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(ABSTRACT)

The flexibility of the floor slabs isquite often ignored in theeismic analysis of
structures. In general, th@id behavior assumption @ppropriate to describine in-
plane response of floorg-or seismicexcitations with vertical components, however, the
flexibility of the floorslabs inthe out-of-plane directiomay play a significantole and it
can result in an increase tihe seismicresponse. Thsimplified procedures used in the
current practice tincludethe floorflexibility can lead tdighly conservative estimates of
the slab andsupportedequipment response. Tinclude floorflexibility, a detailedfinite
element model othe structurecan be constructed, bthis procedurdeads to a system
with large degrees of freedom the solution wiich can be time consuming and
impractical.

In this study, a newlynamiccondensation approach is developed amg@sed to
reduce thesize ofthe problem and to calculatine seismicresponse of structuresith
flexible floor slabs.Unlike othercurrentlyavailable dynamicondensation techniquehjs
approach isapplicable to classically as well as nonclassicdtynpedstructures. The
approach is alsapplicable tostructureddivided intosubstructures. The approach can be

used to calculate amanylower eigenproperties as one desires. fémaining higher



modalproperties can also be obtained, if desired,sdlying a complementary eigenvalue
problem associated withe higher modes. The accuracytbé calculated eigenproperties
can be increased tany desiredlevel by iteratively solving aondensed and improved
eigenvalue problem. Almosixact eigenproperties can be obtained in just a few iterative
cycles. Numerical examples demonstratingeffectiveness ofthe proposed approach for
calculating eigenproperties are presented.

To calculate theseismic response, firstthe proposeddynamic condensation
approach iaitilized to calculatehe eigenproperties of the structure accuratéljese
eigenproperties are then used to calculateséiemicresponse for random inputs such as
a spectral density function or inputs definederms of design responspestra. Herein,
this method is used to investigdtes influence ofthe out-of-plandlexibility of the floor
slabs onthe response oprimary and secondary systems subjected to vemjicaind
motions. The calculated resuftiearly show thatinclusion ofthe floor flexibility in the
analytical model increasdbe design responssignificantly, especially when computing
acceleration floor response spectiihis has special relevant@ secondarygystems and
equipment the design of which are based on the floor response spectra.

The accuracy of the results predicted by two of the most popular methods used in
practice to consider the flodlexibility effects, namelythe cascade approach and the
modified lumped massiethod, is also investigated. Themericalresults show that the
cascade approach overestimatessiismicresponse, whereas theodified lumped mass
method underestimates the resporBeth methodan introducesignificanterrors in the
responsespecially wherwomputing accelerations and floor response speEwaseismic
design of secondary systenssipported onflexible slabs, the use of the proposed

condensation approach is thus advocated.
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CHAPTER |

INTRODUCTION

1.1 GENERAL REMARKS

In the seismic analysis ddtructures, thdexibility of the floorslabs isquite often
ignored. However, the dynamic characteristics of the structure may change when the floor
flexibility is included inthe analytical model. The natural frequencies, mode shapes and
participation factors can kegnificantly different. Obviously this W affectthe response

and distribution of inertia forces acting on the structure.

Another factor that ifrequently ignored irthe seismic analysis aftructures is the
effect ofthe vertical component ahe ground acceleration. It is argued thatdyrgamic
amplification ofthe vertical acceleration is relativegmall primarilybecause theertical
rigidities of columns anevalls arerelatively very highcompared to their lateraigidities,
and a structure designed forother load can accommodate theffect of vertical
accelerations safely.But in some past earthquakedamage patternbave alsobeen
attributed to thevertical component ofhe ground acceleration [16,21,27,56,77]. The
vertical ground acceleratioraffects astructure intwo ways. It playsthe role of a
parametric excitation to th&ructurewhich tends to increasthe peak respondevel due
to the horizontal ground acceleration [5,30,43] anchay give rise to instability of the
columns [1,12,78]. In addition, itcan amplify the vertical responses of long span

horizontal members such as girders and flexible floor slabs.



Examiningthe appropriateness aksuming dloor slab rigid in itsown plane has
been of continued research interest in earthquatkgineering researchommunity.
Although this assumptiomay be justifiedfor many structures, there are some types of
structures where it isecessary to includdein-plane shear deformation of the floor slabs
in the calculation of seismicesponses. Such types of structuresuste] amongpthers,
long narrow floorplan structures [46], structuresvith several wing$10] and crosswall
structures [73]. It isalso known that then-plane floorflexibility mainly affects the
distribution of horizontal forces in th@imaryload carryingmemberd70]. Some of the
analyticalprocedures developed to incorporate itiplane floorflexibility are described

in references 25, 31, 34, 49, and 72.

Lately, the consideration of the out-of-plafiexibility of floor slabs inthe seismic
analysis ofstructureshas also been of interest because oSsigsificance to gpported
secondary systems such as equipment and pipspgcially in nucleaplant facilities.
When astructure issubjected to a verticgkismicexcitation, the flooslabs mayoscillate
relative to itssupports. Thexcitation isamplified first by the supporting structure and
then by the flooslabs. This affectthe forces in thgrimary supportmemberghrough
dynamicinteraction effects and also affett® response of the secondapgtems placed
on the floors due to thadditional responsamplificationproduced by thelabs. Thus, it
is of practical interest to study thispic for a proper structuralesign of primary agell

as supported secondary systems.

One approach tocludethe floorflexibility in the analysis is tqrepare aletailed
analytical model ofthe structureincluding the slabs by a suitable finite element
discretization scheme. In this waye geometry and properties of the flatabs are

incorporated in the model in conjunction with the rest of the structure. However, the main



problem with this brute-force method is that the number of degrees of freedom involved as

well as the computational cost can become quite large.

To avoid the preparation of detailadalytical models which includde out-of-
plane flexibility, somesimplified procedureshave evolved in practiceespecially in the
nuclear power plant design industry. Thenost simplified procedure is the cascade
approach [39]. Inhis approachthe floorslabsareassumed to be completely rigid. The
masses ofhe structure are concentrateceath floor elevation anthe columns and walls
are represented liexible vertical load-carrying elements. Then a vertical seismic analysis
is performed and the response at the desired dl@wation is obtained. Thigsponse is
then used as input to thHeexible slab model to obtain its response. Although the
additional responsamplification produced by the flooflexibility is included in this
approach, theffect ofdynamicinteraction between the supporting structame theslabs
is completely ignored. Thisay, however, lead to a very conservative estimate of the slab

response.

To include the dynamic interaction effect and to reducthe conservatism
associated with the decoupledalysis offloor slabs, somelightly improvedanalytical
procedurediave beemproposed. A review asome of these improved proceduregii&n
by Lee and Che[B9] and La Framboise et é88]. In these proceduresch floorslab is
represented by an equivalent single degree of freedom beam element, in which its mass and
stiffnessare calculatedrom the frequency and mode shapetbé& dominant mode of the
flexible slabmodel. From this coupled modehe response of the flomlab can be
obtained directly or by a cascadiagproach. Perumalswami and Dal§5] utilized this
analytical procedure in their study to evaluate the importancendfiding the floor
flexibility in the calculation of seismicesponse. In other procedur&hin etal. [13]

developed the equations mibtion of a column-slab system utilizing the Lagrange's energy



formulation by considering onlthe first mode deformatiorpattern of theslab. Shiau
[65] has proposed procedure t@nalyze a combined slab-girder-column system, modeled
as a continuouseam supported on girdersvhich are in turn simply supported on
columns. With thissimplified model, each element igpresented by more than one

generalized degree of freedom.

The aforementioned procedures eguproximately include the floor slab flexibility,
but because of som&mplifying assumptions made in their development, they not
provide accurate estimates of the responsstmifcture. Itis, therefore, necessary to
develop methods that are rational, can provide accuedies of seismicesponse, and
can incorporate theffect of floorflexibility without afull finite element modeling of the
completestructure. Herein, newdynamiccondensation approaches have been developed
to reduce thesize ofthe dynamic model of aenericstructure to beanalyzed. These
approaches are used to calculate accuvalees of the structural eigenproperties
(frequencies, modal dampingtions, participation factors and eigenvectosich are
essential quantities requiréolr seismicresponse spectruamalyses obtructuralsystems
that aredesigned to responithearly such as nuclegoower plant facilities. Since it is
usually a first feweigenproperties that are required $eismic analysis aftructures, the
condensation approaches developed herefaceent andideally suited for suctanalyses
as one finally deals with areduced, but accuratenodel of a structure with

correspondingly reduced size eigenvalue problem.

1.2 BACKGROUND ON DYNAMIC CONDENSATION TECHNIQUES

The mode superposition approach [14] aammonly used for thedynamic

responseanalysis ofstructural systems and especially for the response spectrum analysis of



linearly behavingstructures subjected to earthquak@ucedground motions. T@btain
dynamiccharacteristics such as mode shapes, natural frequencies and participation factors
required in the mode superposition approach,eibenvalue analysis dhe structure is
performed. In a modalnalysis, it is a commapractice to usenly a first fewmodes in

the calculation of the structural response because the contribution of the high modes to the
response isisually small. Quite often, therefore, one needs to calcutatly a first few

modes by eigenvaluenalysis. Tabtain a first few modes, it r0t necessary to solve the

full eigenvalue problemTherefore several techniques have beappsed to reduce the

size of the eigenvalue problem.

Some type of schemes used@duce the size of the problem are call condensation
techniques. Theprimarily reduce the order of th®/stem by condensirtpe number of
coordinates. Since certain assumptioase made in effectinghe condensation process,
only approximate values othe lower eigenproperties can be obtained by these

approaches. A review of condensation methods can be found in Reference 51.

In the dynamic condensation methods amall portion of the predecided
coordinates of the structure, known emsters’, ar&eptand theremainingcoordinates,
known as 'slavesareeliminated byrelating them to the retained coordinates. An arbitrary
selection of the master coordinates, however, can lead to misleading results as some of the
lower frequenciesmay be completely lost from the reduced spectrum [28].Some
qualitative guidelines [2,17,57] and analytical procedures [8,50,54,64] have been proposed
in the literature for the selection of the appropriate degrees of freedom for an accurate
representation of the lower modes. One of the pomnalyticalprocedures computes
the ratio of thediagonal coefficients othe stiffness to mass matrices;;K /M , and then

retains the degrees of freedom with thekestratios as the master coordinates. wilk



be indicated later bthe example problems, this reot thebest approach for selecting the

master coordinates.

The first condensation approach fiynamic analysis o$tructures was proposed
by Guyan[26]. However, because theelationship betweerthe master andlave
coordinates in this approach is basedly on static considerations, this approactalso
known as the static condensation method. Shortly &@teyan'spaper, Irons [29]
proposed an equivalent algorithm in which each stmgrdinate is condensed atime.
Ramsden andtoker [58] presented another methkdpwn as the @ss condensation
method,which used thélexibility matrix to generat¢he reducednertia matrix. Ojalvo
and Newmarj48] and Appa et alf4] used thd_anczos' iteration procedure to condense

the eigenvalue problem to a reduced rank tridiagonal form.

As theGuyan'sapproach ignores theasses athe slavedegrees of freedom, some
authorshave studiedhe errors introduced iphis omission of mass and hapeoposed
some modifications to improvie. Geradin[24], Fox [22]and Thomag71] developed
formulas to estimaterrorbounds for the computddequencies by expanding in series the
exact relationship betweethe master andslave coordinates and neglecting terms
containing powers greater than quadraticVysloukh et al.[74] have studied the
convergence of this series. A study to deterntireemagnitude oferror involved in
reducing a&wo degree-of-freedom model was presentedMulff et al. [76]. Kidder[35]
andMiller [45], following the series expansioapproach, proposedback-transformation
that included inertia terms to improttee mode shape®ut, as pointedut byFlax [19],
these transformationsnay even introduce largererrors than theoriginal Guyan
transformation. Based on perturbation the@lyen and Pafi1] estimated therror and

developed an iterative technique to improve the accuracy of the Guyan reduction scheme.



More advanceddynamiccondensation techniques have been presented in an effort
to minimizethe error introduced in the reduction proceksung's condensaticsthemes
[40-42] can provide exact reduced eigenproperties but the condsigsadalue problem
is nonlinear whichhowever, can be solved by the techniquesppsed bywittrick and
Williams [75]. Sotiropoulos [68] proposed anotlwendensation process that is similar to
Leung's method. It also leads to m@nlinear transcendental eigenvalue problem.
Anderson and Hallau¢B] have usedhe Riccatti iteratioralgorithm tocompute the exact
condensation matrix and then obtairted exact lowest eigenproperties of the structure.
The procedure presented by Johnsoal §82] leads to a reducegigenvalue problem in
quadratic fornthe results ofvhich can be improved by iterative techniqu€az [52,53]
proposed a method that used the Gauss-Joetlamnation process to compute the
transformation matrix. Accurate estimates of the eigenproperties can be obtained by

solving repetitively the reduced eigenvalue problem.

O'Callaghan[47] proposed a methodhich he calledthe Improved Reduced
System(IRS) method. Irhis approach an extra term is added to @&weyan reduction to
make some allowance fone inertia forces. Iterative versions tife IRS methodave
been proposed by Blair et al. [6], amidiswell et al.[23]. Other iterative dynamic
condensation schemes to improve the accuracy of the calculated eigenproperties have been
proposed by Suarez afihgh[69], Sauer [63], Razzaque [52pdKim [36]. Rothe and
Voss [61] use th&®ayleigh functional othe nonlinear eigenvalue problem to improve the
eigenvalue approximations.  Bouhaddi afmdlod present alinearized dynamic

condensation method that is applicable to substructures [7,9].

The application othe dynamiccondensation techniques nonclassically damped
systems, however, ha®t received muclattention. Reddy and Sharfs0] applied the

Guyan reduction method tithe analysis of machin&ols. Rouchand Kao[62] used a



methodsimilar tothe one proposed by Irons talculate thecomplex eigenproperties of
rotor bearing systems.Other methods, such dsung's[42] and Paz'{53], are not
applicable, in theicurrent form, tothis kind of systems.Furthermore, their application
could be impracticdir this casesincethe condensed matriceghich aredefined in terms
of a selected frequencgre complex. Finally, Flippen[20] has developed a neslynamic
condensation model reduction theavigich utilizes prgection vectors that iapplicable to

structural systems with unsymmetrical matrices [18].

The condensation schemes caneffectively used to reduce thgize of a frame
andflexible slabssystem. Howevessincethese systems in general cannoaclassically
damped, where undamped modes ofsygtemcannot be used to uncouple the equations
of motions, it is desirable to have a condensa#@pproachwhich can be applied to
damped systems to calculate their eigenproperties accurately. Inwdnls a
generalization and extensiontble condensation approach proposed by Suarésingh
[69] for undamped systems is developed. In particular, a general condensation approach
applicable to nonclassicaljamped systems is developddethods are also developed to
use this condensation approach witheavly developed substructuring approablerein
called asthe condensed substructure superposition approachelbss with a modal
synthesisapproach, botlapplicable to nonclassicalljampedstructures. Several sets of
numerical results showingthe effectiveness ofthe proposed condensation approach,
condensed substructure superposition approach, neoahl synthesisapproachwith
condensation are presented. &pgplication ofthe condensation approaches to structures
with flexible floor slab structures is also demonstrateMumerical results showing the
importance of the out-of-plarfeexibility of floor slabs orthe displacement, acceleration,
shear force,axial force, bending moment, and secondary systersponses aralso

presented.



1.3 DISSERTATION ORGANIZATION

In Chapter 2, an approactalled the condensed substructure superposition
approach is developed. As mentioned before, approhewvesbeen mposed to include
the effect ofthe slab flexibility indynamic analyses by representing the slab as one or more
oscillators representing its modes. These approaches have dmelgttalrationale and
dynamic compatibility. Here, an attemptas been made to inclutiee effect of several
modes of the supporteslab in a dynamicallconsistent manner ithe analysis of the
supporting structure to incorporate theéynamic interaction between the two
substructures. I, however, observed that this approdoles nofprovide veryaccurate
values ofthe combined system modes until a large number of moddbeoflab are
included inthe formulation. Tomprove this situation asell as toextend itsapplicability
to damped systems, a generalized condensation appapptibable to nonclassically
damped system is developetts formulation and numerical examples demonstrating its

applicability are presented in Chapter 3.

In Chapter 4, the condensation approach of Chapter c®nthined with the
condensed substructure superposition approach of Chaptamprwvethe accuracy of
the later approach withowsblving a large eigenvalue problenfhe combination of the
condensation approach of Chapter 3 with the mode synthesis approach is also presented in
this chapter. Irthis latterapproach, the structure dsvided intosubstructuresvhich are
defined by their eigenproperties.The combinedstructure synthesized from these
substructure eigenproperties is then solved by the condensation approach of Chapter 3.
The advantage of usirthe modal synthesigpproach with condensation approacthest
it offers a convenient aneffficient way of definingthe coordinates one should select for

their condensation.



In Chapter 5, theombinedapproaches presented in Chapter 4spexialized for
classicallydamped systems. It is shown that this specialization can be simply effected by a
properreplacement of the substructure matrices. Several setaneéricalresults are

presented for classically damped systems in this chapter.

In Chapter 6, we investigate three aspectshefseismicresponse of structures
with flexible floors. First, we demonstrate thagplicability of the dynamiccondensation
approach to this type structures. Second, tidluence ofthe out-of-plandlexibility of
the floor slabs onthe response gbrimary and secondary systems subjected to vertical
ground motions is investigated=inally, we evaluate the accuracy of the results obtained
with some approximate approaches that have been used in molearplant design

industry for inclusion of the floor flexibility in the seismic analysis of secondary systems.

The summary and concluding remarks are given in Chapter 7.
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CHAPTER I |

CONDENSED SUBSTRUCTURE
SUPERPOSITION APPROACH

2.1 INTRODUCTION

As mentioned inthe previous chapterequivalent single degrees of freedom
oscillators have been used itwlude the flexibility of the floor slab, andthe dynamic
interaction effect, in theseismic analysis ostructures [39]. The ass andstiffness
properties of arquivalent singlelegree of freedom oscillator amsuallycomputedusing
the donnant mode othe flexible slabmodel. In thischapter, aranalyticalprocedure is
presented whereby several modes dfupportedslab can be utilized to describe the
equivalent systenfor the slab. To definghe parameters of aequivalent system, the
eigenproperties of thslabare used with @ynamiccondensation scheme teduce the
degrees of freedom. Acheme to synthesizeae condensedquivalent system with the
supporting structure is proposedNumerical resultsare presented to evaluate the

applicability of the proposed approach.

2.2 ANALYTICAL FORMULATION

The equations of motion of &  degrees-of-freedom structyséém subjected

to a ground excitation X(t), can be written as

11



[ MIx 4 Coxf JKox = [ M 1 X (2.1)

in which[M], [ C] and K are themass, damping and stiffness matrices respectively; r is
the excitationnfluencevector,and x is thaelative displacementector. Thedot over a

quantity represents its derivative with respect to time.

Eq. (2.1)can be solved by thmodal analysispproach. We il consider the case
when the damping matrix| G is classical. Thtise solution is written in terms of the
normal modes of the structural system. These modes are obtained from the solution of the

following eigenvalue problem

[ Me] [A]  FE ]KH®] (2.2)

in which[A] is a diagonal matrix containitige N eigenvalues anpd| the eigenvector

matrix.

We are interested in reducing the size of the eigenvalue problem of Eq. (2.2) and in
obtaining onlythefirst few modes othe structure. Taccomplish this, first we divide the
structure into substructures. Faimplicity in the presentation, thrmulation wil be

given in terms of two substructures, although it is applicable to any number of them.

Consider that thestructurehas been divided intbwo substructuresvhich are
identified asthe o and3 substructured.et n and m be thenumber ofthe degrees of
freedom of thex an@ substructuresspectively, with their interface coordinates free.
Also letn, bethe degrees of freedom ahich the two substructures are connected. The

total degrees of freedom of the combined structud isn #n—n

12



The displacementector of both substructuregth their interface coordinatdésee

can be partitioned as follows,
. xj
X :"‘? =0, (2.3)
X;

in which 2@ isa, X l)ector that contains the degreesireedom associated with the
interfaces or boundaries bbth substructures ar_Lc} X is a veatontainingthe degrees of
freedom associated with the interior of the substructurésose noshared by them. It
has a dimensiom(* X Ipr thea substructure andf( x 1) for the  substructure. Itis
noted that the number of interior degrees of freedom fatithe  substructgre is — nF

and for thes substructureiréi m—mn, . A corresponding partitioning of &ss and

stiffness matrices of both substructures is also affected as:

J J
Mg, My

(v = e
MY, MY

1KY, K .
[ K {K?Z K?] & 3, (2.4)

The displacement vector of the combined structure, written according to Eq. (2.3), is

X=X;" (2.5)

where % :j = X tosatisfythe compatibility conditions athe boundaries. In terms of
the elements ofthe partitioned matrices ikq. (2.4), thecombined mass anstiffness

matrices can be defined as:
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Mbb Mb' M(blb+M5b M(liéz Mfz
[\ {M, M,} MG ME 0 (2.6)
ib i 8 8

Kbb Kb' K(blb+Kl[jb K(blz Kl[jz
[ K {K, K,} =| Ky KGO 2.7)
ib i 8 8

We will assume that the eigenproperties okthe  substructure, or at least a reduced
set ofthem corresponding tthe lower frequencies, amvailable. These eigenvalues,

[A.], and eigenvector$ep, | , are obtained from the solution of the eigenvalue problem,

[ M [oa] [Aa]  F K [6a] (2.8)

We plan tochoose some modes of the substructuetme its equivalent system. The
number of modes to deeptfrom the reduced spectrum is arbitrary amy mode can be
selected.Assuming that weisen, modes, whemg lsss tham , weartition themodal

matrix [ ¢, | as follows,

CARELZ I {‘@f (;5} (2.9)
ik ir

where[ ¢¢ | is arf Xy ) matrix that contaitiee eigenvectors to Beeptand[¢2 | is 6 x

n,) matrix that containtghe rest of the eigenvectors. Matfix' |  containsrthe  rows of

the modal matrix corresponding tthe boundary degrees of freedom amditrix [ ¢S |

contains theremainingn{ rowsassociated to the interior degrees of freedom ofnthe

14



substructure. In general, both matricel lve rectangular. NowEq. (2.8)can be written

in terms of they, selected modal vectors of matyix | as

[ M [eon] [AR] F K [of] (2.10)
where [A%] is a diagonal matrix @dhe n; eigenvalues corresponding tbe selected

modes.

Matrix [¢$.] can be expressed in terms of matfx| as follows,
o5] £ |RIsh] (211)

where the condensation matr{b? ] R has@ (n,x ) dimension and is defined as,

[A ]R ol log) (2.12)

Matrix [¢5,. ] may besingular and then the condensation matrix can not be computed. This

will happen if some of its rows or columm®linearly dependent. Solution routinable

to recognizdinearly dependent equations should be used to avoid this problem. From the

above equation we should expect thatrbenber ofkept modesn, and thenumber of

boundary degrees of freedom, , must be the same, otherwiswetse of matriy ¢y,

and matrix multiplication could not be computed. However, we can still define it using the

Moore-Penrose generalized inverse [33] and get the following expression

R Bl LonTon ) en)” (2.13)
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inwhich[ ¢, T ¢%. | is a square matrix with dimensign

Now the reduced modal matfi®? |  can be written as
I
o)t ton) = Isie 214

Substituting Eq. (2.14) into Eq. (2.10and pre-multiplying byl $' , we obtain the

following condensed eigenvalue problem,

W] o] [a2] =K (o] @19

in which the condensed &ss and stiffness matrice{s’,\ be}/I a[n/afb ]K aresymmetric

X n,) matrices and are given by

VB ELRUEUNEEG IR (2160)
UEUEGRDETNGE RSN (2.16b)

The condensed matrices in Eq. (2.15) contain information abomt the  kept modes
of the a substructure. They can be considered tepresents amaller dimensional
structurewhich is equivalent téthe o substructure. These matrices can be used to replace
the stiffness and mass matrices tbe o substructure in theigenvalue problem of the
combinedstructure, Eqg. (2.2). This equation, now incorporating theffect of the o

substructure through a reduced size equivalent structure, can be written as,

16



“Mies) [A] EMkre) 2.17)

where the combined mass and stiffness matrices are given by

r N N N\ [3) B
[",\}1 1 M, My, _| My, + My, My, 218
1A N - Jé] 8 ( ' )
| My My; M3, M;;
VAN N N
[’\% 1Ky Ky | | Ky + Ky Ko (2.19)
A A 8 3 .
| K K K K3

In Eqg. (2.17) theeffect of dynamicinteraction between thi&vo substructures haseen

properly included irthe analytical model by means tie condensed matric%s/\ ZJ}'I and

L

The size otheeigenvalue problenkq. (2.2),hasnow keenreduced fromN ton ,
the number of degrees of freedom thfe 5 substructure with its boundary degrees of
freedom free. It is expected that the solutiothcf reducedsize eigenvalue problemll
provided approximations of. eigenvalu%&] , and corresponding eigenvédgrs, ,
of the combinedstructures. Of course, theements ofthe modal matrixare those
associatednly with the degrees of freedom of the  substructure. To obtain the elements
of the eigenvectors corresponding to the interior degrees of freedom of the

substructure, we need to partition thredal matrix[®z| into boundary and interior

degrees of freedom as follow,

(2.20)
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Sincethe boundary degrees of freedom emenmon toboth substructure$®, | %ﬂbf ] :

we can relate them tthe interior degrees of freedom of the substrucusiag Eg.

