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Abstract. We study the problem of learning partitions using equiva-
lence constraints as input. This is a binary classification problem in the
product space of pairs of datapoints. The training data includes pairs of
datapoints which are labeled as coming from the same class or not. This
kind of data appears naturally in applications where explicit labeling of
datapoints is hard to get, but relations between datapoints can be more
easily obtained, using, for example, Markovian dependency (as in video
clips).

Our problem is an unlabeled partition problem, and is therefore tightly
related to multiclass classification. We show that the solutions of the
two problems are related, in the sense that a good solution to the binary
classification problem entails the existence of a good solution to the mul-
ticlass problem, and vice versa. We also show that bounds on the sample
complexity of the two problems are similar, by showing that their relevant
"dimensions’ (VC dimension for the binary problem, Natarajan dimen-
sion for the multiclass problem) bound each other. Finally, we show the
feasibility of solving multiclass learning efficiently by using a solution of
the equivalent binary classification problem. In this way advanced tech-
niques developed for binary classification, such as SVM and boosting,
can be used directly to enhance multiclass learning.

1 Introduction

Multiclass learning is about learning a concept over some input space, which
takes a discrete set of values {0,1,...,M —1}. A tightly related problem is data
partitioning, which is about learning a partitioning of data to M discrete sets.
The latter problem is equivalent to unlabelled multiclass learning, namely, all
the multiclass concepts which produce the same partitioning but with a different
permutation of labels are considered the same concept.

Most of the work on multiclass partitioning of data has focused on the first
variant, namely, the learning of an explicit mapping from datapoints to M
discrete labels. It is assumed that the training data is obtained in the same
form, namely, it is a set of datapoints with attached labels taken from the set
{0,1,...,M — 1}. On the other hand, unlabeled data partitioning requires as



training data only equivalence relations between pairs of datapoints; namely, for
each pair of datapoints a label is assigned to indicate whether the pair originates
from the same class or not. While it is straightforward to generate such binary
labels on pairs of points from multiclass labels on individual points, the other
direction is not as simple.

It is therefore interesting to note that equivalence constraints between pairs
of datapoints may be easier to obtain in many real-life applications. More specifi-
cally, in data with natural Markovian dependency between successive datapoints
(e.g., a video clip), there are automatic means to determine whether two suc-
cessive datapoints (e.g., frames) come from the same class or not. In other ap-
plications, such as distributed learning where labels are obtained from many
uncoordinated teachers, the subjective labels are meaningless, and the major in-
formation lies in the equivalence constraints which the subjective labels impose
on the data. More details are given in [12].

Multiclass classification appears like a straightforward generalization of the
binary classification problem, where the concept takes only two values {0,1}. But
while there is a lot of work on binary classification, both theoretical and algorith-
mic, the problem of multiclass learning is less understood. The VC dimension,
for example, can only be used to characterize the learnability and sample com-
plexity of binary functions. Generalizing this notion to multiclass classification
has not been straightforward; see [4] for the details regarding a number of such
generalizations and the relations between them.

On a more practical level, most of the algorithms available are best suitable
(or only work for) the learning of binary functions. Support vector machines
(SVM) [14] and boosting techniques [13] are two important examples. A possible
solution is to reduce the problem to the learning of a number of binary classifiers
(O(M) or O(M?)), and then combine the classifiers using for example a winner-
takes-all strategy [7]. The use of error correcting code to combine the binary
classifiers was first suggested in [5]. Such codes were used in several successful
generalizations to existing techniques, such as multiclass SVM and multiclass
boosting [6, 1]. These solutions are hard to analyze, however, and only recently
have we started to understand the properties of these algorithms, such as their
sample complexity [7]. Another possible solution is to assume that the data
distribution is known and construct a generative model, e.g., a Gaussian mixture
model. The main drawback of this approach is the strong dependence on the
assuption that the distribution is known.

In this paper we propose a different approach to multiclass learning. For each
multiclass learning problem, define an equivalent binary classification problem.
Specifically, if the original problem is to learn a multiclass classifier over data
space X, define a binary classification problem over the product space X X
X, which includes all pairs of datapoints. In the binary classification problem,
each pair is assigned the value 1 if the two datapoints come from the same
class, and 0 otherwise. Hence the problem is reduced to the learning of a single
binary classifier, and any existing tool can be used. Note that we have eliminated
the problem of combining M binary classifiers. We need to address, however,



the problems of how to generate the training sample for the equivalent binary
problem, and how to obtain a partition of X from the learned concept in the
product space.

A related idea was explored algorithmically in [11], where multiclass learning
was translated to a binary classification problem over the same space X, using
the difference between datapoints as input. This embedding in rather problem-
atic, however, since the binary classification problem is ill-defined; it is quite
likely that the same value would correspond to the difference between two vec-
tors from the same class, and the difference between two other vectors from two
different classes.

