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tionWe work in the 
ategory of quasi-proje
tive s
hemes over C . Let f : X ! B be a smoothproje
tive morphism with 
onne
ted �bers of dimesion one and genus at least two. Fix abase point o 2 B and let Xo be the 
orresponding �ber of f . In this paper we study themonodromy a
tion of �1(B; o) on the degree one non-abelian Betti and de Rham 
ohomologyof Xo. Let �1(Xo) denote the abstra
t fundamental group of Xo and letmon : �1(B; o)! Out(�1(Xo))be the geometri
 monodromy representation of the family f : X ! B. For any positiveinteger n let monnB : �1(B; o) // Aut(H1B(Xo;GL(n; C )))be the indu
ed monodromy a
tion on the non-abelian Betti 
ohomology with 
oeÆ
ients inGL(n; C ).The de Rham obje
t whi
h 
orresponds to monnB is the Gauss-Manin 
onne
tion rnDRon the relative de Rham 
ohomology sta
k H1DR(X=B;GL(n; C )). While the non-abelianBetti and de Rham 
ohomology are most naturally viewed as sta
ks, for the purposes ofthe present paper it suÆ
es to work with the 
orresponding 
oarse moduli spa
es. Toindi
ate that we will write MB(Xo; n) and MDR(X=B; n) rather than H1B(Xo;GL(n; C ))and H1DR(X=B;GL(n; C )). Con
retely MB(Xo; n) denotes the moduli spa
e of (semisim-pli�
ations of) represenations of �1(Xo) in GL(n; C ) and MDR(Xo; n) denotes the modulispa
e of rank n algebrai
 lo
al systems of 
omplex ve
tor spa
es on Xo. The total spa
eMDR(X=B; n) ! B is a quasiproje
tive variety over B whose �ber over the point o isMDR(Xo; n).For a loop 
 2 �1(B; o) the a
tion of monnB(
) on MB(Xo; n) is given by 
omposing an-dimensional represenation of �1(Xo) with some lift of the outer automorphism mon(
) of�1(Xo). This gives a well de�ned a
tion on 
onjuga
y 
lasses of representations of �1(Xo)and results in an algebrai
 automorphism monnB(
) :MB(Xo; n)!MB(Xo; n).There is an analyti
 a
tion monnDR of �1(B; o) on MDR(Xo; n) whi
h is most naturallydes
ribed through the Riemann-Hilbert 
orresponden
e (see e.g. [Deligne73℄, [Simpson95,Se
tion 7℄). It is shown in [Simpson95, Se
tion 7℄ that the passage from a lo
al system toits monodromy representation indu
es an isomorphism of analyti
 spa
es� :MDR(Xo; n)anf!MB(Xo; n)an:2



Now given 
 we 
an de�ne an analyti
 automorphism of monnDR(
) ofMDR(Xo; n) by puttingmonnDR(
) = ��1 ÆmonnB(
)Æ � . This analyti
 a
tion is the monodromy of the algebrai
 non-abelian Gauss-Manin 
onne
tion rnDR on the total spa
e MDR(X=B; n) [Simpson95, Se
-tion 8℄.It is natural to try to understand the 
omplexity of the algebrai
 (respe
tively analyti
)a
tion of �1(B; o) on MB(Xo; n) (respe
tively MDR(Xo; n)) by measuring in some way thesize of the �1(B; o)-orbits on MB(Xo; n) and MDR(Xo; n). Analogous questions 
on
erningthe monodromy a
tion of �1(B; o) on spa
es of spe
ial representations of �1(Xo) (e.g. realrepresentations, representations with 
ompa
t image, proje
tive stru
tures, et
.) have beenthe fo
us of a
tive resear
h in the re
ent years [Goldman97℄, [M
Mullen99℄, [Gallo et al.00℄.In that dire
tion the result most relevant to our setup is a theorem of W. Goldman whoshowed in [Goldman97℄ that the mapping 
lass group a
ts ergodi
ally on the spa
e of allrepresentations of �1(Xo) into SU(2). Unfortunately, Goldman's proof does not generalize tothe 
ase of representations into SU(n) for n > 2 and we do not know whether the mapping
lass group of Xo still a
ts ergodi
ally on the spa
e of su
h representations. Instead ofpursuing the ergodi
ity question in its full generality we 
hose to work with non-abelian
ohomology with 
omplex 
oeÆ
ients. This allows us to use the algebrai
 (respe
tivelyanalyti
) nature of the monodromy a
tion on MB(Xo; n) (respe
tively MDR(Xo; n)) and todes
ribe the size of the monodromy orbits on those spa
es in geometri
, rather than measure-theoreti
 terms.Our �rst result is of essentially topologi
al nature.Theorem A Assume that g(Xo) � 3 and that the image mon(�1(B; o)) � Out(�1(Xo)) ofthe geometri
 monodromy representation is of �nite index in Out(�1(Xo)). Then:(i) There is no meromorphi
 fun
tion on MB(Xo; n)an whi
h is invariant under the a
tionof monnB(�1(B; o)) (equivalently there is no meromorphi
 fun
tion on MDR(X=B; n)anwhi
h is rnDR-invariant);(ii) In the 
ase of MB(Xo; n), 
onsidered with its natural stru
ture of an aÆne algebrai
variety, there exists a point xB 2MB(Xo; n) so that the orbitmonnB(�1(B; o)) � xB �MB(Xo; n)is Zariski dense in MB(Xo; n); or equivalently, in the 
ase of MDR(X=B; n)! B thereis a leaf of the foliation de�ned by rnDR whi
h is Zariski dense in the algebrai
 Zariskitopology.This theorem suggests that for families f : X ! B with a \large enough" geometri
monodromy one should expe
t Zariski dense monodromy a
tions on non-abelian 
ohomology.Geometri
ally families with large monodromy naturally arise from hyperplane se
tions andLefs
hetz �brations. In this 
ontext we prove the followingTheorem B Let Z be a smooth proje
tive surfa
e with b1(Z) = 0. Let OZ(1) be an ampleline bundle on Z and let n > 1 be a �xed integer. Then there exists a positive integer3



` (depending only on Z and OZ(1)), su
h that for every k � ` and for every Lefs
hetz�bration f : bZ ! P1 in the linear system jOZ(k)j we have:(i) There is no meromorphi
 fun
tion on MB(Zo; n)an whi
h is invariant under the a
tionof monnB(�1(P1 n fp1; : : : ; p�g; o)) (equivalently there is no meromorphi
 fun
tion onMDR( bZ=P1 n fp1; : : : ; p�g; n)an whi
h is rnDR-invariant);(ii) In the 
ase of MB(Zo; n), there exist a point xB 2MB(Zo; n) so that the orbitmonnB(�1(P1 n fp1; : : : ; p�g; o)) � xB �MB(Zo; n)is Zariski dense in MB(Zo; n); or equivalently, in the 
ase of the spa
e MDR( bZ=P1 nfp1; : : : ; p�g; n) the foliation de�ned by rnDR has a Zariski dense leaf.Here as usual bZ is the blow-up of Z at the base points of the pen
il and p1; : : : p� 2 P1 arethe points where the map bZ ! P1 is not submersive.These statements 
an be viewed as nonabelian analogues of Deligne's irredu
ibility theo-rem [Deligne80, Se
tion 4.4℄, whi
h asserts that the monodromy group on the �rst 
ohomol-ogy of a Lefs
hetz pen
il of 
urves is a subgroup of �nite index in the full symple
ti
 groupof the latti
e of vanishing 
y
les..The paper is organized as follows. In Se
tion 2.1 we examine the a
tion of a �nitely generatedgroup on an aÆne algebrai
 variety. We show how the existen
e of a Zariski dense orbit 
an bededu
ed from the existen
e of an open orbit for the linearized a
tion on the tangent spa
e ata �xed point. Se
tion 2.2 des
ribes a parti
ular point in the moduli spa
e of representationsof the fundamental group of a 
urveXo, whi
h 
orresponds to the S
hr�odinger representationof a suitably 
hosen �nite Heisenberg group. This point is smooth and �xed by a subgroup of�nite index in the monodromy. Moreover the tangent spa
e of the moduli of representationsat the `S
hr�odinger point' is naturally identi�ed with the �rst 
ohomology of an abelianetale 
over Yo of Xo. Se
tion 2.3 re
alls a powerful result of Looijenga whi
h gives suÆ
ient
onditions for a subgroup in the mapping 
lass group of Xo to map to a subgroup of �niteindex in the group SpGal(Yo=Xo)(H1(Yo;Z)) of all symple
ti
 transformations of H1(Yo;Z) that
ommute with the a
tion of the 
overing group of Yo ! Xo. In Se
tion 3.1 we study theproblem of existen
e of an open orbit for the a
tion of SpGal(Yo=Xo)(H1(Yo; C )) on H1(Yo; C )and in Se
tions 3.2 and 3.3 we show why Looijenga's 
onditions are satis�ed under thehypothesis of Theorem A and B respe
tively. Finally in Se
tion 4.1 we dis
uss the ne
essityof the hypotheses of Theorem A and B for the existen
e of a dense monodromy orbit. We
onje
ture that the density holds under very mild assumptions and give some additionaleviden
e supporting the 
onje
ture.A
knowledgments. We would like to thank A. Beilinson, P. Deligne and I. Smith forsome very enlightening 
onversations. The se
ond and third authors would like to thank UCIrvine for their hospitality during the month of July of 1998, when most of the ideas for the4



present paper took shape. The �rst and the se
ond author wish to thank the RiP programof the Mathemati
al Fors
hunginstitut Oberwolfa
h and the Volkswagen-Stiftung for theirsupport and the ex
ellent working 
onditions during two weeks in the Summer of 1999, whena substantial part of this work was done.2 Preliminary redu
tionsWe start with some very general results about linear group a
tions on algebrai
 varieties,whi
h will allow us to lo
alize at a point the Zariski density property of an a
tion.2.1 Open orbits and dense a
tionsSuppose � is a �nitely generated dis
rete group a
ting on an irredu
ible aÆne algebrai
variety M . We suppose that for every point x 2M , the Zariski 
losure of the orbit denotedZ(�x) �M , is a proper 
losed subset ofM . Suppose that k is an algebrai
ally 
losed ground�eld su
h that M and the a
tion are de�ned over k. For any point x 2 M (de�ned over abig algebrai
ally 
losed �eld K), let k(x) denote the algebrai
ally 
losed �eld of de�nition ofx with respe
t to k.Lemma 2.1 Suppose for some generi
 geometri
 point x 2M(K), the 
losure ZK(�y) is aproper subset of M de�ned over K. Then the same is true for every other generi
 geometri
point. In parti
ular if there is one point whose orbit is Zariski dense in M , the same is trueof every other generi
 point's orbit.Proof. Choose a point x su
h thattrdeg(k(x)=k) = dim(M):Let Z = Z(�x) and let k(Z) denote the �eld of de�nition of Z.Going to a subgroup of �nite index in � we 
an assume that Z is (geometri
ally) irre-du
ible. Noting that k(x) is the �eld of de�nition of x as a point in the k(Z)-variety Z, wehave trdeg(k(x)=k(Z)) � dim(Z);and so dim(Z) � trdeg(k(Z)=k) � dim(M):Let f1; : : : ; fk be generators of the ideal of Z; they lie in the ringk(Z)[M ℄ := k[M ℄
k k(Z):For a set of generators f
g of �, we have
fi =Xuij(
)fj5