(2.11) as follows,
[©7] [=A ] R @, ] (2.21)

Thus, the completen eigenvectors of doenbinedstructure arranged according to Eg.

(2.5) are

[c%] P9 (2.22)

It is noted that thelimension of matri{ Aﬂl i{ R, ) and consequethlysize

of the reduceeigenvalue probler(2.17) isindependent of theumber ofthe keptmodes
of the a substructure in the condensation process. Wéaave more informatiofrom
the o substructure in the reduceadalytical model asnore modes are usedut the

. . N . .
computational effortinvolved to compute[ Fi Wl increase as more modes are

considered since it requiréise inversion of arf, Xy, ) matrix.Rather than increase the
number of modes to Heept in thecondensation process tmprovethe accuracy of the
eigenproperties of theombinedstructure, weshould includemore degrees of freedom of

the o substructure. Some of its interior degrees of freedom can then be considered as
boundary degrees of freedom. Of coursid@s will increasethe dimension of the

N«
b

condensed matrice% M] ar{d/\:b@ and consequentlyotder of theeigenvalue

problem,Eq. (2.17). This will lead to an increased computational effort because of a

bigger eigenvalue problem, but the accuracy of the results will be improved.

18



The solution of theeigenvalue problemEqg. (2.17), provides the modal
information required inhe responsealculation ofthe combinedstructure. Imaddition to

the eigenproperties, the participation factors are also needed. They are defined as,
L [®]"] IMr (2.23)

where_r is thenfluencevector,| M is the rass matrix othe combinedstructureand[ @ |
is themodal matrix defined in Eq. (2.22). Itis assumed ldgt has been normalized with

respect to the mass matfix |M .

The participation factors can be computed consideiegcontribution ofeach

substructure separately as
L e ¥ (2.24)

where

RN R S ) @229
in which the influencevector_r has been partitioned accordingEq. (2.5). Now wewill

definethe participation factors in terms of the eigenvectors calcutededEqg. (2.17) and

not the complete eigenvectors of the substructure.

The contribution of ther  substructure from Eq. (2.25) can be written as,

L =[0] [M, £ + M 5 420175 5+ ¥ (2.26)
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Substituting forf ®¢] fronEq. (2.21) in thebove equation and after reordering terms we
obtain,
e [&,]" _ Z (2.27)

~

where

Z= (Y TR M+ (M YR MO (2.28)

SubstitutingEq. (2.25) for the3 substructuaedEq. (2.27) for thex substructure in Eq.
(2.24), we get theexpression for the participation factors @dmbinedstructure as

follows,

1© IN
|

co=fef o7 |

R

Knowing the eigenproperties, participation factors and the input excitatigmesponse

-

quantity of thecombinedstructurecan be calculated by an appropriatedal analysis

technique.

For the seismic analysis of atructure with severalflexible floor slabs, the
supporting structurehould be identified abhe 3 substructure with one  substructure for
each slab irthe structure. The condensethtrices of theslabsare then computefiiom
Egs. (2.16a) and (2.16b), andcluded inthe eigenvalue problem othe supporting
structure. Theelements othe mode shapes associated to the interior degréeseddm
for eachslab are then computed bysing Eq. (2.21). After computing themodal

properties of the combined structure any response quantity can be calculated.
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2.3 NUMERICAL RESULTS

The procedure presented above was used to obtain the eigenproperties and
responses of the structure shown in Figure 2.1. The structure was modeled using 21 beam
elements and 24 nodes with 6 degrees of freqoemmode. Ihas atotal of 102 degrees
of freedom. Properties of the structwed first 24 exact natural frequencies, obtained
consideringall degrees of freedom, ageven in Table2.1 and Table2.2 respectively. The
combinedstructure isdivided into two substructures, Figure 2.2. TI3Dimensional
frame has 72legrees of freedom and is considered asothe  substructure. The cross
structurehas 54 degrees of freedom and is considered @k the substructure. There are 24
degrees of freedom at the substructures' interfac¢hidrexamplehe cross structure has

been used to represent a floor slab.

The first 24 modes ahe o substructure were used to compute the condensation
matrix [’I\Q] ,Eq. (2.12). Q@ly the boundary degrees of freedom wkept. Thus, the
solution of theeigenvalue problen2.17) wil provide an approximation of tHest 54
modes of thecombinedstructure. Table 2.3 shows thdirst 24 natural frequencies

calculated by the proposed approach. Percent errors in the frequencies, calculated as

% Error { Wapproz ~ Wegact ) x 100 (2.30)

Wezact

are also shown in the table. Itnsted thateight of them have aarror inexcess of 5
percent and are igeneral unacceptab[63]. Higher frequencies have largerrors and

are, of course, unacceptable.

Root meansquarevaluesfor displacements, shear forces, &ethding moments at

different points ofthe structure were computedth these approximate eigenproperties.

21



The modal combination rule @posed by Singh and CH66] was used to compute the
responses and a 58amping in each modeas assumed. Ground excitation wafireéd

by the Kanai-Tajimi spectral density function with parameters given in Table 2.4.

Responses were obtained for tf@lowing ground excitations: 1) horizontal
excitation only, 2) vertical excitation only, and 3) horizontal and vertical excitations
together. Sincethe excitations werassumed statisticallyncorrelated, the responses
under thecombined inputvere computed as the squao®t ofthe sum ofthe squares of
the responses due to each of the excitatiohgbles2.5 and 2.6 show theoot mean
squarevalue of the responses obtained with the exact eigenproperties. Horizontal
displacementsvere computeanly for the horizontal excitation because undenagical
excitation these displacemerase considerably small. The same waslone with the

vertical displacements for the horizontal excitation.

Tables2.7 and 2.8 show thenormalizedroot meansquare responses computed

with the approximate eigenproperties. Normalized responses are computed as

Rappmx

NR
—Rexact

(2.31)

Therefore, the closehis value is tdl.00 the better the result. In thest case, withonly
horizontal input, excellent resultgere obtained for thelisplacements. However, the

error inshear forces and bending moments are significantly large. In the second case, with
only verticalinput, the results are better than those obtained for the horizontal input, but
the errors irsome of theébending momentarestill somewhat large. In the third case of

the combined horizontal and vertical inputke errors in the shear forces are large. The

results obtained for the three cases indicate that more degrees of freedomaof the
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substructure should be used to compute the condensed matriées.o2.16a) and

(2.16b) if better eigenproperties are desired.

2.4 SUMMARY AND CONCLUSIONS

In this chapter aanalyticalprocedure is developed tacludethe effect of vertical
flexibility of horizontal components such slabs in seismic analysis sfructures. It is a
mathematical formalization of an intuitiv@proachbeing used in the industry. The
formulation is presented tmclude several modes of a slab. Althoygksented for a
structure composednly of two substructures, it can also bpplied to astructurewith

any number of substructures.

Numerical resultsare presented to evaluate the performance ofptbposed
method. Approximations dhe lower modes ofibration ofthe combinedstructure were
obtained fronthe solution ottwo eigenvalue problems of smaller sizdowever, for the
examples considered herthe size of their eigenvalue problemare still large.
Furthermore, the accuracy of the resposesems to dependgpon thenumber of degrees
of freedom and theumber of modes used tefine an equivalertondensed structure.
To improvethe accuracy of the results more degrees of freedom shoufttlbded to
compute the condensation matrixthis will, however, increas¢he dimension of the
eigenvalue problem associated withe combinedstructure. Furtheextensions and

modifications to improve this approach are presented in the following chapters.

23



Table 2.1 Properties of the frame structure in Figure 2.1.

Length 60.0in

Area 64.0 iA

Area Moment of Inertia about X-axis 680.0 in

Area Moment of Inertia abowt-axis 340.0 irt

Area Moment olnertia aboutZ -axis 340.0 irt

Modulus of Elasticity 3000.0 ksi
Modulus of Rigidity 1320.0 ksi

Density 2608.0 (1@ klugs/irt
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Table 2.2 First 24 exact frequencies ( in rad/sec ) of the frame structure in Figure 2.1.

Mode Frequency

12.39

2 12.39
3 17.71
4 44,54
5 61.46
6 72.06
7 72.06
8 72.75
9 95.48
10 95.48
11 107.93
12 118.38
13 120.97
14 120.97
15 121.40
16 126.22
17 127.14
18 127.14
19 133.01
20 231.45
21 241.80
22 241.80
23 262.21
24 278.53
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Table 2.3 Frequencies ( in rad/sec ) and pereerirs of theframe in Figure 2.1
calculated with the condensed substructure superposition approach.

Mode Frequency Percent Error

12.51 0.93
2 12.51 0.93
3 17.71 0.04
4 45.15 1.36
5 67.77 10.37
6 72.75 0.96
7 73.60 2.13
8 73.60 1.17
9 102.13 6.96
10 102.13 6.96
11 118.47 9.77
12 118.94 0.47
13 121.11 0.12
14 121.11 0.12
15 122.82 1.17
16 129.21 2.37
17 133.98 5.38
18 133.98 5.38
19 188.46 41.73
20 232.50 0.45
21 244.18 0.98
22 244.18 0.98
23 262.26 0.02
24 419.89 50.84
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Table 2.4 Parameters of the Kanai-Tajimi Spectral Density Functipn Q®015 ),

44 opr20 202
wi + 4G wiw

3
D, w():o%; i 9

w2w?)? + 4202 w2

i S, wj Gi
(ft>-s/rad) (rad/sec)

1 0.001500 13.5 0.3925

2 0.000495 23.5 0.3600

3 0.000375 39.0 0.3350
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Table 2.5 Exactoot meansquare shear forces abdnding moments dhe frame in

Figure 2.1.

a) Shear Forces ( kips)

Input
Node Direction Horizontal Vertical Combined
11 Y 53.81 53.28 75.72
11 X 68.21 10.26 68.98
14 Y 48.41 22.76 53.50
18 Y 10.95 9.35 14.40
b) Bending Moments ( kips-in)
Input
Node Direction Horizontal Vertical Combined
11 Z 3301.64 558.02 3348.48
11 z 103.18 1001.35 1006.63
14 X 433.19 114.02 447.95
18 Z 542.05 584.80 797.38




Table 2.6 Exactoot meansquare displacements (inches ¥10 ) of the frame in Figure
2.1.

Input
Node Horizontal Vertical
7 0.4968 0.0030
11 1.1298 | -
14 0.0907
21 1.1642 0.1927
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Table 2.7 Normalizedoot meansquare shear forces abending moments of the frame
in Figure 2.1. Eigenproperties obtained with the condensed substructure
superposition approach.

a) Shear Forces

Input
Node Horizontal Vertical Combined
11 1.9786 1.3412 1.6933
11 0.9280 1.0425 0.9307
14 0.9894 1.0183 0.9947
18 1.8742 0.9732 1.5603
b) Bending Moments
Input
Node Horizontal Vertical Combined
11 1.0575 1.0486 1.0572
11 3.1155 1.0302 1.0734
14 0.4655 1.8370 0.4522
18 1.3400 0.8244 1.0937
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Table 2.8 Normalizedoot mean square displacements tiie frame in Figure2.1.
Eigenproperties obtained with the condensed substructure superposition
approach.

Input
Node Horizontal Vertical
7 0.9941 1.3307
11 09881 | @ ---eee-
14 1.0501
21 0.9825 0.9367
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Figure 2.1 Structural configuration of the three dimensional frame of example problem.
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o substructure

Figure 2.2 Substructures of the frame in Figure 2.1.
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CHAPTER I11

DYNAMIC CONDENSATION APPROACH
FOR NONCLASSICALLY DAMPED
STRUCTURES

3.1 INTRODUCTION

As mentioned earlier, mostynamic condensation methods are restricted to the
determination of vibration modes efructureswith classical damping.However, there
may besituations inwhich classical damping assumptic® invalid. Examples of such
situations are structuresade up of materials with different damping characteristics in
differentparts, structurewith passivecontrol systems or witltoncentrated dampers, and
structureswith rotating parts. Insuch cases, complex eigenproperées required to

incorporate the nonclassical damping effect in the dynamic analysis.

In this chapter, adynamic condensation approach faronclassically damped
structures is developed. It is an importaxtension of the condensation approach
proposed by Suarez arf8ingh [69] for undampedstructures. The proposed method
requires iterative solution of a reducede eigenvalue problem. The eigenproperties
obtained in an iteration step are usedhtprovethe condensatiomatrix inthe following
iterative step. Accuratevalues can be obtained with a few iteratisteps. The
formulation is also developed to calculttte remainingeigenproperties from the solution

of a complementary eigenvalue problem. Examp@es presented to illustrate the
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effectiveness and convergengmperties of the proposed approach. TEfffect of the
selection of coordinates in the condensation process on the accuracy of the

eigenproperties is also critically examined.

3.2 CONDENSED EIGENVALUE PROBLEMS

We will consider a general case of a structural system with equations of motion:

[ MIx 4 Cox f JKox=1[ M 1 X(® (3.1)

in which the damping matrix |C is not classical. This means that the normal modes of the
undamped structuralystemcannot be used to uncoupléd. (3.1). The mathematical
formulation that is commonlysed for themodal analysis obuch systems ithe state
vector approach. Irthis approach, Eq. (3.1) igransformed into an equivaleniN2

dimension equations of the following form

[ Aoy [ By =112 1 X (3.2)

inwhich[ A] , [ Bl and] D] are (R xR deal symmetric matrices defined as

[0] M
R (832
el 2y
olfg) B
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Vectors yandT, respectivelyare therelative displacement and excitatimfluencestate

vectors of dimension 2 x 1). They are defined as

%} (3.4)

The eigenproperties of the structuistem that uncoupl&q. (3.2) can be

obtained from the solution of its associated eigenvalue problem

[ JAY] [Q]  [=]BY] (3.5)

in which[2] is a diagonal matrix containitige 2\ eigenvalues anffll| the (N x N)
eigenvector matrix. Eigenvalues and corresponding eigenvegtansr in complex

conjugate pairs. Here the eigenvectors are assumed to have been normalized such that
[(w]T] JA¥] [=] (3.6a)
[(v]T 18¥] (9] (3.6b)

where| 1] isan (® xR ) unity matrix.

In general, thedimension of this eigenvalue problem canlaéme. Instead of
solving it directly, we W solve two reducedsize eigenvalue problems to obtain the
completeset of eigenproperties. It expedient to obtain the lowest modesm the
solution of one of theigenvalue problems arde higher modes fronthe solution of the

other one. For this purpose, the displacement vector x in Eqg. (3.1) is partitioned as follow
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) e

in which ¥ containsthe degrees of freedom to Wept in theeigenvalue problem
associated with the lower modes and x containseimainingdegrees of freedom, those

to be kept in the eigenvalue problem associated with the higher modes.

The partitioning of thedisplacementvector is, however,not arbitrary. Some
guidelines have beeproposed in the literature [2,8,17,28,44,50,54,57,64chmosing
the degrees of freedom for an accurate representation of the lower mbatds are
usually the most important in thelynamic analysis. Talecideabout the degrees of
freedom to béept, associatedith x,., it is common to computie ratio of thediagonal
coefficients ofthe stiffness and mass matrices; K ;/M , dhdn select thérst n, degrees
of freedom with the sallestratios as the kept degreesfofedom. Theaemainingn,

degrees of freedom belong to the x . Of coutdes n, n. +

Consistent with the partitioning of tliesplacemenvector, themass, damping and

stiffness matrices are also partitioned as follows:

My, My,

[ M M, MTJ (3.8a)
Cir G

[ ]C T Cﬂl (3.8b)
(Kie K

[ K Ko KTJ (3.8b)

in which submatrices M [, ;@ arid;K have dimensions () x ).
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A similar partitioning is also effected on tls¢ate vectoand matrices of thstate

equation (3.2) as:

_ y{=§’: } (3.93)

where
y % j=k,r (3.9b)
~j -)S.j ! '
and,
A A,
[ ]A A ATJ (3.10a)
(Bii  Bir
[ B B BTJ (3.10b)

in which submatrices A arid ;B have dimensioms (2 n;x 2 ) and are defined as

LA Fu, Ciﬂ L=k r (3.11a)
[ B Fo, K’J L=k (3.11b)

Modal matrices in Eq. (3.5) are also consistently partitioned as follows:

[©2] {%’“ gﬂ (3.12a)
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(3.12b)

The submatrice$).] [Vrr] andl,;] contdaime 2y, eigenvalues and eigenvectors
corresponding to the lower modeSimilarly, submatrice§2,| [¥,.] anpl,,] contain
the 2, eigenvalues and eigenvectorstié higher modes.Both sets of modes occur in
complex conjugate pairs and eigenvector submatfizgs are ofsize (2 x 2 ) withi,j

=Kk,r.

The eigenvalue problem corresponding to thye 2 lower modes can be written as
Are Apr| | Vi _|Brk Brr| | Vi
|:A7‘k Arr } |: \Ijrk } [Qk] _|:B7“k Brr } |: \Ijrk } (313)

In order to reduce thsize of this eigenvalue problem, wéllvexpress matrix[¥,;] in

terms of matriX0,,] as indicated Eq. (2.11),

[Ty [:A ]R[‘I’kk] (3.14)
in which the condensation matrix for the lower mo{ié\s] R is defined as

[A ]R (] (U] (3.15)

Notice that herematrix [¥,,] is a square matrixhus thenumber of degrees of freedom
kept per modand thenumber of modeare the sameNow the eigenvector matrix of the

lower modes can be written in term of the condensation m%t’?i% R as

39



mfﬂ %ﬁd Wl E S0 (3.16)

The condensed eigenvalue problem associatedtigthower modes is then obtained by

introducingEq. (3.16) in Eq. (3.13jnd pre-multiplying by| §]T . Aftesimplifying, we

obtain the following expression
[A}’* (W] [€2] -i[A]B N\ (3.17)
. N N
where the condensed matrlc{es] A %nd] B are

Al =tad +[Rad 1Al [ R AR (3.18a)

MAT ralT rA ralT rA

B =[B] +_F} [B] H Bl | ﬂi 1 }?[Tﬂ _ ]R (3.18b)
On the other hand, the eigenvalue problem corresponding toithe 2 higher modes,
Ak Ak | | Vi B Brr| | Wi

|:Ark Arr } |: \Ijr’r } [Qr] _|:B7“k Br’r } |: \Ijr’r } (319)

can be reduced to its condensed form, if we expregsix [U;,.| interms ofV,.] as

follow

[,] [=]RY,,] (3.20)

40



The condensation matrix for the higher mofde$ R in Eq. (3.20) is defined as
[T]R [&),] [T, (3.21)

The eigenvector matrix dhe higher modes in term dhe condensatiomatrix [ R] can

be written as
]| e Fse (3.22)

By introducing Eq. (3.22) into Eq. (3.19and pre-multiplying by _$T , we obtain the

condensed eigenvalue problem associated with the higher modes as
[ A, (@] £ ]B[T,] (3.23)
where the condensed matriges] A and B are
(A =[A] +[RT[A.] +[A [RI +[RT[A [R (3.242)

(B =[8] +[R'[B] 4B [ R +RIMBIR (3.24b)

From the solution of Eqgs. (3.1@nd (3.23) onecan obtain the completget of
eigenproperties of the structusglstem. Oncé¢V,,| and,.] are knownsubmatrices
[U,.] and [¥;,] can be computed froBgs. (3.14)and (3.20) respectively. It can be

shown that the completset of eigenvectors computdtbm the reducedeigenvalue
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problems wl automatically be normalized as indicated

submatrice$¥;.] andr,,| are normalized such that
L7 N 2 R ]
v, [TIAY,]  EL

The complete eigenvector matrix is then given as

JI;\PM \pk} % Uk ﬁ%}
(V] A
\Ijrk \Ijrr R \Ifkk \IJTT

. (3.6a) if theeigenvector

(3.25a)

(3.25b)

(3.26)

It is relevant to mention hetbat, although both condensation matric{aé\,] R and

[R], aredefined interms of complex matriceall their elementsire real. Thereforetate

matrices] A and B in both condensadenvalue problemsilvalso be real. Thitopic

will be addressed in more details in the next section.

It is also of interest to derivéhe relationship betweethe two condensation

matrices. For this we can uséhe orthogonality condition of the eigenvectoatrix [V |

Eq. (3.6a). This equation is equivalent to the following four matrix equations

[(Oer] T 1A ir + A U] 0] T A U + AU T 4] (3.27a)
] " [ Ak Trr + A 0] HO] T [ AT + AT, FQ (3.27b)
(] T [ AL Ui + Ay U] HT] T [ A T + AT 50 (3.27c)
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O] T [ A Upr + A, 0, 0, [ AT + AT,] ] (3.27d)

Substituting Egs. (3.14) and (3.20) in Eqg. (3.27b) and rearranging the terms, we obtain
T — AT — AT
Wie] | Ax R+ A +R A R+ R Al [¥.,] F D0 (3.28)
For Eq. (3.28) to be zero, the matrix in the middle must be a null matrix, hence
— AT — AT
{ AR A +R A R R 74 £ ]0 (3.29)
Solving for[ R we obtain the desired relationship
—_ N -1
[R}{A +R 7@\} {kéw R*} (3.30)

Thus, if one knows the condensatiomatrix [/I\?] , thenEq. (3.30)can be used to

compute] R asvell. This is of help in defininghe reduceceigenvalue problerfor the
higher modes ithe eigenvalue problem dhe lower modes is solved. Asguation similar

to Eqg. (3.30)can be developed to calcula{té\] R if one kndwn FEor this purpose we

use the orthogonality condition (5.6b). This provides

"R = [ BTR+BI[ B R%E’ (3.31)

Thus, it is noted that tdefinethe matrices of the condenseidenvalue problems,

we have toknow at least one of thievo condensation matrice[s/\ ]R pr R in advance.
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Egs. (3.15)and(3.21) cannot be used to compute thewgrices sincehe eigenvectors
are unknown. In the next sections we present an iterative procedure to compute the

condensation matrices.

3.3 ITERATIVE CONDENSATION PROCESS WITH LOWER MODES

An initial approximation for the condensatiamatrix [/I\?] can be obtainefdom

the eigenvalue problemEqg. (3.13),associated with the lower mode3his equation is

equivalent to the following matrix equations
[ AV + AVl (%] £ B Y + BY.y] (3.32a)
[ A Y + ATy %] FBYu + BY.] (3.32b)

To obtain aninitial approximation of the condensatiomatrix assume thahe left hand

side of Eq. (3.32b) is equal to a null matrix. The equation is then reduced to
BUY + Bl E o (3.33)

where the superscrip® ( ipdicates thatthe quantities are associated with théial

estimate. Solving Eg. (3.33) one obtains

] =088 [ (3.34)
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Comparing this equation witkqg. (3.14), weobtain aninitial approximation for the

condensation matri%/\ﬂ? as follows:
Rl =88 (3.35)

Using Eq. (3.11b), this equation can be written as

A (0) _ Gy 0 _ M;Tl M, .. 0
AT el =M k. @39

in which submatrices (3 andiGareidentified asthe Guyan condensation matricE9]
in terms of the rass and stiffness matrices, respectively. An alternative estimate can be

defined by replacing submatrix, G by submatrix G in the above equation as follows
-1
{“3)} :{GK‘ 0} _ {Kw K O } (3.37)

0 Gy 0 K- K,

With this initial estimate of the condensation matrix, matrit%e/\s] A %/n\ci B of the

eigenvalue problem (3.17) can be obtained as

Lo [ 3.38a
RRIONC o

ﬁ] (3.38b)
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in which the mass, damping and stiffness matrices have lbeadensed using Wyan

condensation matrix as

ﬁ" =[Ma] +[G]T[Md +[M] [ G + &' M [ & (3.39a)
T =1e] QTG G A FO LB (3.39b)
K] =K +[G]TIK] +[KI[ G 4 R"[ K[ 8 (3.390)

In general, betteinitial estimates of theomplex eigenpropertiesilivoe obtained when

Eq. (3.37) is used. Notice that in bathses, matrix{/\lﬂi islefined interms ofreal

matrices and consequently the condensed matrices will be initially real.