In the rest of this paper we study the properties of the binary classification
problem in the product space, and their relation to the properties of the equiva-
lent multiclass problem. Specifically, in Section 2.1 we define, given a multiclass
problem, the equivalent binary classification problem, and state its sample com-
plexity using the usual PAC framework. In Section 2.2 we show that for any
solution of the product space problem with error e, there is a solution of the
multiclass problem with error e,, such that

e
% < e, < y/2Mey,,

However, under mild assumptions, a stronger version for the right inequality
exists, showing that the errors in the original and the product space are lineary
related:

< (%)

where K is the frequency of the smallest class. Finally, in Section 2.3 we show
that the sample complexity of the two problems is similar in the following sense:
for Sy the Natarajan dimension of the the multiclass problem, Sy ¢ the VC-
dimension of the equivalent binary problem, and M the number of classes, the
following relation holds

SN
f1(M)

where f1(M) is O(M?) and f»(M) is O(logM).

In order to solve a multiclass learning problem by solving the equivalent
binary classification problem in the product space, we need to address two prob-
lems. First, a sample of independent points in X does not generate an indepen-
dent sample in the product space. We note, however, that every n independent
points in X trivially give 5 independent pairs in the product space, and there-
fore the bounds above still apply up to a factor of % We believe that the bounds
are actually better, since a sample of n independent labels gives an order of
Mn non-trivial labels on pairs. By non-trivial we mean that given less than Mn
labels on pairs of points from M classes of the same size, we cannot determin-
istically derive the labels of the remaining pairs. This problem is more acute in

—1<8ve < fo(M)Sy



the other direction, namely, it is actually not possible to generate a set of labels
on individual points from a set of equivalence constraints on pairs of points.

Second, and more importantly, the approximation we learn in the product
space may not represent any partition. A binary product space function f rep-
resents a partition only if it is an indicator of an equivalence relation, i.e. the
relation f(zl,22) = 1 is reflexive, symetric and transitive. It can be readily
shown that f represents a partition, i.e., 3¢, s.t.f = U(g)) iff the function 1 — f
is a binary metric. While this condition holds for our target concept, it doesn’t
hold for its approximation in the general case, and so an approximation will not
induce any obvious partition on the original space.

To address this problem, we show in section 3 how an e-good hypothesis
f in the product space can be used to build an original space classifier with
error linear in €. First we show how f enables us, under certain conditions, to
partition data in the original space with error linear in €. Given the partitioning,
we claim that a classifier can be built by using f to compare new presented data
points to the partitioned sample. A similar problem was studied in [2], using
the same kind of approximation. However, different criteria are optimized in the
two papers: in [2] e, (g, f) is minimized (i.e., the product space error), while in
our work a partition ¢ is sought which minimizes e,(g,c) (i.e., the error in the
original space of g w.r.t. the original concept).

2 From M-partitions to binary classifiers

In this section we show that multiclass classification can be translated to binary
classification, and that the two problems are equivalent in many ways. First,
in section 2.1 we formulate the binary classification problem whose solution is
equivalent to a given multiclass problem. In section 2.2 we show that the solutions
of the two problems are closely related: a good hypothesis for the multiclass
problem provides a good hypothesis for the equivalent binary problem, and vice
versa. Finally, in section 2.3 we show that the sample complexity of the two
problems is similar.

2.1 PAC framework in the product space
Let us introduce the following notations:

— X: the input space.

M: the number of classes.

D: the sampling distribution (measure) over X.

— c: atarget concept over X; it is a labeled partition of X, c¢: X — {0,...,M—
1}. For each such concept, ¢~1(j) € X denotes the cluster of points labeled
7 byec.

— H: a family of hypotheses; each hypothesis is a function h : X — {0,...,M—

1.



— e(h, ¢): the error in X of a hypothesis h € H with respect to ¢, defined as
e(h,c) = D(c(x) # h(z))

Given an unknown target concept ¢, the learning task is to find a hypothesis
h € H with low error e(h, ¢). Usually it is assumed that a set of labeled datapoints
is given during training. In this paper we do not assume to have access to such
training data, but instead have access to a set of labeled equivalence constraints
on pairs of datapoints. The label tells us whether the two points come from the
same (unknown) class, or not. Therefore the learning problem is transformed as
follows:

For any hypothesis h (or ¢), define a functor U which takes the hypothesis
as an argument and outputs a function h,h: X x X — {0,1}. Specifically:

h(z,y) = Ln@)=h(y)

Thus h expresses the implicit equivalence relations induced by the concept h on
pairs of datapoints.

The functor U is not injective: two different hypotheses h; and he may result
in the same h. This, however, happens only when h; and hy differ only by a
permutation of their corresponding labels, while representing the same partition;
h therefore represents an unlabeled partition.