with uij(
) 2 k(Z)[M ℄. Choose a ring A � k(Z) of �nite type over k su
h that fi and uijhave 
oeÆ
ients in A and su
h that the above equations are true in A[M ℄. Let S := Spe
(A).Then S is a s
heme of �nite type de�ned over k and the equations fi 2 A[M ℄ de�ne a familyZS � S �M:By further lo
alising A we may assume that the �bers Zs for s 2 S are irredu
ible subvarietiesof M all having the same dimension. There is a prefered generi
 point q 2 S whi
h has �eldof de�nition k(q) = k(Z) and with Zq = Z. Note also that by the equations we have assumedare true, the �bers Zs are all 
losed �-invariant subsets of M .The family ZS is de�ned over k. By assumption its image in M 
ontains at least onegeneri
 geometri
 point; therefore its image 
ontains all generi
 geometri
 points and thisshows that for any generi
 geometri
 point y 2M , the 
losure of the orbit Z(�y) is a proper
losed subset. Indeed if y is the image of a point z 2 ZS then Z(�y) � Zt where t is theimage of z in S.A spe
ialization argument shows (under the hypotheses of the previous paragraph) thatfor any point y 2 M (generi
 or not) the 
losure of the orbit is 
ontained in a proper 
losedsubset. The lemma is proven. 2We are now ready to prove the main result of this se
tionTheorem 2.2 Suppose that � a
ts on an irredu
ible aÆne algebrai
 variety M . There aretwo possibilities: either(1) there exists a non
onstant �-invariant meromorphi
 fun
tion; or(2) there exists a point x 2M with �x Zariski-dense in M .Proof. Assume that there is a generi
 geometri
 point x with ZK(�x) a proper 
losed subsetof MK. Let ZS be the �-invariant family de�ned over k that we 
onstru
ted in the proof ofLemma 2.1.Let W � ZS denote the set of all points whi
h are 
ontained in two or more distin
t�bers Zs1 and Zs2 (i.e. two �bers with Zs1 6= Zs2). We 
laim that this is a 
onstru
tiblesubset de�ned over k. To see this, look at the in
iden
e subvariety of pairs of points whoseimages in M 
oin
ide, as a subvariety in ZS � ZS . It is a 
losed subvariety. On the otherhand the subset of S � S representing the 
ondition that two �bers are equal as subsetsof M , is 
onstru
tible (see this by taking a 
ompa
ti�
ation of M and 
ompa
tifying thefamily then using Chow s
hemes), so the 
omplement of the preimage of this subset, in thein
iden
e variety, is 
onstru
tible; the subset W is the proje
tion of (the in
iden
e varietyminus the preimage of this subset of S � S) on one of the fa
tors ZS so W is 
onstru
tible;and the whole 
onstru
tion is de�ned over k.Next we 
laim that W does not 
ontain our original point x thought of as a point inthe �ber over the original q 2 S. For if it did, this would mean that there was a distin
tZs 6= Zq 
ontaining x, then x would be 
ontained in the �-invariant set Zs \ Zq; but this6



latter set is a proper subset of Zq, 
ontradi
ting the fa
t (by de�nition of our family) that�x is Zariski-dense in Zq.It follows that there is an open set of the total spa
e ZS whi
h does not meet W . Notethat it is 
lear from the de�nition thatW is the inverse image of a 
onstru
tible subset inM ;thus this subset does not 
ontain the generi
 point of M so there is a 
losed set C su
h thatW is 
ontained in the preimage of C in ZS. Sin
e W is a �-invariant set, we may repla
e Chere by the interse
tion of all of its translates so we 
an assume that C is �-invariant; �nallythen we 
an throw C out of M (i.e. repla
e M by M � C in the whole dis
ussion) so wemay assume that W is empty.By taking a 
losure of M and looking at the Chow s
heme of subvarieties of this 
losure,we 
an repla
e our family by a family indexed by a new base s
heme S where ea
h �ber(
onsidered as a subset of M) o

urs exa
tly on
e.Now by the above redu
tion the morphism ZS !M is inje
tive on points; also its imagehits a generi
 point of M . Thus there is a largest open subset of M over whi
h this is anisomorphism and we 
an repla
e M by this open subset (whi
h is �-invariant). Hen
e weobtain a �-invariant �bration M ! S. Now any meromorphi
 fun
tion on S pulls ba
k togive a �-invariant meromorphi
 fun
tion on M . This essentially proves the theorem. Theonly problem we need to address is that in the 
onstru
tion of the family ZS ! S we had topass to a �nite index subgroup of � and so the fun
tion just 
onstru
ted may be invariantonly under a subgroup of �nite index of �. This however is easily remedied - by takingthe di�erent invariant polynomials in the Galois translates of our meromorphi
 fun
tion weobtain a meromorphi
 fun
tion invariant by the full �. 2The essential 
onsequen
e of this theorem that we need is the following lo
alization state-ment.Corollary 2.3 Suppose that y 2 M is a point in the smooth set of M , �xed by the a
tion,so that � a
ts linearly on the tangent spa
e T (M)y. Let G � GL(T (M)y) be the Zariski
losure of im[�! GL(T (M)y)℄. Assume that G a
ts on T (M)y with an open orbit, and thatthe 
onne
ted 
omponent Go of G has no nontrivial 
hara
ters. Then there exists a pointx 2M with �x Zariski-dense in M .Proof: By the previous theorem, we have to rule out the possibility that M admits anon
onstant �-invariant meromorphi
 fun
tion. Also from the proof of Theorem 2.2 we seethat repla
ing � by a subgroup of �nite index will not a�e
t the alternatives (1) and (2). Sowithout a loss of generality we may assume that G = Go.Suppose that h is su
h a fun
tion, and write the germ of h at y as f=g with f; g 2 OM;yrelatively prime. Then for any 
 2 �,fg = h = 
�h
�f
�g ;whi
h implies that there is a unit u(
) 2 O�M;y with
�f = u(
)f;
�g = u(
)g:7



One 
an note that 
 7! u(
) is a 
o
y
le for � a
ting on the multipli
ative group of unitsO�M;y. In parti
ular we get that the value u(
)(y) is a 
hara
ter of �.Without a loss of generality we may assume that h is not an invertible fun
tion at o(otherwise subtra
t o� something) hen
e we may assume that one of f or g has a nontrivialleading term of some degree. We may suppose that f has su
h (otherwise repla
e h by h�1).Let fm be the leading term of f . Note that fm (of degree m)|modulo higher order terms|isan element of Symm T_(M)y. The a
tion of � on this leading term fa
tors through the groupG. Our previous formula gives 
�(fm) = u(
)(y)fm:This shows that 
 7! u(
)(y) 
omes from a 
hara
ter of G; but by assumption there are nosu
h 
hara
ters Therefore we get 
�(fm) = fm, so fm is a G-invariant homogeneous form ofdegree m.In parti
ular, we 
an think of fm as a G-invariant polynomial fun
tion on the tangentspa
e T (M)y. This 
ontradi
ts the supposed existen
e of an open orbit in the a
tion of Gon T (M)y, giving the desired 
ontradi
tion. 2It is 
lear that the argument we used to prove Corollary 2.3 applies equally well to theanalyti
 situation. More pre
isely the same reasoning gives the followingCorollary 2.4 Suppose that N is an irredu
ible analyti
 spa
e on whi
h a �nitely generatedgroup � a
ts by analyti
 automorphisms. Suppose that y 2 N is a point in the smoothset of N , �xed by the a
tion, so that � a
ts linearly on the tangent spa
e T (N)y. LetG � GL(T (N)y) be the Zariski 
losure of im[� ! GL(T (N)y)℄. Assume that G a
ts onT (N)y with an open orbit, and that the 
onne
ted 
omponent Go of G has no nontrivial
hara
ters. Then there is no �-invariant analyti
-meromorphi
 fun
tion on NTheorem 2.2 and Corollaries 2.3 and 2.4 not only provide a 
onvenient lo
alization 
ri-terion for the density of an a
tion but also suggest another geometri
 notion of `largeness'of the �-orbits. Motivated by Theorem 2.2, we de�ne various degrees of analyti
 generi
Zariski denseness as follows:De�nition 2.5 Suppose that a �nitely generated group � a
ts by analyti
 automorphismson an irredu
ible analyti
 spa
e N . Let m : � �N ! N be the a
tion map.� We say that the a
tion m is AGZD1 if there is no �-invariant analyti
 meromorphi
fun
tion f on N .� We say that the a
tion m is AGZD2 if there is no pair (U; f), where U � N is ananalyti
ally Zariski dense open subset of N and f : U ! Z is a holomorphi
 map fromU to a 
omplex analyti
 spa
e Z with dimZ < dimN .8



� We say that the a
tion m is AGZD3 if there is a point x 2 N su
h that m(�)x isanalyti
ally Zariski-dense in N .� We say that the a
tion m is AGZD4 if there is an analyti
ally Zariski open subsetU � N su
h that for every x 2 U the m(�) orbit of x is analyti
ally Zariski-dense inN .Clearly for an analyti
 a
tion m one has the impli
ations:AGZD4) AGZD3) AGZD2) AGZD1;but we don't think that the 
onverse impli
ations are true. Similarly, it is 
lear that if m isa
tually an algebrai
 a
tion, then AGZD1 implies that m is Zariski-dense in the algebrai
sense of Theorem 2.2.Suppose now that B is a base s
heme and that p : M ! B is a morphism equippedwith a 
onne
tion r (by whi
h we mean a strati�
ation over the 
rystalline site of S[Grothendie
k68℄, [Simpson95℄). For the following de�nition it is not ne
essary to assumethat r is integrable.De�nition 2.6 Suppose that B and the generi
 geometri
 �ber of M=B are irredu
ible. Wesay that (p : M ! B;r) is generi
ally Zariski dense (or GZD) if there is no algebrai
meromorphi
 fun
tion f on the total spa
e M whi
h is invariant under r.If the 
onne
tion r is integrable, then the 
orresponding analyti
 family is asso
iatedto a lo
al system of 
omplex analyti
 spa
es over B, whi
h in turn 
orresponds to themonodromy a
tion m of � := �1(B; o) on a �ber Mano . It is 
lear that if m is AGZD1, then(p :M ! B;r) is GZD.In parti
ular, the AGZD1 property for MB(Xo; n) or equivalently MDR(Xo; n) impliesthe algebrai
 generi
 Zariski-denseness propertyGZD for the Gauss-Manin 
onne
tionrnDR.Consider now a family of smooth proje
tive 
onne
ted 
urves f : X ! B and let o 2 Bbe a base point. We will show that when the geometri
 monodromy of f : X ! B is of �niteindex in the mapping 
lass group or when f 
omes from a Lefs
hetz pen
il as in Theorem B,then the monodromy a
tion of �1(B; o) on MB(Xo; n) is AGZD1. In 
ombination withTheorem 2.2 this fa
t yields statement (i) of Theorems A and B. As explained above thisautomati
ally gives the analyti
 statement (ii) in both theorems. In fa
t, it follows from theabove 
onsiderations that MDR(X=B; n) ! B together with the non-abelian Gauss-Manin
onne
tion is GZD in the sense of De�nition 2.6.In view of all this it only remains to show that under the hypothesis of Theorems A andB the algebrai
 a
tion monnB : �1(B; o)! Aut(MB(Xo; n)):on the aÆne varietyMB(Xo; n) isAGZD1. (Note that sin
eXo is a smooth 
urve the varietyMB(Xo; n) is irredu
ible by [Simpson95, Se
tion 11℄.) In view of Corollary 2.3 to a
hieve this9