With this condensation matriknown, we can compute the matrices of the
condensed eigenvalue problem associated thghlower modeskq. (3.17),and then
obtain an initial approximation of the eigenpropertie%)ll,(j}g] arﬁ@,@ ] This
approximate solution can now be usednprove matrix[ AI% . To definthe improved

estimate for{ AF} we consider Eqg. (3.32b) again, which after reordering terms is written as

[ BUs] $AT + AT (%] -] B (3.40)

By pre- andpost-multiplying by[ B.]' and¥,,] " , respectivelfie above equation and
recalling the definition o{ AI% Eqg. (3.15), we obtain

[AR] 8] [A’“ t A AF} W] (] [ = [ BI7'[ B (3.41)
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This equation requireheinverse off¥;;] , a complex matrixdowever, we can use the
orthogonality condition of the lower modes to avecadculating this inverse. We consider

the following orthogonality condition

(W] " [A ]B [(Pre]  [€] (3.42)
If we post-multiply the above equation bi;,] ', we get
(%] [T] ™ ] T [A]B (3.43)

By introducing Eqg. (3.43) into Eq. (3.41), we obtain the expression

R =Bt A+ AR ) ()T "8 - [ B[ B (3.44)

The equality inEq. (3.44) vl be identically satisfied ifthe actual condensation

matrix [’I\?] and eigenvector matrjsb,,.| are used in the rigittand side ofhe equation.

However,this equation can also be usedd&fine a recursive relationship to iteratively

obtain an improved estimate E)f\ ] R as follows
[ﬁ”“ﬂ =18, [a, AR [0 ][0 ] [87] -8 1B (349)

where superscript () refers to the iteration step. [&beterm on the right hargide of

0
this equation can bielentified asthe initial approximation[/\lgz)} . Thether term is a
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correction term that is added itaprove this original estimate. Once again this improved
condensation matrix is defined terms of complex eigenvectorsut we wll show next

that it is always a real matrix.

Consider the casehenl = 0. Fronkq. (3.45) wecan see that thiérst estimate

of the condensation matri%ﬁ(l) ] , will be real if the term
(0) 017
[\I’kk} [\Pkk ] (3.46)
is real. To prove this, lets consider the orthogonality condition
T A0
[ [AY] [w9] B (3.47)

i - Or OF -
By pre- andpost-multiplyingthe above equation t{ytlf P ] arﬁcll P ] respectively,

and then computing its inverse we get that

T -1
o] [wd] A (3.49
where thematrix [A(O)] is real since the initial condensation matrix is real. Tlﬁﬁ\gl)]
defined fromEq. (3.45) vill be real which inturn render theéemaining matrice%,’a‘\(l)]
and [g(l)] real. Thus, matrice{sﬁ(”] [A(l)] avﬁ@(”] involved in all subsequent
iterations will also be real. This il also apply tahe condensatiomatrix for the higher

modes[R" ] .

. . RN G- .
The improved condensation matrl%/\( R)} can be usedddbne a new

condensed eigenvalue probl¢gl7). The eigenvectonatrix obtained fronthe solution
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of this eigenvalue problem is theised to calculate a new condensation matrixigg
Eq. (3.45). The procedure is repeatathtil the desired converge criteria on the

eigenvalues at two consecutive iterations steps is achieved.

After the lower modes are obtained, the condensatiainix [’I\?] fromthe final

iteration steran be used ikq. (3.30) tacalculate the condensatiomatrix for the higher
modes. Vith matrix [ R] known, thehigher modes can be obtained fréme solution of
their condensed eigenvalue problé®23). The comlpte set of eigenvectors ithen

computed with Eq. (3.26).

The foregoing procedumlows us tacompute the complete set of eigenproperties
of a structuralsystem by iteratively solvinghe eigenvalue problem associated with the
lower modes. But as weillvshow in the next section, it is alpossible tocompute the

eigenproperties by iterating with the higher modes.

3.4 ITERATIVE CONDENSATION PROCESS WITH HIGHER MODES

The initial condensation matrixor the higher modes can be obtained from the
eigenvalue problem defined Bqg. (3.19),which is equivalent tdhe following matrix

equations
[ Ak \Ijkr + e‘r \PT"I’] [Qr] :[: /& \Ijkr + /5 \PT"I’] (349&)

To obtain arinitial estimate fof R , considé&q. (3.49a)and assume that its righand

size is equal to a null matrix. That is,
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[Aw$+ A@M[mﬂ ED (3.50)

and hence

)+ aul] £ o (3.51)
Solving the above equation f{@,ﬂ?)] , we get

] = AT A ] (3.52)
Comparing this equation with Eq. (3.20), we obtain the initial approximatidn for R as

TRl = LATA (3:53)

or in terms of the mass and damping submatrices as,

T@] {MEMM Myt ( Cor Mgt My, + G, )

0 M-I M, (3.54)

where the superscrip0 ( ) indicate that it isi@itial value. Oncehe initial condensation
matrix is known, we carcompute the matrices of the condensigknvalue problem
associated with thaigher modesEqg. (3.23). The solution of this eigenvalue problem

provides arinitial approximation of the eigenproperti%ﬁliﬁ)] a[rﬁio)] . Next we

proceed to develop the recursive relationship to improve the initial estimaté of R .
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To develop a recursive equati@milar to Eq. (3.45)obtained for the lower
modes, consider agalfg. (3.49a).Solvingfor [Ax; ¥y,.] and substitutindgeq. (3.20)into

its right hand side we obtain

[ AT 4 B R+B] Y] [Q] = [ AT,] (3.55)

Pre-multiplying by[ A;]~" and post-multiplying bj¥,,] 'the above equation, and after

recalling the definition df R in Eq. (3.21), we obtain
(R A Be R+BWL] Q] 0] = [ A7 A (3.56)
The inverse of¥,,.] in this equation also can be obtained from the orthogonality condition
(O] T[T A [= ] (3.57)
By pre-multiplying the above equation h¥,,] ' we obtain

L2 I 2 R B (3.58)

Introducing this equation into Eq. (3.56) we obtain

[R=[ A7 Br R+B W] Q][] A= [ AT A (3.59)

Eq. (3.59) il be satisfied if the actual matrices R [®,.] ard\,] are

introduced in the rightand side.But as in thecase of the iterative procedusgh lower
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modes, this equation can also be usedldfne the recursive equation tionprove the

estimate of the condensation mafrix] R as
(R = (A R (9] [00] ' [09] T[&O] - (Al '[An] (3602

where

k] ETR 1B (3.60b)

Here again superscript () refers tbe iteration step. As ikq. (3.45), thdast term on
the righthand side othe above equation can lentified asthe initial approximation of
the condensatiomatrix andthe other term is a correction that is added to izl

approximation to improve it.

Knowing the condensatiomatrix [ R] ,the iteration with thénigher modes can be
performed. In each iteration, tleégenvalue problent3.23) is solved. This solution is
then used to improvthe estimate of the condensatimatrix by means oEgs. (3.60a)
and (3.60b). The procedure continudil the desire convergence criteriasaisfied. If
desired, the condensatiomatrix for the lower modes is computeding Eq. (3.31) and

the lower modes computed from the solution of the eigenvalue problem (3.17).

3.5 STEP-BY-STEP PROCEDURE

The steps of the condensation procedure developed in the previous sections are as
follows:
a) lteration process with lower modes

1. Partition the displacement vector as:
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- Ex )
X,
2. Calculate an initial value f{r“ ]R with:

R =1 B8

or
[ﬁ(o)] — GK 0 — Kr_rl K,k 0
0 Gg 0 KoLK,

3. Compute condensed matric{e’é] A %r’u\d] B

A" = 0ad +[RY ] A+ AJ[RY] +[&7] T AI[R"]

8"] =18 +[R"]'1 8] 4 BI[R"] 4&"]1 B

4. Solved the eigenvalue problem:

A" [wid] [o0] 18] [wid]

5. Check for eigenvalue convergence criterion, such as:

NCVNG

W‘ < € fori=1, .n,,

)

N

(

1)]

(3.7)

(3.35)

(3.37)

(3.18a)

(3.18b)

(3.17)
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If criterion is satisfied, go to step 7, otherwise go to step 6.
6. Update condensation matrix:

R e ace A R0 [0l][0] (8] 180 (8] @49
Go to step 3.

7. Compute global eigenvectors:

Wik

[y ] 30 (3.16)

kk

8. If whole set of eigenvectors are desired, then compute the condensationjmétrix R :
R = { A FR AT{ A+ "R A} (3.30)

9. Compute condensed matriges] A and B :
(A5 AL AR Al £ AR 1R AR (3.242)

(B 4 Bl + R Bl + BII'RFR BIR (3.24b)

10. Solved the eigenvalue problem:
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[ A, [Q] £ ]B[T,]

11. Compute global eigenvectors:

w1 [E]

b) Iteration process with higher modes

1. Partition the displacement vector as:
]
X,
2. Calculate an initial value for JR with:
TR = AT A

or

) MMy Mg (Cr Mt My, + G )
0 MM
kk kr

3. Compute condensed matrites] A and B :

[RO)=[ A +ROTT A+ Ad[ ®] 4RO AJIRY)

[BY] = 8] [RY)[ &] 4 B[R] {R"]"[ BI[R"]

|

(3.23)

(3.22)

(3.7)

(3.53)

(3.54)

(3.24a)

(3.24b)
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4. Solved the eigenvalue problem:

TR (el (o] 478] [el]

5. Check for eigenvalue convergence criterion, such as

A0
W S €

1

fori=1, .n,

If criterion is satisfied, go to step 7, otherwise go to step 6.

6. Update condensation matrix:

(R [R [0 100) " 0]

where

K Bk

Go to step 3.

7. Compute global eigenvectors:

A

O] = [Ake] ' [Akr]

(3.23)

(3.60a)

(3.60D)

(3.22)
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8. If the wholeset of eigenvectors are desired, then compute the condensatdr

A
"Ro= [ B TR owg [ BTR 48 (3:31)

9. Compute condensed matric{e’é] A %r’u\d] B

EELELNDEY IR RS NN (3.18a)
g 4el {18 +8 ["R F'R1.8["R (3.180)

10. Solved the eigenvalue problem:
R (] 47 Bl 3.17)

11. Compue global eigenvectors:

[V ] {;«\PM } (3.16)

3.6 NUMERICAL RESULTS

To demonstrate thepplication and convergence propertiestioé proposed
dynamic condensation approach tl@amped-clamped beam shown in Figl8d is

considered as a numerical example. Bigcturehas been analyzed by Craig and Chung
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[15] and consists ofwo substructuresqe and . lrder to construct aystem with
nonclassical damping matrix it is assumed that damping matrictke itwo parts be

differently proportioned to their respective stiffness matrices as follows

[ Q] =4 | K [ s g [ 51K (3.61)

where[ G] and K] are thdamping and stiffness matrices respectivelguidstructure
j. The structure isnodeled withten beam finite elementsThe beam has #otal of 18
degrees of freedom wittwo degrees of freedom per nodeyeatical displacement and a

rotation.

Complex eigenvalues of this clamped-clamped beam calculaigtbut any
condensation argiven in Table 3.1. Sincall eigenvaluesoccur incomplex conjugate
pairs,only onevalue of each pair is given. The eigenvalue corresponditiietd” mode

is denoted as
)‘j - O'j 7 9]‘ (362)

in which o; andd; are the real antnaginarypartsrespectively. Modal frequencies and

damping ratios for each modes also are given in Table 3.1 and are computed as

.
wj 3/ 2 # B; UZL (3.63)

These values are considered as exact values for comparison purposes.

The results obtained with the condensation approach are evaluaiegl

eigenvalues and eigenvect@sors. Eigenvalueerrors are obtained byomparing the
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exact modal frequencies amldmpingratios withthose obtaineavith the condensation

approach. The relative errg;,  for modal frequencies is defined as

(wappr _ we:mct)

€w

x 100 (3.64)

Wezact

Relative errors for damping ratios, €3, are computed in similar way. For the
eigenvectors, the percent root-mean-square (RM®) is used to indicate howell they

match with the exact ones. RMS errors are defined as

1 appr = ¢ exactl]

RMS ERROR = x 100 (3.65)
H% exact” 9
where the 2-norm of the complex vector s defined as
Il :\/Zl' Re( %) [+ tm(]") (3.66)
=

The displacementector of theclamped-clamped beam has bgeutitioned into
two sets ofnine degrees of freedom each oné&ranslational degrees of freedom were
kept toformulate theeigenvalue problem associated witie lower modes whereas the
rotational degrees of freedom were used to computhiginer modes. At each iteration
step, thewhole set of modes are computé&dm the solution of theigenvalue problems
(3.17)and (3.23). Then the condensation matrix is updated with Eq. (3.45) when iterating
with the lower modes and witkq. (3.60)when iterating witithe higher modes.Tables
3.2 to 3.4 show the resulbbtained when iterating witthe lower modes. A dash in these

andothertables indicates thdhe error is lesthan 0.0005% and thelue is regrded as
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exact. It is seen thawo iterations are enough to obtaait the modal frequencies and
dampingratios with absoluterrorsless tharl%. After four iterationdifteen frequencies
and twelve dampingatios are exact. Nonetheless, the RM&r inseveral eigenvectors,
Table 3.4,are considerably big athe beginning ofthe process but after four iterations
only three of themare greater than 1%ith 4.7% the largest. On the oth®and, Tables
3.5 to 3.7 show the resultdbtained when iterating witthe higher modes. In this case,
four iterations are required to reduced the absolute ebelmv 1% inall modal
frequencies and dampimgtios. Twelve frequencies arteéndampingratios are exact and
five eigenvectors have RM&trors greater than 1% after four iteratiofomparing the
errors in these tables we can see that the iterative process with lower modes provide better
initial estimate and convergence than the iterative processigtier modes, Figures 3.2

and 3.3.

It is interesting tanote that for thdirst ninemodes in this example, obtainEdm
the solution of theeigenvalue problen(B.17), all modal frequencies have positieerors
in every iteratiorstep. Thatneans that the approximate lower frequencies are higher than
the exact ones and their convergenaaasotonically from above, Figure 3.4owever,
the errors in thedampingratios may fluctuate and signsnay change as the iterative
process proceeds as shown in Figure 3.5. Eigenvdwoeslarger absoluterrorsthan
frequencies and dampingtios. In generahighererrors are associatedth the higher
modes in the spectrum sought, as showfigure 3.6. For the othenine modes,which
are obtainedrom the solution of thesigenvalue problen(3.23), all modal frequencies
have negativeerrors ineach iterationstep. Thatmeans thathe approximateigher
frequenciesare lower than the exact ones and their convergenec®n®tonically from
below, as shown in Figure 3.7. As in the case of the lower medess indamping

ratios may fluctuate and change signs, Figure 3.8imilarly, eigenvectors haverrors
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higher tharthe errors in the correspondifrgquencies and dampimgtios. Highererrors
are now associated with the lower modes in the spectaught,Figure 3.9. These
observations applyor the both cases of iteration with lower modeswadl as higher

modes.

It is also of interest texaminethe accuracy of the eigenproperties obtawvbdn
different sets of coordinatese used. The propselection of coordinates to lkept in
the reduceeigenvalue problem il affect the initial estimate of the condensation matrices
and which, inturn, also wil affectthe convergenceate of thaterative process. To show
this, the eigenproperties of the trigsucture shown ifrigure 3.10 have been obtained
with different sets of coordinates. My the iteration process with lower modedl we
presented. In order tbave a nonclassicalgamped systenthe trusshas been divided

into two substructures with their damping matrices defined as

(¢l =51 K [ sC =5 [ slK (3.67)

The truss consists of 4dlements and 22 joints. Each joint lha® degrees of freedom
and thestructurehas atotal 40 degrees of freedonTable 3.8 shows thdirst ten exact
eigenvalues, modal frequencies and dampaiips of the truss, obtained for thl
systemwithout any condensation. Once againly one value of each conjugate pair is

given.

Two different ways of selectinthe coordinates hav@en considered. lhefirst
case, the degrees of freedom ardered according to thmagnitude otthe stiffness to
massratios, K;; M;; , with the sallestratios located at thérst positions. The firsh;
degrees of freedom akept inthis case. Irthe second case, the degrees of freedom are

ordered according tohah and Raymundprocedure [50]. The procedure bsefly
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described by th&llowing steps. (1)Find adegree of freedom fawhich the stiffness to
massratio is the largest. (Ztliminate thisdegree of freedom from ass andstiffness
matrices by th&uyan reductiomethod. (3)Apply steps 1 and 2 to the reduced matrices
obtained in step 2.(4) Repeat steps 1 touhtil n, degrees of freedom agdiminated.
The remainingn;, degrees of freedomillvbe kept. Figure 3.11 shows some of the
degrees of freedom of the trussmbered according to Shah and Raymupbgsedure.
For thefirst case, coordinates 86, 18and 19 werekept whereas for the second case,
coordinates 1 through 4 were kept. nieans that in this example $@rcent of the

coordinates have been condensed.

The numericalresults for thdirst caseare given in Tables3.9 and 3.10whereas
the results for the second case @iken in Tables3.11 and3.12. In case one, thitial
estimates of themodal frequencies and dampingtios, Table 39, are obviously
unacceptable. Errors in tivatial estimates of modal frequencies range from 5886%
and from224 to 1406% irdampingratios. However, sadical improvement is observed
after thefirst iteration althougtthe errors fortwo of the modes arstill unacceptable.
After four iterations the third modeasthe largest errors, 5.5% in tingodal frequencies
and 39% in the damping ratio. A similar behavior is observed with the eigenvectors, Table
3.10. The secondhoice of selectinghe degrees of freedom sgem to providdetter
results as seen froiie following tables. Errors irthe initial estimates of thenodal
frequencies range fro.8 to 18.2%and in dampingatios from1.9 to 13.8%(Table
3.11). Once againthe errors areonsiderablyreduced after one iteration and after four
iterationsall complex modesre very close tathe exact onesComparingthe results in
these tables we can see that pineper selection of coordinatesilvindeed affect the
convergenceate of thecondensation approach. Nonetheless, the iterative procedure is

able toreduce the errorsignificantly in allthe eigenproperties no matter what coordinates
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are selected. If we continue the iteration process iteeventually obtairexactvalues

for all complex modes in the reduced eigenvalue problem.

3.7 SUMMARY AND CONCLUSIONS

This chapter presents dynamiccondensation approach for thalculation of the
eigenproperties afionclassicallldampedstructures. The approach is iterative aad be
carriedout notonly with the lower modes buwith the higher modes as well. #tarts
with the condensation of a selectadnber of degrees of freedom andagpropriatdrial
condensation matrix. Guyan's condensation matrix camsed as thérial matrix when
seekingthe lower modes first. A reducesize eigenvalue problem is formed using the
condensation matrix. The solution of the condensa&gnvalue provides enough
information toupdate the condensationatrix which inturn is used talefine abetter
condensed eigenvalue problem. Successive iterations prosgttey besults for the
eigenproperties. Usually a fewiteration steps provideexcellent results. Thdinal
condensation matrix can be useddefine anothercomplementary eigenvalue problem.

The solution of this complementary problem provide the remaining modes.

Two numerical exampleare presented to show th#ectiveness othe proposed
approach. The convergence properties of the method are studiedfinsttegample.
The second example is presented to demonstrate the effect of choosing the kept degrees of
freedom on the convergence. Although in both casesllent resultsvere obtained, a
careful selection of coordinates can imprdve convergence to thimal results. That is,
with a bdter selection of the coordinates, less iteration steps are requirachieve a

certain level of accuracy in the calculated eigenproperties.
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Table 3.1 Exact eigenproperties of the clamped-clamped beam in Figure 3.1.

Mode Eigenvalue Modal Frequency Damping Ratio
1 -0.0004 +i0.2237 0.224 0.0019
2 -0.0030 +i0.6169 0.617 0.0049
3 -0.0125 +i1.2102 1.210 0.0103
4 -0.0332 +i 2.0037 2.004 0.0166
5 -0.0747 +i3.0018 3.003 0.0249
6 -0.1498 +i4.2127 4.215 0.0355
7 -0.2630 + i 5.6458 5.652 0.0465
8 -0.4469 +1i7.3033 7.317 0.0611
9 -0.6935 +1i9.0750 9.101 0.0762
10 -1.2359 +112.0952 12.158 0.1017
11 -1.8204 +i 14.6402 14.753 0.1234
12 -2.6403 +117.7727 17.968 0.1470
13 -4.0126 +121.3880 21.761 0.1844

14 -5.7159 +125.8828 26.506 0.2156
15 -8.1141 +i 30.2511 31.320 0.2591
16 -13.0760 +i 36.1990 38.488 0.3397
17 -12.4335 +140.7452 42.600 0.2919
18 -22.2042 +141.4118 46.989 0.4725
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Table 3.2 Percergrror inmodal frequencies of clamped-clamped beam in Figure 3.1
calculated by iterating with lower modes.

Iteration Step
Mode 0 1 2 3 4

1 0.000 | =m0 e | e | e

2 0.003 0.000 |  —mem | e | e
3 0.029 0.000 | e | eeeeeen | e
4 0.145 (000[0[0 J [N, [ —
5 0.518 0.001 0.000 @ s | -
6 1.427 0.003 01000 5 I i —
7 3.070 0.033 (01000 0 A i —
8 4.411 0.364 0.044 0.003 0.001
9 1.725 0.201 0.100 0.018 0.013
10 -0.806 -0.047 -0.023 -0.020 -0.012
11 -1.137 -0.118 -0.018 -0.002 0.000
12 -0.369 -0.003 -0.001 0.000| -
13 -0.087 0.000 | =m0 e | e
14 -0.023 0.000 | - | meeeeeen | e
15 -0.005 0.000 | = s | e | e
16 -0.001 0.000 |  —-emem | e | e
17 -0.003 0.000 |  —-emem | e | e
18 650100 N U S (R —
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Table 3.3 Percenerror in damping ratios of clamped-clamped beam in Figure 3.1
calculated by iterating with lower modes.

Iteration Step
Mode 0 1 2 3 4

1 0.004 000 [0 J S S a——
2 -0.043 0.000 | = - | e e
3 0.064 031000 5 I [ R —
4 -0.227 0.004 01000 5 I i —
5 -0.694 0.039 0.000 | - | e
6 -0.346 0.260 -0.001 0.000 | = -
7 -5.444 1.284 0.026 0.001 0.000
8 0.191 3.684 0.602 0.196 0.046
9 -4.760 0.803 0.100 0.051 0.038
10 -0.377 -0.840 -0.139 -0.055 -0.026
11 2.316 -0.476 -0.029 0.021 -0.003
12 0.062 -0.192 -0.012 -0.002 -0.001
13 0.109 -0.029 0.000 | - | -
14 0.005 -0.003 0.000 | - | e
15 0.020 -0.001 0.000 | = - | -
16 -0.007 0.000 | =m0 memeeeem | e
17 0.005 0.000 | = —-eem | e | e
18 0.001 0.000 |  -mem | e | e
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Table 3.4 RMSerror ineigenvectors of clamped-clamped beam in Figutealculated
by iteracting with lower modes.

Iteration Step
Mode 0 1 2 3 4

1 0.010 0.000 | = -----em | e | e

2 0.132 0.002 0.000 | = ---- | -

3 0.663 0.014 0.001 0.000 | -
4 2.164 0.086 0.005 0.001 0.000
5 5.559 0.368 0.022 0.004 0.002
6 12.434 1.386 0.138 0.043 0.019
7 24.557 4.995 0.824 0.246 0.122
8 42.399 16.997 6.672 3.352 1.595
9 44.783 20.422 10.172 6.553 4.767
10 9.355 4.289 2.177 1.403 1.084
11 8.118 3.018 1.047 0.517 0.205
12 3.411 1.250 0.338 0.167 0.107
13 1431 0.471 0.091 0.072 0.050
14 0.520 0.204 0.025 0.024 0.023
15 0.369 0.091 0.019 0.017 0.013
16 0.204 0.038 0.010 0.006 0.004
17 0.238 0.073 0.013 0.006 0.005
18 0.129 0.013 0.004 0.003 0.002
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Table 3.5 Percergrror inmodal frequencies of clamped-clamped beam in Figure 3.1
calculated by iterating with higher modes.

