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At the conference the author gives a talk which surveys the definition, his-
tory and preceding results on the isomorphism problem of Coxeter groups
(problem of deciding which Coxeter groups are isomorphic), together with
backgrounds for Coxeter groups, applications of this problem and some re-
lated topics in the theory of Coxeter groups, including the author’s recent
works. The author would like to express his gratitude to the conference
organizers for giving the opportunity.

1 Introduction

Isomorphism problem of groups Let C be any class of groups. The iso-
morphism problem of groups in the class C is the problem of deciding which
groups in C are isomorphic with each other, preferably in terms of their
presentations (of certain special types relevant to C) by generators and fun-
damental relations. (More generally, this problem often involves the study
of properties of the set of all isomorphisms, or of individual isomorphisms,
between these groups.) The isomorphism problem in C is called solvable if
there exists an algorithm which decides whether given two groups in C are
isomorphic or not; otherwise it is called unsolvable.

The isomorphism problem of groups (with finitely many generators and
fundamental relations) was investigated in a relation to the homeomorphism
problem of manifolds (problem of deciding which manifolds are homeomor-
phic). In another direction, this problem is also related to the “halting
problem of Turing machines” through the “word problem of groups”. It is
known that the halting problem is reduced to the word problem, which is re-
duced to the isomorphism problem, which is reduced to the homeomorphism
problem. Since the halting problem is unsolvable, it follows that all of the
other three problems, including the isomorphism problem, are unsolvable as
well (see e.g. [Sti93, Chapter 9] for details).

Coxeter groups A pair (W, S) of a group W and its generating set S is
called a Cozxeter system if W admits the following presentation

W = (S| (st)™>) =1 for all s,t € S such that m(s,t) < co)
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where the m(s,t) € {1,2,... }U{oco} are symmetric in s,t € S, and m(s,t) =
1 if and only if s =t. A Coxeter group signifies a group W having a gener-
ating set S such that (I, 5) is a Coxeter system. (Several basic definitions
and facts for Coxeter groups are well summarized in a book [Hum90].) Some
examples of Coxeter groups will be given later. Note that, in this abstract,
we do not assume that the set S is finite unless otherwise specified.

The theory of Coxeter groups was born from a study of finite (real) re-
flection groups given by H. S. M. Coxeter [Cox34, Cox35]. Although the
Coxeter groups arised originally from the above geometric aspect of math-
ematics, Coxeter groups and their related objects (root systems, Bruhat
order, Hecke algebras, etc.) now appear not only in geometry, but also in
various areas of mathematics (such as representation theory, group theory
and combinatorics). This is probably one of the main reasons why Coxeter
groups (including their special cases; e.g. Weyl groups) have been investi-
gated so well (and another reason would be the beauty of the theory of
Coxeter groups itself).

An individual Coxeter group W (with generating set S) is usually deter-
mined in terms of the Coxeter graph T'; that is a simple undirected graph
(graph without loops, multiple edges and edge orientation) with vertex set
S in which two vertices s,t € S are joined by an edge with label m(s,t)
if and only if m(s,t) > 3. Some examples of Coxeter groups and Coxeter
graphs are given in Figures 1 and 2 (as in these figures, the label ‘3’ of
an edge is omitted by convention when drawing a picture). It is easy to
see that the (restricted) direct product of Coxeter groups corresponds to
the disjoint union of their Coxeter graphs. The following theorem implies
that the Coxeter systems (W, S) are in one-to-one correspondence with the
Coxeter graphs (up to isomorphism).

Theorem 1 (see [Hum90, Proposition 5.3]) For s,t € S, the m(s,t)
in the above definition is precisely the order of st in W.

Figure 1: Coxeter graph of the symmetric group .S,

o o o— - —O0——0
S1 52 S3 Sp—2 Sp—1
The symmetric group .S, of degree n is a finite Coxeter group.
Here s; denotes the adjacent transposition (i i+ 1).

The isomorphism problem of Coxeter groups can be restated as the prob-
lem of deciding which Coxeter graphs define isomorphic Coxeter groups.
This is indeed a nontrivial problem: it is a classical example that the fol-
lowing two Coxeter groups, the dihedral group Dg of order 12 (where the
generators are two reflections in adjacent mirrors of symmetry of a regular



Figure 2: Coxeter graph of PGL(2,Z) = GL(2,Z)/{£1}
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PGL(2,Z) is also a Coxeter group.
01 -1 1 -1 0
Here s; = 1 0,52: 0 1,53: 0 1)

hexagon) and the direct product Sy x S3 of two symmetric groups (cf. Fig-
ure 1), are isomorphic as abstract groups though the two Coxeter graphs
are not isomorphic. Although the isomorphism problem is not necessarily
solvable as is seen above, it is believed that the problem for Coxeter groups
(at least the finitely generated ones) is solvable, because of the simplicity of
the presentations of Coxeter groups.