we only need to �nd a smooth point � 2MB(Xo; n) whi
h is �xed by the monodromy groupmonnB(�1(B; o)) and for whi
h the Zariski 
losure of monnB(�1(B; o)) � GL(T (MB(Xo; n))�)a
ts on T (MB(Xo; n))� with an open orbit.In the next se
tion we des
ribe a proposal for su
h a point � whi
h utilizes the S
hr�odingerrepresentation of a �nite Heisenberg group. Later on, we will show in Se
tions 3.2 and 3.3that the open orbit property for the monodromy a
tion on the tangent spa
e at � holds,provided that the geometri
 monodromy of f : X ! B is large enough.We have framed the additional propertiesAGZD2-4 in order to pose the question: whi
hof these properties hold for families whose monodromy has �nite index in the mapping 
lassgroup? For (suÆ
iently ample) Lefs
hetz pen
ils?2.2 The S
hr�odinger representaionSin
e � is supposed to be �xed by the monodromy a natural 
hoi
e would be to take � tobe the trivial representation of �1(Xo) in GL(n; C ). However the trivial representation is asingular point of MB(Xo; n) and so is unsuitable for our purposes. On the other hand anyrepresentation � : �1(Xo)! GL(n; C )whi
h has �nite image will be �xed under some �nite index subgroup of monnB(�1(B; o)).Furthermore, the propertiesAGZD1-AGZD4 andGZD are obviously stable under passageto a �nite index subgroup of �. Hen
e we are free to repla
e B by any �nite etale 
over of B,and so it is enough to �nd a �nite representation � whi
h satis�es the open orbit 
ondition.In order to apply Corollary 2.3 we also need to 
hoose � 2 MB(Xo; n) to be a smoothpoint. This is equivalent to 
hoosing � to be an irredu
ible representation.To 
onstru
t su
h a representation we pro
eed as follows. Let �n � C � be the group ofall n-th roots of unity. Let dZ=n := HomZ(Z=n; C�) denote the group of 
hara
ters of the
y
li
 group Z=n. Consider the �nite Heisenberg group Hn. By de�nition Hn is the 
entralextension 0! �n ! Hn !Z=n� dZ=n! 0
orresponding to the 
o
y
le e : Z=n� dZ=n! �n � C � , e(a; �) = �(a). Expli
itly Hn 
anbe identi�ed with the set �n �Z=n�dZ=n with a group law given by(�; a; �) � (�0; a0; �0) = (��0�0(a); a+ a0; ��0):Let �n : Hn ! GL(Vn) be the S
hr�odinger representation of Hn. By de�nition �n is theunique n-dimensional irredu
ible representation of Hn whi
h has a tautologi
al 
entral 
har-a
ter. One way to 
onstru
t �n is to observe that the natural inje
tive map�n �dZ=n ,!Hn; (�; �) 7! (�; 0; �)10



is a group monomorphism, i.e Hn 
ontains �n � dZ=n as an abelian subgroup. Let T bethe one dimensional 
omplex representation of �n �dZ=n whi
h 
orresponds to the pullba
kof the tautologi
al 
hara
ter of �n under the proje
tion �n � dZ=n ! �n. In other wordsT= (C ; � ) where � : �n �Z=n! C � is given by � (�; �) = �. In terms of T then we have(Vn; �n) = IndHn�n�dZ=n(T):Expli
itly we 
an identify Vn with the ve
tor spa
e of all 
omplex valued fun
tions on the�nite set Z=n and the a
tion �n by the formula[�n(�; a; �)f ℄(x) = ��(x)f(x+ a);for all x 2Z=n, f 2 Vn and (�; a; �) 2 Hn.The irredu
ibility of the representation �n follows from Frobenius re
ipro
ity or dire
tlyby noti
ing that Vn has a basis 
onsisting of the 
hara
teristi
 fun
tions of the elements inZ=n and that the subgroup Z=n � Hn a
ts transitively on the elements of this basis.Re
all next that if C is any smooth 
urve of genus g, then there is a surje
tive homomor-phism �1(C)� F g onto a free group of g generators. This homomorphisms is obtained bymoding �1(C) out by the normal subgroup generated by the a-
y
les for a standard basis inthe �rst homology of C. In parti
ular sin
e Hn is generated by three elements we 
an �nda surje
tive homomorphism �1(C)! F g ! Hn as long as g � 3.By hypothesis the genus of Xo is at least three and so we 
an �nd surje
tive ho-momorphism  n : �1(Xo) � Hn. Let � : �1(Xo) ! GL(Vn) denote the 
omposition� :=  n Æ �n. By 
onstru
tion � is irredu
ible and so represents a smooth point of themoduli of representations. Moreover by a standard deformation theory argument (see e.g.[Lubotzky-Magid85℄) we 
an identify the Zariski tangent spa
e T (MB(Xo; n))� with thegroup 
ohomology H1(�1(Xo); ad(�)), wheread(�) : �1(Xo)! GL(End(Vn))is the natural representation indu
ed from �. Expli
itly ad(�) = (�_n 
 �n) Æ  n and sin
ead(�n) = �_n 
�n has a trivial 
entral 
hara
ter we see that ad(�) fa
tors trough the abeliangroup Z=n�dZ=n.It is not hard to 
al
ulate H1(�1(Xo); ad(�)) in terms of geometri
 data on the 
urve Xo.Lemma 2.7 The tangent spa
e to MB(Xo; n) at the S
hr�odinger representation � is givenby T (MB(Xo; n))� = H1(Xo; ad(�)) = ��2dZ=n�Z=nH1(Xo;L�)(2.1)where L� is the rank one lo
al system on Xo 
orresponding to the 
hara
ter�1(Xo) �! Hn !Z=n�dZ=n �! C � :11



Proof. Let ad(�n)ab :Z=n�dZ=n! GL(End(Vn))denote the abelianization of the representation ad(�n). The representation ad(�n)ab �ts inthe 
ommutative diagram �1(Xo) n
��

ad(�) // GL(End(Vn))Hn // Z=n�dZ=nad(�n)abOOand so understanding ad(�) is equivalent to understanding ad(�n)ab. But ad(�n)ab is justthe regular representation of the abelian group Z=n � dZ=n. To see this note �rst thatdimEnd(Vn) = n2 = dimC [Z=n � dZ=n℄. Now sin
e every irredu
ible representation ofZ=n�dZ=n o

urs in C [Z=n�dZ=n℄ with multipli
ity one we need only to 
he
k that for every
hara
ter � :Z=n�dZ=n! C � we havedimHom(Z=n�dZ=n)�mod(�; ad(�n)ab) � 1:But the group of 
hara
ters of Z=n�dZ=n is naturally isomorphi
 to dZ=n�Z=n and so ea
h
hara
ter � as above is given by a pair (�; x) 2 dZ=n�Z=n via the formula �(a; �) = �(a)��(x).Therefore we only need to show that for any pair (�; x) there exists a non zero elementA(�;x) 2 End(Vn) = V _n 
 Vn so that(a; �)A(�;x) = �(a)�(x)A(�;x)for all (a; �) 2Z=n�dZ=n.To 
onstru
t the element A(�;x) re
all that the ve
tor spa
e Vn = C [Z=n℄ has a naturalbasis fe0; e1; : : : ; en�1g 
onsisting of 
hara
teristi
 fun
tions of elements of Z=n, i.e. ei(j) :=Æij. Let fe_0 ; e_1 ; : : : ; e_n�1g be the dual basis of V _n . Then in terms of the basis fe_i 
 ejgn�1i;j=0of V _n 
 Vn the representation ad(�n)ab is given by the formula[ad(�n)ab(a; �)℄(e_i 
 ej) = �(j � i)e_i�a 
 ej�a:In view of this we may take A(�;x) := n�1Xi=0 �(i)e_i 
 ei+xwhi
h is obviously a non-zero eigenve
tor 
orresponding to the 
hara
ter � = (�; x).This shows that(End(Vn); ad(�n)ab) = C [Z=n�dZ=n℄ = ��2dZ=n�Z=n(C ; �);12



and so the lemma is proven. 2Let us now go ba
k to the problem of 
he
king whether mon(�1(B; o)) has a denseorbit on MB(Xo; n). As mentioned above, the fa
t that � has a �nite image implies thatthe 
onjuga
y 
lass of � will be �xed by some �nite-index subgroup of mon(�1(B; o)). Inparti
ular, applying Corollary 2.3 to this subgroup, it follows that in order to show theexisten
e of a dense mon(�1(B; o))-orbit on MB(Xo; n), it suÆ
es to 
he
k the following twoitems:(i) The Zariski 
losure G ofim[mon(�1(B; o))! GL(H1(Xo; ad(�)))℄in GL(H1(Xo; ad(�))) has an open orbit on H1(Xo; ad(�)).(ii) The identity 
omponent Go of G does not have any non-trivial 
hara
ters.Condition (ii) follows easily from the isomorphism (2.1):Lemma 2.8 The identity 
omponent Go of the Zariski 
losure ofim[mon(�1(B; o))! GL(H1(Xo; ad(�)))℄in GL(H1(Xo; ad(�))) has no non-trivial 
hara
ters.Proof. Indeed, let p : Yo ! Xo be the abelian Galois 
over of Xo 
orresponding to thesurje
tion �1(Xo) �! Hn !Z=n�dZ=n:(2.2)Then Yo is a smooth 
onne
ted 
urve and the pushforward of the trivial one dimensionallo
al system C Yo via p is pre
iselyp�C Yo = ��2dZ=n�Z=nL�:Thus we 
an identify H1(Xo; ad(�)) with H1(Yo; C ).Next observe that without a loss of generality we may assume that the family f : X ! Bhas an algebrai
 se
tion � : B ! X. Indeed, sin
eX is quasi-proje
tive a generi
 hyperplanese
tion on X will be a multise
tion of f . But repla
ing B by an �etale 
over of a Zariskiopen set of B will repla
e mon(�1(B; o)) by a subgroup of �nite index. In parti
ular su
harepla
ement will not a�e
t the property that mon(�1(B; o)) �xes the 
onjuga
y 
lass of �.In fa
t, by taking another �etale 
over if ne
essary we 
an ensure that not only the 
onjuga
y
lass of � is �xed under mon(�1(B; o)) but that the a
tual representation� : �1(Xo; �(o))! GL(Vn)13



remains �xed under mon(�1(B; o)).Assume that we are in this situation. Then � lifts to a well de�ned representation of�1(B; o) nmon �1(Xo; �(o)) and so de�nes a Z=n � dZ=n-
over of X. In parti
ular underthe identi�
ation H1(Xo; ad(�)) �= H1(Yo; C ) the a
tion of mon(�1(B; o)) on H1(Xo; ad(�))be
omes just the monodromy a
tion of �1(B; o) on H1(Yo; C ) 
orresponding to the familyof 
urves Y ! B. But by Deligne's semisimpli
ity theorem [Deligne72, Corollaire 4.2.9℄ themonodromy a
tion on the middle dimensional 
ohomology of any smooth proje
tive familyover a quasi-proje
tive base has a semisimple Zariski 
losure. Thus Go must be a 
onne
tedsemisimple algebrai
 group and so has no non-trivial 
hara
ters. The lemma is proven. 2In order to 
he
k that 
ondition (i) is satis�ed we need to invoke a powerful result ofLooijenga [Looijenga97, Theorem 2.5℄, whi
h will be done in the next se
tion.Before we explain Looijenga's theorem we need to introdu
e some notation. On the waywe will also rephrase the 
ondition (i) in a slightly more general 
ontext.Let f : X ! B be a smooth family of 
onne
ted 
urves of genus g � 3. Let as beforeo 2 B be a �xed base point and letmon : �1(B; o)! Map(Xo) � Out(�1(Xo))be the 
orresponding geometri
 monodromy representation. Here Map(Xo) denotes themapping 
lass group of Xo. By de�nition Map(Xo) is the group of 
onne
ted 
omponents ofthe group of orienation preserving di�eomorphisms of Xo. Also, Map(Xo) 
an be indenti�edwith the index two subgroup of Out(�1(Xo), 
onsisting of all outer automorphisms whi
ha
t trivially on H2(�1(Xo);Z).If f : X ! B has a holomorphi
 se
tion � : B ! X the representation mon : �1(B; o)!Map(Xo) 
an be lifted to a geometri
 monodromy representation respe
ting the base point:mon� : �1(B; o)!Map1(Xo) � Aut(�1(Xo; �(o))):Here Map1(Xo) denotes the mapping 
lass group of the on
e pun
tured surfa
e Xo�f�(o)g.Fix a �nite abelian quotient H1(Xo;Z)� A and let pA : Y Ao ! Xo be the 
orrespondingGalois 
over. Let Map(Xo; A) be the group of p-liftable mapping 
lasses, i.e.Map(Xo; A) = �' 2 Map(Xo) ����' preserves ker[H1(Xo;Z)� A℄ and ' indu
esthe identity on A �In exa
tly the same way we 
an de�ne a subgroup Map1(Xo; A) � Map1(Xo).Clearly Map(Xo; A) � Map(Xo) is of �nite index and 
onsists pre
isely of the mapping
lasses on Xo whi
h lift to mapping 
lasses on Y Ao . Furthermore, sin
e by de�nition ea
h' 2 Map(Xo; A) indu
es the identity on A it follows that any lift ~' 2 Map(Y Ao ) of '
ommutes with the a
tion of A on Y Ao , and that A a
ts transitively on the set of all su
hlifts. Thus, if we de�ne LMap(Xo; A) � Map(Y Ao ) to be the subgroup 
onsisting of all liftsof elements in Map(Xo) we see that LMap(Xo; A) �ts in a short exa
t sequen
e of groups1! A! LMap(Xo; A)!Map(Xo; A)! 1:14