Iteration Step
Mode 0 1 2 3 4

1 0.020 0.000 | - e | e
2 0.095 0.000 | - e | e
3 0.363 0.000 | w0 e | e
4 0.899 0.003 0.000 | - | e
5 1.918 0.027 0.001 0.000 | -
6 3.495 0.152 0.001 0.000 | -
7 5.277 0.614 0.063 0.013 0.002
8 5.721 1.543 0.454 0.164 0.061
9 2.030 0.675 0.226 0.077 0.024
10 -3.153 -1.302 -0.556 -0.220 -0.081
11 -6.582 -1.727 -0.668 -0.238 -0.090
12 -5.486 -0.699 -0.170 -0.028 -0.005
13 -3.690 -0.211 -0.025 -0.001 0.000
14 -2.200 -0.053 -0.002 0.000| -
15 -1.016 -0.012 0.000 | - | -
16 -0.026 -0.001 0.000 | = - | -
17 -0.641 -0.004 0.000 | - | -
18 -0.088 0.000 | s | e | e

68



Table 3.6 Percenerror in damping ratios of clamped-clamped beam in Figure 3.1
calculated by iterating with higher modes.

Iteration Step
Mode 0 1 2 3 4

1 0.022 0.000 | - | e | e

2 0.113 0.000 | - | e | e
3 -0.032 0.001 0.000 | = - | e
4 -0.290 0.009 0.006 0.000 | -
5 -1.099 0.027 0.044 0.001 0.000
6 -2.019 0.031 0.241 0.024 0.003
7 4.972 -0.102 0.941 0.301 0.077
8 -1.821 0.505 1.627 1.071 0.598
9 -4.345 -1.425 -0.064 0.128 0.105
10 0.682 -0.123 -0.756 -0.657 -0.406
11 8.102 1.859 -0.554 -0.426 -0.237
12 3.627 0.215 -0.586 -0.180 -0.047
13 3.429 0.062 -0.156 -0.020 -0.002
14 1.039 -0.015 -0.029 -0.002 0.000
15 0.899 0.003 -0.004 0.000| -
16 -0.243 -0.002 -0.001 0.000| -
17 0.505 -0.001 -0.001 0.000| = -
18 0.065 0.000 | = - | e | e

69



Table 3.7 RMSerror ineigenvectors of clamped-clamped beam in Figutecalculated
by iterating with higher modes

Iteration Step
Mode 0 1 2 3 4
1 0.126 0.002 0.001 0.000|  -------
2 0.660 0.012 0.016 0.004 0.000
3 1.503 0.091 0.025 0.003 0.002
4 3.075 0.415 0.108 0.032 0.024
5 5.589 1.445 0.416 0.068 0.025
6 10.293 4.311 1.490 0.360 0.147
7 19.642 11.467 5.126 2.041 1.141
8 34.777 27.064 15.767 9.784 7.038
9 33.473 28.719 17.831 11.517 8.487
10 18.338 16.885 7.358 7.022 3.667
11 19.975 18.259 6.094 5.667 2.736
12 15.709 11.882 2.974 2.343 0.955
13 10.256 7.917 1.186 0.693 0.197
14 5.763 5.177 0.406 0.182 0.042
15 3.157 2.888 0.140 0.050 0.009
16 2.603 0.693 0.016 0.006 0.001
17 2.913 1.311 0.037 0.013 0.003
18 0.456 0.383 0.011 0.002 0.000
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Table 3.8 First ten exaeigenvalues, modal frequencigad / sec.) andampingratios
of truss structure in Figure 3.9.

Mode Eigenvalue Modal Frequency Damping Ratio
1 -0.0024 +i 2.2760 0.0228 0.0011
2 -0.0247 +i15.7412 0.0574 0.0043
3 -0.0281 +1i9.2934 0.0929 0.0030
4 -0.0876 +111.534 0.1153 0.0076
5 -0.1809 +i17.470 0.1747 0.0136
6 -0.3397 +i 23.529 0.2353 0.0144
7 -0.1872 +i 26.176 0.2618 0.0072
8 -0.5136 +i29.769 0.2977 0.0173
9 -0.5461 +1i32.438 0.3244 0.0141
10 -0.8177 +136.778 0.3679 0.0222
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Table 3.9 Percent errors imodal frequencies and dampirggios of truss irFigure 3.9

calculated by iterating with lower modes and vk#pt degrees dreedom
selected according to the stiffness to mass ratio.

a) Modal Frequencies

Iteration Step
Mode 0 1 2 3 4
1 56.552 0.040 0.014 0.012 0.011
2 151.611 1.883 0.600 0.505 0.451
3 345.142 34.874 13.776 7.869 5.492
4 385.783 121.935 7.539 4.481 3.712
b) Damping Ratios
Iteration Step
Mode 0 1 2 3 4
1 224.04 -0.42 -0.760 -0.594 -0.506
2 260.34 3.18 -0.976 -1.076 -1.073
3 1406.84 123.19 -63.803 -50.471 -39.309
4 683.85 -7.42 -23.630 -15.778 -12.363
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Table 3.10 RMS errors in eigenvectors of the trudsSigare 3.9 calculated by iterating

with lower modes and witlkept degrees dfreedom selected according to
the stiffness to mass ratio

Iteration Step
Mode 0 1 2 3 4
1 44.603 0.588 0.155 0.122 0.107
2 76.181 12.329 3.505 2.540 2.097
3 105.775 82.368 24.937 15.707 12.175%
4 74.939 61.530 27.180 16.908 13.177
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Table 3.11 Percent errorsnmodal frequencies and dampirggios of truss irFigure 3.9
calculated by iterating with lower modes and vk#pt degrees dreedom
selected according to Shah and Raymund's Method.

a) Modal Frequencies

Iteration Step
Mode 0 1 2 3 4
1 0.818 0.000 |  —em | e | e
2 6.852 0.047 0.003 0.000 | -
3 18.191 0.239 0.028 0.004 0.001
4 7.538 0.044 0.003 0.000 | -
b) Damping Ratios
Iteration Step
Mode 0 1 2 3 4
1 -2.007 -0.010 -0.000 | e | e
2 1.947 -1.020 -0.052 -0.005 -0.000
3 -13.784 -3.700 -0.562 -0.116 0.001
4 6.557 -1.515 0.044 0.042 0.000
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Table 3.12 RMS errors in eigenvectors of trusBigure 3.9 calculated by iterating with
lower modes and witkept degrees direedom selected according to Shah
and Raymund's Method.

Iteration Step
Mode 0 1 2 3 4
1 1.286 0.009 0.001 0.000| -
2 11.135 1.128 0.216 0.052 0.140
3 27.400 3.556 1.155 0.482 0.199
4 16.638 1.531 0.736 0.407 0.093
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Figure 3.1. Structural configuration of the#tamped-clamped beamased in thefirst

numerical example.
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Figure 3.2 Comparison in theumber ofexact frequencies when iterating with lower
modes and higher modes.
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Figure 3.3 Comparison in tmimber ofexact modatlampingratios when iteratingvith
lower modes and higher modes.
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Figure 3.4 Percent errors for thé 8 affdr@odal frequencies of the beam in Figure 3.1
obtained from the solution of the eigenvalue problem (3.17).
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Figure 3.5 Percent errors for thé &nd 9" modal dampingtios of thebeam in Figure
3.1 obtained from the solution of the eigenvalue problem (3.17).
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Figure 3.6 Root meansquare errors for the eigenvectors of tfeam in Figure 3.1
obtained from the solution of the eigenvalue problem (3.17).
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Figure 3.7 Percent errors for the’1@nd 11" modal frequencies thfe beam in Figure
3.1 obtained from the solution of the eigenvalue problem (3.23).
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Figure 3.8 Percent errors for the’1@nd 11" modal dampingatios of thebeam in
Figure 3.1 obtained from the solution of the eigenvalue problem (3.23).
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Figure 3.9 Root meansquare errors for the eigenvectors of tfeam in Figure 3.1
obtained from the solution of the eigenvalue problem (3.23).
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Figure 3.10 Structural configuration of the truss used in the second numerical example.
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CHAPTER IV

DYNAMIC CONDENSATION WITH
SUBSTRUCTURING FOR
NONCLASSICALLY DAMPED STRUCTURES

4.1 INTRODUCTION

In Chapter 2 we used the condensed structure superposition approadhde
the dynamiceffect of onepart of a structure on anotheych as theffect of a floorslab
on the supportinframe. The condensationame of the substructure degreesreédom
was achieved by using a first few mode$hat is, the condensed substructure was
represented bynly a first few modes. It was, however, observed tlame of the
eigenproperties of theombinedstructure were not accurag@ough. In this chapter we
will attempt toimprove the accuracy of the eigenproperties by using the iterative approach
presented in Chapter 3. Thaf we wil combinethe methods presented in the previous

two chapters to obtain more accurate estimates of the combined system eigenproperties.

In Chapter 3 we didiot divide the structure into substructures, but just attempted
to reduce thesize of the eigenvalue problem byirect condensation of thphysical
degrees of freedom. Howevevrhile presenting th@umericalresults of the condensation
approach, it was observed that the methodedéctingthe keptand reduceghysical
degrees of freedom in the condensation process lagh#éicant effect ornthe rate of

convergence to theorrecteigenproperties. Thisate ofconvergence can be improved if
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the structure isdivided into two or more substructures and each substructure is
represented bigotits physicalcoordinates but by its eigenproperties. Thkection of the
kept degrees dreedom in thesynthesizedtructure corresponding tofiest few ordered
eigenproperties of the substructure is seen to expedite the convergencintd tésults.
The details of this combined modalnthesis and condensati@pproach arealso

presented in the later part of this chapter.

4.2 CONDENSED SUBSTRUCTURE SUPERPOSITION APPROACHWITH
ITERATIONS

We are primarily interested in computing a first few complex modes of a
nonclassicallydamped structural system. As considered in Chapter 2gaia divide the
structure intotwo substructuresjdentified here asa and3  substructures. Tde
substructure has degrees of freedom whetieag substructurebasm. They are
connected ah, coordinates and tb&al number of degrees of freedomtbge structural
system isN =n +m — n . Ithe condensed substructure superposition approach of
Chapter 2, we condensed the interior degrees of freedom of onetwibthabstructures
and kept only the degrees of freedom at the interfacéhis way we couldeduce the
dimension otthe eigenvalue problem dhe combinedstructure tan om . Wean further
reduce the size of the eigenvalue problem by condensing the interior degrees of freedom of
both substructures. Here, however, wi# wot use the eigenproperties tiefine the
substructure as was done in Chapter 2. We would rather condengghytieal
coordinates as in Chapter 3. A fifstv eigenproperties obtained frdire solution of the
condensed eigenvalue problemtioé combined system i then be used to improve the

condensation matrix iteratively to obtain more accurate values.
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4.2.1 Condensed Eigenvalue Problem

Consistent withEq. (2.3), the state vector y of a substructuith its interface

coordinates free can be defined as
, y/
jy 2= wjth a=3 (4.1)

in whichthe boundary and interior degrees of freedom are associated with ygctors y and
y/, respectively. Correspondisgbstructure statatrice§ A] and B8] are thejiven

as

J J
A Al

IR W
AL A

J J
By B

[ B {Bib Bii] with j& 6, (4.2)

in which submatrices A] anfl ;B have been defined&ds. (3.11a) and (3.11b),
respectively. According to this partitionindpe globalstate vectocan also be partitioned

and written as

y &Y (4.3)

in which Y= j =y to satisfghe compatibility conditions athe boundaries and the

global state matrices are partitioned as
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Abb Ab' Abab + Al[jb Al?z Al[jz
NS B VRN (4.43)
A, 0 A

Bj, + By, B B,
By B 0 (4.4b)
B, 0 B]

I-EI
—H—
©
S o
e
|

In order tocondense the interior degrees of freedom of the substructures, the
complex eigenproperties bbth substructures, or at least a reduced set of them, should be
available. If theywereindeed availabl¢hen the condensation matrices can be computed

according to Eq. (2.12) as
"R OB (] withd =5 (45)

in which submatrices[ fb] ani{wib] contair, complernjugate pairs of
eigenvectors. Thdimension ofthe condensatiomatrix is (Z) x 2; ), where’ is the
number of interior degrees of freedomtbe j substructure. It is noted that here the
number of pairs of moddsept todefinethe condensatiomatrix has to be equal to the

number of boundary degrees of freedom, otherttisénverse of matrix{wib] cannot be

computed. In terms of the condensation matrices, the condstatechatrices of each

substructure can be defined from Eg. (3.18) as:

BEDECREDRCECADIC T
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{AEM [ &) +[A'3]T[ 8] Q]T R *{AﬁiT[ B "R (4.6D)

Now thecondensed eigenvalue problemtloé combinedstructurecan be written

as
Ut ) F Biw] (4.7)

where thecombined,but condensed, stateatrices of thesystemare merelythe sum of

the state matrices of the two substructures and thus are defined as:
A AN®] N
A [£ bb%\ i bb%\ (4.8a)

[A [ A [ AB
B _:bbﬂB +bb% (4.8b)

The solution of thesigenvalue problentq. (4.7), vl provided approximations for the
lowestn, complex conjugate pairs of modes. Inisted that thenodal matrix[ ¥, ] is
associateanly with the boundary degrees of freedom. To obtainréneaining elements
of the eigenvectors associated with the condensed interior degrees of freedsanhfor

substructure, we can use Eq. (4.5) backwards as follows
vl ER (W] with p=3 , (4.9)

The complete eigenvectors of tbembinedstructure partitioned consistenith Eq. (4.3)

can be defined in terms of the matii%,]  simply as:
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[@] ig {M [0, ] (4.10)
where |
[A]R [:EZ] (4.11)

It is, howevernoted that talefinethe eigenvalue problem d&q. (4.7), oneeeds
the condensation matrices of ttveo substructuresvhich inturn need the substructure
eigenvectors for theidefinition. Sincethe substructure eigenvectors a@ available
priori, we will have toadopt aniterative proceduresimilar to the one developed in

Chapter 3.

4.2.2 lterative Procedure

To start theterative procedure, we need define an initialestimate for[ AF} in

Eq. (4.11) as
A (0)
INQ) R&
Rg
As in Chapter 3, we can initially define this in terms of the state nfatrix B as:
A0
R =BT B @13)
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in which subscripté and are usedéast ofr andc , respectively. The inverse of matrix

[B;i ], can be computed in terms of the] B matrices of the individual substructures as

{ng 0}1 L

0 Bg 0 [ Bg] -1 (4.14)

<

Thus, the initial condensation matrix for each substructure can be defined as
0 .7 —1 .
K -ATE e s

Another approach that could be useddadine the initial condensation matrixor each

substructure in terms of their stiffness matrices is to use an equation similar to Eq. (3.37)

= [Kgi]_l <] _? (4.16)
o [l [

G O
0 G

) -

This condensation is equivalent tioe staticGuyan reductiormethod. In general, it is

seen to provide better results.

Using the initial condensation matrices q. (4.15) or (4.16), onean construct
the condensedigenvalue problem dEq. (4.7). This can be solved to obtaihe initial
approximations of the eigenproperties of toenbined but condensed, structur&hese
eigenproperties can now be used to upgrade the condensetior [/I\?] according to
Eq. (3.45). This recursiveequation, now written in terms of the substructure's matrices, is

given by

93



{Aﬂ(‘lﬂ)} o 3%]_1[ R [ o] [\pgw]T{Aél)} - 8] _1[ g | (4.17a)

[ fb@] {: LA giAAé’l)% (4.17b)

and superscript /() refers to the iteratietep. After calculating the improved

condensation matrices for each substructure, the condensed m[a;&ig%s [é‘ib%nd are

obtained usind=q. (4.6). These, in turndefinethe newglobal condensed matricés’s\\ ]

and [AB] according tdeq. (4.8) for theeigenvalue problen{4.7). These steps are

repeateduntil a desiredconverge criterion is satisfied. Ale final step, the lowesh,
pairs of complex conjugate pairstbe condensed structure are obtained. These, in turn,

can be used to obtain the corresponding full length eigenvectors from Eq. (4.10).

The describegbrocedure is aextension of the iterative condensation proeats
lower modes presented in Chapter 3 but now utilizing two substructures with the synthesis
concept developed in Chapter 2. The fact thainverse off B ] can be computed using
Eq. (4.14)makes it possible to apply it structures divided into substructures. However,
the iterative condensation process vhigher modesannot be used with substructures
because theverse of matriX 4] is required. FroEy. (4.4a) it is oberved thathis

matrix is given aghe summation ofthe substructure matrice{s M\ . lhis case, an
expression in terms of the substructure matricagotiate the condensatiomatrix [ R] is
not possible.

Here, only the substructure stateatrices[ %] anc{ ﬁ] are required. Thus,

the eigenproperties of tttwmbinedstructurecan be obtained without ever generating the

global state matrices orany of their submatrices. Since no additional approximating
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assumption is made, same eigenproperties should be obtained withithaut
substructuring whernthe same degrees of freedoane kept in the reduceeigenvalue

problem.

4.2.3 Step-by-Step Procedure

The steps of the condensation procedure developed in the previous sections are as
follows:
1. On the substructure level.

a) Partition of the displacement vector:

“Ai)
Jx =3 70 withg =6 , (3.7)

{Aﬁ)} = [Kgi]_l <] ° (4.16)

o [k][x)]

LY NJ
¢) Compute condensed matrlc{esbb}A a{ndéb} B

%] =[A] (B [A] (A () R [ A e
Aéb -[a] <% [8] {8 'R 1'% [ 8[A (4.6b)
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2. On the structure level.

a) Assemble global state matrices:
MAT A« AB
AL bb%\ T bb%\ (4.8a)

[A [ A N3
B _:bbﬂB +bb% (4.8b)

b) Solve the eigenvalue problem:
N N
Chiw ] W) (4.7)
c) Check for eigenvalue convergence criterion, such as:

Z)\(H—l) 1

1

)\(H'l)_ )\(l) _
< e fori=1,..n2

If criterion is satisfied, go to step 4, otherwise go to step 3.

3. On the substructure level.

a) Update condensation matrix:
W <[] R[]0 [ (8] (8] @i

where

. . . l
R {: I A+ giA“é.)% (4.17b)
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b) Compute new condensed matri{é\sgb}A a{ncﬂ B

c) Go to step 2.

4. On the structure level.

a) Compute global eigenvectors:

vy,

[@] ig HAJ (0] (4.10)

4.3 DYNAMIC CONDENSATION WITH MODAL SYNTHESIS

The second substructuring technique presented here consists of a combination of
the modesynthesisapproach and thdynamiccondensation approach. Ircanventional
mode synthesiapproach [14], théollowing steps are required. (Djvide the structure
into substructures. (Zalculate the eigenproperties of thdividual substructures. (3)
Synthesize some tiie eigenproperties along with a set of the so-called component modes
of the substructures to obtain a reducede eigenvalue problem.(4) Solve this
eigenvalue problem and obtathe lower modes of theriginal structure. Inthis
approach, theize isreduced at the substructuevel by elimination othe higher modes
from anyfurther consideration in thgynthesigprocess. In the approach to be presented
here, however, we ilv use all the eigenproperties of the substructuresdédine the
condensed eigenvalue problemstép 3. To reduce trsize of the synthesized eigenvalue
problem we applythe dynamic condensation approach presented in Chapter 3. The

reducedeigenvalue problem is solved and thggdatedagain iteratively to improve the

97



accuracy of the results. It specially efficient to applyhe dynamiccondensation ithis

case as the selection of tkept degrees direedom is greatly facilitated kiyre fact that
the substructurérequenciesare already known. Irthe following section, we formulate
the approach for a structudevided intotwo substructures, witfixed interface boundary

conditions for one of the substructures and free for the other.

4.3.1 Synthesis of Substructure Eigenproperties

We again consider structuralsystem that has been divided it substructures
which are identified here as thex and th@  substructures. flmaber of degrees of
freedom of thew an@ substructures with theierface coordinates freeren andm ,

respectively. Substructures are connectaeg at boundary degrees of freedom.

We assume thahe undamped eigenproperties of both substructures, one with free
interfaces andhe otherwith fixed interfaces, are known from previoasalyses. For
instance, if theaw substructure is chosen as the substructure with free interfaces, the
undamped vibration modes can be obtained filmensolution of thdollowing eigenvalue

problem

[ M[o”] [Aa] F “K[o¢"] (4.18)

The nass and stiffness matricestbe substructur@ave been defined i&gs. (2.4), and

the eigenvector matrixp® | is partitioned as

[ "] [%g} (4.19)
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in which subscripb and areagain associated witthe boundary and interior degrees of
freedom respectively. The eigenvectareassumed to be normalized witspect to the

mass matrix othe o substructure.Similarly, the undampedibration modes othe
substructure, with the boundary degrees of freedom now considered fixed, can be obtained

from the eigenvalue problem
M1 ) K 100 (4.20)

Modal matrix[ ¢° ] is also assumed to be normalized with respect to its mass matrix.
The equations afiotion of thecombinedstructuralsystem in free vibration can be

written as
[ M xF ]G x[+]K x=0 (4.21)

in which the mass and stiffness matrices are given in Egs. (2.6) and (2.7), and similarly, the

damping matrix is partitioned as follows,
(4.22)

We will express these equations of motion in terms of the eigenproperties of the
substructures.  Toaccomplish this, weintroduce thefollowing transformation of

coordinates,
X=]U z (4.23)

99



where

¢y 0O
ot 0
[V % } {df‘ 0 ] (4.24)
0 ¢ 0 o

into Eq. (4.21). After pre-multiplying by[ U " , we obtaithe following transformed

equations of motion,

[ MZz+C_ z[+*K_. z=0 (4.25)

where the newmass, damping and stiffness matricae given by the following

expressions,

_ _¢aTMa ¢a + (z)aTMﬁ ¢a (z)aT Mﬁz ¢[)’
[ M = ST ‘;)g oY ¢ZT Mg 5 (4.263)
__(Z)aTCa (z)a +¢[())4T Cfb (z)(bl (z)(byT cé’ (z)b’
Cl = ! 4.26b
- o7 Cy 05 o7 C ¢ (4260
_ _(z)aTKa ¢a + (Z)(be be (z)(bl (z)gT KZ (z)ﬁ 49
R A (#266)

Utilizing the orthonormal properties of tmeodal matrices ¢*] anfi¢’] the above

eguations can be written as

lo + G5TMy, 62 60T MP ¢f
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aT « @
[ 9 {Aa¢2féﬁifg¢b o' 2% ¢ ] (4.27b)
ib Pb

[ K = (4.27c¢)

A+ fsTbe & oeT KD ¢ﬁ]
o7 TKY o Ag

in which[ |; | is an identity matrix,A;] is a diagonal matrix contairtingeigenvalues

of thej substructure, anflA;]  is defined as
18] BT | GG 1] (4.28)

The matrix [ § can beclassically or nonclassicallggamped. However, if the
substructure iglassicallydamped, then matrikA;] becomes diagonal with coefficients
equal to 2¢/ o/ , wherej ang are thwdal frequency antdhe dampingratio,

respectively, of thé&” mode of thie substructure.

It is noted that these transformed equations of motion remandef N since all
modes have been usedtire transformation process. In the next section We=xplain
how we can obtain theomplex modes ofhe combinedstructure bysolving areduced

size eigenvalue problem.

4.3.2 Dynamic Condensation

In general, the equatiort4.25) wil still be coupled. To obtain the eigenproperties
of the combined system, we ilv rewrite Eq. (4.25) in the state vecttmrm. The

eigenvalue problem of this state equation is

[ AT (@] E B[] (4.29)
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in which

b Hed (o] (4.302)
[ "B %NH [[,SH (4.30b)

and[Q] is a diagonal matrix containitige 2V eigenvalues anpil* |  the modal matrix
containingthe eigenvectors of the transformed structissstem. Eigenvectors of the
original system can beomputedusingthe transformation of coordinatelefined in Eq.

