WMF/ODMF scheme.

A. Asymptotic Gradient and Filter Scheme

Using the expressions f(?j andA# and Proposition A.2
in Appendix A, we can operate with the asymptotic gradient
V23 (1) in (41) as follows:

1 1
5 Ve () =T, lim zRe[rHPjT D, A%r] (84)

=7, lim

1

Jim RerD, (AT A, A ]
1

~T, Jim - Rer" A (AYA Y

(A7D,)(AY A, )" A

— T 1 H —1
= lim —Reftr(T,A7A;)
1
AE(T, AR r)(T,DHEr)})] —lim

Reftr(T, AT A )N (LAID (T, AT A,
AB(TAr)(TA )] (85)
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with probability one, where we have underlined thélence, using property (89) for both terms in (91), the corre-
terms identified withx? and x, in Proposition A.2, and sponding cross-spectrum is
MIM = (AZA )7L Now,Roy = E(T,AHr)(T,DHr)H ' ' ' '
is, by construction, the cross-correlation (Toeplitz) matrixSy;lyé(eﬂ”F) =H, (/)8 ., (/™) — H, (7™
between the MF output vectyr, = 7,Afr and the DMF jomFN jonF jonF
output vectory, = 7, D r of components 'Syéyé(ej’ )= Ha'(ej )Syayd((fj )

— Hog(e” ™) Ho (&™) Sy, (¢2°F)

Ya(k) = / r(t)g(t — kT —7)dt = [r(t +7) * g(=t)li=rr (92)
(86)  put H,q4(c/?7F) and H,(c27F) are defined in (90),5,. 4.
ej?ﬂ'F — &r ej?ﬂ'F , ds. . ej?ﬂ'F - 8r ej?ﬂ'F .
va(k) = /T(t)g/(t — KL —r)dt =[r(t +7) * g (=le=sr (Theref)ore, tal?i?](g Rd i)n (a9r;) ol : ol )
(87)

ReSy,y, (¢727F) = Re(S; (¢*™F)

[(S5a(e?27) = S5 (2T

aa

respectively. The samples ®f AZ r and of7; D r correspond

to stationary processes as both matched and derivative matched
filter outputs are decimated at one sample per symbol. In ad- + Saa(e*™E)SE (2TEN]) (93)
dition, R., = E(T,AZr)(T,AHr)! is the auto-correlation

(Toeplitz) matrix ofy,. We can now write, using Propositionwhich shows that

B.3 in Appendix B, that 1/2
1 1 1V%*(r) =Re / Syy (27F) Al
gVel(r) = lim - Retr(T,AYA YR,y (T,AZA Y ~1/2
oo _ / . AP ER
B (TSA-;I-{DT)(TSA-;I-{AT)ilRaa)] - Re(E[ya(k)y d(k)]) (94)
1/2 L o o thus proving that the filters as defined in (90) synthesize the gra-
=Re Saale™)(S5a(e™™) dient Ve (7) = limy_oo(Ts/L)Ve(T) = E(Ve(7)) asymp-

-1/2 totically. The scheme is depicted in Fig. 4.

=S () Saa(™) S5, (27)) dF - (88)

. i . B. WMF and ODMF Analog Expressions
whereS?,(e?27F) is the cross-spectrum betwegn(k), which

is the decimated MF, angl,(k), which is the decimated DMF We can now tran§late the discrete fiIFer expre;sions in (90)
output; in addition, S¥, (¢/27F) is the spectrum Ofy, (k). to equivalent filters in the analog domain. Equations (86) and

ST (e727F) and ST, (e727F) are obtained from the Fourier (87) allow us to establisly, (k) andy.(k) as samples of the

traadnsform of the g?entral row 0R.q and Re,, respectively. corresponding analog convolutions. We can define the analog
; X Qa: aa . . . 5 5