We can now define a second notion of error between unlabeled partitions over
the product space X x X:

e(h,¢) = D x D(h(z,y) # &(x,y))

where € is obtained from ¢ by the functor U. This error measures the probability
of disagreement between h and ¢ with regard to equivalence queries. It is a rather
intuitive measure for the comparison of unlabeled partitions. The problem of
learning a partition can now be cast as a regular PAC learning problem, since h
and ¢ are binary hypotheses. Specifically:

Let X x X denote the input space, D x D denote the sampling probability
over the input space, and ¢ denote the target concept. Let the hypotheses
family be the family H = {h: h € H}.1

Now we can use the VC dimension and PAC-learning theory on sample com-
plexity, in order to characterize the sample complexity of learning the binary
hypothesis h. More interestingly, we can then compare our results with results
on sample complexity obtained directly for the multiclass problem.

2.2 The Connection between solution quality of the two problems

In this section we show that a good (binary) hypothesis in the product space
can be used to find a good hypothesis (partition) in the original space, and

! Note that H is of the same size as H only when H does not contain hypotheses which
are identical with respect to the partition of X.



vice versa. Note that the functor U, which connects hypotheses in the original
space to hypotheses in the product space, is not injective, and therefore it has no
inverse. Therefore, in order to asses the difference between two hypotheses h and
¢, we must choose h and ¢ such that h = U(h) and ¢ = U(c), and subsequently
compute e(h, c).

We proceed by showing three results: Thm. 1 shows that in general, if we
have a hypothesis in product space with some error ¢, there is a hypothesis in
the original space with error O(v/Me). However, if € is small with respect to the
smallest class probability K, Thm. 2 shows that the bound is linear, namely,
there is a hypothesis in the original space with error O(+). In most cases, this
is the range of interest. Finally, Thm. 3 shows the other direction: if we have a
hypothesis in the original space with some error ¢, its product space hypothesis
U(h) = h has an error smaller than 2¢.

Before proceeding we need to introduce some more notations: Let ¢ and h
denote two partitions of X into M classes. Define the joint distribution matrix
P = {p”}x;é as follows:

pij 2 D(c(z) = i, h(z) = j)

Using this matrix we can express the probability of error in the original space
and the product space.

1. The error in X is
e(h,c) = D(c(z) # h(z)) = Dij

2. The error in the product space is
e(h,e) = D x D([c(z,y) =1 A h(z,y) = 0]V [¢(z,y) = 0 A h(z,y) = 1])
= Z > D(e(x) =i, h(x) = j) - (D{yley) = i hly) # j})
+ D({yle(y) # i, h(y) = j}))
1

M-1M-
: Dij Zpkj+zpik

i=0 j=0 k#i k#j

Theorem 1. For any two product space hypotheses h, ¢, there are h, c such that
h=U(h),c=U(c) and

e(h,c) < \/2Me(h, ¢)

where M is the number of equivalence classes of h,¢.



The proof appears in Appendix A. We note that the bound ib tight as a
function of £ since there are indeed cases where e(c, h) = O(y/(e(h, €))). A simple
example of such 3-class problem occurs when the matrix of joint dlstrlbution is
the following:

1-3¢00
P = 0 qgq
0 Og¢q

Here e(c, h) = q and (¢, h) = 4¢®. The next theorem shows, however, that this
situation cannot occur if (¢, h) is small compared to the smallest class frequency.

Theorem 2. Let ¢ denote a target partition and h a hypothesis, and let ¢, h
denote the corresponding hypotheses in the product space. Denote the size of the

minimal class of ¢ by K = {Omirl\l/l 1}D(cfl(i)), and the product space error
i€{0,...,M—
e =e(c,h).
K2
e< 5 = e(foh,c)<% (1)

where f:{0,..., M —1} = {0,...,M — 1} is a bijection matching the labels of
h and c.
Proof. We start by showing that if the theorem’s condition holds, then there is
a natural correspondence between the classes of ¢ and h:
Lemma 1. If the condition in (1) holds, then there exists a bijection J : {0, ..., M—
1} = {0,...,M — 1} such that
~ Pig) > /5
— pip < /5 for all 1 # J(i)
= prLae) < \/gfor alll #1
Proof. Denote the class probabilities as p¢ = D(c™1(i)); clearly

M-1
Pi=2 Py
§=0

We further define for each class ¢ of ¢ its internal error ¢; = Z;\/IO Pi; (P — Dij)-
The rationale for this definition follows from the following inequality:

M-1M-1 M-1M-1 M-1
=2 2 Z Py + Z p) 2 3 D vl —py) = e
=0 75=0 k;éi k;éj =0 75=0 =0

We first observe that each row in matrix P contains at least one element
bigger than \/g . Assume to the contrary that no such element exists in class i;
then

6251_219” p” >Mz_:01p”\/——\/7 \/72131]_\/7 \/—5—5



in contradiction.