(4.23) as follows
v oo ] @31)

We do notwish to solvethe full eigenvalue problem dEq. (4.29) bubnly acondensed
one to reduce thsize ofthe problem. To condense, Vst makethe choiceabout the
coordinates to be kepihd reduced.This choice has a significant impact e efficiency
of the procedure.This will be shown by a numerical example later. If partition the

displacement vectqr z as indicated by Eq. (3.7),

_ z{:i:’: } (4.32)

and rearrange the transformed state matrices such that
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LA Ay AJ (4.33a)

(4.33b)

[ B _:Brk Br’r

then thedynamiccondensation approach developed in Chapter 3 can be directly applied to
the transformed structuralystemrepresented by Eq. (4.29Following the step-by-step
proceduredescribed in Section 3.5, the desired eigenproperties of the transfysbeah

can be obtained. Eigenvectors of theginal systemare then computed hysing Eq.
(4.31). It is of interest to note thaiith this substructuring technique, we can use the
iteration process with lower modeswasll aswith higher modes. In addition tbat, the
number of degrees of freedom to kept in the reducesize eigenvalue probledoes not

have to be equal to the number of boundary degrees of freedom.

4.4 NUMERICAL RESULTS

The truss structure considered in the previous chaptebevutilized here to
present thenumericalresults of thedynamic condensation methods introducedytliis
chapter. The trusBas been divided inttwo substructure as indicated Figurd 4 The
total number of degrees of freedom dfe two substructures with theimterface
coordinates free are 16 arZB, respectively. Theyare connected at #oundary

coordinates. The combined structure has a total of 40 degrees of freedom.

We consider firstthe condensed substructure superposition apprositin
iterations. As we mentioned earliéihe dimension ofthe reducectigenvalue problem is
determined by thaumber ofthe boundary degrees of freedom between the substructures.

From Figure3.10 wecan see that coordinates 5, 7, 22 88dnumbered according to
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Shah and Raymundfgocedure, are kept in the reducgidenvalue problem. Since the
condensed eigenvalue problem is of size #thg humber of degrees of freedom at the
interface ), in this case, weilwget thefirst four pairs of complex and conjugate
eigenproperties of the trussTable 4.1 shows the percent erroobtained inmodal
frequencies and dampimgtios calculated fronthe complex eigenvalues and Table 4.2
shows the RMS errors in the four eigenvectors. It is noted thatitihbestimates of the
eigenproperties angoor, butafter one iteration the erroese reduced noticeably. Almost

exact values are obtained after four iterations.

The results obtained with the dynamic condensation with modal synthesis are given
next. Eigenproperties of the antl  substructures were calculatednatface
coordinates free andxkd, respectively. The firdive natural frequencies of each
substructure arksted in Table 4.3. The transformed combined systemradisced to a
size of 4thus providingthe lowest four modeshis amounts of a reduction tihe size by

90% of the degrees of freedom.

To demonstrate theffect of the choice of the&kept degrees ofreedom on the
efficiency of the proceduretwo different ways of choosinghe kept generalized
coordinates in the reducethenvalue problem have been considered. In the first case, the
system matricesre directly formed as indicated ikqgs. (4.27a-c), and thirst four
coordinates of the transformed structurelapt. These correspond to the coordinates at
theinterface ofthe substructures. In the second casesysem matricewere reordered
according to themagnitudes ofthe naturalfrequencies ofthe uncoupledar ang?
substructure in Eq. (4.27c}rom the magnitude of the frequencies indicated in Table 4.3,
we see that in this method of selecting coordinately one coordinate of thev

substructure and three of the substructure are kept.
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Tables4.4and4.5 show the resulisbtained for thdirst case. It is1oted that the
initial estimate of the eigenproperties aompletely offthe mark with largerrors. They
are significantly improved after one iteration, wheomly the fourth modehasrather a
high error. The errors are, howevedrastically reduced wherthe selection isnade
according to the second approach, as is feemthe results inrables4.6 and 4.7; with
the exception of thdampingratios of the third and fourth modes, théial estimates of
the results in the second case exeellent. After four iterationthefirst three modes can
be considered as exact and the fourtveiy close to being aexact one also. From the
results we can conclude that better results and faster convergiirize abtainedwhen
the system matriceare reordered according to the magnitude of the natural frequencies of

the uncoupled substructures.

4.5 SUMMARY AND CONCLUSIONS

In this chapter, thedynamic condensation approach presented in Chapter 3 is
applied to structuresdivided into substructures. Twaubstructuring techniques are
considered. One is based on the condensed substructure superposition approach
developed in Chapter 2. Tlmhertechnique is a combination tfe well known modal

synthesis approach and the dynamic condensation method.

In the condensed substructure superposition approach with iterations, the
substructures' mass, damping and stiffness submasreamly required. The interior
degrees of freedom are condensed at substrudtwed initially using the static
condensation approachThis reduction approach can efined by usinghe iterative
approach presented here. In the iterative approach the eigenproperties of the condensed

problemaresuccessivelyised. In thi@pproach, theimension othe eigenvalue problem

105



of the combinedstructure is reduced to tmember of boundary degrees of freedom. A
numerical example is presented to demonstrate the implementation and effectiveness of the

method.

In the combined mode synthesis and condensatgoroach each substructure is
described by its eigenproperties. The case of fredfieed boundary conditions at the
interface ofthe two substructures was consideredhysicalcoordinates of theombined
structure are transformed inteeneralized coordinates befdtee iterative condensation
process described in Chapter 3ngplemented. Examplesre presentedhich illustrate
the effectiveness of the proposed method. It is found that a better convergence is obtained
whenthe kept coordinates aselected according to theagnitude othe eigenvalues of

the constituent substructures.
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Table 4.1 Percent errors imodal frequencies and dampiragios of the truss ifigure
3.9 calculated with the condensed substructure superposition apprdhch
iterations.

a) Modal Frequencies

Iteration Step
Mode 0 1 2 3 4
1 12.889 0.001 0.000 | - | e
2 25.994 0.059 0.010 0.004 0.003
3 15.930 0.189 0.020 0.003 0.001
4 185.147 3.202 1.040 0.705 0.526
b) Damping Ratios
Iteration Step
Mode 0 1 2 3 4
1 32.986 -0.136 -0.009 0.001 0.001
2 33.252 -0.990 -0.025 0.054 0.052
3 46.034 -0.420 -0.053 -0.021 -0.014
4 256.894 4.117 -5.894 -4.394 -3.593




Table 4.2 RMS errors in eigenvectors of trussFigure 3.9 calculated with the
condensed substructure superposition approach with iterations.

Iteration Step
Mode 0 1 2 3 4
1 12.753 0.023 0.005 0.003 0.002
2 21.169 1.161 0.299 0.152 0.099
3 21.932 2.250 0.634 0.245 0.114
4 65.533 11.829 4.788 2.000 1.576
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Table 4.3 Firstfive natural frequencies in rad/sec tfe o substructure witliree
interface coordinates, andhe ([ substructure withfixed interface
coordinates.

Mode a Substructure [ Substructure
1 0.0568 0.0449
2 0.1662 0.1161
3 0.2000 0.1624
4 0.2875 0.2327
5 0.3383 0.3443
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Table 4.4 Percent errors imodal frequencies and dampiragios of truss irFigure 3.9
calculated with thedynamic condensation approach withodal synthesis.
Kept degrees of freedom selected without any reordering.

a) Modal Frequencies

Iteration Step
Mode 0 1 2 3 4
1 19.692 0.004 0.002 0.001 0.001
2 37.209 0.504 0.189 0.112 0.072
3 20.535 0.346 0.051 0.010 0.002
4 61.116 14.126 6.027 3.461 2.304
b) Damping Ratios
Iteration Step
Mode 0 1 2 3 4
1 75.883 -0.375 -0.246 -0.141 -0.087
2 73.168 -1.235 -1.209 -0.748 -0.480
3 51.596 -2.370 -0.213 0.036 0.048
4 187.802 35.883 13.875 7.137 4.549
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Table 4.5 RMS errors in eigenvectors of truskigure3.9 calculated with the dynamic

condensation approach witmodal synthesis.

selected without any reordering.

&pt degrees of freedom

Iteration Step
Mode 0 1 2 3 4
1 35.921 0.193 0.167 0.125 0.097
2 55.454 3.336 2.052 1.557 1.232
3 36.183 5.429 2.251 1.084 0.597
4 98.325 49.473 33.018 24.262 19.165

D
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Table 4.6 Percent errors imodal frequencies and dampirggios of truss irFigure 3.9
calculated with thedynamic condensation approach withodal synthesis.
Kept degrees of freedom selected according to rttagnitudes of the
uncoupled frequencies of the substructures.

a) Modal Frequencies

Iteration Step
Mode 0 1 2 3 4
1 0.026 (0750010 S U —
2 0.362 0.003 0.000 |  —eeeem | e
3 1.609 0.026 0.001 0.000 | -
4 1.674 0.262 0.050 0.010 0.002
b) Damping Ratios
Iteration Step
Mode 0 1 2 3 4
1 -0.529 -0.002 0.000 | - | meeee-
2 0.322 -0.053 0.000 |  —emeem | e
3 -11.884 -0.653 -0.041 -0.003 -0.000
4 -20.209 -6.107 -2.203 -0.674 -0.235
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Table 4.7 RMS errors in eigenvectors of the trus&igure 3.9 calculated with the
dynamic condensation approach witmodal synthesis. &pt degrees of
freedom selected according to tmagnitudes othe uncoupledrequencies
of the substructures.

Iteration Step
Mode 0 1 2 3 4
1 0.017 0.003 0.000 | - | e
2 0.759 0.064 0.007 0.001 0.000
3 1.539 0.230 0.040 0.008 0.002
4 6.678 2971 1.384 0.714 0.373
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Figure 4.1 Thea substructure with free interface boundary conditionstrend
substructure with fixed boundary condition for the truss in Figure 3.9.
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CHAPTER V

DYNAMIC CONDENSATION APPROACH
FOR CLASSICALLY DAMPED STRUCTURES

5.1 INTRODUCTION

In the previous chapters we presentedlyaamic condensation approach for
nonclassicallydampedstructures. As quite often the structuresraceleled aglassically
damped, in this chapter welspecializethe expressions dhis analyticalprocedure to
make it applicable talassicallydampedstructures. Thexpressions for theynamic
condensation approach and also for thve condensation methods with substructuring
considered in Chapter 4 agven. The performance dhe proposed approach is

demonstrated with numerical examples for classically damped systems.

5.2 DYNAMIC CONDENSATION FOR CLASSICAL DAMPING

The eigenproperties of the structurgystem with classical damping can be

obtained from the solution of the eigenvalue problem

[ Me] [A]  [F]K®] (5.1)
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in which[ M] and] K are positivedefinite matricesj A | is a diagonal matrix containihg
real eigenvalues anfid] ihe (N x N) eigenvector matrix. Eigenvectors can be

normalized such that
[@]"[ IM®] [=]1 (5.2a)
(@] 1K®] [A] (5.2b)

where| 1] is an unity matrix.

As in the case ohonclassicallyjdamped systems, wage interested isolve two
reducedsize eigenvalue problems instead of solving tme directly. Once again, we

have to partition the displacement vector x as indicated in Eq. (3.7),

ity &

in which x. will contain the degrees of freedom to Kkept in theeigenvalue problem
associated with the lower modes and xl wontains theemainingdegrees of freedom,
those to be kept in theigenvalue problem associated witle higher modes. The
selection of the degrees of freedom can be done amyhof the analytical procedures
available inthe literature [2,8,17,28,44,50,54,57,64]. Correspondinipisopartition of

the displacement vector, the mass and stiffness matrices are also partitioned as

My, My,

R v (5.42)
[ Kie K

1K R KTJ (5.4b)
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where submatrices M and K have a dimensmon @; x ), withk,j=

After the corresponding partition of the modal matrices in Eqg. (5.1), the eigenvalue

problem corresponding to tg  lower modes can be written as
ot w] (] e ] 8 69
whereas the eigenvalue problem corresponding to,the  higher modes can be written as
s we] L] e ] ] 59

It is noted that thesesigenvalue problemsare similar to the ones obtained for

nonclassically damped structures, Egs. (3.13) and (3.19), reproduced here as:

AR S @13

PR A 19
where now

[ A] 4 M) [ B ER with i,j =k, ¢ (5.72)

(U] @] [Q:] [R] with i,j=k,r (5.7b)
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Of course, here thdimensions othe submatricesare (n; xn; ) instead of (12 xR )
and the eigenproperties are real. To obtain dymamic condensation foclassically
damped structures we céollow the formulationsimilar tothe one presented in Chapter
3. Thisprocedure Wl show that the expressions obtained fionclassically damped
structures arelirectly applicable to classicalljamped if thesubmatricesre replaced as
indicated inEgs. (5.7a) and (5.7b). These equatwith replacement of theubmatrices

according to Egs. (5.7a) and (5.7b) are presented in the following sections.

5.2.1 Condensed Eigenvalue Problems

The condensed eigenvalue problem associatedtihéthower modes igiven by

the following expression
117 Mi@w] (8] [ K@) (5.8)

where the condensed matric{e’é] M %r/\\d] K are

(] = R T Al [ R [R (5.92)

[AK] = K] +[H T[ Kl H K] [AF} {A@ET[ K] AI}Q (5.9b)
The condensation matrix for the lower moc{e/\s] R is defined as
[A]R (] [@ri] (5.10)

The condensed eigenvalue problem associated with the higher modes is given by
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[ M2,] [A ] [F]K,] (5.11)

where the condensed matri¢es] M &nd K are

(MM HRTIM] M [ R AR M [R (5.12a)

(K=K HRTIK] £ [R+R[K[R (5.12b)

The condensation matrix for the higher mofle$ R is now defined as

[TIR[®&,] [®] " (5.13)

The relationships betweethe condensation matrices obtainkdm the orthogonality

conditions of the eigenvector matfik| , Egs. (5.2a) and (5.2b), are
— AT -1 AT
[ R ;{M +R M} {M+ Rwﬂ (5.14)
AT — —
R0 K TR KTRHK (5.15)

Usingthe solution of the condensedenvalue problem&.8) and(5.10), we can
obtain the completset ofreal eigenproperties of the structusgstem by means of the

following equation,
(I)kk (I)kr (I)kk ﬁ (I)rr
[®] {q,rk %} { (5.16)

N
R (Dkk (Dr’r
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However, onceagainthe condensation matrices cannotdeéned sincehe eigenvectors
are unknown. In the next sections we present the iterative procedures to compute the

condensation matrices for lower and higher modes.

5.2.2 lterative Condensation Processes

The initial approximation for the condensatiomatrix for lower modes can be

computed as
ML S (5.17)

where the superscrifd) indicate that it is aimitial value. This condensation matrix is the
same aghe static condensation proposed®yyan[19]. Therecursive relationship to

iteratively obtain improved estimate E)f\ ]R is
e [ RO [ol ] [0] W] - rertivg Gasa

where

[ R] w0 (5.18b)

The last term on the rightand side ofEq. (5.18a)can be identified ashe initial

and thaether one is a correction term that is addenimarove this

0
approximation{ AISQ)

original estimate. This iterativerocedure Wl improve the initial condensation matrix.

Superscriptl) refers to the iteration step.
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When the higher modesare used in the condensation process, thennitia

approximation of the condensation matrix is written as
[_(%] =[ M M (5.19)
The recursive equation to improve the estimate of the condensation mdtrix R is
R ] = Mol RO [0 ][40 ] 2 ][R0
— [ M MY (5.20a)

where

R R 1K (5.20b)

Here again superscript () refers tbe iteration step. As ikq. (5.18), thdast term on
the righthand side othe above equation can lentified asthe initial approximation of
the condensation matrix. Tle¢her term represents a correction that is addethpoove
theinitial approximation. A step-by-step procedure for both iteration processiaslas
to the one presented in Section 3vih a proper substitution of theubmatrices as

indicated in Egs. (5.7a) and (5.7b).

5.2.3 Numerical Results

The framestructure considered in Chapter 2llvbe used here toverify the
effectiveness othe dynamiccondensation approach presented in the preceding sections.

Only the results obtained with the iteration process with lower modes are included.

121



Again two different ways of selectinghe kept degrees ofreedom were
considered. In thérst casethen, degrees of freedom with the dlewt stiffness to mass
ratios were selected, whereas #ept coordinates of the second case waiwstrarily
selected. In both casesly 8 ofthe 102 coordinates were kegfigure5.1 showdhese
degrees of freedom for both cases. First eight coordinates correspond to the first case and
the remaining eightorrespond to the second case. It can be suspected that these groups
of coordinategmay not lead to reasonably approximationstbé lower modesince all

coordinates kept pertain to the horizontal displacements.

The natural frequencies calculated at different iteratteps for thdirst case are
listed in Table 5.1. Percent errors aralso given inthe tableimmediatelybelow the
frequencies, in parenthesesigain the frequencies witherrors less than0.005% are
regarded as exact. At the iteration step '0’, corresponding to the Guyan reduction method,
all frequenciesare unacceptable witrrors ranging from 12 and 72%. However, after the
first iterationthe frequenciesareimproved noticeably witlerrorsbellow 7% withtwo of
them being essentiallgxact. All frequencies haverrorsless than 1%after the third
iteration. As observed with theonclassical dampedtructures,all frequencies have
positiveerrors inall the iteration steps. teans thathe convergence of the lower modes

is from the above.

The eigenproperties calculated with thenamiccondensation approach wexiso
used to compute the response quantitiestified in Table.5and 2.6. Normalized root
meansquarevaluesfor the shear forcebending moments and displacemeatsgiven in
Tables5.2 to 5.4. Avalue close tdl.0Oindicates thathe response is close to the exact
response. The ground excitatiodsfined bythe Kanai-Tajimi gectral density function
with parametergiven in Table 2.4, have beeonsidered. The results have been obtained

for (a) haizontal excitation only(b) vertical excitatioronly and(c) combined horizontal
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and vertical excitations. It is observed from Tallgsto 5.4 thagll response quantities
computed with th&uyan's condensaticare poor. However, the results ammproved

considerable as the iteration process proceeds.

For the second case where the kept coordinates seteeted arbitrarily, the
natural frequencies calculated at different iteratitaps ardisted in Table 5.5. A dash in
this andthe following tables indicates th#lhe particulafrequency wasot even remotely
approximated in the iteration step. Four of fing five frequenciesvere obtainedvith
errors less thad%. But, noapproximation of the fourtfrequency44.54 rad/sec, was
obtained. The rest of the calculateequenciesrecompletely offthe mark. It wasnly
after the third iteration than an approximation of the fofrequency was obtained. Two
iterations steps later, howeveil| eight frequencies have amror below 3%. However,

the exact eigenproperties can still be obtained by performing a few more iterations.

These resultglearly indicate that it ismportant to choose the kept degrees of
freedom properly andot just arbitrarily. An arbitrary choicaay even lead tonissing a
few modes fronthe spectrum and it can slow down the convergsigeficantly. Next

we show what effect it has in the calculation response.

In Table5.6 we present theormalized force and displacement respovalees
obtained for the inpuapplied inthe horizontal directioronly. It is noted the response
valuesare very accurateeventhough thefrequencies had very larggrors in afirst few
iterations. However, if we observe the results presentd@bie 5.7 which are for the
input applied irthe vertical direction, we observe thatrors are very large. This is due to
the fact that in the first case the response contributions came from those frequencies which
could be calculated accurately even by a simple static condensation. In the case of vertical
excitation, thefrequencies whicltontribute to the response canly becalculated after

several iterations have been performed. In Tallave showsimilar results, but now for
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the inputapplied inboth directions. Here the errors aret aslarge as they were in the
case of vertical excitatioanly but are alsmot assmall asfor the horizontal inpubnly.
Actually, these errors depend upon the relative contribution of the two inputs. What these
results indicate is that to calculatthe responses accurately it is necessary to choose the
kept coordinates properlyOtherwisemanymore iterationsnay berequired to obtain the

modes as well as the response accurately.

5.3 CONDENSED SUBSTRUCTURE SUPERPOSITION APPROACHWITH
ITERATIONS

The expressions developed in Secti2 for the dynamic condensation of
nonclassicallydamped structures can also be uadt classicallydamped systems if the
substitution for various matrices is made accordingds. (5.7a) and (5.7b). Next, we

present these equations for their ready use.

To start, theinitial condensation matrix is defined ferms of the substructure

matrices as follow
{A” =[] ¥ with jee 3, (5.21)

Using these condensation matrices, the condensask rand stiffness matricés each

substructure are defined as :

RO CNENCEE NG R
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The condensed eigenvalue problem of the combined structure is
M) ) E K] (5.23)

where the mass and stiffness matrices are defined in terms of the substructure matrices as:

A [N« -A
M :b@ +bg+ (5.24a)

[A T [ A« A
K F bb% +bb% (5.24b)

The solution of this eigenvalue problenill vprovide the approximations of tHest n,
modes of theombinedstructures. Tamprove their accuracy, weillwuseEq. (5.18) to

update the substructures' condensatagtrices [AB] . This recursivequation, here

written in terms of the substructure submatrices, is given by
LR ORGSR TN RN I

where

[ ®] Eae R (5.250)

and superscriptl () refers to the iteratstep. Newglobal matrices{ AI\}I an(%Aﬂ( are

computed with this improvedubstructure condensationatrix and eigenvalue problem
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(5.23) issolved again. The lowest  modestloé combinedstructure are obtained by

repeating the procedure until a desired convergence criterion is satisfied.

The elements ahe eigenvectors corresponding to the interior degrefrsexfom

of each substructure can be obtained from
[‘Iﬂ {Aﬂ? (@] withg 3, (5.26)

Thus, the complete eigenvectors of the combined structure can be stated as

o, l
N
(@] FOF Ro | [®] (5.27)
] R,

5.3.1 Numerical Results

The framestructure considered in Chapter @l Wwe also used in this section to
presentnumericalresults obtained by the condensed substructure superposition approach
with iterations. Thestructurehas been divided inttwo substructure, Figure 2.2. The 3-
Dimensional frame igonsidered as the substructure and the strasture as the
substructure. The 24 boundary degrees of freedom dexskbpt todefinethe reduced

eigenvalue problem.

Natural frequencies obtained fdifferent iterationssteps are listed ifable5.9.
Percent errors aralso shown in the table in parenthesiSor iteration step0’, which
corresponds td@uyan'sreduction scheme, perceatrors rangedrom 0.08 to 196 with
only the first 7 frequencies having arror below 5%. It is olserved that after thierst

iteration the maximum percent errorhas beenreduced to 90 and now 10 of the
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frequenciesare acceptable. As the iteration process continues, the respltsve

considerably and after 5 iterations 20 frequencies had an error below 5%.

In Table5.10, we show the results for thermalized sheahending moment and
displacements obtainddr horizontal input. The accuracy of these resultexisellent
even at '0' iteratiostep. What imeans is thathe modesvhich primarily contributed to
these responses for this inpuere accurately calculatezlen inthe very first iteration.
This is,however,not thecase for the response calculated foruadical input shown in
Table 5.11; where some of responses obtained tvéliuyan reductiorare poor with
percent errors up to 40%After thefirst iteration theserrors are reduced to 5%. More
iterations, of course, reduce the erreven further. Tabl&.12 shows the results for the
case of the inputapplied inboth directions. The errors this caseare in between the
errors for the previouswvo cases. The largestror obtained at iteration stép' is 15%
but after thefirst iteration it is reduced t8%. Ingeneral, the results obtained heiith
only one iteration arenuch better thathose obtained in Chaptervidth the condensed

substructure superposition approach without iteration, Tables 2.7 and 2.8.

