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Abstract

A new general solution for the construction of one-to-one image warping func-

tions is presented. The algorithm takes a set of user speci�ed translations and

constructs a set of one-to-one warps by interpolation and scaling. These are

concatenated to produce a single one-to-one warping function, which prevents

overlap in the resultant warped image.
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1 Introduction

Image warping is the process of deforming a digital image geometrically [1]

[2]. The problem of image warping given a set of scattered translation vectors

is essentially the problem of interpolating two functions simultaneously. One

function is for the translation in the direction of the x-axis and the other for the

translation in the direction of the y-axis. Scattered data interpolation problems

occur frequently in scienti�c and engineering problems and many solutions have

been proposed. The reader is referred to [3] [4] [5] [6] [7] for excellent reviews.

In image warping, an additional problem to that of interpolation is that of

maintaining the one-to-one property of the warping transformation. Each point

in the transformed image should correspond to only one point in the original

image and vice-versa. If the one-to-one property is not satis�ed the warped

function will have the appearance of being folded, rather than only stretched.

In Figure 1 three points are mapped according to,

(x; y)! (f (x; y) ; g (x; y)) (1)

(x+ �x; y)! (f (x+ �x; y) ; g (x+ �x; y)) (2)

(x; y + �y)! (f (x; y + �y) ; g (x; y + �y)) (3)

In the limit as �x! 0 and �y ! 0 the direction of the vectors a and b are given

by
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The mapping will not �ip when the angle 0 < � < �, or equivalently when

sin (�) > 0. The cross-product of a and b will be a vector perpendicular to the

page, given by

a� b = jaj jbj sin�bn (6)

hence the Jacobian determinant, J , of the transformation, given by

J =
@ (f; g)

@ (x; y)
=
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@x

@g

@y
�
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@y

@g

@x
(7)

will have the same sign as sin�. Therefore if the Jacobian determinant passes

through zero (becoming negative) the mapping will overlap [8].

This analysis is easily extended to higher dimensions. For example, in three-

dimensions the Jacobian is given by the triple scalar product of the partial

derivative vectors, Fx, Fy and Fz, where F = (f; g; h) is the vector �eld repre-

senting the warping function. The magnitude of the Jacobian at each point will

give the volume that an in�nitesimal volume element dxdydz is transformed to.

If the Jacobian has a negative sign this means that a positive volume element

is mapped to a negative volume element, or in other words, that the mapping

has �ipped.
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2 Previous solutions

Previously derived methods for preventing overlap have been speci�cally de-

signed for a small subset of interpolation methods. For the numerical solution

of the thin-plate sti�ness equations [9] [10], an additional constraint (in addition

to the thin-plate sti�ness and the border constraints) can be placed on the solu-

tion, forcing the Jacobian determinant to remain positive [11] [12]. For the case

of multilevel B-splines [13] a clipping of the spline's control points whose mag-

nitude is above 0.48 can ensure the one-to-one property [14]. For triangulation

based warping a method using time-varying triangulation has been proposed

[15].

3 A new general solution

The one-to-one property of the change of variables can be preserved using two

facts.

First, the concatenation of two one-to-one maps must be one-to-one, i.e.

given two one-to-one mappings

(x; y)! (f; g) (8)

with Jacobian J1 > 0 and

(f; g)! (u; v) (9)
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with Jacobian J2 > 0, then the combined mapping

(x; y)! (u; v) (10)

will (by the chain rule of di�erentiation) have Jacobian

J3 = J1J2 > 0 (11)

and so be one-to-one.

Second, an overlapping function of the form

(x; y)! (x+ f; y + g) (12)

can be made one-to-one by scaling the functions f and g by an appropriate

constant � satisfying 0 � � < min(�(x; y)) so that the mapping

(x; y)! (x+ �f; y + �g) (13)

is one-to-one. The values � (x; y) are chosen at each point so that the Jacobian,

J , of the rescaled mapping (x+ �f(x; y); y + �g(x; y)), given by the equations

J = (�fx + 1) (�gy + 1)� �
2
fygx (14)

(where the subscripts denote partial derivatives), is equal to zero . These

quadratic equations can be solved at each point in the warping functions for

� using �nite di�erence approximations for the partial derivatives. We are only
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interested in solutions for which 0 < � � 1, because we require the interpolated

function to translate the pixels a fraction of the desired shift (� > 0), with-

out overshooting the target (� � 1). The quadratic equation 14 always passes

through J = 1 for � = 0, which leaves only three possible cases (Figure 2):

1) No real roots between 0 and 1. In this case the Jacobian is positive for

all � 2 (0; 1] so � is not restricted by this point.