2 History

Now we survey the history of the isomorphism problem of Coxeter groups.

The study of the isomorphism problem of Coxeter groups began with the
classification of the finite irreducible Coxeter groups in terms of their Cox-
eter graphs, given by Coxeter [Cox35] in 1935 (see also [Hum90, Chapter 2]).
Here an irreducible Coxeter group signifies the one with connected Coxeter
graph (note that this notion depends on the choice of the generating set S
of the Coxeter group, but we abuse the terminology unless an ambiguity oc-
curs). By Coxeter’s result, it follows that two connected Coxeter graphs are
isomorphic whenever these define isomorphic finite Coxeter groups. After
his work, the structure of finite Coxeter groups have been well described;
many of the researches arised from relationship to the theory of finite simple
groups or of finite-dimensional semisimple Lie algebras.

In contrast with the development of the whole theory of Coxeter groups,
the isomorphism problem had not been studied so actively during half a cen-
tury after the above Coxeter’s work. Then, in 1991, A. M. Cohen proposed
in his lecture note [Coh91, Problem 6.5] a question whether two connected
Coxeter graphs defining isomorphic Coxeter groups are always isomorphic;
in other words, whether the isomorphism problem of irreducible Coxeter
groups is trivial. Cohen’s question had been left open in almost 10 years;
in 2000, a one-page paper of B. Miithlherr [Muh00] answers to this question
in the negative, by exhibiting an explicit counterexample (Figure 3). The
author guesses that this result was a breakthrough for the problem.

On the other hand, the problem restricted to several subclasses of Cox-
eter groups are also observed in this decade. First, R. Charney and M. Davis
gave the following result in a geometric point of view; here we say that a



Figure 3: Miihlherr’s counterexample
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These non-isomorphic graphs define isomorphic groups
via an isomorphism s; — t; (1 <14 < 3), sq4 — tot1tstits.

subset I of the generating set S of a Coxeter group W is of finite type if
the subgroup Wi = (I) of W generated by I (such a subgroup is called a
parabolic subgroup) is finite.

Theorem 2 ([CD00, Main theorem]) Let W be a finitely generated Coz-
eter group. Suppose that W is capable of acting effectively, properly and co-
compactly on some contractible manifold. Then the Cozxeter graph defining
Cozeter groups isomorphic to W is unique up to isomorphism.

This theorem says that the isomorphism problem of Coxeter groups of this
type is trivial. It is also mentioned in [CDO00] that all affine Coxeter groups
satisfy this condition, and that the condition is equivalent to a certain ho-
mological property of the simplicial complex consisting of the subsets I C .S
of finite type.

Some other subclasses are introduced by restricting the values of the
order m(s,t). A Coxeter group is called right-angled if m(s,t) € {2,00};
skew-angled if m(s,t) # 2; even if m(s,t) is either even or infinite; and
2-spherical if m(s,t) < co. The isomorphism problem of finitely generated
Coxeter groups in these classes is well studied; see [Rad03], [MWO02], [Bah05],
and [Muh05], respectively. In particular, these results give certain conditions
for the Coxeter graph of a Coxeter group in each class to be unique (up to
isomorphism).

3 Toward the complete solution — finitely gener-
ated case
Owing to the recent development of this area, the isomorphism problem of

finitely generated Coxeter groups is almost solved. The outline summarized
here is found in Miihlherr’s recent preprint [Muh05].



For a Coxeter system (W, S), a reflection in W with respect to S is an
element of W conjugate to some element of S. The set of these reflections
is denoted by S"W'. These elements play an important role in the argument.
Moreover, for a Coxeter graph I, let (W (T"), S(I")) denote the Coxeter system
corresponding to I'.

First we consider the reflection-preserving isomorphisms between Cox-
eter groups; namely, isomorphisms which send any reflection in one of the
Coxeter groups to a reflection in the other. In [BMMNO02], the four authors
in that paper proposed the following important conjecture.

Conjecture 3 ([BMMNO02, Conjecture 8.1]) Let I' and I be two fi-
nite Coxeter graphs. Suppose that W(T') and W (T') are isomorphic via
a reflection-preserving isomorphism. Then T' would be convertible to T by

using finitely many certain specific operations, called “diagram twistings”
(see [BMMNO2, Definition 4.4] for their definition).

For example, this conjecture is proved for finitely generated skew-angled
Coxeter groups [MWO02]. Note that the finiteness of the Coxeter graphs is
not assumed in the original conjecture, but a counterexample exists when
infinite graphs are allowed, as follows.

Example 4 The infinite symmetric group Sec = Up—y Sn is a non-finitely
generated Coxeter group, with two Coxeter graphs given in Figure 4. These
two Cozeter graphs (and the identity map on Ss) satisfy the hypothesis of
Conjecture 3 except the finiteness, but it can be shown that these graphs are

not convertible to each other by diagram twistings.