5.4 DYNAMIC CONDENSATION WITH MODAL SYNTHESIS

In this section we specializbe substructuring technique presented in Chapter 4
for nonclassicallyjdamped structures falassicallydampedstructures. Weagain assume
that the undamped eigenproperties of¢he  substructure witmfeelacesare[ A, ] and
[0~ ], and the undamped eigenproperties of #he  substructurdixéthinterfaces are
[As] and[4°] . Modal matrices asssumed normalized witlespect to their respective

mass matrices.
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For classically damped systems, we can ignotlee damping matrix \ile
calculatingthe eigenproperties. That we considethe following undampecaquation in

free vibration as

[ IM x[+]K x=0 (5.28)
As in the case afionclassicalljdampedstructures, we express these equations in terms of
the eigenproperties of the substructurér this, we introduced the transformation of

coordinates given in Eq. (4.23),

- XF U z{nga O} .z (5.29)

into Eq. (5.28). After pre-multiply it by[ U T, the following transformed equations of

motion are obtained
[ *MZ z[+*K_ z=0 (5.30)

where the transformedass and stiffness matricase given byEqs. (4.27a) and (4.27c),

which are repeated as:

i aTpB o 1

(M - Ia+<¢bTMbb &% opT My ¢ (4.27a)
o7 M}, o s

g et oF TG o (4.27¢)
o7 K, of Ag |
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The dynamiccondensation presented in sectf can now beapplied to reduce
the size ofthe problem. We partition the transformed matrices] M [and K according

to the kept and reduced degrees of freedom as follows

cin | Mir My,

[ *M Mo M, } (5.31a)
. Kir  Kir

KR KJ (5.31b)

The transformation oEq. (5.28)expressed in terms of thghysical coordinates to Eq.
(5.30) expressed in terms of theodal coordinates providesvary convenient way of
selectingthe keptand reduced degrees of freedom foesy efficient convergence, as will
be shown by th@umerical example.The iteration process either with lower modes or
with higher modes can be carriedt to obtain the eigenproperties of the transformed
structural system. Thell eigenvectors of theriginal system can be obtainedi@mms of

the eigenvectors of the reduced system as follows:

(@] [=]b27] (5.32)

5.4.1 Numerical Results

Once again we W use theframestructure shown ifrigure2.1 as ounumerical
example. Q@ly the results obtained by iterating with lower modes are presented. To
demonstrate theffect of the choice of thekept coordinates on thefficiency of the
approach, herewo different ways of selecting these coordinates have been considered. In
the first case, coordinateare selected according to the transfornséfiness to mass

ratios. Then, coordinates with the lowest ratios are chosen deepitedegrees of
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freedom to definghe eigenvalue problem associated wile lower modes. In the second
case, the coordinates are selected according tmégaitudes ofhe eigenvalues of the
uncoupled substructurels\, ] amtlz] . this casethe transformed ass andtiffness
matrices areeordered according to tmeagnitude othe eigenvalues, so th#te smallest
eigenvalue islocated at thdfirst position andthe largest at the last iBqg. (4.27c).
Coordinates located in tHest n; positionsare chosen as thept coordinates. Lowest
natural frequencies @f artl substructures with boundary degrees of freed@mme
and fixed, respectivelyare given in Table5.13. In both case®ight coordinates were

kept.

Table5.14 shows the natural frequencies obtained for the first case. Percent errors
are also shown in parenthesis in the table,dmly whenthe approximatedrequency
corresponds to one of the exact modes. It is of interest to observe that at iteration step '0’,
corresponding to th&uyanreduction, four of thdirst eight frequenciesre completely
missing. Thesemissed frequencieare the first, second, seventh amghth frequencies.
However, goodapproximations were obtained for the rest of the frequenaesding
the twelfth andifteenth frequencies. Aftahe first iteration,poorapproximations of the
first and second frequenciegere obtained and the percemtrors of the rest of the
frequenciesvere reduced to less than All frequenciesre acceptable aftéve iteration
with six of them beingexact. However, the seventh agighth werestill missingafter the

fifth iteration. Thus, in general, this choice of the kept coordinates is not acceptable.

Next we show thenormalizedroot meansquare responses obtained for fingt
case in Table$.15 to 5.17. Since we obtaineghoor approximations of thdirst two
modes a#ll iteration steps, the accuracy of the respomgesh seem to have significant
contribution from these modes ftbre horizontal input are also poorly calculated. On the

otherhand,all response quantities computed for Weetical input, Table 5.16, have errors
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below 5% with one iteration and amproved aghe iteration process is repeatethable
5.17 shows the results obtained for dmenbined input. Similar to the observations we
made earlier when discuss@ results imables5.10 to 5.12accuracy of these results is

between the accuracy of the results in the two previous tables.

The results obtained for the second choice of coordinates are presented now.
Sincethe first eight frequencies othe o substructures were the lowedt,eight kept
coordinates belonged to the substructurihim case. Natural frequencies calculated at
different iterationsteps ardisted in Table5.18. Even for theGuyanreduction, i.e.,
iteration step '0', most of the frequencies are almost exact, except that the fourth frequency
has arerror of 12%and the seventh modeadsmpletely missing. Witlone iteration the
error of the fourtHrequency igeduced to less than 1%. After five iterations, seven of the
frequenciesare exact, however, the seventh modsilismissing. This frequencgan be
obtained eventually if we contindlee iteration process for several steps more. Responses
are almost exact fall iteration steps for horizontal inpufables5.19. Whereas for the
vertical input, Tablé.20, the percent erroanged from 1 to 25 foBuyan reduction and
is reduced tdess than after three iterationwhen a better approximation tife fourth
mode is obtained. The missing frequency does not seem to be contributing to the response
in these cases. TalBe21 shows the results obtained for ¢benbined input. Comparing
the results obtained for theo sts of coordinates used here, we can see that the second

choice provides better convergence than the first one.

5.5 SUMMARY AND CONCLUSIONS

In this chapter, thedynamic condensation method famonclassically damped

structures developedarlier is specialized to make it applicable dassicallydamped
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structures. It is found that tlexpressions obtained in previous chapters cadlirbetly
used forclassicallydamped systems if we properly replalce matrices.This replacement

is indicated by Egs. (5.7a) and (5.7b).

Several sets of numerice¢sults are presented to show #féectiveness of the
condensation methodsl'wo set ofdegrees of freedom were considered with theeggn
dynamiccondensation method. In both cases, the eigenproperties and responses obtained
with the Guyan'sreduction method or the static condensation approacmoaraccurate
in all cases. Results argignificantly improved by applyingthe proposediterative
approach. It is shown that the results amgnificantly improved inthe condensed
substructure superposition appro@sien by performing a single iteration. In general, it is
better to increas¢he number of iteration than to increasiee size of the condensed
problem inorder toimprovethe accuracy of the calculated response. It is also shown that
the choice of th&ept coordinate ilynamiccondensation process is gredtyilitated by
transformation of thephysical coordinates to modatoordinates. Thais, the modal
synthesis andlynamiccondensation methods can be combined to imptioeefficiency

and accuracy of a structural eigenvalue analysis.
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Table 5.1 Frequencies ( in rad/sec ) of freme in Figure2.1 calculated with the
dynamiccondensation approach. Degrees of freedom selected according to
the stiffness to mass ratio.

Iteration Step
Mode 0 1 3 5

1 13.99 12.39 12.39 12.39
(12.88) (0.00)

2 13.99 12.39 12.39 12.39
(12.88) (0.00)

3 18.88 17.71 17.71 17.71
(12.28) (0.01) (0.00)

4 76.71 46.21 44.85 44.64
(72.23) (3.75) (0.70) (0.22)

5 81.47 63.37 61.63 61.49
(32.56) (3.10) (0.29) (0.05)

6 89.75 75.33 72.61 72.19
(24.55) (4.53) (0.77) (0.18)

7 94.06 76.57 76.61 72.19
(30.52) (6.26) (0.77) (0.18)

8 94.06 76.57 72.97 72.78
(29.29) (6.26) (0.32) (0.05)
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Table 5.2 Normalizedoot meansquare responses for tframe of Figure2.1 under
horizontal ground excitations. Eigenproperties obtained withdgimamic
condensation approach. Degrees of freedom selected according to the
stiffness to mass ratios.

Iteration Step

Node 0 1 3 5

Shear Forces

9 0.5010 0.9960 0.9996 1.0000
11 1.8070 1.0141 1.0008 1.0000
14 0.5010 0.9946 0.9997 1.0000
18 0.4900 0.9916 0.9999 1.0000

Bending Moments

11 0.4900 0.9964 0.9997 1.0000
14 0.5259 1.0070 0.9996 1.0000
16 0.4967 0.9944 0.9998 1.0000
18 0.4971 0.09921 0.9998 1.0000

Horizontal Displacements

7 1.0700 1.0039 1.0002 1.0000
11 0.8318 1.0003 1.0000 1.0000
21 0.8072 0.9994 1.0000 1.0000
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Table 5.3 Normalizedoot meansquare responses for tframe of Figure2.1 under
vertical ground excitations. Eigenproperties obtained with tymamic
condensation approach. Degrees of freedom selected according to the
stiffness to mass ratios.

Iteration Step

Node 0 1 3 5

Shear Forces

9 0.0000 0.7650 0.9099 0.9538
11 0.7744 1.6660 1.3620 1.1142
14 0.0000 0.7430 0.9068 0.9553
18 0.0000 0.6340 0.8910 0.9449

Bending Moments

11 0.1371 0.6990 0.8307 0.9199
14 0.0584 0.8250 0.9423 0.9724
16 0.1578 0.3780 0.7900 0.8880
18 0.0616 0.7780 0.9367 0.9700

Vertical Displacements

7 0.000 0.7674 0.9101 0.9539
14 0.1036 0.8890 0.9698 0.9881
21 0.0787 0.8231 0.9502 0.9774
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Table 5.4 Normalizedoot meansquare responses for tframe of Figure2.1 under
combines horizontal and verticajround excitations.  Eigenproperties
obtained with thedynamic condensation approach. Degreesfreedom
selected according to the stiffness to mass ratios.

Iteration Step

Node 0 1 3 5

Shear Forces

9 0.3560 0.8890 0.9562 0.9773
11 1.7910 1.0330 1.0101 1.0052
14 0.4540 0.9541 0.9836 0.9915
18 0.3720 0.8596 0.9555 0.9772

Bending Moments

11 0.4836 0.9880 0.9954 0.9976
14 0.0793 0.8271 0.9429 0.9727
16 0.4820 0.9664 0.9876 0.9931
18 0.3409 0.8834 0.9664 0.9840
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Table 5.5 Frequencies ( in rad/sec ) of freme in Figure2.1 calculated with the
dynamic condensation approach. Degrees of freedom selected arbitrarily.

Iteration Step
Mode 0 1 3 5
1 12.47 12.39 12.39 12.39
(0.62) (0.00)
2 12.47 12.39 12.39 12.39
(0.62) (0.00)
3 17.75 17.71 17.71 17.71
(0.23) (0.00)
4 | e s 45.63 45.41
(2.45) (1.94)
5 63.65 61.59 61.46 61.46
(3.56) (0.21) (0.00)
6 | - e e 74.15
(2.90)
7 | - | mmeeee | e 74.15
(2.90)
8 | - 78.33 75.67 74.46
(7.67) (4.02) (2.36)
9 496.98 107.07 7837 | -
10 496.98 108.54 7837 | -
11 512.32 10854 | - | -
12 54588 | @ - | e e




Table 5.6 Normalizedoot meansquare responses for tframe of Figure2.1 under
horizontal ground excitations. Eigenproperties obtained withdgimamic
condensation approach. Degrees of freedom selected arbitrarily.

Iteration Step

Node 0 1 3 5

Shear Forces

9 1.0440 0.9992 1.0001 1.0000
11 0.9415 0.9998 1.0000 1.0000
14 1.0427 1.0002 1.0000 1.0000
18 1.0408 1.0000 1.0000 1.0000

Bending Moments

11 1.0210 1.0002 1.0000 1.0000
14 1.0720 1.0012 1.0003 1.0000
16 1.0440 1.0000 1.0000 1.0000
18 1.0381 1.0007 1.0000 1.0000

Horizontal Displacements

7 0.9852 1.0000 1.0000 1.0000
11 1.0034 1.0001 1.0000 1.0000
21 0.9739 0.9998 1.0000 1.0000
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Table 5.7 Normalizedoot meansquare responses for tframe of Figure2.1 under
vertical ground excitations. Eigenproperties obtained with tymamic
condensation approach. Degrees of freedom selected arbitrarily.

Iteration Step

Node 0 1 3 5

Shear Forces

9 0.0000 0.3350 0.9489 0.9513
11 0.0000 0.3250 0.9047 0.9273
14 0.0000 0.3250 0.9557 0.9605
18 0.0000 0.2770 0.9527 0.9561

Bending Moments

11 0.0000 0.3430 0.9465 0.9688
14 0.0000 0.2249 0.9445 0.9523
16 0.0000 0.5316 0.9512 1.0328
18 0.0000 0.1971 0.9529 0.9604

Vertical Displacements

7 0.0000 0.3354 0.9486 0.9513
14 0.0000 0.1481 0.9356 0.9529
21 0.0000 0.1770 0.9503 0.9529
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Table 5.8 Normalizedoot meansquare responses for tframe of Figure2.1 under
combined horizontal and verticafjround excitations. Eigenproperties
obtained with thedynamic condensation approach. Degreesfreedom
selected arbitrarily.

Iteration Step

Node 0 1 3 5

Shear Forces

9 0.7420 0.7480 0.9751 0.9762
11 0.9311 0.9912 0.9954 0.9984
14 0.9436 0.9156 0.9914 0.9921
18 0.7910 0.7820 0.9805 0.9963

Bending Moments

11 1.0067 0.9879 0.9986 0.9991
14 0.1097 0.2461 0.9451 0.9529
16 1.0096 0.9764 0.9969 1.0022
18 0.7057 0.6954 0.9750 0.9789
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Table 5.9 Frequencies ( in rad/sec ) of freme in Figure2.1 calculated with the
condensed substructure superposition approach with iterations.

Iteration Step
Mode 0 1 3 5
1 12.41 12.39 12.39 12.39
(0.08) (0.00)
2 12.41 12.39 12.39 12.39
(0.08) (0.00)
3 17.75 17.71 17.71 17.71
(0.25) (0.00)
4 46.49 44,54 44.54 44,54
(4.38) (0.01) (0.00)
5 63.81 61.50 61.47 61.47
(3.82) (0.07) (0.01) (0.00)
6 75.03 72.36 72.08 72.07
(4.12) (0.42) (0.03) (0.02)
7 75.03 72.36 72.08 72.07
(4.12) (0.42) (0.03) (0.02)
8 76.96 72.98 72.80 72.77
(5.79) (0.31) (0.07) (0.00)
9 104.69 96.73 95.75 95.61
(9.65) (1.30) (0.28) (0.14)
10 104.69 96.73 95.75 95.61
(9.65) (1.30) (0.28) (0.14)
11 151.24 119.94 111.03 109.92
(40.13) (11.13) (2.88) (1.84)
12 241.71 129.65 121.03 119.72
(104.2) (9.52) (2.24) (1.13)
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Table 5.9 Frequencies ( in rad/sec ) of freme in Figure2.1 calculated with the
condensed substructure superposition approach with iterations.. Cont.

Iteration Step
Mode 0 1 3 5

13 241.71 136.48 124.57 123.11
(99.81) (12.82) (2.98) (1.41)

14 285.78 138.35 128.98 126.07
(135.4) (13.97) (6.25) (4.22)

15 285.78 138.35 128.98 126.07
(135.4) (13.97) (6.25) (4.22)

16 299.78 156.94 131.84 128.69
(137.5) (24.34) (4.46) (1.22)

17 370.99 233.27 131.84 128.69
(191.8) (83.48) (3.70) (1.22)

18 376.34 241.96 132.04 129.46
(196.0) (90.31) (3.86) (2.57)

19 376.34 241.96 142.03 137.94
(182.9) (81.91) (6.78) (3.71)

20 379.26 292.48 231.62 231.50
(56.84) (20.96) (0.07) (0.02)

21 379.26 292.48 279.41 275.75
(56.84) (20.96) (15.55) (14.01)

22 504.38 365.26 279.41 275.75
(108.6) (51.06) (15.55) (14.01)

23 520.58 402.37 313.36 291.67
(98.53) (53.45) (19.51) (11.24)

24 578.73 517.46 314.38 303.31
(107.8) (85.78) (12.87) (8.90)

142



Table 5.10 Normalizedoot meansquare responses for tframe of Figure2.1 under
horizontal ground excitations. Eigenproperties obtained with the condensed
substructure superposition approach with iterations.

Iteration Step

Node 0 1 3 5

Shear Forces

9 0.031 0.0017 1.0002 1.0001
11 0.9394 0.9997 0.9999 1.0000
14 1.0561 1.0003 1.0002 1.0001
18 0.9986 1.0000 1.0000 1.0000

Bending Moments

11 1.0198 1.0002 1.0000 1.0000
14 1.5164 1.0063 1.0041 1.0028
16 1.0521 1.0001 1.0000 1.0000
18 0.9985 0.9984 0.9999 1.0000

Horizontal Displacements

7 0.9817 1.0000 1.0000 1.0000
11 0.9989 1.0000 1.0000 1.0000
21 0.9992 1.0000 1.0000 1.0000
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Table 5.11 Normalizedoot meansquare responses for tframe of Figure2.1 under
vertical ground excitations. Eigenproperties obtained with the condensed
substructure superposition approach with iterations.

Iteration Step

Node 0 1 3 5

Shear Forces

9 0.9621 1.0390 1.0380 1.0380
11 0.7177 0.9776 0.9833 0.9842
14 1.1262 1.0229 1.0226 1.0207
18 0.5831 0.9555 0.9671 0.9678

Bending Moments

11 1.0562 1.0187 1.0181 1.0174
14 1.0626 1.0168 1.0159 1.0154
16 1.0389 0.9801 0.9836 0.9838
18 0.7545 0.9872 0.9892 0.9898

Vertical Displacements

7 0.9710 1.0373 1.0333 1.0247
14 1.0086 1.0126 1.0119 1.0116
21 0.8408 0.9951 0.9944 0.9944
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Table 5.12 Normalizedoot meansquare responses for tframe of Figure2.1 under
combined horizontal and verticafjround excitations. Eigenproperties
obtained with the condensed substructure superposition appregich

iterations.
Iteration Step
Node 0 1 3 5
Shear Forces
9 1.0091 1.0162 1.0150 1.0147
11 0.9349 0.9993 0.9999 1.0000
14 1.0690 1.0042 1.0041 1.0033
18 0.8485 0.9813 0.9861 0.9868
Bending Moments

11 1.0209 1.0007 1.0006 1.0006
14 1.0685 1.0170 1.0160 1.0155
16 1.0512 0.9989 0.9978 0.9988
18 0.8758 0.9937 0.9950 0.9955
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Table 5.13 First ten naturdtequencies in rad/sec dhe o substructure witliree
interface coordinates, andhe ([ substructure withfixed interface
coordinates.

Mode a Substructure £ Substructure
1 3.78 11.3
2 3.78 18.6
3 4.29 18.6
4 5.61 18.8
5 1.74 21.8
6 8.39 21.8
7 8.45 22.8
8 8.80 22.8
9 8.80 25.0
10 9.91 25.0
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Table 5.14 Frequencies ( in rad/sec ) of ffane in Figure2.1 calculated with the
dynamic condensation with modal synthesis. Degrees of freedom selected
according to the transformed stiffness to mass ratio.

Iteration Step
Mode 0 1 3 5
i 15.27 13.24 12.91
(23.21) (6.78) (4.16)
2 | - 15.27 13.24 12.91
(23.21) (6.78) (4.16)

3 17.71 17.71 17.71 17.71
(0.01) (0.00)

4 17.71 17.71 17.71 17.71
(0.01) (0.00)

5 61.48 61.46 61.46 61.46
(0.03) (0.00)

6 72.95 72.75 72.06 72.06
(1.24) (0.97) (0.01) (0.00)

7 | e e e e

8 | e e

12 118.48 118.39 118.38 118.38
(0.08) (0.01) (0.00)

119.717 | - | e e

119.717 | - | e e

15 121.47 121.40 121.40 121.40
(0.06) (0.01) (0.00)
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Table 5.15 Normalizedoot meansquare responses for tframe of Figure2.1 under
horizontal ground excitations. Eigenproperties obtained withdgimamic
condensation with modal synthesis. Degrees of freedom selected according
to the transformed stiffness to mass ratio.

Iteration Step

Node 0 1 3 5

Shear Forces

9 4.8176 4.3168 2.5332 2.1516
11 1.3244 1.6562 1.1888 1.1168
14 1.5268 1.7480 1.2342 1.1518
18 3.0626 0.4888 0.6190 0.6789

Bending Moments

11 1.3305 1.6313 1.1759 1.1069
14 4.8413 3.3802 2.0472 1.7772
16 0.8033 1.1333 0.9256 0.9142
18 0.4390 1.4491 1.0930 1.0434

Horizontal Displacements

7 1.3358 1.6525 1.1867 1.1153
11 1.3427 1.6542 1.1876 1.1159
21 1.3410 1.6537 1.1873 1.1157
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Table 5.16 Normalizedoot meansquare responses for tframe of Figure2.1 under
vertical ground excitations. Eigenproperties obtained with tymamic
condensation with modal synthesis. Degrees of freedom selected according
to the transformed stiffness to mass ratio.

Iteration Step

Node 0 1 3 5

Shear Forces

9 1.9897 1.0114 1.0007 1.0000
11 0.9497 1.0004 1.0000 1.0000
14 1.0119 1.0157 1.0009 1.0000
18 1.1415 1.0434 1.0023 1.0001

Bending Moments

11 1.0348 1.0206 1.0028 1.0001
14 1.0092 1.0149 1.0011 1.0000
16 1.1975 1.0538 1.0023 1.0001
18 1.0710 1.0274 1.0015 1.0001

Vertical Displacements

7 0.9904 1.0115 1.0007 1.0000
14 1.0064 1.0141 1.0008 1.0000
21 1.0448 1.0221 1.0012 1.0001
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Table 5.17 Normalizedoot meansquare responses for tframe of Figure2.1 under
combined horizontal and verticafjround excitations. Eigenproperties
obtained with thedynamiccondensation with modal synthesis. Degrees of
freedom selected according to the transformed stiffness to mass ratio.

Iteration Step

Node 0 1 3 5

Shear Forces

9 3.4935 3.1490 1.9329 1.6830
11 1.3172 1.6445 1.1849 1.1144
14 1.4472 1.6398 1.1953 1.1258
18 2.4439 0.7729 1.8033 0.8297

Bending Moments

11 1.3232 1.6175 1.1714 1.1041
14 1.1198 1.0673 1.0174 1.0113
16 0.8345 1.1283 0.9308 0.9200
18 0.8402 1.2402 1.0448 1.0203
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Table 5.18 Frequencies ( in rad/sec ) of ffane in Figure2.1 calculated with the
dynamic condensation with modal synthesis. Degrees of freedom selected
according to themagnitudes ofthe uncoupledfrequencies of the

substructures.
Iteration Step
Mode 0 1 3 5

1 12.40 12.39 12.39 12.39
(0.04) (0.00)

2 12.40 12.39 12.39 12.39
(0.04) (0.00)

3 17.71 17.71 17.71 17.71
(0.01) (0.00)

4 49.94 44.70 44.54 44,54

(12.12) (0.37) (0.00)

5 61.52 61.46 61.46 61.46
(0.10) (0.00)

6 72.84 72.13 72.06 72.06
(1.08) (0.09) (0.00)

Z%5 O

8 72.95 72.76 72.75 72.75
(0.13) (0.02) (0.01) (0.00)

-- 346.80 273.26 137.88 134.10
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Table 5.19 Percent errorsnmodal frequencies and dampiragios of the truss ifigure
3.9 calculated with the condensed substructure superposition apprdhch

iterations.
Iteration Step
Node 0 1 3 5
Shear Forces
9 1.0024 1.0000 1.0000 1.0000
11 1.0034 1.0000 1.0000 1.0000
14 1.0027 1.0003 1.0000 1.0000
18 1.0027 1.0000 1.0000 1.0000
Bending Moments
11 1.0026 1.0001 1.0000 1.0000
14 1.0046 1.0014 1.0008 1.0000
16 1.0024 1.0001 1.0000 1.0000
18 1.0025 1.0001 1.0000 1.0000
Horizontal Displacements
7 1.0030 1.0002 1.0000 1.0000
11 1.0027 1.0000 1.0000 1.0000
21 1.0026 1.0005 1.0000 1.0000
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Table 5.20 Normalizedoot meansquare responses for tframe of Figure2.1 under
vertical ground excitations. Eigenproperties obtained with tymamic
condensation with modal synthesis. Degrees of freedom selected according
to the magnitudes of the uncoupled frequencies of the substructures.

Iteration Step

Node 0 1 3 5

Shear Forces

9 1.1259 1.0780 1.0101 1.0051
11 1.2992 1.1287 1.0156 1.0019
14 1.0857 1.0628 1.0083 1.0013
18 0.8759 1.0021 1.0011 1.0000

Bending Moments

11 1.0368 1.0490 1.0065 1.0006
14 1.1007 1.0677 1.0087 1.0012
16 0.7506 0.9539 0.9947 0.9993
18 0.9986 1.0339 1.0045 1.0007

Vertical Displacements

7 1.1333 1.0833 1.0167 1.0067
14 1.2151 1.0723 1.0094 1.0014
21 1.0454 1.0500 1.0063 1.0007
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Table 5.21 Normalizedoot meansquare responses for tframe of Figure2.1 under
combined horizontal and verticafjround excitations. Eigenproperties
obtained with thedynamiccondensation with modal synthesis. Degrees of
freedom selected according to tmagnitudes othe uncoupledrequencies
of the substructures.