2) One real root � between 0 and 1. In this case J is positive for 0 � � < �.

3) Two real roots �0 and �1between 0 and 1. In this case � must be less

than the smaller root or larger than the larger root for positive J .

Therefore, we set each �(x; y) equal to the smallest positive real root on

(0; 1] or 1 if there are no roots on (0,1]. The scaling parameter � is chosen to

be less than or equal to the smallest value of � in the warping function.

Using these two facts, a simple method for eliminating overlap is to construct

a set of one-to-one warps by interpolation and scaling, which is then concate-

nated into a single one-to-one warp. Interpolation is �rst carried out using the

chosen interpolation method, and then the warping function is scaled by the

fraction �. This will translate the border constraints a fraction � of the desired

amount. The remaining translations are then interpolated, scaled if necessary

and concatenated with the original. This is repeated until � = 1 and the bor-

der constraints are satis�ed or until a user speci�ed number of iterations has

been exceeded. A restriction on the number of iterations is necessary because

the method is not guaranteed to converge in a �nite number of iterations. If

convergence is not reached a choice must be made between satisfying the border

constraints and overlapping, or having a one-to-one warp and not satisfying the
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border conditions. Each iteration involves an interpolation, scaling and concate-

nation of a partial warp and so the choice of the maximum number of iterations

to allow will depend on the speed of the interpolation algorithm used and the

speed demands of the application.

An additional user de�ned parameter can be included in equation 14 to

specify a minimum value for the Jacobian greater than zero for each of the

partial warps, i.e.

(�fx + 1) (�gy + 1)� �
2
fygx = Jmin (15)

where Jmin (0 � Jmin < 1) is the minimum desired value for the Jacobian

of each partial mapping. A larger value of Jmin will lead to a �atter warping

function, but will also increase the possibility that the sequence of partial warps

will not converge to the speci�ed constraints.

The �nal step is to apply the warping function to the image. This is only

carried out once, after concatenation of all the partial warps, to avoid repeated

resampling of the image and the corresponding degredation in image quality.

The following C-style pseudo-code algorithms give a concise description of the

algorithm.

/* This function takes two sets of points */

/* and returns the Warp function */

Warp One_to_one_Interpolate(int numPoints,

Point *startPos, Point *endPos, float Jmin)

{

Warp partialWarp, totalWarp;

int its, maxits=20;

float �;
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bool converged=false;

while (!converged && its<maxits) {

/* Calculate the partial warp using chosen method */

partialWarp = interpolate(numPoints, startPos, endPos);

/* Calculate the scaling factor for this partial warp */

� = calculate_overlap(partialWarp, Jmin);

/* Check for convergence */

if (�==1) converged = true;

/* Scale the partial warp */

else partialWarp = scaleWarp(partialWarp, �);

/* Add partial warp to the total */

totalWarp = concat(totalWarp, partialWarp);

/* Reposition start Points for next iteration */

startPos = shiftPoints(partialWarp, numPoints, startPos);

its = its+1;

}

return totalWarp;

}

/* This function calculates the scaling factor */

/* required to make the warp one-to-one */

float calculate_overlap(Warp warp, float Jmin)

{

int x, y;

float fx, gx, fy, gy, � = 1, �;

for(x=0; x<Warp.width; x++)

for (y=0; y<Warp.height; y++) {

/* Estimate partial derivatives of warp functions */

(fx, gx, fy, gy) = estimate_derivatives(warp, x, y);

/* solve_quadratic(a, b, c) solves ax
2+bx+c = 0

and returns the two roots */

(�0, �1) = solve_quadratic(fx*gy-fy*gx, (fx+gy), 1-Jmin);