Assume now that mon(�1(B; o)) � Map(Xo; A). Sin
e the natural homomorphismAut(�1(Xo; �(o)))! GL(H1(Xo;Z))fa
tors through Out(�1(Xo)) it follows that we will also have mon�(�1(B; o)) � Map1(Xo; A).In parti
ular mon�(�1(B; o)) preserves �1(Y Ao ) and so we get a short exa
t sequen
e of groups1! �1(B; o)�mon� �1(Y Ao )! �1(X)! A! 0:Let Y A ! X denote the A-Galois 
over of X 
orresponding to the homomorphism �1(X)�A. By 
onstru
tion �1(Y A) �= �1(B; o) �mon� �1(Y Ao ) and the 
orresponding monodromyrepresentation monA : �1(B; o)!Map(Y Ao ) � Out(�1(Y Ao ))lands in LMap(Xo; A).Furthermore, note that from the viewpoint of the density properties we are intersetedin, the 
onditions that f : X ! B has a se
tion and that mon(�1(B; o)) � Map(Xo; A) areharmless. Indeed, as explained in the proof of Lemma 2.8, if f : X ! B is an arbitrarysmooth proje
tive family of 
urves with B smooth and 
onne
ted and X quasi-proje
tive,then we 
an always �nd a Zariski open set U � B 
ontaining the point o 2 B, and a�nite �etale 
over (B 0; o0) ! (U; o), so that the pulled-ba
k family X �B B0 ! B 0 has aholomorphi
 se
tion, and a geometri
 monodromy whi
h is 
ontained in Map(Xo; A). Sin
e�1(U; o) � �1(B; o) is surje
tive and �1(B 0; o0) � �1(U; o) is a subgroup of �nite index, itfollows that the geometri
 monodromy mon(�1(B 0; o0)) of the family X �B B0 ! B 0 is asubgroup of �nite index in mon(B; o). In parti
ular, any density statement we 
an makefor the a
tion of �1(B; o) will be equivalent to the 
orresponding density statement for thea
tion of �1(B 0; o0).The previous reasoning also shows that for any smooth family of 
urves f : X ! B, su
hthat B is smooth and X is quasi-proje
tive, and any surje
tive homomorphismH1(Xo;Z)�A, there is an appropriate (B 0; o0)! (B; o) and an A-Galois 
over Y A ! X �B B0, so that:� The image of the monodromy representation monA : �1(B 0; o0) ! Map(Y Ao ) is 
on-tained in LMap(Xo; A);� The natural map monA(�1(B0; o0))! mon(�1(B; o) has �nite kernel and 
okernel.Motivated by the dis
ussion in Se
tions 2.1 and 2.2 we make the following de�nition:De�nition 2.9 Let A be a �nite abelian group. A pair (f : X ! B;H1(Xo;Z) � A) is
alled good if the Zariski 
losure ofimh�1(B 0; o0) monA! LMap(Xo; A) �Map(Y Ao )! Sp(H1(Y Ao ;Z))iin Sp(H1(Y Ao ; C )) a
ts on H1(Y Ao ; C ) with an open orbit.15



Clearly now, the 
ondition (i) is equivalent to the statement that if A =Z=n�dZ=n andif the homomorphism �1(Xo)! H1(Xo;Z)! A is indu
ed from a surje
tive homomorphism�1(Xo)! Hn, then the pair (f : X ! B;H1(Xo;Z)� A) is good.In other words we need to �nd geometri
 restri
tions on a family f : X ! B and a homo-morphism H1(Xo;Z)� A, whi
h will guarantee that the pair (f : X ! B;H1(Xo;Z)� A)is good.As a �rst approximation one has to understand the image of LMap(Xo; A) into the sym-ple
ti
 group Sp(H1(Yo;Z). This is pre
isely the 
ontent of Looijenga's theorem [Looijenga97,Theorem 2.5℄.2.3 A theorem of LooijengaLet Xo be a smooth 
urve of genus g � 3 and let H1(Xo;Z)� A be a �xed homomorphismonto a �nite abelian group A. Let pA : Y Ao ! Xo be the 
orresponding A-Galois 
over.Consider the group SpA(H1(Y Ao ;Z))� Sp(H1(Y Ao ;Z))
onsisting of all symple
ti
 transformations of H1(Y Ao ;Z) whi
h 
ommute with the a
tion ofA. By de�nition the image of the natural mapLMap(Xo; A)! Sp(H1(Y Ao ;Z))is 
ontained in SpA(H1(Y Ao ;Z)). Also by de�nition, the subgroup A � LMap(Xo; A) mapsto a 
entral subgroup in SpA(H1(Y Ao ;Z)) and so if we setPSpA(H1(Y Ao ;Z)) := SpA(H1(Y Ao ;Z))=Z(SpA(H1(Y Ao ;Z)))we get a well de�ned homomorphism:Map(Xo; A)! PSpA(H1(Y Ao ;Z)):With this notation, Looijenga's theorem reads:Theorem([Looijenga97, Theorem 2.5 and Corollary 2.6℄) (i) The image of the homomor-phism Map(Xo; A)! PSpA(H1(Y Ao ;Z))is a subgroup of �nite index in PSpA(H1(Y Ao ;Z)).(ii) There exists a subgroup Sp℄A(H1(Y Ao ;Z)) � SpA(H1(Y Ao ;Z)) whi
h maps onto the groupPSpA(H1(Y Ao ;Z)) with �nite kernel. Furthermore LMap(Xo; A) maps into Sp℄A(H1(Y Ao ;Z)),and the image of the homomorphismLMap(Xo; A)! Sp℄A(H1(Y Ao ;Z))16



is of �nite index in Sp℄A(H1(Y Ao ;Z))The proof of this theorem is based on a detailed analysis of the stru
ture of the arithmeti
group SpA(H1(Y Ao ;Z)) and of its relationship to the mapping 
lass groups of the intermediate
overs of pA : Y Ao ! Xo. In fa
t, in the pro
ess of proving this theorem, Looijenga isolatesa fairly simple list of topologi
al 
onditions that need to be imposed on a subgroup � �Map(Xo), so that it will map to a �nite index subgroup in PSpA(H1(Y Ao ;Z)).Our strategy in gauging the goodness of a pair (f : X ! B;H1(Xo;Z) � A) is to�rst show that Sp℄A(H1(Y Ao ; C )) a
ts on H1(Y Ao ; C ) with an open orbit, and then to �ndreasonable geometri
 restri
tions on the pair, whi
h will guarantee that the 
onditions fromthe Looijenga's list will be satis�ed by the geometri
 monodromy of the family f : X ! B.To that end we re
all brie
y Looijenga's analysis of the stru
ture of SpA(H1(Y Ao ;Z)) anddes
ribe the 
onditions in Looijenga's list.2.3.1. Skew-Hermitian modules. Following Looijenga [Looijenga97℄, the �rst stepin understanding the arithmeti
 group SpA(H1(Y Ao ;Z)) is to understand the almost-simple
onstituents of the semisimple algebrai
 group SpA(H1(Y Ao ; C )).For a �nite abelian group A denote by C(A) the set of all 
y
li
 quotient groups of A.As usual two 
y
li
 quotients A� C 0 and A� C 00 are 
onsidered to be the same i�ker[A� C 0℄ = ker[A� C 00℄ � A:A 
hara
ter of A is a homomorphism � : A ! Q� � C � . Note that ea
h 
hara
ter � 2 bAextends uniquely to a ring homomorphism e� : Z[A℄ ! Q � C , given by e�(Pg2A 
gg) =Pg2A 
g�(g). Clearly im(�) � Q is a 
y
li
 subgroup. If j im(�)j = d, then im(�) = �d � Qand im(e�) = Z[�d℄ � Q. For any � 2 Aut(Q=Q) we have �(�) = �k for some k 2 Zwith (k; d) = 1. Hen
e the Aut(Q=Q)-orbit of � 2 bA 
onsists of all generators of the 
y
li
subgroup h�i � bA. In parti
ular both the kernelI := kerhZ[A℄ e�! Qiand the image im(e�) � Q are independent of the spe
i�
 
hoi
e of � 2 bA, and depend onlyon the 
y
li
 subgroup h�i � bA. Equivalently we may say that I and im(e�) depend only onthe 
hoi
e of a 
y
li
 quotient group [A� C℄ 2 C(A).In other words, for any 
y
li
 quotient [A � C℄ 2 C(A), we 
an de�ne IC = ker(e�) forsome generator � 2 bC � bA and RC =Z[A℄=IC = im(e�) � Q � C .Consider the number �eldKC := RC
ZQ. By de�nitionKC is non-
anoni
ally isomorphito the sub�eld of Q generated by �d � Q, and RC is just the ring of integers of KC . We17



have obvious homorphisms of ringsZ[A℄! M[A�C℄2C(A)RCQ[A℄! M[A�C℄2C(A)KC :(2.3)By the Chinese remainder theorem the se
ond map is an isomorphism. Hen
e the �rst mapis inje
tive and has a �nite 
okernel.To understand the �eld KC a little better note that we have a natural involution `�',de�ned by the formulaPg2A 
gg :=Pg2A 
gg�1. Clearly, on ea
h KC this involution indu
esthe standard 
omplex 
onjugation 
oming from KC � Q � C . Let K 0C := fx 2 KC j�x = xgdenote the maximal real sub�eld of KC . Note that K 0C �= Q(
os(2�=d)) (non-
anoni
ally),and that K 0C = KC for d = 1; 2 and KC is a purely imaginary quadrati
 extension of K 0C ford > 2.Suppose now that W is an abelian group equipped with an a
tion of A. For a 
y
li
quotient group [A� C℄ 2 C(A) we putWC :=W 
Z[A℄RC :Note that if W is a Q-ve
tor spa
e, then WC is naturally a KC -ve
tor spa
e.In parti
ular, if W is a �nitely generated free abelian group, then the mapW 
Q! M[A�C℄2C(A)WC 
Q(2.4)is an isomorphism of Q-ve
tor spa
es, whi
h is equivariant with respe
t to the isomorphismof algebras Q[A℄ �= �C2C(A)KC . Similarly, the homomorphismW ! M[A�C℄2C(A)WCis an inje
tive homomorphism of abelian groups, wi
h has a �nite 
okernel, and whi
h isequivariant with respe
t to the morphism of rings Z[A℄!�C2C(A)RC .Assume now that W is a free abelian group of �nite rank, equipped with an A-a
tionand a non-degenerate Q-valued symple
ti
 form (�; �) whi
h is preserved by A. Then (�; �)indu
es a Q[A℄-valued form h�; �i, whi
h is skew-Hermitian overZ[A℄. This means that h�; �iis Z[A℄-linear in its �rst argument and that hx; yi = �hy; xi for all x; y 2 W . Expli
itlyhx; yi :=Xg2A(x; gy)g 2 Q[A℄:After tensoring with RC , the form h�; �i indu
es a KC -valued Hermitian form h�; �iC on WC,de�ned over RC . 18