Second, we observe that the row element bigger than \/g is unique. This
follows from the following argument: for any two elements p;;, , pij, in the same
row:

M-1 M-1 M-1 M-1 M-1

> i Z Prj + Z Pik) = D i Y Dik = 2ijiPis
=0 ‘ ) j=0 k=0
k#l k#] k#j

Hence it is not possible that both the elements p;;, and p;;, are bigger than
\/g . The uniqueness of an element bigger than \/g in a column follows from an
analogous argument with regard to the columns, which completes the proof of
the lemma. O

Denote f = J~!, and let us show that Zil\ialpi)f(i) > 1— &. We start by
showing that p; ¢(;y cannot be "too small’:

M-1
Z Pij (P§ — Pig) = Pi,riy(P§ — Piyiy) + Z pij (p§ — pij)
j=0
#1(0)

M-1

> Pipoy (0 — Dig) D PigPisi) = 2Pi s o) (B5 — Pis o))
7=0
75f( )

This gives a quadratic inequality
2 c &
Pif@) ~PiPige) T 5 =0
+ (pl) —2e;

which holds for p; r¢;) > 2L (0 < i VA Ve (p )2

()2 — 220 = | (p)2(1 — 55 Py 1 - ;2>=pf—%?

it must hold that either p; ¢y > p§ — ;— or P; (i) < ;— But the second possiblity

or for p; ¢ . Since

that p; r;) < ;— leads to contradiction with condition (1) since

9 Eq 9
S piim <<t = K<V2
\/;<pl’f(l)<p?K sV

K2

Therefore p; ¢y > p§ — ;—1
Summing the inequalities over 7, we get

M-
szfz)>zp1__z>1 Z

NI
IV
T

| o



This completes the proof of the theorem since

e(J o h,¢) = p(J o h(x) # () = 1 — p(J o h(z) = e(a))

M-1 M-t e e(eh)
= 1= Y plele) =ih(@) = T = 1= 3 b < =
Pt =0
O

Corollary 1. If the classes are equiprobable, namely % = M, we get a bound
of Me on the error in the original space.

Corollary 2. As K — +/2¢, the lowest allowed value according to the theorem
condition, we get an error bound approaching \/% = \/g . Hence the linear behav-

ior of the bound on the original space error is lost near this limit, in accordance
with Thm. 1.

A bound in the other direction is much simpler to achieve:

Theorem 3. For every two labeled partitions h,c: if e(h,c) < ¢ then e(h,¢) <
2¢.

Proof.

g

-1

Dij Zpkj + szk

m
ﬁ
“M
(=)

Jj=0 ki k#j
M-1 1
= an Zpkz+zpzk+ pzj Zpkg"'Zpﬂg
=0 k#i k#1 i=0 j#i k#1 k#j
M-1 —
< pu'8+22p¢j§€+€:26
i=0 i=0 j#£i

2.3 The connection between sample size complexity

Several dimension-like measures of the sample complexity exist for multiclass
probelms. However, these measures can be shown to be closely related [4]. We
use here the Natarajan dimension, denoted as Sy (H), to characterize the sample
size complexity of the hypotheses family H [10,4]. Since H is binary, its sample
size is characterized by its VC dimension Sy ¢ (H) [14]. We will now show that
each of these dimensions bounds the other up to a scaling factor which depends
on M. Specifically, we will prove the following double inequality:

Sn(H)
f1(M)

where f1(M) = O(M?) and f2(M) = O(logM).

—1< Syc(H) < f2(M)Sn(H) (2)
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Theorem 4. Let S{(H) denote the uniform Natarajan dimension of H as de-
fined by Ben-Dawvid et al. [4]; then

SY(H) — 1 < Syc(H)

Proof. Let d denote the uniform Natarajan dimension, d = S$(H). It follows
that there are k,1 € {0,.. —1} and {xz} _, points in X such that

{0,134 € {(¢, i 0 h(m1), ..., iy 0 h(zq))|h € H}

where ij : {07 ey M — 1} — {0, l, *}7 wk,l(k) = 1, l/Jk’l(l) = 07 and wk,l(u) =
for every u # k,I.

Next we show that the set of product space points {Z; = (z;, m¢+1)}f:_11 is VC-
shattered by H. Assume an arbitrary b € {0,1}9~. Since by definition {z;}¢,
is ¢, ;-shattered by H, we can find h € H which assigns h(z1) = [ and gives the
following assignments over the points {;}%_,:

kif h(xi—1)=1andb(i—1)= O
() — Lif h(zio)=1andb(i—1) =
(i) Lif h(zio1) =k and b(i — 1) = o
kif h(zi1)=kandb(i—1)=

By construction (h(Z1),...,h(Z4-1)) = b. Since b is arbitrary, {z}) s
shattered by H, and hence S,.(H) > d — 1. O

The relation between the uniform Natarajan dimension and the Natarajan
dimension is given by theorem 7 in [4]. In our case it is

swirry < M=Vt )

IN

Hence the proof of theorem 4 gives us the left bound of inequality 2.