/* Check for 3 cases */

if (0 < �0 � 1 && imag(�0)==0) {

if (0 < �1 � 1 && imag(�1)==0) {

/* Case 3: Two real roots on (0,1], pick smallest*/

if (�0 > �1) � = �1;

else � = �0;

}

/* Case 2(a): �0 only real root (0,1]*/

else � = �0;

/* Case 2(b): �1 only real root on (0,1]*/
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else if (0 < �1 � 1 && imag(�1)==0) � = �1;

/* Case 1: No real roots on (0,1]*/

else � = 1;
/* Check if this is the smallest value of � and store in � */

if (� < �) � = �;

}

return �;

}

Once again this analysis can be extended to higher dimensional cases. For

three-dimensions the quadratic equation in � (Equation 14) is replace by a cubic

equation in �, which can be solved using a direct method such as Cardan's

method. This cubic function will pass through J = 1 when � = 0 and so

choosing the smallest real root on � 2 (0; 1] (or 1 if no real roots exist on (0,1])

for � at each point will guarantee to scale the partial warping functions so that

they are one-to-one.

4 Results

The method presented is independent of the type of interpolation being per-

formed and so can be combined with many scattered data interpolation pro-

cedures. An example image and speci�ed translations (Figure 3) are used to

demonstrate the e�ect of warping with and without overlap control. Figure 4

shows the results of interpolating using Shepard's method [16]. The e�ects of

overlap can be seen, particularly on the central white square, which has been

split at the four corners. Figure 5 uses the same interpolation procedure but con-

strains the warp to be one-to-one using the overlap control method. The central

white square now stretches smoothly out to the corners. Figures 6 and 7 demon-
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strate an analytically interpolated thin-plate spline warp [17] [18], without and

with overlap control respectively. Again the folding of the image is particularly

notable around the central white square, with the image completely inverted at

the borders when overlap control is not used. The application of the overlap

control method to a real image (Figure 8) demonstrates its e�ect more clearly.

Figure 9 shows warping the image with the thin plate spline method without

using overlap control and Figure 10 demonstrates the improvement when the

overlap control method is used. A three-dimensional example can be seen at

http://psych.st-and.ac.uk:8080/people/personal/bpt/overlap.html.

5 Conclusions

The method for overlap control presented in this paper is simple, e�cient and

e�ective. Because the method is not dependent on the interpolation method

employed it can be combined with many of the interpolation methods already

available to give a more robust image warping method.
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Figure Captions

Figure 1

A mapping function will be one-to-one provided the angle � is between 0 and

�. This is only true if the cross product of the vectors a and b points out of the

page. Taking the limit as �x ! 0 and �y ! 0 this becomes equivalent to the

Jacobian of the transform remaining positive.

Figure 2

Examples of the three possible cases for equation 14. From left to right: a) Case

1, no real roots on (0,1]. b) Case 2 one real root on (0,1]. c) Case 3 two real

roots on (0,1].

Figure 3

The example translations (left) and image (right) used in the warping examples.

The four corner points are moved from the inner square to the outer square,

while the remaining eight outer square edge points remain �xed.

Figure 4

The warping function interpolated using Shepard's method without overlap con-

trol (left) and the resulting transformed image (right). The deformed grid (left)

shows where the pixels values are collected from in the original image, and so is

e�ectively the inverse of the deformed image (right).

Figure 5

The example problem of �gure 4 solved with Shepard's method with overlap

control (Jmin = 0:2; converged in 3 iterations).
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Figure 6

The example warping problem interpolated using analytical thin-plate splines

without overlap control.

Figure 7

The example problem solved using analytical thin-plate splines with overlap

control (Jmin = 0:2, converged in 3 iterations).

Figure 8

An example real image with the control points displayed as circles and the

desired translation de�ned by the arrows.

Figure 9

The example real image warped using the thin plate spline method without

overlap control.

Figure 10

The example real image warped using the thin plate spline method with overlap

control (Jmin = 0:2, converged in 3 iterations).
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