Let U(WC) (respe
tively U(WC 
Q)) be the group of RC -linear automorphisms of WC(respe
tively of KC -linear automorphisms of WC 
Q) whi
h preserve h�; �iC .By 
onstru
tion U(WC 
Q) is the group of K 0C -rational points of a redu
tive algebrai
group de�ned over K 0C . If jCj = 1 or 2, then U(WC) = Sp(WC ; (�; �)C). If jCj � 3, thenU(WC) is the unitary group of the skew-Hermitian latti
e (WC ; h�; �iC).With this setup we 
an now des
ribe the stru
ture of the group SpA(W ) 
onsisting ofall isomorphisms of (�; �) whi
h 
ommute with A. Observe that by 
onstru
tion the naturalhomomorphism (W; h�; �i)!�[A�C℄2C(A)(WC; h�; �iC)is a homomorphism of skew-Hermitian modules. In parti
ular, from the above dis
ussion itfollows that SpA(W 
Q)! Y[A�C℄2C(A)U(WC 
Q);is an isomorphism, and that SpA(W )! Y[A�C℄2C(A)U(WC)is inje
tive and has a �nite 
okernel.We are now ready to des
ribe the subgroup Sp℄A(W ) whi
h appears in the statement ofLooijenga's theorem.Let again W denote a �nitely generated free abelian group equipped with an a
tion ofA. Let T : W 
 Q ! W 
 Q be an A-equivariant endomorphism of the rational ve
torspa
e W 
 Q. Then for every [A � C℄ 2 C(A) we get a KC -linear endomorphism TC :WC 
 Q ! WC 
 Q. Let detKC(TC) 2 KC denote its KC -determinant. Similarly we 
an
onsider the RC-determinant of a RC -linear automorphism of WC . In parti
ular we get agroup homomorphism detRC : U(WC)! R�C to the group of units in the ring RC .Let SU(WC) � U(WC) (respe
tively SU(WC 
 Q) � U(WC 
 Q)) denote the sub-group of unitary transformations of RC -determinant (respe
tively KC -determinant) one.By the Diri
hlet unit theorem, the group R�C is a �nitely generated abelian group of rankmax(0; �(jCj)=2� 1) (where � is the Euler fun
tion) and with torsion equal to the group ofroots of unity in RC , whi
h we may identify with C.Let C(2) denote the group of squares in C and let U ℄(WC) := det�1RC(C(2)). We have ashort eaxt sequen
e 1! SU(WC)! U ℄(WC)! C(2) ! 1:De�ne Sp℄A(W ) (respe
tively Sp℄A(W 
Q)) to be the preimage of QC2C(A) U ℄(WC) (respe
-tivelyQC2C(A) U ℄(WC
Q)) in SpA(W ) (respe
tively SpA(W
Q)). Clearly Sp℄A(W ) surje
tsonto PSpA(W ) =QC2C(A)PU(WC) with a �nite kernel.19



In Se
tion 3.1 we will analyze in more detail the 
omplex group Sp℄A(W 
 C ) and willshow that it a
ts on W 
 C with an open orbit.Before doing that however, we �nish the summary of Looijenga's results by listing hissuÆ
ient 
onditions for a subgroup � �Map(Xo; A) to map to a subgroup of �nite index inPSpA(H1(Y Ao ;Z)).2.3.2. Looijenga's list. Let Xo be a smooth 
urve and let H1(Xo;Z) � A be a �xed�nite quotient. As we saw in the previous se
tion, there exists an isogeny of arithmeti
latti
es: PSpA(H1(Y Ao ;Z)) //

Y[A�C℄2C(A)PU(H1(Y Ao ;Z)C)where pA : Y Ao ! Xo is the A-Galois 
over 
orreponding to H1(Xo;Z)� A.However, as Looijenga observes [Looijenga97, Se
tion 2.1℄, the group PU(H1(Y Ao ;Z)C) is
losely related to the similarly de�ned group PU(H1(Y Co ;Z)C), where pC : Y Co ! Xo is the
over 
orresponding to H1(Xo;Z)� A� C.More pre
isely, if A0 = A=H is a quotient of A, then the Galois 
over pA0 : Y A0o !X0 
orresponding to H1(Xo;Z) � A � A0, 
an be identi�ed naturally with the quotient
urve Y Ao =H. The map Y Ao ! Y A0o indu
es an inje
tive homomomorphism H1(Y Ao ;Z) !H1(Y A0o ;Z) with 
okernel H. The homomorphism H1(Y Ao ;Z) ! H1(Y A0o ;Z) is equivariantwith respe
t to the surje
tion A� A0 and so indu
es a Z[A0℄-homomorphismH1(Y Ao ;Z)
Z[A℄Z[A0℄! H1(Y A0o ;Z);(2.5)whi
h is inje
tive and has 
okernel H. Moreover the homomorphism (2.5) has degree jHj inthe sense that the natural Z[A0℄ valued skew-Hermitian form on the left goes to jHj timesthe natural Z[A0℄ valued skew-Hermitian form on the right.Applying this dis
ussion to A0 = C for some [A� C℄ 2 C(A), we 
on
lude thatH1(Y Ao ;Z)
Z[A℄Z[C℄! H1(Y Co ;Z)is an isogeny of skew-Hermitian modules de�ned over Z[C℄. Tensoring with RC (over Z[C℄)and using the fa
t that (H1(Y Ao ;Z)
Z[A℄Z[C℄)
Z[C℄RC = H1(Y Ao ;Z)
Z[A℄RC = H1(Y Ao ;Z)Cwe get a well de�ned isogeny of skew-Hermitian RC-modules:H1(Y Ao ;Z)C ! H1(Y Co ;Z)C:In parti
ular, the natural 
omposition mapSp℄A(H1(Y Ao ;Z))! Y[A�C℄2C(A)U ℄(H1(Y Ao ;Z)C)! Y[A�C℄2C(A)U ℄(H1(Y Co ;Z)C)is an isogeny of arithmeti
 groups. 20



Therefore, in order for a group � � Map(Xo; A) to map to a subgroup of �nite in-dex in PSpA(H1(Y Ao ;Z)), it is ne
essary that � maps to a group of �nite index in ea
hPU(H1(Y Co ;Z)C). SuÆ
ient 
onditions for this to happen 
an be extra
ted from the proofof [Looijenga97, Theorem 2.4℄:Assume that � � Map(Xo; A) and that [A � C℄ 2 C(A) is �xed. Then ne
essarily� � Map(Xo; C). Assume in addition that � satis�es the following 
onditionsC(i) There exists a symple
ti
 submodule V � H1(Xo;Z), su
h that� rank(V ) = 2g � 2.� V � ker[H1(Xo;Z)� C℄.� Sp(V ) \ im[�! Sp(H1(Xo;Z))℄ is of �nite index in Sp(V ).C(ii) There exist embedded 
ir
les E 6= E 0 � Xo, su
h that� E and E 0 are homologous (with the appropriate orientations).� The 
lass [E℄ = [E 0℄ 2 H1(Xo;Z) maps to a generator of C.� X � (E [ E 0) splits into two 
onne
ted 
omponents of genera 1 and g � 1.� If tE, tE0 denote the right Dehn twists along E and E 0 respe
tively, then themapping 
lass tE0E := t�1E Æ tE0 2 Map(Xo) belongs to �.Now [Looijenga97, Corollary 4.5℄, together with [Looijenga97, Lemma 4.6℄ and the proofof [Looijenga97, Theorem 2.4℄ imply that for every � � Map(Xo; A) satisfying C(i) andC(ii) the image im[�! PU(H1(Y Co ;Z))℄will be a subgroup of �nite index in PU(H1(Y Co ;Z)).Next we turn to the 
ase of a general abelian group A. Sin
e we have an isogenyPSpA(H1(Y Ao ;Z))! Y[A�C℄2C(A)PU(H1(Y Co ;Z));it suÆ
es to 
he
k that to �nd 
onditions for a group � � Map(Xo; A) to map to a subgroupof �nite index in the produ
t QC2C(A)PU(H1(Y Co ;Z)).The result [Looijenga97, Theorem 2.5℄ asserts that the image of the whole group\[A�C℄2C(A)Map(Xo; C) = Map(Xo; A)inQC2C(A)PU(H1(Y Co ;Z)) is a subgroup of �nite index. Moreover, the proof of [Looijenga97,Lemma 5.2℄ implies that a subgroup � �Map(Xo; A) will map to a subgroup of �nite indexin the produ
t, provided that the image of � is of �nite index in ea
h fa
tor PU(H1(Y Co ;Z))and that in addition � satis�es: 21



P(i) For every non-trivial [A � C℄ 2 C(A), there exists an embedded 
ir
le E � Xo, sothat the Dehn twist tE belongs to �, and so that the homology 
lass [E℄ 2 H1(Xo;Z)maps to a generator of C.P(ii) For every pair [A � C1℄ 2 C(A) and [A � C2℄ 2 C(A) of nontrivial 
y
li
 quotientsof A, there exists an embedded 
ir
le E � Xo so that:� The 
y
le E is homologous to zero. That is Xo � E splits into two 
onne
ted
omponents Xo � E = X 0o [X 00o .� The homomorphisms H1(X 0o;Z)! H1(Xo;Z)� C1H1(X 00o ;Z)! H1(Xo;Z)� C1are non-trivial.� The homomorphism H1(X 0o;Z)! H1(Xo;Z)� C2is trivial.To summarize - in order for a group � � Map(Xo; A) to map to a subgroup of �niteindex in PSpA(H1(Y Ao ;Z)) it is suÆ
ient that: � satis�es 
onditions C(i) and C(ii) for allnon-trivial 
y
li
 quotients [A� C℄ 2 C(A); � satis�es the 
onditions P(i) and P(ii); and� satis�es one extra 
ondition 
orresponding to the trivial 
y
li
 quotient of A, namely that� maps to a subgroup of �nite index in Sp(H1(Xo;Z)).In the next se
tion we show why these 
onditions hold under the hypothesis of Theo-rems A and B.3 Proofs of the main theoremsIn this se
tion we derive the proofs of Theorems A and B.3.1 Complex points and open orbitsOur �rst task is to show that the Zariski 
losure of the arithmeti
 group Sp℄(H1(Y Ao ;Z)) inSp℄(H1(Y Ao ; C )) a
ts with an open orbit on H1(Y Ao ; C ).3.1.1. The 
omplex points of Sp℄A. Let WC be a �nite dimensional 
omplex representa-tion of A. For every su
hWC we would like to build a dire
t sum de
omposition in whi
h thesummands are labeled by the 
y
li
 quotients [A� C℄ 2 C(A). Moreover ifWC = W
ZC forsome free abelian group W equipped with an A a
tion, then the de
omposition in questionshould agree with (2.4). 22