Theorem 5. Let dp, = Sy(H) denote the Natarajan dimension of H, and d, =
Svc(H) denote the VC dimension of H. Then

Svco(H) < 4.87Sy(H) log(M + 1)

Proof. Let X, = {z; = (x},xf) | denote a set of pomts in the product
space which are shattered by H. Let X = {x}, 2% 2}, .. a:dm mdm} denote the
corresponding set of points in the original space.

There is a set Yy = {h; }2de of 2%~ hypotheses in H, which are different
from each other on X,,.. For each hypothesis h; € Y, there is a hypothesis
h € H such that h = U(h). If hy # hy € Ypr then the corresponding hq, hs
are dlfferent on X,. To see this, note that h; # hy implies the existence of
z; = (x}, 1) € Xpr on which hl(;vl) # ho (xl) It is not possible in this case that
both hy(x}) = ha(z}) and hy(2?) = ha(2?). Hence there are 2% hypotheses in
‘H which are dlﬁerent on X,, from which it follows that

{(h(z1), hal),. .. Az, ), had, )b € H}| > 2% (3)
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The existence of an exponential number of assignments of H on the set X, is
not possible if | X,| is much larger than the Natarajan dimension of H. We use
Thm. 9 in [4] (proved in [8]) to argue that if the Natarajan dimension of H is
dy, then

() ). bl )., Dl €y < G RE Dy

where M is the number of classes. Combining (3) and (4) we get

2d,re(M + 1)?

2% <
= 2d,

)
Here the term on left side is exponential in d,,, and the term on the right side
is polynomial. Hence the inequality cannot be true asymptotically and d, is
bounded.

We can find a convenient bound by following the proof of Thm. 10 in [4].
The algebraic details completing the proof are left to Appendix B. O

Corollary 3. H is learnable iff H is learnable.

3 From product space approximations to original space
classifiers

In section 3.1 we present an algorithm to partition a data set Y using a product
space function which is e-good over Y x Y. f should only satisfy e(f,¢) < e, but
it doesn’t have to be an equivalence relation indicator, and so in general there
is no h such that f = U(h). The partition generated is shown to have an error
linear in e. Then in section 3.2 we briefly discuss (without proof) how an e-good
product space hypothesis can be used to build a classifier with error O(e).

3.1 Partitioning using a product space hypothesis

Assume we are given a data set Y = {x;}¥ | of points drawn independently from
the distribution over X. Let f denote a learned hypothesis from H, and denote
the error of f over the product space Y x Y by

1 N N
e=ele,f)= 53 D0 ey £ i)
i=1 j=1

classsize

Denote by K the frequency “#537%¢ of the smallest class in Y.

Note that since no explicit labels are given, we can only hope to find an
approximation to ¢ over Y up to a permutation of the labels. The following
theorem shows that if € is small enough compared to K and given f, there
is a simple algorithm which is guaranteed to achieve an approximation to the
partition represented by concept ¢ with error linear in €.
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Theorem 6. Using the notation defined above, if the following condition hold

K2
e< T, (5)

then we can find a partition g of Y with a simple procedure, such that e(c, Jog) <
8. J here denotes a permutation J : {0,...,M—1} — {0,..., M — 1} matching
the labels of ¢ and g.

In order to present the algorithm and prove the error bound as stated above, we
first define several simple concepts.

Define the 'fiber’ of a point € Y under a function h : X x X — {0,1} as
the following restriction of h:

fiber™(x) : Y — {0,1},  [fiber"(z)](y) = h(z,y)

fiber"(z) is an indicator function of the points in Y which are in the same class
with z according to h.

Let us now define the distance between two fibers. For two indicator functions
I, I : Y — {0, 1} let us measure the distance between them using the L1 metric
over Y:

N N
1 1
d(ly, I2) = Prob(I1(z) # I2(2)) = + Y lnogn) = N > () — I ()]
=1 =1

Given two fibers fiber”(x), fiber"(z) of a product space hypothesis, the Ly dis-
tance between them has the form of

#(Neih(2) ANei"(2))

d(fiberh(w),fiberh(z)) = =

where Nei"(x) = {y|h(x,y) = 1}. This gives us an intuitive meaning to the inter-
fiber distance, namely, it is the frequency of sample points which are neighbors
of x and not of z or vice versa.

The operator taking a point € Y to fiber(x) is therefore an embedding of
Y in the metric space L1(Y). In the next lemma we see that if the conditions of
Thm. 6 hold, most of the data set is well separated under this embedding, in the
sense that points from the same class are near while points from different classes
are far. This allows us to define a simple algorithm which uses this separability
to find a good partitioning of Y, and prove that its error is bounded as required.