Iteration Step

Node 0 1 3 5

Shear Forces

9 1.0654 1.0394 1.0052 1.0007
11 1.0109 1.0030 1.0003 1.0000
14 1.0181 1.0118 1.0015 1.0004
18 0.9514 1.0007 1.0000 1.0000

Bending Moments

11 1.0178 1.0157 1.0144 1.0142
14 1.0997 1.0671 1.0086 1.0012
16 0.9881 0.9971 0.9996 0.9999
18 1.0004 1.0184 1.0024 1.0003

154



10 12

9 > —=11
15 » =13
2 14 4
16 1l L P 3
77 /—>5
8 6

Figure 5.1 Kept degrees of freedom for frame example problem.
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CHAPTER VI

SEISMIC RESPONSE OF FLEXIBLE FLOOR
STRUCTURES

6.1 INTRODUCTION

In this chapter we present variomsmericalresults obtained for a structuneth
flexible floors. First, we demonstrate tlapplicability of the dynamic condensation
approach developed in the previous chaptehi®type ofstructures. Then, thafluence
of the out-of-plandlexibility of the floorslabs orthe response grimary and secondary
systems subjected to vertigglound motions is investigated. The accuracy achieved by
usingthe currentlyemployed approximatprocedures t@nalyzethe problem offlexible

floor slab structures is examined in the final sections of the chapter.

The structural properties for the three-stboylding selected for this study were
obtained from Referenc®/. Theplan dimensions ahe floorslabsare 24 x 24 ft. They
are supportedlong its four edges bgnonolithic concretebeam-column frames. The
columnsare 18 x 18n. andthe beamsare 22in. deep and 1. wide. The slab thickness
IS 7 in. The first story height is 18, and theremainingtwo stories are 12 ft each. The
properties of the structure amapdulus of elasticity 3200 ksi, Poisson ratio @15, and
mass density ©.00267slugs/irt . A plarand elevation ofhe building isshown in Figure

6.1.
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In the analytical model ofthe structure weonsider the floors to bagid in their
own planebut flexible in the transverse direction. As a consequence, iagaane rigid
floor slab hasthree common degrees of freedotwo haizontal displacements and a
rotation about theertical axis. The floor slabs were modeled by rectangular finite element
thin plates with three degrees of freedper node: avertical displacement and two
rotations about the horizontal axes. The suppoffiagie was modeled byeam finite

elements and columns with axial and bending deformations.

Sincethe structure isymmetric withrespect tawo centroidal axes and it @nly
subjected to verticajround motions, thdinite element model i consist ofonly one
quarter of each floor and the degrees of freedom associated withrigiee floor
assumptions ¥ not beincluded. Each floor was modeled by 25 plate elements with 96
degrees of freedom per floor as showirigure 6.2, whiclkadd to a total of 288 degrees
of freedom for the three floors. Thest 15 natural frequencies and vertical participation
factors obtained fronthe solution of thdull eigenvalue problerare listed in Table6.1.

These values will be considered as the exact values for comparison purposes.

6.2 EVALUATION OF CONDENSATION PROCEDURES WITH FLEXIBLE
FLOOR STRUCTURES

The three-storybuilding shown in Figure6.1 wasassumed to belassically
damped with a modal dampingatio of 5% for all modes. The approximate
eigenproperties were obtained &ylving iterativelythe eigenvalue problem dtq. (5.8)
with the condensed a&ss and stiffness matrices defined accordingde. (5.9). Nine
vertical displacementsoordinates, three per floor, weaebitrarily selected talefine the

reducedeigenvalue problem. Theyprrespond to nodes 6, 7 and 8 of each fiodicated
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Figure 6.2. Thigepresents a reduction of about 97 % of the twtatber of degrees of

freedom.

The natural frequencies calculated at different iteratteps ardisted in Table
6.2. Once againthe errors in percent amgven inthe tableimmediatelybelow the
frequencies and a dash indicates that error idess tharD.005%. At the iteration step
'0', corresponding to th&uyan reductiormethod,good results were obtained for the
frequencies, witlerrorsranging from2.5% for the fourth mode to 6.15 % for theventh
mode. After one iteration, therror has beerreduced forall frequencies to less than

0.1%, and the exact values were obtained in the next iteration.

The root meansquarevaluesfor the displacements, accelerations, dmehding
moments at nodes 1, 6 and 7 in Figure 6.2,thacshear forces at node 1 and dhal
forces in thecolumnswere computedising as input a verticground motiondefined by
the Kanai-Tajimi gectral density function. The responsssmputed with the exact

eigenproperties are listed in Tables 6.3.

The normalizedroot mean square responsealues for the displacements are
presented in Table 6.4. The results for nodes 6 aa@ goodwith errorsless than 5%
for iteration step '0', anldecome almost exact in the next iteration. However, for node 1,
the errors obtainedith the Guyan reductionvere at leas25%, which went down to 8%
after one iteration and improved @® iteration process was repeated. In the case of the
accelerations shown in Table 6the results argood from the beginning witherrors
ranging from 1 to6%, where the largest errors correspond to node 1. Aifter
iterations, the errordiave beerreduced byhalf. Nevertheless, it isoted thatwhen
computing shear forces aritending momentgor the slabs andaxial forces for the
columns,the results for th&uyan reductiorare very inaccurate. For theshear forces

shown in Table 6.7he resultdhave at least 83% error,and theaxial forces provided in
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Table6.8 have at least a 20 % error. the case of theending moments listed in Table

6.6, the errors areven higher with at leastl®% for node 1, 40% for node 7, and 150 %

for node 6. However, a substantial improvement in the accuracy of the responses after the
first iteration is observed, with the errors reduced to less than 5%. After five iterations, all

the responses are almost exact.

Figures6.3 to 6.8 show theffect of the dynamiccondensation approach in the
computation of acceleration floor response spectra for an oscillator located at node 4 and
at node 6 ofanyfloor. Thedampingratio of the oscillator is 1 % and the interaction
effects betweerthe building and the oscillatohave been ignored. It is clear from the
figures thatthe peaks for the floor spectising the Guyan reduction W occur at
different frequencies, although close, witbspect to those computagsing exact
eigenproperties. Of coursthis was expectedincethe frequencies obtained from the
Guyan reductionare different but close to the exact ones. However, thaximum
accelerations for the oscillator at node 4 shown in Figdu®$o 6.5, arsmallerthan the
exactvalues with arerror of atleast15%. For theoscillator at node 6, theaximum
accelerations shown in Figurés to 6.8, are greater than the exadtiesbut the errors
areless tharb%. The other peaks of the spectrum also shifted owere notcomputed
with the Guyanreduction. On the othdrand, the floor spectrum obtained after fiingt
iteration follows verycloselythe exact spectrum &l cases. Thenly differencebetween
the exact and condensed spectra is observed in the regiorfsegitncies smaller than

the building's frequencies or at the higher frequencies where no peaks exist.

6.3 THE EFFECT OF FLOOR FLEXIBILITY ON THE DYNAMIC RESPONSE

In the current practice, tHeamped mass model is commonlged to compute the
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seismicresponses. The assumption that the floorgigie is implicit in this model and
thus, for agivenfloor elevation, the responselivibe the same atll regions of the floor.
In general, theigid behavior assumption edequate to descrilibe in-planeresponse of
the floor. Forseismicexcitations with vertical components, howeuae flexibility of the
floor slabs inthe out-of-plane directiomay play a significantole and it can result in an
increase inthe responses near the center of the floor. Thereigmering the floor
flexibility in such casesnay result in an underestimation of tseismicresponse of the
structureand secondary systems. TimHuence ofthe floor flexibility on the seismic

response is investigated in this section.

To illustrate the importance of the flodexibility, we analyzedthe structure
shown in Figures.1 consideringflexible slabsand compared it with the results obtained
from the lumped mass model, Figure 6.9The maximum displacement andnaximum
acceleration for each floowhich occur at the center of thetab, andhe axial force for
each column have beemomputed for both models. Theot meansquare responses for
the flexible slabsmodel are listed in Table 6.9. The natural frequencieshs lumped
mass modehre listed in Table6.10 and thenormalized response®r this case are
presented in Figuré&.10. These resultsave been normalized witrespect to the
correspondingmaximum values shown in Tablé.9 obtained fromthe flexible slab
analysis. It is oberved that whethe slabsare considereflexible, the displacements are
20 timesthe valuescomputedusingthe lumped mass modehe accelerations aretignes

and the axial forces at least 1.2 times larger.

The influence of the floor flexibility in the calculation of acceleration floor
response spectra is presented next. @geé,all the floor spectradve been developed
for oscillatordampingratio of 1 % and the interaction effects between the building and the

oscillator has been ignored. Figurésll to 6.13 show the floor spectwhen the
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oscillator is located in the first, second and third floespectively. In each figure we
present the floor spectrhen the floors are considerdtexible and the oscillator is
located at different nodes ofgwven floor. It is interesting to observed that the floor
spectra computed with the oscillatordcifferent locations orthe same floor havesimilar
shapes butlifferent peak amplitudes. It is also found thfa oscillatorhas amaximum
acceleration when it is located e center of the floor, that is in node 6. In addition,
each figure includethe floor spectravhenthe floors are consideretgid. In all three
cases, the spectra for rigid floor model are quite different from those obtained with flexible
floor model. Theynot only have less number gieaks and at different frequencies
compared to those obtaineshen the floors are considereflexible, but also the

acceleration of the oscillator is significantly underestimated.

As anotherexample, we analyzeithe same building ofFigure 6.1 with the floors
changed by 16 ft square slabs. As it can be seen in Bdlde the structuréas now
higher natural frequencies. The floarg now moreigid in the out-of-plane direction as
a consequence. The responses whenfloors are considereitexible are presented in
Table6.12. Thenormalized responsdsr the lumped mass modare shown irFigure
6.14 and itdrequenciesarelisted in Table6.13. Inthis examplahe difference between
both models has beereduced compared to those showifrigure6.10. Theaxial forces
are almost the same, the accelerations are no morel #éimesthe values computed
using the lumped mass model, artie displacementsre about &imes larger. If we
reduce even more the plan dimensions of the floors or make them more rigid in some other
way, we should expect the responses calculated with imaitiels to be in closer

agreement, with the lumped mass model always underestimating the responses.

In the case of the acceleration floor response spectra shown in Feglisetd

6.17, thedifference inthe results are considerable. The peaks baea shifted to the
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higher frequencies bubnceagain theyoccur atfrequencies different thathose obtained
whenthe floors are considerdtexible. Moreover, the accelerations amaller. It is
noted, however, that for thiexible floor model, thefirst two peaks are closer teach
other. The peak in tHemped mass modeloes notoincide withany ofthe peaks in the
flexible floor model. If we reduceven morehe floors lateratlimensions or make them
more rigid, we can expethe first two peaks in thdlexible floor spectra approackach
other, and also approach the peak inltireped mass modelThe shape of the floor
spectra in theflexible and rigid floor models W be different andthe maximum

acceleration of the oscillator with the lumped mass model will be smaller.

These resultsclearly indicate the importance ofincluding the out-of-plane
flexibility of the floors when computingseismicresponses of structures subjected to
verticalground excitations. In general, thgid floor model underestimatéise responses
and the corresponding acceleration floor response spectra diffevent peakswith
smaller amplitudes.The flexibility of the floors should therefore be appropriately taken

into account in the seismic design of secondary systems.

6.4 EVALUATION OF CURRENTLY USED APPROXIMATE METHODS

As mentioned in Chapter |, theaeeseveral approximate methods being utilized in
practice toinclude the floor flexibility in the analytical model of a structure. In this section
we will evaluate the accuracy of the results predictedtwsy popular methods used to
consider the flooflexibility effects: the cascade approach andnieelified lumped mass
method. The structure shown kigure 6.1 has been analyzeshce againnow using

thesetwo approaches. The root mean square responses for the finite element model of the
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structurewith flexible slabsarelisted in Table6.14. Themaximumbending moments and

shear forces for the slabs are also included in this table.

6.4.1 The Cascade Approach

In the cascade approach, the floor slabs are first assumed to be completely rigid. A
vertical seismic analysis of a lumped mass modehefstructure is performeand the
acceleration at a desired floor elevation is obtained. This acceleration isséteas the
vertical excitation for a detaildthite element model ofthe flexible floor. In thisway the
floor flexibility is included inthe analytical modelbut the dynamic interaction effects
between the different floors are ignored. A summary of the equations used to compute the

seismic responses with the cascade approach is presented in Appendix A.

Each floor has been modeled as a thin plate betims along itfour edges and
point supported at the corners. Tsi#fness ofthe columns has been included means
of rotational springs. Due to tlsgmmetry ofthe structurepnly one quarter of théoor
was modeled using 25 plate elements. The lower 10 natural frequencies and their
respective vertical modal participatiéactors for each floor are listed Tables6.15 to
6.17. We observe that the natufedéquencies ofthe different floors haveslight
differences because small variations in thesupportcolumn stiffness. Some of these
frequenciesare close to thdrequencies ofthe combined structure. In fact, the
fundamental frequency of each floor was quite close to one of the first three frequencies of

the whole structure calculated with flexible floors slabs and supporting frame.

Figure 6.18 shows the responses obtaiveth the cascade approach. These
results have been normalized wiesspect to the correspondinglues obtainedor the
coupled frame antlexible slabmodel. Sincell the normalized responses are greater than

1.0, the cascade approach overestiraltdne responses. In the case of dsplacements

163



and shear forces, difference of about 10 to 15% is observed. However, ri@ximum
differencegoes up to 25%and 60% for thebending moments anthe accelerations,
respectively. It is alsooted that thelifference inthe results for the third floor are greater

than those of the other two floors.

The acceleration floor response spectra computedalfahree floors by the
cascade approach and by flexible floor analysisare presented in Figurésl9 to 6.21.
The oscillator has been placed at the center of the slab and it has a 1% damping ratio. Itis
noted that, for agiven floor, both spectrdhave peaks at almoste same frequencies.
However, theamplitude of these pealkse greater for the cascade approach. diss
noted that thelifference inthe spectra of the third floor are greater than those of the other

two floors. The cascade approach again overestimates the responses.

6.4.2 The Modified Lumped Mass Method

In the modified lumped massiethod, the m@ss of each floor is divided into two
parts, one representing the center region of the #adrtheother theremainingpart of
the floor. The center region of each floomedeled by an equivalent singlegree of
freedom oscillator. Its equivalent mass and stiffnessre calculatedfrom the
eigenproperties of the donant mode ofthe flexible slabmodel. This singlelegree of
freedom oscillator is then combined witte conventional lumped mass model. In this
way, the floorflexibility and the interactioreffects are approximately included in the

analytical model.

To compute thesquivalent mass and stiffness thie single degree dfeedom
oscillator of each floor of the structure shown in Figure 6.1, we first have to calculate their

eigenproperties. Each floor was modeledgslained inthe previous section. THest
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natural frequencies for each flomre presented ifiable6.15. Theequivalent mass of any

floor is obtained as,

. m =4/ (6.1)

where¢ is thevalue ofthe eigenvector of thérst mode ofthe floor associated with the
vertical displacement dhe center of the floor. Thequivalent stiffness ihen computed

as,

. ko= . m (6.2)

wherew is the lowest naturélequency ofthe floor. The naturafrequencies of the
modified lumped mass model, Fige22, which are obtained bgombiningthe lumped
mass model anthe oscillators described above, bsgad in Table5.18. Theable shows
that thefirst threefrequenciesarevery close tahefirst threefrequencies ofthe flexible
floor model andthe other three are greater than thob&ined fromthe lumped mass

model listed in Table 6.10.

The normalized responses obtained frtre modified lumped mass model are
presented in Figuré.23. It is observed that tldgsplacements and acceleration responses
for the modified lumped mass modate about 0.6 to 0.75 of the respomakiesfor the
flexible floor model. The colummxial force values irthe modified lumped mass model
are about 0.8 to 0.85 of the correspondmatues inthe flexible floor model. It is seen
from Figure6.24 that,when compared withhe results obtained with th@nventional
lumped mass modethe new results show definite improvement. Nevertheless, the

responses are still significantly underestimated.
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Similar improvementsare also observed in thalues ofthe acceleration floor
response spectra fall three floorsdisplayed in Figure§.25 to 6.27, although the peaks
at the higher frequencies ithe floor spectra arenissed inthe modified lumped mass

model results. Also, the acceleration of the oscillator is underestimated.

6.5 SUMMARY AND CONCLUSIONS

The numericalresults presented in tHest part of this chapter demonstrate the
effectiveness of the dynamic condensation approach whapplied to structureswith
flexible floors. Although the master degrees of freedom were selechetarily, the
responses computed with the eigenproperties calculated with the condeyesadlue
problemare very good, eventhough some of them were obtaineddayryingout only

one iteration.

Theinfluence ofthe out-of-plandlexibility of the floorslabs wherhe structure is
subjected to verticafjround excitations was investigated. Tégsmicresponse of a
structure modeled with flexible floors was compared with the response of the lumped mass
model, assuming its floors to be rigid.The difference irthe results areonsiderable,
especially wherwomputing floor response spectra. It was demonstrated that fsottse
of a structurebecome more rigidthe difference inthe results are reduced and the
assumption that the floor igid is morejustified in thissituation. It was also shovthat

the lumped mass model will usually underestimate the response.

Finally, the accuracy of the cascade approach andntbdified lumped mass
method toeffectively analyze flexibldloor slab structures wasxamined. With the
cascade approach, oaely has toprepare a detailefthite element model athe floor that

needs to be analyzed. The interaction effects bettheatifferent parts of the structure
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are notincluded inthe analytical model. The numericalresults demonstrated that the
cascade approach always overestimates the respespecially when calculating

accelerations.

In themodified lumped massiethod, thdlexibility of the floorslabs andlynamic
interaction effectsare approximately included ithe analytical model by adding single
degree of freedom oscillator, representing the center of each floor, banthed mass
model. However, theumericalresults showed that the calculated respas®miracy
improved when compared with the conventional lumped mass model results, but they were

underestimated.
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Table 6.1 Natural frequencies and participation factordhferstructure irFigure 6.1
obtained from the flexible floor slab model.

Mode Frequency in rad/sec Participation Factor
1 49.53 5.30
2 54.24 -2.03
3 55.76 8.89
4 109.70 0.00
5 123.12 0.00
6 133.42 0.00
7 145.84 -5.71
8 156.75 -2.14
9 160.49 -1.95

10 331.13 4.37
11 341.17 0.00
12 349.58 0.00
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Table 6.2 Frequencies ( in rad/sec ) of #tkeeicture inFigure 6.1 calculated by the
dynamic condensation approach.

Iteration Step
Mode 0 1 3 5

1 51.40 49.53 49.53 49.53
(3.78) (0.00)

2 56.67 54.24 54.24 54.24
(4.48) (0.00)

3 58.39 55.77 55.77 55.77
(4.72) (0.00)

4 112.48 109.71 109.70 109.70
(2.53) (0.01) (0.00)

5 127.01 123.15 123.13 123.13
(3.15) (0.02) (0.00)

6 138.22 133.47 133.43 133.43
(3.59) (0.03) (0.00)

7 154.81 146.00 145.84 145.84
(6.15) (0.11) (0.00)

8 164.65 156.84 156.76 156.76
(5.03) (0.05) (0.00)

9 168.11 160.56 160.50 160.50
(4.74) (0.04) (0.00)
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the flexible floor slab model.

Floor
Node 0 1 3
Displacements (in inches)
1 0.00099 0.00149 0.00173
6 0.02300 0.02673 0.02958
7 0.00733 0.00805 0.01065
Accelerations (in g units)
11 0.057 0.591 0.060
14 0.166 0.207 0.185
18 0.077 0.086 0.089
Slab Bending Moments (in Ib-ft)
1 2686 3335 2576
6 3390 4092 4017
7 1839 2323 1896
Slab Shear Forces (in Ibs)
1 184 224 192
Column Axial Forces (in Ibs)
1 5121 3415 1846

Table 6.3 Exactoot meansquare responses for structurg=igure 6.1 obtainedfrom
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Table 6.4 Normalizedoot meansquare displacements tfe structure irFigure 6.1
calculated by the dynamic condensation approach.

Iteration Step

Node 0 1 3 5
First Floor
1 0.7442 0.9224 0.9345 0.9655
6 0.9591 1.0001 0.9983 0.9990
7 0.9651 1.0063 1.0042 1.0040

Second Floor

1 0.7460 0.9256 0.9383 0.9690

6 0.9598 1.0003 0.9984 0.9990

7 0.9644 1.0069 1.0050 1.0040
Third Floor

1 0.7512 0.9289 0.9411 0.9706

6 0.9629 0.9997 0.9984 0.9990

7 0.9676 1.0049 1.0037 1.0032
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Table 6.5 Normalizedoot meansquare accelerations of thstructure inFigure 6.1
calculated by the dynamic condensation approach.

Iteration Step

Node 0 1 3 5
First Floor
1 0.9757 0.9814 0.9827 0.9874
6 1.0246 0.9994 0.9983 0.9991
7 1.0131 1.0003 0.9991 0.9994

Second Floor

1 0.9534 0.9635 0.9661 0.9670

6 1.0325 0.9984 0.9973 0.9985

7 1.0159 0.9977 0.9966 0.9976
Third Floor

1 0.9404 0.9541 0.9574 0.9654

6 1.0135 0.9967 0.9963 0.9977

7 1.0019 0.9969 0.9966 0.9973
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Table 6.6 Normalizedoot meansquarebending moments dhe structure ifrigure 6.1
calculated by the dynamic condensation approach.

Iteration Step

Node 0 1 3 5
First Floor
1 0.8692 0.9991 0.9993 0.9995
6 2.5746 1.0048 0.9901 0.9953
7 0.5934 0.9943 0.9949 0.9953

Second Floor

1 0.8707 1.0099 1.0102 1.0100

6 2.5898 1.0057 0.9903 0.9956

7 0.6086 0.9934 0.9943 0.9961
Third Floor

1 0.8953 1.0094 1.0090 1.0083

6 2.4937 1.0006 0.9896 0.9945

7 0.5596 0.9904 0.9915 0.9917
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Table 6.7 Normalizedoot meansquare shear forces of the structureFigure 6.1
calculated by the dynamic condensation approach.

Iteration Step
Floor 0 1 3 5
1 0.6596 0.9786 0.9891 0.9904
2 0.6708 0.9888 0.9990 0.9993
3 0.6573 0.9892 0.9984 0.9993
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Table 6.8 Normalizedoot mean squareaxial forces of the structure ifigure 6.1
calculated by the dynamic condensation approach.

Iteration Step
Floor 0 1 3 5
1 0.7793 0.9659 0.9786 0.9807
2 0.7891 0.9809 0.9945 0.9955
3 0.8197 0.9818 0.9914 0.9920
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Table 6.9 Maximumroot mean square responses for the structure in Figure 6.1 obtained
from the flexible floor slab model.

Floor
Response 1 2 3
Displacement in inches 0.02300 0.02673 0.02958
Acceleration in g units 0.166 0.207 0.185
Axial Force in Ibs 5121 3415 1846

176



Table 6.10 Natural frequencies and participation factorhefstructure ofigure 6.1
obtained from the lumped mass model.

Mode Frequency in rad/sec Participation Factor
1 144.27 25.85
2 414.84 6.09
3 616.52 -1.85
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Table 6.11 Natural frequencies and participation factorgherstructure irFigure 6.1
with 16 ft square slabs obtained from the flexible floor slab model.

Mode Frequency in rad/sec Participation Factor
1 112.55 6.23
2 124.67 4.32
3 128.69 3.81
4 226.34 0.00
5 258.96 0.00
6 260.10 -4.97
7 296.04 0.00
8 322.99 -0.24
9 334.87 -1.11

10 511.35 2.02
11 612.79 0.00
12 667.75 0.23
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Table 6.12Maximum root meansquare responses for structure~igure 6.1 with 16 ft
square slabs obtained from the flexible floor slab model.

Floor
Response 1 2 3
Displacement in inches 0.00300 0.00327 0.00433
Acceleration in g units 0.091 0.107 0.121
Axial Force in Ibs 2467 1646 824

179



Table 6.13 Natural frequencies and participation factorefstructure ofigure 6.1
with 16 ft square slabs obtained from the lumped mass model.

Mode Frequency in rad/sec Participation Factor
1 188.13 19.98
2 537.26 4.67
3 795.30 -1.35
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Table 6.14Maximum root meansquare responses for structureFigure 6.1 obtained
from the flexible floor slab model.