We will des
ribe su
h a de
omposition by mimi
king the 
onstru
tion of (2.4). Let[A � C℄ 2 C(A) and let � 2 bA be a 
hara
ter whi
h generates bC � bA. Let e� : Q[A℄ !KC � Q � C be as before and let e�C := �
 C . Expli
itly we haveC [A℄ e�C // KC 
QCPg2A 
gg � //
Pg2A 
g�(g):Put RC;C := RC 
ZC = KC 
Q C . Note that by the Chinese reminder theorem RC;C is aC -algebra isomorphi
 to the dire
t sum of [KC : Q℄ 
opies of C . As before RC;C = im(e�C ) �KC 
QC � C 
QC , and we set IC;C := ker(e�C ). De�ne nowWC;C := WC 
C[A℄ RC;C :The same reasoning as in Se
tion 2.3.1 implies that the natural mapWC ! M[A�C℄2C(A)WC;Cis an isomorphism of 
omplex ve
tor spa
es, and is equivariant with respe
t to the naturalalgebra isomorphism C [A℄ �= �C2C(A)RC;C . This yields the desired de
omposition.Let nowW be a free abelian group of �nite rank, whi
h is equipped with a non-degeneratesymple
ti
 form and an a
tion of A by symple
tomorphisms. Set WC := W 
ZC . We wouldlike to understand the a
tion of the arithmeti
 group Sp℄A(W ) on the 
omplex ve
tor spa
eWC .Proposition 3.1 The Zariski 
losure of Sp℄A(W ) inside SpA(WC ) has a Zariski open orbiton WC .Proof. The previous dis
ussion together with the analysis in Se
tion 2.3.1 implies thatSpA(WC ) = Y[A�C℄2C(A)GC(C );where GC(C ) � GL(WC ;C ) is the group of 
omplex points of a 
ertain 
omplex redu
tivegroup GC , whi
h we pro
eed to des
ribe.As we have seen in Se
tion 2.3.1, the rational ve
tor spa
e WQ;C :=WC
Q has a naturalstru
ture of a KC -ve
tor spa
e. Now, using the �eld extensions Q � KC � Q � C we 
anwrite WC;C =WQ;C 
QC= (WQ;C 
KC C ) 
C (KC 
QC )= (WQ;C 
KC C ) 
C RC;C :De�ne a 
omplex ve
tor spa
e �C := WQ;C 
KC C . With this notation we have an identi�-
ation WC;C = �C 
C RC;C ;(3.1) 23



whi
h is 
learly 
ompatible with the RC ;C module stru
tures (here we 
onsider the right handside as a free RC ;C -module). Note that this identi�
ation is not 
anoni
al, sin
e it dependson the 
hoi
e of an embedding KC � Q, whi
h in turn depends on a 
hoi
e of a generator� 2 bC.The fa
t that KC � C is preserved under 
omplex 
onjugation allows us to de�ne an anti-holomorphi
 involution `�' on �C, whose real points are WQ;C 
K0C R � �C . In parti
ular,the KC -valued skew-Hermitian form h�; �iC : WQ;C �WQ;C ! KC extends to a well-de�nedordinary skew-Hermitian form 'C : �C � �C ! C :In parti
ular the natural RC;C -valued skew-Hermitian formh�; �iC;C : WC;C �WC;C // RC;C(x; y) � //
Pg2A(x; gy)g
an be rewritten in terms of the identi�
ation (3.1) asha1 
 r1; a2 
 r2iC;C = 'C(a1; a2)r1�r2; for all ai 2 �C ; ri 2 RC;C :By de�nition the group GC is the 
omplexi�
ation of the real unitary group U(WC;C ),i.e. GC is a 
omplex redu
tive group, de�ned over the reals, su
h that GC(R) = U(WC;C ).The unitary group U(WC;C ) is de�ned in turn as the group of all RC;C -linear automorphismsof WC;C , whi
h preserve h�; �iC ;C .On the other hand RC;C = KC
QC = C [t℄=(g(t)), where g(t) is the 
y
lotomi
 polynomialg(t) = Y�2�d��primitive(t� �):In other words, the algebra RC;C splits as a dire
t sum of �(d) = [KC : Q℄ = jGal(KC ;Q)j
opies of the algebra C . Alternatively we 
an des
ribe this algebra de
omposition of RC;Cby means of the isomorphism RC ;C �= C [Gal(KC ;Q)℄. Indeed, 
onsider the 
hara
ter de
om-position C [Gal(KC ;Q)℄ = M�2 \Gal(KC;Q)R�;where R� is the one dimensional subspa
e of the 
omplex ve
tor spa
e C [Gal(KC ;Q)℄ onwhi
h ea
h � 2 Gal(KC ;Q) a
ts by multipli
ation by �(�). Note that with respe
t tothe multipli
ative stru
ture on RC;C �= C [Gal(KC ;Q)℄ we have R� � R� = 0 if � 6= �, andR� �R� = R�.Next re
all that under the in
lusion KC ! C , the natural involution � de�ned in Se
-tion 2.3.1 on KC is 
ompatible with the 
omplex 
onjugation. Moreover it extends naturally24



to an anti-linear involution � on RC ;C = KC
QC by the rule a
 r = �a
�r. In parti
ular thisinvolution on RC;C is 
ompatible with the 
omplex 
onjugation on C � RC;C . Finally, for anelement r 2 R� and an element g 2 A we have g � �r = �g � r = g�1 � r = �(g�1)�r, where �(g�1)denotes the 
omplex 
onjugate of the 
omplex number �(g�1). But �(g�1) = ��1(g) = �(g)and so g � �r = �(g)�r, i.e. �r 2 R�.This implies that the involution � on RC;C preserves the algebra de
ompositionRC;C �= C � : : :� C| {z }�(d) 
opies ;and a
ts as the ordinary 
omplex 
onjugation on ea
h 
opy of C .This shows that T 2 GL(WC ;C ) will be RC;C -linear if and only if under the de
ompositionWC;C = �C � : : :� �C| {z }�(d) 
opiesbe
omes blo
k-diagonal, i.e. T = M1 � : : : �M�(d) with Mi 2 GL(�C ). Moreover T willpreserve the RC;C -valued form h�; �iC;C if and only if ea
h Mi preserves the ordinary skew-Hermitian form 'C on �C . Altogether we have an isomorphismU(WC;C ) = U(�C ; 'C)� : : :� U(�C ; 'C)| {z }�(d) 
opies ;where U(�C ; 'C) is the full unitary group of the 
omplex ve
tor spa
e �C , preserving thenon-degenerate skew-Hermitian produ
t 'C, or equivalently, the non-degenerate Hermitianprodu
t p�1'C.This shows that under the isomorphism WC;C �= ���(d)C the 
omplexi�
ation GC(C )of U(WC;C ) 
an be identi�ed with the group of all invertible blo
k-diagonal matri
es, i.e.GC(C ) = GL(�C)��(d) and soSpA(WC ) = Y[A�C℄2C(A)GL(�C)��(d):Finally, note that the group U ℄(WC;C ) 
onsists of all elements in U(WC;C ) whose RC;C -determinant is a square of a d-th root of unity in R�C;C . Thus U ℄(WC;C ) 
onsists of allT =M1�: : :�M�(d) withMi 2 U(�C ; 'C) and det(Mi) 2 �(2)d � �d � C � . Hen
e U ℄(WC;C )
ontains SU(�C ; 'C)��(d) and so the Zariski 
losure of Sp℄A(W ) in SpA(WC ) 
ontains thegroup Y[A�C℄2C(A) SL(�C)��(d):This shows that the Zariski 
losure of Sp℄A(W ) a
ts with a Zariski open orbit on the 
omplexve
tor spa
e WC = �C2C(A)���(d)C . The proposition is proven. 225



3.1.2. Geometri
 interpretation. In the spe
ial 
ase when W = H1(Y Ao ;Z) it is in-stru
tive to identify the ve
tor spa
es WC;C = H1(Y Ao ; C )C and �C in terms of the geometryof Y Ao . This intepretation will not be needed in what follows but we in
lude it here with thehope that it may 
larify the exposition.First we des
ribe the dire
t summands WC;C expli
itly as A-submodules in WC . For any
y
li
 quotient [A� C℄ 2 C(A) denote by W C;C the dire
t sum of all isotypi
 
omponentsof WC 
orresponding to 
hara
ters � 2 bC � bA, su
h that � generates the 
y
li
 subgroupbC � bA. Then WC;C is a subrepresentation of W and we have a dire
t sum de
ompositionWC = M[A�C℄2C(A)W C;C :(3.2)Now we have the following easyLemma 3.2 The 
omposition mapW C;C ,!WC ! WC;Cis an isomorphism of RC;C -modules.Proof. Re
all that W C;C = �W� where the dire
t sum runs over all generators � 2 bC, andW� is the isotypi
 
omponent of the � : A! C � in WC .Consider the annihilating set of IC;C :ann(IC;C ) := fx 2 WC jF � x = 0; for all F 2 IC;Cg:Clearly ann(IC;C ) � WC is a ve
tor subspa
e. Furthermore, sin
e IC;C / C [A℄ is an ideal, itfollows that ann(IC;C ) � WC is a C [A℄-submodule. But by de�nition IC;C a
ts trivially onann(IC;C ), and so the a
tion of C [A℄ on ann(IC;C ) fa
tors through C [A℄ ! C [A℄=IC ;C ! RC;C .Also if x 2 W� for some generator � 2 bC, then for every F =Pg2A 
gg 2 C [A℄ we haveF � x =Pg2A 
gg � x = (Pg2A 
g�(g))x = e�C (F )x. In other words F � x = 0 i� F 2 ker(e�C ),whi
h shows that ann(IC;C ) =W C;C as C [A℄-modules (and hen
e as RC;C -modules.Finally, sin
e C [A℄ is noetherian, the ve
tor subspa
e IC;C � WC � WC 
an be writtenas IC;C � WC = F1 � WC + : : : + Fk � WC , where the Fi's generate IC;C . But by de�nitionFi 2 EndC (WC ) are 
ommuting semisimple endomorphisms of WC and therefore WC =IC;C �WC � (\ki=1 ker(Fi)) = IC;C �WC �WC;C . By 
onstru
tion this is a de
omposition asC [A℄-modules and so WC;C � WC ! WC =(IC;C � WC ) = WC;C is an isomorphism of RC;C -modules. The lemma is proven. 2In view of this lemmawe will not distinguish betweenWC;C andW C;C from now on. Considernow WC = H1(Y Ao ; C ). Using the �nite map pA : Y Ao ! Xo we get a 
anoni
al isomorphism26