Lemma 2. There is a set of ‘good’ points G € Y such that [Y\G| < 35N (i.e.,
the set is large), and for every two points x,y € G:

c(x) = cly) = d(fiber! (z), fiber! (y)) <

[N [\
w|§ | K

c(z) #cly) = d(fiber! (x), fiber! (y)) >
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Proof. Define the ’good’ set G as

g = {3:|d(fiberf(a:), fiber¢(z)) < %}

We start by noting that the complement of G, the set of ’bad’ points B =
{z|d(fiber], fibert) > £}, is small as the lemma requires. The argument is the
following

N N
e=e(c, ZZ iy =F (i) = N2 ZZ e(wiys) =1 (i)

j=1 z;€B j=1

N 1 K K
ze: 2:: c(ziyyy)= Iuyy)] z mmze:B ?N - 3_N|B|

Next, assume that ¢(x) = ¢(y) holds for two points z,y € G. Since fiber®(z) =
fiber¢(y) we get

d(fiber? (z), fiber! (y)) < d(fiber! (x), fiber®(x)) + d( fiber(z), fiber®(y))
K K 2K
+ d(fiber(y), fiber! (y)) < 3 +0+ 3 =3
Finally, if ¢(x) # c(y) then fiber¢(x) and fiber¢(y) are indicators of disjoint
sets, each bigger or equal to K. Hence d(fiber¢(x), fiber¢(y)) > 2K and we get

2K < d(fiber®(x), fiber®(y))
< d(fiber®(x), fiber! (x)) + d(fiber! (x), fiber! (y)) + d(fiber! (y), fiber (y))
K K
< 3+ d(fiber? (), fiber! (y)) + 3
4K
d(fiber? (z), fiber?! (y)) > 5
O
It follows from the lemma that over the ’good’ set G, which contains more
than (1 — 32)N points, the classes are very well separated. Each class is con-
centrated in a £-ball and the different balls are 2X distant from each other.

3 3
Intuitively, under such conditions almost any reasonable clustering algorithm

can find the correct partitioning over this set; since the size of the remaining set
of ’bad’ points B is linear in ¢, the total error is expected to be linear in € too.

However, in order to prove a worst case bound we still face a certain problem.
Since we do not know how to tell G from B, the 'bad’ points might obscure
the partition. We therefore suggest the following greedy procedure to define a
partition g over Y:

— Compute the fibers fiber!(z) for all z € Y.
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— Let i =0, So = Y; while |S;| > £X do:
e for each point = € S;, compute the set of all points lying inside a sphere
2K

of radius =5 around z:

Bk (z) = {y € S; : d(fiber? (z), fiber! (y)) < %}

e find z = argmax |B% (z)| and define g(y) = i for every y € B%(z);
z€eS,; ’
e remove the points of Bax (z) from S;: let S;y1 = Si\B%k (2),and ¢ = i+1.
— Let M, denote the number of rounds completed. Denote the domain on
which g has been defined so far as Gy. Define g for the remaining points in
Y\G as follows:
g(z) = argmin d(fiber!(z), I ,-10)})
i€{0,...,.My—1}

where I{;-1(;)y is the indicator function of cluster i of g. Note, however, that
the way g is defined over this set is not really important since, as we shall
see, the set is small.

The proof for the error bound of ¢ starts with two lemmas:

1. The first lemma uses lemma 2 to show that each cluster defined by g inter-
sects only a single set of the form ¢=1(i) N G.

2. The second lemma shows that due to the greedy nature of the algorithm,
the sets g~1(i) chosen at each step are big enough so that each intersects at
least one of the sets {c™1(j) N g}}‘i;l.

It immediately follows that each set g~1 (i) intersects a single set {c¢~1(5)NG},
and a match between the clusters of g and the classes of ¢ can be established,
while Y\Gg can be shown to be O(e) small.

3. Finally, the error of g is bounded by showing that if x € Gy N G then z is
classified correctly by g.

Details of the lemmas and proofs are given at Appendix C, which completes the
proof of Thm. 6.

3.2 Classifing using a product space hypothesis

Given an € good product space hypothesis f, we can build a multiclass classifier
as follows: Sample N unlabeled data points Y = {z;}}¥; from X and partition
them using the algorithm presented in the previous subsection. A new point Z
is classified as a member of the class | where

l= argmin d(fiberf(z),fg_l(i))
i€{0,..,M~1}

The following theorem bounds the error of such a classifier

Theorem 7. Assume the error probability of f over X x X ise(f,¢) = < %2.
For each 6 > 0,1 > 4: if N > ﬁlog(%), then the error of the classifier

proposed is lower than % +9

The proof is omitted.
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4 Concluding remarks