Floor
Response 1 2 3
Displacement in inches 0.02300 0.02673 0.02958
Acceleration in g units 0.166 0.207 0.185
Bending Moment in Ib-ft 3390 4092 4017
Shear Force in Ibs 184 224 192
Axial Force in Ibs 5121 3415 1846
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Table 6.15 Natural frequencies of first floor of the structure in Figure 6.1.

Mode Frequency in rad/sec Participation Factor
1 55.57 5.76
2 126.01 0.00
3 163.45 -3.09
4 349.50 0.00
5 357.30 0.16
6 493.54 0.78
7 578.67 0.00
8 680.59 -0.46
9 806.66 0.00

10 808.01 -0.02
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Table 6.16 Natural frequencies of second floor of the structure in Figure 6.1.

Mode Frequency in rad/sec Participation Factor
1 56.38 5.74
2 129.19 0.00
3 165.67 -3.17
4 354.12 0.00
5 357.31 0.15
6 523.45 1.10
7 682.95 0.00
8 765.57 0.78
9 806.71 0.00

10 811.19 -0.17
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Table 6.17 Natural frequencies of third floor of the structure in Figure 6.1.

Mode Frequency in rad/sec Participation Factor
1 52.08 5.76
2 116.19 0.00
3 158.51 -3.09
4 349.68 0.00
5 357.30 0.16
6 493.54 0.78
7 578.67 0.00
8 680.59 -0.46
9 806.66 0.00

10 808.01 -0.02
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Table 6.18 Natural frequencies and participation factorghefstructure irFigure 6.1
obtained from the modified lumped mass model.

Mode Frequency in rad/sec Participation Factor
1 51.64 8.68
2 55.23 7.87
3 56.23 5.44
4 163.19 22.59
5 461.16 5.45
6 682.94 -1.62
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Figure 6.1 Configuration of the three-story building used in the numerical results.
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Figure 6.2 Finite element model of a typical floor slab of building in figure 6.1
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different iteration steps.

188



ACCELERATION IN G UNITS

Figure 6.4 Floor spectra for an oscillator at node 4 of the second floor calculated at
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Figure 6.5 Floor spectra for an oscillator at node 4 of the third floor calculated at
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Figure 6.6 Floor spectra for an oscillator at node 6 of fits¢ floor calculated at
different iteration steps.
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Figure 6.7 Floor spectra for an oscillator at node 6 of the second floor calculated at
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Figure 6.8 Floor spectra for an oscillator at node 6 of the third floor calculated at
different iteration steps.
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Figure 6.9 Lumped ass model othe structure irFigure 6.1. ( Stiffness K in kips/in,
and mass M in kips?g¢ in)
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Figure 6.11 Comparison of floor spectra for fivst floor of the 24 ft squareslabs
building calculated at different locations tfe flexible floor model and the
rigid floor model.
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Figure 6.12 Comparison of floor spectra for the second floor of the 24 ft ssjabse
building calculated at different locations tfe flexible floor model and the
rigid floor model.
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Figure 6.13 Comparison of floor spectra for the third floor of the 24 ft sclaos
building calculated at different locations tfe flexible floor model and the
rigid floor model.
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Figure 6.14 Normalized responses obtaineditier 16 ft squarslabs building using the
lumped mass model.
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Figure 6.15 Comparison of floor spectra for fiivst floor of the 16 ft squareslabs
building calculated at different locations tfe flexible floor model and the
rigid floor model.
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Figure 6.16 Comparison of floor spectra for the second floor of the 16 ft ssjabse
building calculated at different locations tfe flexible floor model and the
rigid floor model.
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Figure 6.17 Comparison of floor spectra for the third floor of the 16 ft sclaos
building calculated at different locations tfe flexible floor model and the
rigid floor model.
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Figure 6.18 Normalized responses obtained with the cascade approach.
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Figure 6.19 Comparison of floor spectra for the center ofitsiefloor calculated with
the flexible floor model and the cascade approach.

204



1.6

1.4+

flexible floors

----cascade

ACCELERATION IN G UNITS

1 10 100 1000
FREQUENCY IN RAD/SEC

Figure 6.20 Comparison of floor spectra for the center of the secondcétmidated
with the flexible floor model and the cascade approach.
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Figure 6.21 Comparison of floor spectra for the center of the third floor calcwited
the flexible floor model and the cascade approach.
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Figure 6.22 Modified lumped ass model othe structure irFigure 61. (Stiffness K in
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Figure 6.23 Normalized responses obtained from the modified lumped mass model.
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Figure 6.24 Comparison of tm®rmalized responses obtained frtm modified and the

conventional lumped mass model.
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Figure 6.25 Comparison of floor spectra for the center ofitsiefloor calculated with
the flexible floor model and the modified lumped mass model.
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Figure 6.26 Comparison of floor spectra for the center of the secondcétmidated
with the flexible floor model and the modified lumped mass model.
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Figure 6.27 Comparison of floor spectra for the center of the third floor calcwited
the flexible floor model and the modified lumped mass model.
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CHAPTER VII

SUMMARY AND CONCLUSIONS

Theflexibility of the floorslabs, especiallfor the in-plane motion, is often ignored
in the seismic analysis oftructures. For the out-of-plane moticsgme simplified
procedures are used toclude floor flexibility especially inthe analysis ofsecondary
systems. Thesamplified procedures can, howevdead toover and underestimation of
the responses fovertical seismicmotions. To includethe flexibility effects more
accurately, a detailefinite element model othe structurecan be constructed.This
procedureas, however, computationalipvolved andoften not practical. This study has
been directedoward thedevelopment of accurate asfficientapproaches toclude the
effect ofthe out-of-plandlexibility of floor slabs inthe analytical model of atructure in a
rational way so thaseismicresponse for vertical motions can be accurately calculated.
Since modabproperties ar&eommonlyrequired forseismic analysis of linearly behaving
structures, these new approachase focused oaccuratecalculation of these properties

with reduced computational effort.

In Chapter 3, @ynamiccondensation approach is developed to calculate accurate
complex valued eigenpropertiésr nonclassicallyjdampedstructures. Théasic idea of
the approach is to reduce tsige ofthe eigenvalue problem associated wiitle equations
of motion of the structure before it is solved. accomplish thigoal, the degrees of

freedom of thestructure aredivided into kept and reduced coordinates, and they are
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related through a condensationatrix that is used to form a condenseidenvalue
problem. The first few modes tfie structure are obtained byplving iteratively the
resulting condensed eigenvalue problem. The eigenproperties calculated at each iteration
step areutilized to update the condensatiomatrix for the following iterationstep. The
process of updating the condensatmatrix is repeateduntil the eigenvalues satisfy a
required convergence criteria. If desired, the rest of the eigenproperties can be obtained
by solving a complementary eigenvalue probssociated with thhigher modes. The
iteration process can be carried out not only with the lower modes but also with the higher
modes. Once the eigenproperties ofdtracture are known, treeismicresponse can be

calculated.

The formulation to us¢he condensation approach developed in Chapteit3
two substructuring procedures is presented in Chapter 4. Idirftesubstructuring
technique, referred to as the Condensed Substructure Superposition Appghasdcivas
initially formulated in Chapter 2, the condensation process fd#es athe substructure
level. Inother words, thenitial condensation matrix relatindpe boundary and interior
degrees of freedom of each substructure is used to condeunstbe interior degrees of
freedom. A reducedize eigenvalue problem associated wita boundary degrees of
freedom of thecombinedstructure is obtained bgssemblingthe contribution ofeach
substructure.  The solution ofhis condensed eigenvalue problem provides the
eigenproperties associated with the lower modes. Each substructure condemasizikon
is then updated and amproved eigenvalue problem is obtained. Pphecess continues
until a desired convergence critef@ the eigenvalues is achieved. Agpposed to the
formulation presented ithe previous chapter, here tgmbal matrices othe combined

structure or any of its submatrices are not required in the iteration process.
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In the second substructuring technique considered in Chapterofanation of
the modesynthesisapproach and théynamiccondensation approach of Chapter 3 is used
to obtain the eigenproperties of tleembined structural system. In this case, the
equations of motion of the combined structure are obtained in terms of the eigenproperties
of the substructures.This is done by transforminghe physical coordinates of the
substructure into a set géneralized coordinatésrough amatrix of component modes.
The eigenproperties of the substructures or component modes are obtaindgkavith
interface boundary conditions for one thie substructure anfiked for the other. The
dynamiccondensation approach is then used to stileeigenvalue problem associated

with these transformed equations of motion.

The dynamic condensation approach developed in thwk, aswell as all its
variations, can also be applied ttassicallydampedstructures. It is demonstrated in
Chapter 5 that the expressions obtainedhforclassicalljdamped structures adirectly
applicable to classicalljgamped structures if th&tate spacsubmatricesare replaced
appropriately as in Egs. (5.7a) and (5.7b). Thusdyim@miccondensation foclassically
damped structures can be considered apexial case ofhe nonclassically damped

structures.

Various numericalresults are presented throughout the dissertation to show the
effectiveness othe proposed approaches. daneral, almost exact eigenproperties are
obtained with a few iteration steps. However, the results also indicate that the selection of
coordinates to be kept in the redu@genvalue problem affectse convergenceate of
the iterative process. Thproper choice of the coordinates is important in the
condensation procesince different choicesillvgenerate differenhitial estimate of the
condensation matrix. Although the iteration process redsigagicantlythe errors in the

eigenproperties regardless the coordinates selected| megd more iteration steps to
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satisfied a given convergence criteria. Neverthelesgstfound that theombination of
the modesynthesis andhe condensation procel=sads to a faster convergence, if the
system matricesare reordered according to tmeagnitude ofthe eigenvalues of the

constituent substructures.

The proposed approach provided accurate eigenproperties of the structure for the
calculation of seismiaesponse offlexible floor structures carriecbut in Chapter 6.
Numerical results obtainefdr a three-stonpuilding demonstrate this. The accuracy of
the different response quantities tife floor slabs,the axial forces in thecolumns, and
acceleration floor response spectra obtained with the eigenproperties computed with the
dynamiccondensation approach was excellent. Thus, the use of the dynamic condensation
approach is advocated forcluding the effect of floorflexibility and dynamicinteraction

for accurate analytical modeling and seismic analysis of structures.

Theinfluence ofthe out-of-plandlexibility of the floor in the response pfimary
and secondary systems subjected to vergoalind excitation is also investigated. The
results clearly show that theinclusion of the floor flexibility in the analytical model
increaseghe design responssignificantly, especially whenomputing acceleration floor
response spectra. Thereforelessthe floor slabs have vertical natural frequencies
greater than theo-called rigid range value of 33 H&5], the floorflexibility cannot be

neglected.

Two popular approaches -- the cascade approach anddtiéied lumped mass
approach -- used in the current practice to consider the fl@ability effects in the
analytical model othe structuréhave been evaluated. The comparisotheinumerical
results obtained by the cascade approach with the results obtainedfimjtehelement
model shows thahe cascade approach overestimatesdemicresponses. On the other

hand, the use of themodified lumped masmethod, underestimate the responses. Both
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approaches can leads $mnificant errors, especially whercomputing accelerations and

floor response spectra required for the design of secondary systems.
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APPENDIX A

SEISMIC DESIGN RESPONSE

This appendix provides equationsed for thecalculation of various response quantities

for the cascade approach presented in Chapter €&ismicmotions defined by spectral

density functions. Théasic development dhese formulagor response calculation is

presented in References 66 &Wl Theyare provided here for the sakeaaimpleteness

and for ready reference.

A.1) Response mean square value :

Mode Displacement Approach :

N
HWM=2ﬁ@—7
=

(.L)]
N-1 N Al + r B b,
+2 3 wamm( - :
=1 k=1

where :
N = number of modes
w; = j" natural frequency
B; = f" modal damping ratio

v; = {* modal participation factor

Pj

ws

value of the response quantity for ttie j

+ Ci L w%' Di 1 ) (Al)

mode

225



r=wj lwy

ly; :fjozo wZ @, @)“‘} (0)2 d

ly; =75 W @ @) |H ©)?

®, (w) = absolute acceleration Power Spectral Density Function

2 _ g2 — : _ 1
|H; )|~ =|H;|” = frequency response function D)+ 45

A.2) Absolute acceleration mean square value :

Modified Mode Displacement Approach :
' N
E[X, ()] =C L + CY 7 0; € ) {2 04— o) +8 o)
J:

N
+Z’Y]2¢2 u @) (11 B4 )l

N
+221 3 % s Yr € W2 (— +By) +Ll +;_DQ,J) (A.2)
J= 7+

where :

¢; (w) = {" modal displacement of coordinates

®, (w) = Kanai-Tajimi Power Spectral Density Function
=8Y S +Aw W |)MH
g

= dominant ground frequency
B, = dominant ground damping factor

|Hg|2 = ground frequency response function
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A.3) Oscillator mean square absolute acceleration :

EIXCMO] =w? (b +452 4,) (A.3)

where :

oscillator's natural frequency

Wo

Bo

oscillator's modal damping ratio

A.4) Partial fraction coefficients A, B, G and D :

Constants A, B, € and,;D are obtairfeain the solution of théollowing simultaneous

equations :
(M) { K} ={P} (A.4)
1 0 rt 0 A P,
2(2p62 -1) 1 2t (7 -1) Ar Bl | P
1 2 (232 -1) 1 X (B -1 C( " \Ps
0 1 0 1 D), Py ),
For response mean square values :
r2
_ ) —(rP =438, r+1)
{ P}l - 1 (A.5)
0

For the absolute acceleration mean square values :
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r4
5 P48 +P 5 ) - 1]
{ }2 S ) rP1682 82— 4 (B +B7 )+ 1]
48 By 1

(A.6)

A.5) Power Spectral Density Functions :
A.5.1) Cascade approach :
Power SpectraDensity Function othe absolute acceleration of point on sticture,

Figures A.land A.2:

M
u @) =27 0] ()] {? +482° ) | H® @, &) (A7)
=

j=1 k=j+1

M-1 M w2 Ak
*2> X kjk{< jr‘jk o Bjk>| H? Hw! Gr +* By W}cpg @ )
where :
ki =7 v @5 @) b)wi (A.7a)
M = number of vibration modes
Ny = wj lwy

Asji.y Baji, Gy and By, are obtainefdom the solution of equation (A.4) and

{P;} is given in (A.6).
A.5.2) Double cascade approach :

Power SpectraDensity Function othe absolute acceleration of point on the flslab,

Figures A.3:
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N
%(w)zl_zlw? P)of {w} +4320?} | H® @, &) (A.8)

+ 2N_1 N WZQ A2lm 9 2 9 9 2
Z Z k'lm r2 +w Blm |H| +(wm @lm tv Qm)' |7_T!| (Du “‘Q )

=1 m=Il+1 Im

where :
N = number of vibration modes of flexible floor slab
Kim =9 Ym &1 @) om @ )w? (A.8a)

M = W /wm (A8b)
Asiny Bomy G @and By, are obtainddom the solution of equation (A.4) and

{P;} is given in (A.6).

®, (w) can be express as :

_N M WZQA?)U 2 2 2 2 2
—ZZKU{<T w? By || W Hw] @ #F B)l H 0 o)

=1 j=1 lj

N M-1 M o Auj Asii, 2 2
vor 2 X Ku\wil e ten) v (B R D K
J

=1 =1 k=1
Ho? G v B)| H? twl & & R)| d}e, w()

N-1 N M w? Agri W%L A
f2n x ZKW{(*@“ w? Bz.j)l'f{T L ow? gy I
J

=1 m=l+1 j=1 mj

f2 (G S WGP 4D ), w ()
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N-1 N M-1 M o[ Asij Agii; 2 2
B EE E (% ) v s a

2 P2
I=1 m=l+1 j=1 k=j+1 1j Ik

A1om; Ak
*<w72n< 2 = r121 k) +° (B +Bu >)| oH’
mj

mk

Ho] (§ 6y )& B Ah; ) DA

2 (& + G )@ R HBs ))H 2, w() (A.9)

where :
K= ¢} @) wi 7} ¢} ) (A.9a)
K. =7 67 0) wi v 05 @) o € ) (A.9b)
Kinj = ¢10) Ym 6m 0)wp, 77 67 € )7 (A.9c)
Kinji =% 010) Y dm 0)wi, v 65 € )0 b1 & )i (A.9d)

Aizy, Bizy, Cyy and B, are obtainefdom the solution of equation (A.4) and

{P;} is given by :

2 Ay 4532 2 A
w? Pu; = . 2 - ) o é] oy By 4? B. (A.10b)
J o ik
WP ={ % G . ¥ F G D A R )0 (A.10c)
2 rZQJ AQZTTL 4ﬁ32 A2lm 9
w] Pﬁlj = rZQ ’ rZQ +Z;’ Blm ’ 43] ﬁm l (AlOd)
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W Py ={ 8 G #7 G HL B A B LD (A.10e)

rQ‘ A A A Bii rQ‘ B2lm Al ik
) . 1j M2lm Mk 2lm B1jk Ll J .
wj Pglj _{ rZQm r?k‘ ’ rZQm i l?k ’ am %k , % (AlOf)
rQ-A mC‘ AQm Dl
W2 Py ={ e g +E B G B D % (A.109)
rfn‘ C2lm Al ik 6,,,‘ DZlm Al ik
w? Wmmj:{ e G B v B B O} (A.10h)
J IR
Wi Witmk ={ B Guim Gjt v Gm B +3p B G 8w D P (A.10i)
where :
loy =Wy Wy (A.10j)
A.6) Frequency Integrals ; and §; :
A.6.1) Vertical ground excitatio®, w( )&, w( ):
1) Mean Square Pseudo Velocity Ground Spectra
i (wi 68) =w? [ @ @) He) d =? R (A.11)
2) Mean Square Relative Velocity Ground Spectra
bi(wi 6) =3 2 ©)HE) d =R (A.12)

A.6.2) Cascade approach, w ( ¥z w ( ):

1) Mean Square Auto Pseudo Velocity Floor Spectra
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i (wi, Bi) :W?fj;oq)u @)l H ‘(’DQ [0}

M N N
= W} levw@)w;(w; L +42 ")

M-1 w? A1 ll\lj N 9 N N
+ 2y Z ki | == *B 4 i €k +D 4k (A.13)
j=1 k=j+1

2) Mean Square Auto Velocity Floor Spectra
loi (wi » Bi ) —f_oo > D, 4’)| 3 ‘(’DQ (o}

M N N
=Zl%2‘ 95 @)W {aﬁ b + 437 :!j} (A.14)
iz
M—-1 9 w? A1/|\2j A 9 N N
+ 2 Z Vived; € Wr & Wy § — 2z tBsb +tQu o +D3l
j=1 k=j+1
where
Tor @i ) =72 2D @, Q) [HE)? [ HEO) o (A.15)

—0oQ0

A.6.3) Double cascade approadh, w ( PFw ( ):

1) Mean Square Auto Pseudo Velocity Floor Spectra

o =2 [73®, @) |H ©)°

Ag (A +ey) (et +R) |

I
QNJ
||Mz
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N M A A A A
+222 % % 2 K { AT v B ATk + B

+ (G + Gy )All + (0 +By /)\zlz }

Ky { (B +80 5+ (&8 +8. )

+ Gji Allj + DB Abl + G Aim + By Adm }

% Klmjk{ (& +&Hn /)\15 + (& +B. A)zgl

=1 m=l+1 j=1 k=j+1

o A Xl + (B hB, )
F L W8 D)t D wD a)l
+ 0k ik A19n| + P fb AQTQI} (A.16)

2) Mean Square Auto Velocity Floor Spectra
lhy = /77 o @, @) |H @) &

K { ( A by + By A!a.j) +( G B ) }

M A A N N
S oKy { AL B AT 8

I=1 j=1 k=j+1

+ (G + Gy )A&l + (0 +By /)\3|l}

Ky { (b +An 54+ (8 +B. )
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+ Gji AIQj + DB Al;l + G Aim + By A3|m }

+ (A hbn A?)kl + (B 1B A3)|
+ G ok AQN + D Wl A3l)|

+ 66 WS A+ R oAb sl (A.17)

A.7) Closed-form solution of frequency integrals i; :

Ru (wi 3 ) =72 0V a, o) H | d

rs(Es ) g
where :

a =1 (A.19a)
& =— 2Bywy, 6w ) (A.19b)
& =— (W +w +45,w, 6w ) (A.19c¢)
& = 2wy w; Byw Biw, ) (A.19d)
a =w, w; (A.19e)
d=a(aa- aa) (A.20a)
bh=—a 3 a (A.20b)
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(A.20c)

db=aaa

d=—a (3 a— 2 ) (A.20d)
Forn =1

bh =h =0 (A.21a)

b, = 4592 wg (A.21Db)

by =w, (A.21c)
Forn =2

by =hb =0 (A.22a)

b = 4592 wg (A.22Db)

b, =wj (A.22¢)

A.8) Closed-form solution of frequency integralé\ e

T @i Bi) =7 W) &, ) [HE)? [HE)? o

o

&y + + +p ,d +bsd 4bsd
:_W$<Zl§bodl b g b d pd ub m) (A23)
p
where :
& =1 (A.24a)

q =— 2(69 Wy 6, w5 w; )
& =— (W2 4! v - 46w, Brwr Byw,fiwi Brw Biw ) (A24b)
& = zwg Wr (ﬁg Wr +/6r Wy ) + Z-)g Wi /69 Wi 781 Wy ) (A24C)
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+ 2w, wi (Br wi 6 wr ) + 8wy Br wr G wi (A.24d)

2 2 2
a :4wgwrwi (Brﬁiwg -Iﬁgﬁiwr _’ggﬁrwi )wgwr Cbgwi

+w? w? (A.24e)
& =— 2wy wrw Giwgwr Brwywi Bywrw ) (A.241)
& =— wg w? W? (A.249)

d=aa{a(apa -@msa )ytadaa; a a)+a aa za a )}

+g{a(ga-a@)ha (asa ja)} (A.25a)
h=a 3 {3 (@ @sa)saf{aa,aa)} (A.25b)
hb=a 3 {a (a & @Aca-) oaza } (A.25c)
dh=a 3 {8 aa ta (aa a5 a )} (A.25d)
=2 a {8 (aa @ )ha {xa aa)} (A.25e)
db=a a{a(ap @@ )vafaao,aajrtaaa aa)}
+gd{a (3 a— am )ha (2 1a a)} (A.25f)
Forn =1
by =hb =k =bh =0 (A.26a)
by =42 W2 (A.26b)
b; =w, (A.26¢)
Forn =2
by =h =h =b =0 (A.27a)
by = 42 W2 (A.27b)
by =w, (A.27c¢)

236



Forn =3

by =h =h =b =0 (A.28a)
b, = 432 u? (A.28b)
b; :wg (A28C)

237



Figure A.1 Cascadanalysis of aroscillator on the third flooslab subjected to vertical
seismic excitations.
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0 x,

Figure A.2 Cascadenalysis of the third floor slab subjected to verticaseismic
excitations.
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Figure A.3 Double cascadmalysis of aroscillator on the second flogtab subjected to
vertical seismic excitations.
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APPENDIX B

NOMENCLATURE

I = excitation influence vector
X = vector of structural degrees of freedom

= state vector of structural degrees of freedom

<

z = vector of transformed structural degrees of freedom
[ = participation factors

[A] = mass state matrix

[B] = stiffness state matrix

[ C] = damping matrix

[G] = Guyan condensation matrix
[ I'] = unity matrix

[K] = stiffness matrix

[M] = mass matrix

[R] = condensation matrix

[ S] = transformation matrix

[U] = modal transformation matrix
[A] = diagonal damping matrix
[A] = real eigenvalue matrix

[®] = real eigenvector matrix
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[#] = substructure real eigenvector matrix

[€©2] = complex eigenvalue matrix

[¥] = complex eigenvector matrix

[v] = substructure complex eigenvector matrix

[ A ] = matrix associated with the condensation process with lower modes
[ —] = matrix associated with the condensation process with higher modes
[ *] = transformed matrix

[ ]~ =inverse matrix

[ ]T = transpose of a matrix

Subscripts
b = boundary degrees of freedom
I = interior degrees of freedom
k = kept coordinates when iterating with lower modes
r = kept coordinates when iterating with higher modes
M = Guyan condensation matrix in terms of mass submatrices
K = Guyan condensation matrix in terms of stiffness submatrices
a = substructurer

(£ = substructure®

Superscripts
(0) = initial iteration step
(/) = iteration step
a = substructurer

(£ = substructure®
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