of C [A℄-modules: H1(Y Ao ; C ) =M�2 bAH1(Xo;L��1)
C V�;where V� = (C ; �) is the one dimensional representation of A 
orresponding to the 
hara
ter�, and L��1 is the rank one 
omplex lo
al system on Xo 
orresponding to the 
hara
ter�1(Xo)! H1(Xo;Z)! A! Q� � C � . v In parti
ular by Lemma 3.2 we 
on
lude that forany [A� C℄ 2 C (A) we have:H1(Y Ao ; C )C = M�2 bC��generator H1(Xo;L��1)
C V�Now by the de�nition of �C and the des
ription of the de
omposition of RC ;C in the proofof Proposition 3.1 it follows that the 
hoi
e of a generator � 2 bC indu
es an isomorphism of
omplex ve
tor spa
es H1(Xo;L��1) �= �C :In terms of this identi�
ation, the Hermitian form p�1'C on �C 
an be identi�ed withthe 
ap produ
t in homology. Indeed, the monodromy of the rank one lo
al system L��1 is
ontained by de�nition in �d � U(1) � C and so the absolute value fun
tion on C indu
esa well de�ned Hermitian metri
 h : L��1 
 L��1 ! C . With this in mind p�1'C 
an beidenti�ed with the 
ompositionH1(Xo;L��1)�H1(Xo;L��1) �\��! H2(Xo;L��1 
 L��1) h! H2(Xo; C ) �= C ;i.e. p�1'C is the natural polarization on the 
omplex Hodge stru
ture H1(Xo;L��1).3.2 Families with large monodromy3.2.1. Proof of Theorem A. Let f : X ! B be a smooth family of 
onne
ted 
urves ofgenus g � 3 over a smooth quasi-proje
tive base B. Let o 2 B be a base point and assumethat mon(�1(B; o) � Map(Xo) is of �nite index. We would like to show the existen
e ofpoints xB 2 MB(Xo; n) and xDR 2MDR(Xo; n) with Zariski dense monodromy orbits.Let A := Z=n � dZ=n �= Z=n � Z=n and let 1 ! �n ! Hn ! A ! 0 be the 
or-responding �nite Heisenberg group. Choose any surje
tive homomorphism �1(Xo) � Hnand let � : �1(Xo) ! GL(Vn) be the representation of �1(Xo) obtained by 
omposing thishomomorphism with the S
hr�odinger representation �n : Hn ! GL(Vn) of Hn.Due to the results of Se
tions 2.1 and 2.2, we know that points xB and xDR as abovewill exist if we 
an show that the pair (f : X ! B;H1(Xo;Z)� A) is good in the sense ofde�nition 2.9. On the other hand the assumption that mon(�1(B; o) � Map(Xo) is of �nite27



index together with [Looijenga97, Collorary 2.6℄ imply that (in the notation of de�nition 2.9)the image imh�1(B0; o0) monA! LMap(Xo; A)! Sp(H1(Y Ao ;Z))iis a subgroup of �nite index in Sp℄A(H1(Y Ao ;Z)). Therefore by Proposition 3.1 it follows thatthe Zariski 
losure of this image in Sp(H1(Y Ao ; C )) a
ts on H1(Y Ao ; C ) with a Zariski openorbit. This shows that the pair (f : X ! B;H1(Xo;Z) � A) is good and 
on
ludes theproof of Theorem A. 2In fa
t, a 
lose examination of the 
onditions from Looijenga's list (see Se
tion 2.3.2)shows that a pair (f : X ! B;H1(Xo;Z) � A) 
an be good, even when the geometri
monodromy of f : X ! B is mu
h smaller than the mapping 
lass group Map(Xo). Howeverone does need mon(�1(Xo)) to be relatively large - e.g. it 
an not be �nite. In the nextse
tion we des
ribe an expli
it 
ondition on the size of mon(�1(Xo)) whi
h is suÆ
ient forthe existen
e of Zariski dense monodromy orbits on MB(Xo; n) and MDR(Xo; n).3.2.2. Large monodromy. Let f : X ! B a family of smooth 
onne
ted 
urves ofgenus g � 3 over a smooth and quasi-proje
tive B. Let o 2 B be a base point and assumefor simpli
ity we have a holomorphi
 se
tion � : B ! X of f . Let � denote the imageim[�1(B; o)!Map1(Xo)℄ of the geometri
 monodormy map. Then we have:Proposition 3.3 Assume that � satis�es:(a) The image of � in Sp(H1(Xo;Z)) is a subgroup of �nite index.(b) � �Map12, where Map12 is the mapping 
lass group of some genus two handle of Xo.Then the monodromy groups monnB(�1(B; o)) and monnDR(�1(B; o)) satisfy AGZD1 andMB(X=B; n)! B and MDR(X=B; n)! B satisfy GZD when equipped with the non-abelianGauss-Manin 
onne
tion.Proof. The proof of this proposition is analogous to the proof of TheoremA above. The onlynew feature is that one has to exer
ise extra 
are in the 
hoi
e of the surje
tion �1(Xo)� Hn.Indeed, as explained above, the only issue is whether we 
an 
hoose the homomorphism�1(Xo)� Hn so that the indu
ed pair (f : X ! B;H1(Xo;Z)! A) is good.Let a1; a2; b1; b2 � Xo be free 
losed oriented loops, whi
h form a standard basis in thehomology of the genus two handle giving the subgroup Map12 � �. Consider the surje
tivehomomorphism H1(Xo;Z)! A �=Z=n�Z=n given by x 7! (x � b1mod n; x � b2mod n). Let�1(Xo)� Hn be any lift of this homomorphism.Now in view of Proposition 3.1 we only need to 
he
k the 
onditions C(i), C(ii), P(i)and P(ii) from Looijenga's list plus the extra 
ondition that � maps to a subgroup of �niteindex in Sp(H1(Xo;Z)). 28



The latter is just part (a) of the hypothesis ot the proposition. Moreover part (a) 
learlyimplies the validity of C(i) for any non-trivial �nite 
y
li
 quotient of H1(Xo;Z) and inparti
ular for the ones that fa
tor through A.Finally, by our 
hoi
e of the homomorphism �1(Xo)� Hn we see that any 
y
li
 quotientH1(Xo;Z)! A � Z=d 
an be realized as x 7! (x � 
)mod d), where 
 � Xo is an oriented
losed loop whi
h is 
ontained in the genus two handle from part (b) of the hypothesis of theproposition. But the 
onditions C(i), C(ii), P(i) and P(ii) obviously hold for the genustwo handle (with � = Map12 and so must hold for the whole Xo and � = �. the propositionis proven. 2Thus from the viewpoint of the monodromy a
tion on non-abelian 
ohomology, the mon-odromy � = im[�1(B; o) ! Map(Xo)℄ is large if it satis�es the 
onditions (a) and (b) fromthe hypothesis of Proposition 3.3.3.3 Lefs
hetz pen
ilsWe are now ready to prove Theorem B. Let Z be a smooth proje
tive surfa
e with b1(Z) = 0.Let OZ(1) be a very ample line bundle on Z and let P1 � P(H0(Z;OZ(k))) be a generi
 line.Denote by " : bZ ! Z the blow-up of Z at the base points of the pen
il of 
urves fDtgt2P1,and let f : bZ ! P1 be the 
orresponding Lefs
hetz �bration. Let p1; : : : ; p� 2 P1 be the
riti
al points of f and let B = P1 � fp1; : : : ; p�g and X = f1(B). Choose a base pointo 2 B. Let Xt, t 2 B denote the �ber of f over t, or equivalently, the stri
t transform of thedivisor Dt � Z.Fix an integer n � 1. We want to show that whenever k is bigger than some 
onstant` whi
h depends only on Z and OZ(1), the geometri
 monodromy of the smooth �brationf : X ! B satis�es AGZD1 on MB(Xo; n) and MDR(Xo; n).For this it suÆ
es to 
hoose k so that the group � := im[�1(B; o)! Map1(Xo)℄ satis�esthe hypothesis of Proposition 3.3. The fa
t that � must map to a subgroup of �nite indexin Sp(H1(Xo;Z)) is a straightforward 
onsequen
e of Deligne's strong irredu
ibility theorem[Deligne80, Se
tion 4.4℄. Indeed, it is well known (see [Deligne80, Proposition 4.3.3℄ or[Looijenga96, Lemma 3.4℄) that the latti
e of vanishing 
y
les in H1(Xo;Z) is a sublatti
e of�nite index in the orthogonal 
omplement to im[H3(Z;Z)! H1(Xo;Z)℄ with respe
t to theinterse
tion form. Sin
e by hypothesis b3(Z) = b1(Z) = 0, it follows that H3(Z;Z) is a �niteabelian group and so the vanishing 
y
les of the Lefs
hetz pen
il f : bZ ! P1 span a sublatti
eof �nite index in H1(Xo;Z). But for a Lefs
hetz pen
il, all the Dehn twists along vanishing
y
les are 
onjugate to ea
h other in the monodromy group [Deligne80, Proposition 2.4.6℄,and so by [Deligne80, Theorem 4:4:2a℄ and [Janssen83℄ the group � will be a subgroup of�nite index in Sp(H1(Xo;Z)).Therefore it only remains to show that for a big enough k, one 
an satisfy part (b) ofthe hypothesis of Proposition 3.3. Consider the fun
tion F : (C 2 ; 0) ! (C ; 0), de�ned byF (z1; z2) = z61 + z22. The �ber of F over 0 2 C has a singularity at 0 2 C 2 whose germ is an29



isolated 
urve singularity of type A5. The miniversal deformation (see e.g. [Arnold et al.88,Chapter 1℄) of this singularity is given by G(z1; z2; u1; : : : ; u5) := F (z1; z2) +P5i=1 uiz5�i1 .By 
hoosing k big enough we 
an make OZ(k) suÆ
iently ample, so that the linear systemjOZ(k)j 
ontains a 
urve D with a single isolated singularity of type A5. Furthermore, byin
reasing k we may assume that inside jOZ(k)j there exists a �ve dimensional proje
tivespa
e P5 � jOZ(k)j whi
h is linearly embedded, 
ontains the point 
orresponding to D andin a neighborhood of D is isomorphi
 to the base of the miniversal unfolding G(z; u) = 0.Fix su
h a k. Let U � jOZ(k)j denote the 
omplement of the dis
riminant lo
us, and letX ! U be the family of all 
urves in the linear system jOZ(k)j parameterized by U . By
onstru
tion, the geometri
 monodromy group im[�1(U; o) ! Map1(Xo)℄ 
orresponding tothe family X ! U , 
ontains the monodromy image of the fundamental group of the 
om-plement of the bifur
ation lo
us in the miniversal unfolding of an isolated 
urve singularityof type A5. It is well known however [Brieskorn71℄, [Arnold et al.88, Chapter 1℄ that thelatter is isomorphi
 to the Artin braid group of a Dynkin graph of type A5, and that the
orresponding monodromy image is generated by the Dehn twists along �ve embedded 
ir-
les 
1; 
2; : : : ; 
5 � Xo having the property that 
i � 
j = 0 for ji� jj � 2 and 
i � 
i+1 = 1for i = 1; : : : ; 4. Sin
e the dual graph of su
h a 
on�guration of 
ir
les is a tree (namelythe Dynkin graph A5) it follows (see e.g. [Matsumoto00, Proposition 2.2℄) that a tubularneighborhood of [5i=1Ci is the ribbon graph of a genus two handle of Xo. Finally, it is knownby the work Birman-Hilden [Birman-Hilden72℄ and Wajnryb [Wajnryb83℄, that the Dehntwists ft
ig5i=1 generate Map12.This shows part (b) of the hypothesis of Proposition 3.3 holds for Lefs
hetz pen
ils ofsuÆ
iently high degree and thus �nishes the proof of Theorem B. 2In fa
t, the above proof of Theorem B gives the following slightly stronger statement,whi
h is of independent interest:Theorem 3.4 Let Z be a smooth proje
tive surfa
e with b1(Z) = 0. Let OZ(1) be an ampleline bundle on Z and let n > 1 be a �xed integer. Then there exists a positive integer` (depending only on Z and OZ(1)), su
h that for every k � ` and for every Lefs
hetz�bration f : bZ ! P1 in the linear system jOZ(k)j there exists a smooth point � 2MB(Xo; n)whi
h is �xed by a �nite index subgroup � � �1(P1�fp1; : : : ; p�g) and su
h that the Zariski
losure of � in GL(T�MB(Xo; n)) a
ts with an open orbit on T�MB(Xo; n).Remark 3.5 Note that in the proof above we 
ould have used any other isolated 
urvesingularity. In parti
ular we 
ould have used a singularity of type E7. Sin
e the 
orrespond-ing Artin braid group is known [Wajnryb83℄ to surje
t onto the group Map13, we 
an workalso with a genus three handle in Xo whi
h will streamline the appli
ation of [Looijenga97,Theorem 2.5℄ even further and will allow one to skip the detailed analysis of the 
onditionsin Looienga's list, needed for the proof of Proposition 3.3.30