We showed in this paper that learning in the product space produces good multi-
class classifiers of the original space, and that the sample complexity of learning
in the product space is comparable to the complexity of learning in the original
space. We see the significance of these results in two aspects: First, since learning
in the product space always involves only binary functions, we can use the full
power of binary classification theory and its many efficient algorithms to solve
multiclass classification problems. In contrast, the learning toolbox for multi-
class problems in the original space is relatively limited. Second, the automatic
acquisition of product space labels is plausible in many domains in which the
data is produced by some Markovian process. In such domains the learning of
interesting concepts without any human supervision may be possible.
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A  Proof of Thm. 1

In order to prove this theorem, we first describe a procedure for finding ¢ and h
such that their labels are matched. We then look for a lower bound on the ratio
M-1M-1

. Z > i (X prj + X pik)
e(h,c) §j=0 k;éz kj

= (6)
(1- Z Pii)?
1=0

for the ¢, h described, where the expressions for the errors are those presented
earlier. Finally, we use the properties of the suggested match between ¢ and h to
bound the ratio. 1 Let ¢, h denote any two original space hypotheses such that
¢="U(c),h = U(h). We wish to match the labels of h with the labels of ¢, using
a permutation of the labels of h. If we look at the matrix P, such a permutation
is a permutation of the columns, but since the order of the labels in the raws is
arbitrary, we may permute the rows as well. Note that the product space error is
invariant to permutations of the rows and columns, but the original space error
is not: it only depends on the mass of the diagonal, and so we seek permutations
which maximize this mass. We suggest an M-step greedy procedure to construct
the permuted matrix.

Specifically, denote by f, : {0,..,M—1} — {0,..,M—1} and f.: {0,...,M—
1} — {0,...,M — 1} the permutations of the rows and the columns respectively.
In step 0 < k < M — 1 we extend the definition of both permutations by finding
the row and column to be mapped to row and column k. In the first step we
find the largest element p;; of the matrix P, and define f,.(i) = 0, f.(j) = 0.
In the k-th step we find the largest element of the sub matrix of P with rows
{0,..., M —1}\f40,...,k—1) and columns {0,...,M—1}\f71(0,...,k—1)
(rows and columns not already ’used’). Denoting this element as p;;, we then
define f,.(i) = k and f.(j) =k

Without loss of generality, let P denote the joint distribution matrix after
applying the permutations thus defined to the original P’s rows and columns.
By construction, P now has the property:

VO<i<M-—1, Vj,k>4%  pu > Dk (7)

In order to bound the ratio (6), we bound the nominator from below as
follows

M-1M-1 M-1 M-1M-1 M-1
e(h,c) = Pii Y Pt Y E Pij Y Dik
j=0 1i=0 k=0 =0 j= k=0
k#1 k#7
M-1 M-1 M-1 M-1 M-1 M-
> Dij pkj + E § Dij § plk
7=0 z>] k>j i=0 5> k>i
#z KZj
M-1 M 1 M-1 M 1
= plj § Prkj — plj g § plj § Dik — ng
7=0 zZ] k>3 =0 j>i k>1i
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and then use constraint (7) to improve the bound

M-1 M-1 M-1 M-1
Z Z Dij Z Prkj — p]j Z Z Dij Z Dik _pu
=0 i>j k>j =0 j>1 k>i

The denominator in (6) is the square of e(c, h), which can be written as
M-1 M-1
e(h,c)=1-— Z Pii = Z [sz‘k + Zpkj]
k=0 k=0 i>k J>k

To simplify the notations, denote
p=>pik 0<k<M-1

i>k
M= "pr 0<k<M-1

i>k

Changing variables from {p;}}j_y to {Mg, M}, prx }oey ', ratio (6) becomes

M-—1
e(.9) kzjo (MY + prere ) ME+(MP + prer)MP
e(h,c)? - M-1
(<) (Y My + M)
}=0

N N
Now we use the inequality Y a? > (" a;)? (for positive arguments) twice
=1 i=

=

to get the required bound:

M-1 M-1 M-1
S (M} + prr) ME+(MP 4+ pre) My 3 (MR)2+(MP)? > $(Mp+Mj)?
k=0 > k=0 > k=0
M-1 - M-1 - M-1
(> My +Myp)? (> My+MP2 o (Y My +MP)?
k=0 k=0 k=0
A h\2
il > My+M}) )
S k=0 _
- M-1 2M
(> My +Myp)?
k=0

B Completion of the proof of Thm. 5

we have observed that

2dyre(M+1)2

2drr <
<( o, )
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Following the proof of Thm. 10 in [4], let us write

dpr In2 < d,[In ‘Z’T +1In(e(M + 1)?)]

(]

Using the inequality In(z) < xzy — In(ey) which is true for all z,y > 0, we get

dpr
dprIn2 < do[dLy —Iney+Ine(M + 1)?]