Figure 4: Two Coxeter graphs of infinite symmetric group Seo
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The s; are (1 2), (2 3), (3 4), (4 5), (5 6), ...,
the t; are ..., (5 3), (3 1), (1 2), (2 4), (4 6), ....

Secondly, we reduce the problem for finitely generated Coxeter groups
to the above reflection-preserving case, by using some “elementary trans-
formations” acting on Coxeter graphs. These transformations, introduced
in [Muh05], preserve (the isomorphism class of) the Coxeter group which
the Coxeter graph defines, and the corresponding group isomorphisms are
constructed explicitly. Then Miihlherr [Muh05] showed that for two finite
Coxeter graphs I' and I” and an isomorphism f : W(I') — W(IV), there



exist combinations ¢ and ¢’ of some elementary transformations, with cor-
responding group isomorphisms g, and g,/, such that g,ofog, : W(p(I')) —
W (' (I")) is reflection-preserving. This means the following:

Theorem 5 (see [MuhO05]) The isomorphism problem of finitely gener-
ated Coxeter groups is reduced to Conjecture 3.

4 On non-finitely generated Coxeter groups

We have seen in the previous section that the isomorphism problem of finitely
generated Coxeter groups is almost solved. On the other hand, the prob-
lem for non-finitely generated Coxeter groups is much more difficult than
the finitely-generated case, as Example 4 suggests. Indeed, it is crucial in
most of the preceding arguments for finitely-generated case that a maximal
finite subgroup containing a given element always exists in these cases; how-
ever, this property is not assured in general case. (Note that the preceding
arguments still work in certain cases; see [MWO02] and [Bah05] for instance.)

Some recent works of the author investigate the isomorphism problem
for general Coxeter groups in different approaches; namely, by applying the
structure of centralizers of some subgroups. The first result means that
our problem is reduced to the isomorphism problem of infinite irreducible
Coxeter groups. Here Wy, denotes the product of all finite irreducible com-
ponents of a Coxeter group W, called the finite part of W.

Theorem 6 (see [Nui05-4, Theorem 3.4]) The combination of the fol-
lowing two objects — the isomorphism class of the finite part Wgsn and the
multiset of isomorphism classes of the infinite irreducible components of W
— 18 a complete invariant of isomorphism classes of Cozeter groups W'.

One of the main tools of the proof is a complete description of the centralizer
of any normal subgroup of a Coxeter group which is generated by involutions;
see [Nui05-4] for details.

The second result is on the reflection-independence condition for general
Coxeter groups. Here a Coxeter group W is called reflection-independent if
any isomorphism from W to another Coxeter group is reflection-preserving;
or equivalently, the set SV of reflections in W is uniquely determined by
W only, independently on the choice of S. Moreover, for s € S, let W*
be the subgroup of W generated by all reflections other than s itself which
commute with s. It is shown that such a subgroup W-=* is also a Coxeter
group (see [Deo89] or [Dye90]); let W4, denote the finite part of W,

Theorem 7 ([Nui05-1, Theorem 3.7]) Suppose that, for any s € S, the
finite part W3g,, is either trivial or generated by a single reflection conjugate
to s. Then W is reflection-independent.



The explicit structure of these W5, is determined in [Nui05-2] by using a
result of the author on the structure of centralizers of parabolic subgroups
[Nui05-3]. As an immediate consequence of Theorem 7 and the result in
[Nui05-2] mentioned above, we have the following:

Corollary 8 (see [Nui05-2]) Suppose that an infinite irreducible Coxeter
group W satisfies one of the two conditions:

o W is 2-spherical (see Section 2 for terminology);
o W is “odd-connected” (that is, all generators s € S are conjugate).
Then W 1is reflection-independent.

For example, the infinite symmetric group S is reflection-independent. By
using this result, it follows that any generating set of S as a Coxeter group
is conjugate to one of the two generating sets given in Example 4, so the
two Coxeter graphs are all the ones which define S.

5 Related topics and applications

It is also shown in [Nui05-4, Theorem 3.3] that an infinite irreducible (not
necessarily finitely-generated) Coxeter group is always directly indecompos-
able as an abstract group (see also [Par04] for finitely-generated cases). This
result is indeed used in the proof of Theorem 6. Moreover, a relation be-
tween the structure of the automorphism groups of Coxeter groups and their
irreducible components is also studied in [Nui05-4].

Although many worthy observations are obtained in the researches of the
isomorphism problem, no direct applications of the (partial) solutions of the
problem have been known yet. The author guesses that one of the hopeful
directions will be a study of effects of isomorphisms between Coxeter groups
to their associated objects, such as Bruhat orders and Hecke algebras, by
using a decomposition into “elementary transformations”. This will be done
in a future research.
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