4 Further remarks4.1 Topologi
ally irredu
ible familiesThe requirement that our families have relatively large monodromy was used in an essentialway in the proofs of Theorems A and B. However this requirement seems to be more anartifa
t of the method of proof rather than a real 
ondition on the family f : X ! B whi
his ne
essary for the density of the monodromy a
tion. In this se
tion we brie
y examinesome 
onsequen
es of the density, whi
h will allow us to probe the ne
essity of the `largemonodromy' 
ondition.Re
all that a smooth family of 
urves f : X ! B is 
alled topologi
ally irredu
ible if andonly if there is no �nite 
olle
tion of disjoint embedded 
ir
les in Xo whi
h is preserved bythe geometri
 monodromy. We have the following simpleLemma 4.1 Let f : X ! B be a family of smooth 
urves, su
h that the monodromy a
tionof �1(B; o) has a Zariski dense orbit on the Betti moduli spa
e MB(Xo; n) for some n � 1.Then f : X ! B is topologi
ally irredu
ible.Proof. Assume that one 
an �nd simple disjoint loops a1; : : : ; ak � Xo su
h that the
olle
tion fa1; : : : ; akg of free homotopy 
lasses on Xo is preserved by mon(�1(B; o)) �Map(Xo). Then for every N 2 Zwe have a well de�ned mon(�1(B; o))-invariant regularfun
tion  N : MB(Xo; n) ! C on MB(Xo; n), given by  N ([�℄) := Tr(Qki=1(�(ai))N). But
learly for some N the fun
tion  N will be non-
onstant and so mon(�1(B; o)) 
an not havea Zariski dense orbit on MB(Xo; n). The lemma is proven. 2In parti
ular, all families of 
urves satisfying the hypothesis of Theorem B or more gen-erally of Proposition 3.3 will be topologi
ally irredu
ible. Re
ently C. M
Mullen has shownthat topologi
al irredu
ibility holds very generally: every non-isotrivial holomorphi
 familyof 
urves is topologi
ally irredu
ible [M
Mullen99, Proof of Theorem 3.1℄. In parti
ular, this
orollary of our main results was already known.When we started the 
urrent proje
t we were hoping that topologi
al irredu
ibility willallow one to distinguish symple
ti
 Lefs
hetz pen
ils (whose topology tends to be mu
hsofter) from proje
tive Lefs
hetz pen
ils. In the meantime however, Ivan Smith su

eededin showing [Smith00℄ that all symple
ti
 Lefs
hetz �brations over P1 are topologi
ally irre-du
ible. We still expe
t that the stronger property GZD (or the open orbit property fromTheorem 3.4) will allow one to distinguish proje
tive from symple
ti
 Lefs
hetz pen
ils. Wehope to return to examples of this type in a future paper.M
Mullen's result (with the alternative symple
ti
 proof by Smith when the base is P1)is the only eviden
e we have for the following 
onje
tural generalization of Theorems A andB: 31



Conje
ture 4.2 For a family f : X ! B assume that mon(�1(B; o)) is not a �nite group.Then:(i) There is no meromorphi
 fun
tion on MB(Xo; n)an whi
h is invariant under the a
tionof monnB(�1(B; o)) (equivalently there is no meromorphi
 fun
tion on MDR(Xo; n)anwhi
h is monnDR(�1(B; o))-invariant);(ii) In the 
ase of MB(Xo; n), 
onsidered with its natural stru
ture of an aÆne algebrai
variety, there exist a point xB 2MB(Xo; n) so that the orbitmonnB(�1(B; o)) � xB �MB(Xo; n)is Zariski dense in MB(Xo; n).Pro
esi's theorem [Pro
esi74℄ implies that the �eld of rational fun
tions on MB(Xo; n)is generated by tra
es of evaluation maps for 
onjuga
y 
lasses of simple loops on Xo. Onemight hope (although we didn't �nd an argument) that the �eld of �1(B; o)-invariant ratio-nal fun
tions on MB(Xo; n) is similarly generated by the tra
es of evaluation maps at �niteinvariant 
olle
tions of simple loops. If this were the 
ase then M
Mullen's theorem wouldimply the validity of the variant of Conje
ture 4.2 
on
erning algebrai
 meromorphi
 fun
-tions. The property AGZD1 (i.e. the 
onje
ture as it is stated using analyti
 meromorphi
fun
tions) would seem to remain more elusive.4.2 Points �-near to a �nite representationWe brie
y des
ribe here another variation on the basi
 result. Essentially, we have 
on-stru
ted a �nite-image representation, the S
hr�odinger representation �, whi
h 
orrespondsto a smooth point in MB(Xo; n) and whi
h turns out to be suÆ
ient in order to get theZariski-denseness property. In an attempt to better understand what is going on, we 
anexplore a bit further the sense in whi
h � is near the rest of MB(Xo; n).Suppose a �nitely presented group � a
ts on an aÆne varietyM , and suppose p 2M is a
losed point in the smooth set of M , �xed by the a
tion. We say that another point q 2Mis �-near to p if p lies in the 
losure of the orbit � � q. Let N = Near(M;p;�) �M denotethe subset of points q whi
h are �-near to p. It is �-invariant. Let TpN denote its tangent
one at p, de�ned to be the set of limits of se
ants to M going from p to points q 2 N whi
happroa
h p (the limits of se
ants may be taken in any real embedding of M). Note thatTpN � TpM is an invariant subset of the tangent spa
e toM at p. An easy argument similarto that of Corollary 2.3 shows that if TpN is Zariski-dense in TpM then N is Zariski-densein M .Suppose 
 2 �. Let R � TpM denote the span of the eigenve
tors of 
 whose eigenvalueshave norm < 1. We 
laim that R � TpN . Choose a smooth submanifold V �M tangent toR. Let D be a ball neighborhood of p in M . Then the 
olle
tionfV k := 
�k(W \ 
kD)g32



is a 
olle
tion of manifolds with boundaries lying in the boundary of D, whi
h are tangentto R at the origin, and whose 
urvature is bounded (the V \
kD all lie in a se
tor preservedby 
�1 and in whi
h 
�1 smooths things out). Thus these 
onverge to a manifold V 1 whi
his preserved by the a
tion of 
 and on whi
h 
 a
ts with all eigenvalues < 1. In parti
ular,V 1 � N whi
h shows that R � TpN .Lemma 4.3 Suppose � 2 MB(Xo; n) is the S
hr�odinger representation we have 
onsideredabove. Suppose that a group � = �1(B; o) a
ts, satisfying one of the hypotheses of Theorem Aor Theorem B. Let N = Near(MB(Xo; n); �;�). Then T�N is Zariski-dense in T�MB(Xo; n).Proof. Re
all that T�MB(Xo; n) =WC ;and that the a
tion of � fa
tors through a surje
tion to a �nite index subgroup of Sp℄A(W )where W � WC is a Z-submodule preserved by the �nite group A. Furthermore re
all thede
omposition WC = MC2C(A)WC;Cand (up to subgroups of �nite index)Sp℄A(W ) � YC2C(A)U ℄(WC) � YC2C(A)SU(WC):Furthermore re
all that WC;C is in fa
t a dire
t sum of �(d) 
opies of �C and that the realgroup U(WC ;C ) (
ontaining U(WC) as a latti
e) de
omposes as a dire
t sum of 
opies ofU(�C ; 'C). The hermitian forms 'C are not de�nite (otherwise we would be treating alatti
e in a 
ompa
t group, whi
h would have to be �nite). Therefore there is an element
(�C) 2 U(�C ; 'C) whi
h has an eigenvalue of absolute value < 1. It follows sin
e U(WC)is a latti
e in U(WC;C ), that there is an element 
C 2 U(WC) su
h that all of the proje
tionsin the �(d) fa
tors of the form U(�C ; 'C), have eigenvalues of norm < 1. Hen
e thereis a ve
tor vC 2 WC;C whi
h is in the span of the eigenve
tors of 
C 
orresponding toeigenvalues of absolute value < 1, and whi
h has a nonzero 
omponent in every one of the
omplex irredu
ible fa
tors of the representation WC;C of �. Taking the produ
t over C ofthe elements 
C (then raising to a power if ne
essary to get an element of our group �) andtaking the sum of the ve
tors vC, we obtain an element 
 2 � and a ve
tor v 2 WC su
hthat v is in the span of the eigenve
tors of 
 
orresponding to eigenvalues of absolute value< 1, and su
h that v has a nonzero 
omponent in all of the irredu
ible fa
tors of WC . Re
allfrom the end of the proof of Proposition 3.1 that the 
omplex Zariski 
losure of � 
ontains aprodu
t of spe
ial linear groups (
orresponding to the de
omposition into irredu
ible pie
esof the representation WC ). Therefore the orbit of the ve
tor v under the a
tion of � isZariski-dense in T�MB(Xo; n). On the other hand, from our dis
ussion prior to the presentlemma, v is in the �-invariant subset T�N . Thus T�N is Zariski-dense. 233



Corollary 4.4 The moduli spa
e MB(Xo; n) 
ontains a smooth point, the S
hr�odinger rep-resentation �, su
h that the set of points Near(MB(Xo; n); �;�) � MB(Xo; n) whi
h are�-near to �, is Zariski-dense in MB(Xo; n).It is 
lear that any �-invariant regular (i.e. holomorphi
 algebrai
) fun
tion takes thesame value at � as at every point of Near(MB(Xo; n); �;�). In parti
ular, this 
orollaryimplies the result that there are no �-invariant regular fun
tions. This result is weaker thanour main results about nonexisten
e of invariant meromorphi
 fun
tions, but does provide aslightly di�erent 
on
eptual route to the topologi
al irredu
ibility result refered to above.Our motivation for introdu
ing the notion of �-nearness is that the �rst and se
ondauthors asked some time ago whether there was any sense in whi
h the �nite-image repre-sentations 
ould take up a big pla
e in MB(Xo; n). The short answer to that question isthat, by Jordan's theorem, the �nite image representations o

upy a rather small pla
e inthat there are only �nitely many outside of representations whi
h fa
tor through a normal-izer of a torus (and those whi
h fa
tor in this way lie in a 
losed subset of relatively high
odimension). However, Corollary 4.4 provides the slightly more subtle answer that, in thepresen
e of a large monodromy a
tion, if you start out very near to a 
ertain �nite-imagerepresenation (su
h as one of our S
hr�odinger representations) and then let the monodromya
t, then you 
an get out to a signi�
ant part of MB(Xo; n).4.3 Other groupsFinally, let us expli
itly state that we expe
t that all of the results and 
onje
tures of thispaper to hold for Betti and deRham 
ohomology with 
oeÆ
ients in an arbitrary 
omplexredu
tive group G. Spe
i�
ally we make the followingConje
ture 4.5 Let f : X ! B be a smooth algebrai
 family of 
urves and G a 
omplexredu
tive group. Then:(i) Assume that f is not isotrivial. Then the familiesMB(X=B;G)! B and MDR(X=B;G)! Bof relative Betti and de Rham 
ohomology with 
oeÆ
ients in G are GZD whenequipped with the non-abelian Gauss-Manin 
onne
tion.(ii) Assume that f 
omes from a proje
tive Lefs
hetz pen
il of suÆ
iently high degree. Thenthere exists a smooth point � 2 MB(Xo; G) whi
h is �xed by a �nite index subgroup� � �1(B; o) and for whi
h the Zariski 
losure of � in GL(T�MB(Xo; G)) a
ts with anopen orbit on T�MB(Xo; G). 34
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