Sea(e??F) and S,q(e?27") are previously defined in (27) equivalent filtersh, () andhy,(¢)

and (29). We are now in a position to represent the asymptotic Lo

expressior(1/2)Ve* (r) in terms of filters. _ RO(t) = Z ha(k)6(t — KT,

Let us introduce the following intermediate property defined
on two stationary processes(n) andzz(n), two filters iy (n)
and ho(n), and their outputg; (n) = z1(n) * hi(n) and
y2(n) = xa(n) * ha(n)

k=—c0

“+oo

HIf) = 3 ha(k)e 24T
k=—cc

Sy (27F) = Hi(&* M H3 (™) 50,0, (¢777) - (89) Foo

hoat) = > haa(k)s(t — kT)

Where R901902 (k) A 5371902 (ej2ﬂ—F) and Ry1y2 (k) A Sywz k=—o00
(e?*~F) are the cross-correlation/cross-spectrum pairs between oo
the two input and the two output processes, respectively. H(f) = Z haa(k)e 927 KT
Let us further define the following sequences and spectra ¢ Sl
Yalk) =ya(k) * ha(k),  Ho(e™") = S5 (e”*™)  The spectrum ofé (¢) and ofhg,(t) is Hy (f) = St (¢*™/F)
Pk = ya(k) — hag(k) % 1/, (K and H® ,(f) = S,a(e??™/7T), respectively, as defined in (28).
yd( ) = wa( )' 1aa (k) * Yo (K) Theremo
Hoa(e?™F) = Spq(e?® ). (90)
Defining ¢/, y(k) = haa(k) * y, (k). th at Uak) =[r(t 4 7) % ge(Blemir
efining v’ (k) = haea(k) * 9, (k), the cross-correlation ,
Ry (k —E') = E(y,(k)y 3(K)) is 9o(=t) = g(t) * ho(t) (95)
* X N Y =[r(t+7) % de(B)]een
B, (00/3(0)) = B RW3() — E((uha(k)) 0 (k). palh) =) Dl
(91) do(—t) = g'(t) = ho(t) * hgu(t) * g(t) (96)
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with the analog WMF and ODMF defined gs(¢) andd..(¢), Proof: By the special structure &
respectively. As we were to prove, their transforms are given by
the expressions El(v HQv 2] = <Z A V|2>
Go(f) = G*(f)Saa (2F)
D.(f) = G*(f)(2n ] = Sak(¢F27IT) S5, (27TY). S
(f) (f)( 7 f aa( ) ad( )) _ Z )\z)\JE{|yz|2|yJ|2} (100)
Note that in the ISI-free case, (96) reduces to i=1j=1
, 1 & , wherey; = ul’v are the components gf= U v. The covari-
do(=t) = ¢'(t) - E, Ry(nT)g(t — nT) (O7) " ance matrix ofy is E[yyf] = U#(E[vvH])U = L Therefore,
n=Tee they; are normally distributed and independent. We may write

where R (t) = (d/dt)R,(t), in agreement with [8]. E{lu Y E{u, |2}, i %]

101
B, =g 4O

C. Self-Noise Cancellation in the ODMF Ul
Equation (88) relates the asymptotic gradi&f’(+) with and (100) becomes
the spectra at the MF and DMF outputs. For symmetry consid- L 9

erations, RES,4(c??™)] is an odd function of the discrete fre- Heyon21 ‘ 12
quencyl’ as it is the cross-spectrum between the decimated MF E[(v7 vy = Z Aty
and DMF filters [see (29)]. Hence, given th#it,(c/>*F") and
St (e/27F) are even functions of', we have

=1

L
2 + D N Bl = BX{wil)). - (202)
Re/ Sa—a2(6j27rF)Sad(ejQﬂ-F)S;a(ejQﬂ—F) dF =0 (98) i=1

—1/2 Because they; are normally distributed®{|v;|?} = 1 and
and hence, from substitution of (93) into (94), that E{lyi|*} = K. Hence
1/2 ' ' L\’ L
§ve(n —Re [ |, Saa (NS dF E[(v!'Qv)*] = <Z M) Y ONK -
—1/2 i=1 i=1
=Re(E[y, (k)ya(k)])- (99) =tr3(Q) + (K — 1)tr(Q2) (103)