M +1)?2
< dpyy + d,In g
e do M+ 1) 2d,In(M + 1) — dylny
T In(2) -y y In(2) —y
_ 2In2dologa(M + 1) — d,lny
a In(2) -y

If we limit ourselves to y < 1 then (—d, Iny) > 0, and therefore we can multiply
this expression by log,(M + 1) > 1 and keep the inequality. Hence

(2In2 — Iny)

dpr <
Pr=""12—y

dologo(M + 1)

Finally we choose y = 0.34 to get the bound

dpr < 4.87d,logy(M + 1)

C Completion of the proof of Thm. 6

Lemma 3. Each cluster g~ (i) i =0,...,My intersects at most one of the sets
1. M-1
{c 1(])mg}j:0 :

Proof. According to Lemma 2, ¢=!(j1)NG and ¢~ (j2) NG for ji # ja are two £-
balls that are separated by a distance % in the L1 metric space. By construction
g~ 1(4) is an open ball with diameter %. Hence it cannot intersect more than

one of the sets {c¢=1(j) N g}jl‘igl. O
Lemma 4. The labeling function g as defined above has the following properties:

1. g defines an M-class partition, i.e., My = M.
2. There is a bijection J : {0,...,M — 1} — {0,...,M — 1} matching the sets
{971 @)}t and {1 (i) N g}?ﬁo‘l such that
g AN (NI@))NG) # 6
g DN (T NG) = ¢ for 1# (i)

3. |Y\G()| < % .
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Proof. Assume without loss of generality that the classes are ordered according
to their size, i.e.
' HNG > G+1)NG|, j=0,...,M—2
We claim that
lg~t@)| > e (@) NG|, i=0,...,.M—1

To see this, note that since each of the sets {gil(j)};;é intersects at most

one of the sets {c71(j) N g};zo, there is at least one I € {1,...,i} such that
¢ (1) N G has not been touched yet in the i-th step. This set is contained in a
% ball, and hence it is contained in Bax (x) for each of its members. Therefore,
our greedy procedure must choose at this step a set of the form B 2K () such
that

By ()] = max |Bag ()] = | ()N G| = | () NG| (8)

Using condition (5) in the theorem, we can see that the set is bigger than the
algorithm’s stopping condition:

3eN KN KN
NG > M)~ Bl > KN - 5 > KN - =~ ==~ (9)
K 2 2
and therefore the algorithm cannot stop just yet. Furthermore, it follows from

the same condition that % > %, and thus the chosen set is bigger than

B. This implies that it has non empty intersection with ¢~1(j) for some j €
{0,...,M — 1}. We have already shown that this j is unique, and so we can
define the matching J (i) = j.

After M steps we are left with the set Sy with size

M-1 M-1
1Sml=N=> g '@ <N =Y le'(@)ng|
1=0 1=0

35N)_ 3eN _ KN
K’ K 2

=N-[G|<N—(N-

where the last inequality once again follows from condition (5). The algorithm
therefore stops at this step, which completes the proof of claims (1) and (3) of
the lemma.

To prove claim (2) note that since |[Sm| < , it is too small to contain a
whole set of the form ¢=1(i)NG. We know from Eq. (9) that for all i |¢=1(i)NG| >
% > % Hence, for each j € 0,...,M — 1 thereis an i € 0,...,M — 1 such
that

3eN

(' HNG)Ng (@) # ¢

Therefore J : {0,...,M — 1} — {0,...,M — 1} which was defined above is
a surjection, and since both its domain and range are of size M, it is also a
bijection. 0
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We can now complete the proof of Thm. 6:

Proof. Let g denote the composition J o g. We will show that for z € G,
fiber!(x) of a point z on which §(z) makes an error is far from the ’true’ fiber
fiber¢(z) and hence x is in B. This will prove that e(c, §) < 35 over Gy. Since
the remaining domain Y'\Gy is known from Lemma 4 to be smaller than %N ,
this concludes the proof.

Assume ¢(x) =i, g(x) = j and i # j hold for a certain point x € Gg. x is in
37 1(j) N Gy which is the set chosen by the algorithm at step i = J~1(j). This
set is known to contain a point z € ¢71(j) N G. On the one hand, z is in §~1(j),
which is a ball of radius 2. Thus d(fiber! (z), fiber/(z)) < 2£. On the other
hand, z is in ¢71(j) NG and hence d(fiberf(z), fiber®(z)) < £. We can use the
triangle inequality to get

d(fiber? (z), fiber®(z)) < d(fiber! (z), fiber! (2)) + d(fiber! (z), fiber®(z))
K K 5K
33 3
This inequality implies that fiber(z) is far from the true’ fiber fiber®(z):

2K < d(fiber®(x), fiber©(z))
< d(fiber¢(x), fiberf (z)) + d(fiberf(a:), fiber®(2))
< d(fiber(x), fiberf(x) + %

K

3

— d(fiber¢(x), fiber! (x) >

and hence z € B. O