This expression suggests an alternative way to define an asymgm, 02 — UAUHUAUY = U A2UH | as we wanted to
totic filter different from the proposed ODMF on the constrai

that it synthesizes the same asymptotic gradient. Equation (99)

shows that a WMF/DMF scheme is valid because it does @t Proposition E.2
change the output cross-correlation (94) on whiefr(r) is
based; from (98), we have that @/, (k). ,(k)]) = 0in
Fig. 4. That is, the output of,q(e’*™F), y/,,(k) is not corre-
lated withy/, (k). Therefore, a WMF/ODMF scheme is equiva- lim 1 E[(vIav)?]

lent, asymptotically, to a WMF/DMF schemé  <<).

In addition, if any filter H,4(c’?*F) (92) with _ 1, )
Re(H,q(c??"F)) and odd function ofF is used in (94), = fim S5 (r(92) + (K - 1)r(Q7))  (104)
an infinity of valid asymptotic filters can be defined that gen.
erate the sam&2*(r). This explains the apparent contradiction
of obtaining different asymptotic filters with low-SNR-UML
and CML TEDs for ISI-free pulses, when, save constants, th
WMF and DMF coincide.

For 2 positive definitey not Gaussian (witkk = I''/2v as
in Proposition A.1) anE[vv?] = T

if limy, .. (1/L)tr(£2) exists and there exists a finite supremum
bound)\Sup to the \;s whenL — oco.

Proof: Whenv is not Gaussian, a correction term must be
gded to (103) (Proposition E.1 is valid wheris normal) to
regain the original general expression in (100)

APPENDIX E 1 1
EVALUATION OF E[(vZv)?] Iz E[(vTav)’] = Iz tr’(Q) + (K — Dtr(Q?)
A. Proposition E.1
L L
+ )\Z)\j d“
E[(v7v)?] =tr*(Q) + (K — Dr(£27) ; ;

with d“ = E{|yz|2|yj|2} —1- (K — 1)(5@', andéij is the Kro-
necker delta. In virtue of the central limit theorem, if the compo-
nents ofx are independent, variablgs= u/’v =(ufT=/?)x

for v normally distributed £[vv] =T, andK = 3or K =2, become normally distributed ds goes to infinity. In general,
depending on whether thg = u! v are real or complex. there will be some degree of dependence among the symbols

Q=BIB= quz = UAU"

i=1
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introduced by the encoder. However, any practical channel en3] p. Stoica and A. Nehorai, “MUSIC, maximum likelihood and
coder uses finite memory (which is strictly true in the case of ~ Cramer—Rao bound/EEE Trans. Acoust., Speech, Signal Processing

block encoder and asymptotically true in the case of convolu[14]

vol. 37, pp. 720-741, May 1989.
B. Ottersten, M. Viberg, and T. Kailath, “Analysis of subspace fitting

tional encoders); therefore, we can stillassume that the elements  and ML techniques for parameter estimation from sensor array data,”
of x are block independent, and the central limit theorem is valid, __ EEE Trans. Signal Processingol. 40, pp. 590600, Mar. 1992.

anyway. Therefore, as the variablgsandy; are uncorrelated,

15] M. Viberg, B. Ottersten, and T. Kailath, “Detection and estimation in
sensor arrays using weighted subspace fittiflgEE Trans. Signal Pro-

and they become normally distributed for lagewe conclude cessingvol. 39, pp. 2436-2449, Nov. 1991.
that they become independent. Then, wiier: o, eachy; =
ulv is asymptotically normal, anléin; ., d;; = 0 (y; is also

asymptotically normal whef = I because we can s€ =
UU#, with U unitary). Hence, akimy .o (1/L) Y5, \; ex-
ists (is finite) and the\;s are bounded,

and (104) is true.
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