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Abstract

Given an undirected graph G = (V,E), an edge cost c(e) ≥ 0 for each edge e ∈ E, a
vertex prize p(v) ≥ 0 for each vertex v ∈ V , and an edge budget B. The budget prize
collecting tree problem is to find a subtree T ′ = (V ′, E′) that maximizes

∑
v∈V ′ p(v),

subject to
∑

e∈E′ c(e) ≤ B. We present a (4 + ε)-approximation algorithm.

Keywords: Approximation algorithms.

1 Introduction

Suppose that we are given an undirected graph G = (V, E), a non-negative edge cost c(e) for each

edge e ∈ E, and a non-negative vertex prize p(v) for each vertex v ∈ V . Motivated by applications

to local access network design, Johnson, Minkoff and Phillips [6] considered the following problems:

• The quota prize collecting tree problem (QPCT): given a prize quota Q > 0, find a

subtree T ′ = (V ′, E′) that minimizes
∑

e∈E′ c(e) subject to
∑

v∈V ′ p(v) ≥ Q.

• The budget prize collecting tree problem (BPCT): given a budget B ≥ 0, find a

subtree T ′ = (V ′, E′) that maximizes
∑

v∈V ′ p(v), subject to
∑

e∈E′ c(e) ≤ B.

The k-MST problem is the special case of the QPCT where p(v) = 1 ∀v ∈ V and Q = k. Arora

and Karakostas [1] provided a (2 + ε)-approximation algorithm for the k-MST, improving the 3-

approximation algorithm of Garg [2]. As observed in [6], any α-approximation algorithm for the

k-MST problem yields a pseudo-polynomial time α-approximation algorithm for the corresponding

QPCT. Moreover, using properties of the Goemans-Williamson primal-dual algorithm [3] applied

during Garg’s k-MST approximation algorithm, the pseudo-polynomial time algorithm can be
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transformed into a polynomial time algorithm. This fact was proved in [6] for Garg’s algorithm,

however it holds also for the algorithm of Arora and Karakostas. To conclude, the best available

approximation ratio for the QPCT is (2 + ε).

With respect to the BPCT, Johnson, Minkoff and Phillips [6] provided a (5 + ε)-approximation

algorithm. They also noted that in order to get a better bound for the BPCT, they need an

algorithm for the QPCT with a performance guarantee of 2 or less, in which case the performance

guarantee for BPCT would drop to 3 + ε.

In this paper we show a (4 + ε)-approximation algorithm for the BPCT.

Denote by OPT , the maximum value of BPCT. For a tree T = (VT , ET ), a cost function c :

E → IR+ and a prize function p : V → IR+, we denote c(T ) =
∑

e∈ET
c(e) and p(T ) =

∑
v∈VT

p(v).

2 A (4 + ε)-approximation algorithm for BPCT

Algorithm BPCT (see Figure 1) uses a geometric search among values (1 + ε)k maxv∈V p(v), k =

1, 2, . . . to find an approximate value for OPT . More precisely, we try to find a value Q̂ such that

1
1+εOPT ≤ Q̂ ≤ OPT . Since maxv∈V p(v) ≤ OPT ≤ ∑

v∈V p(v) ≤ n maxv∈V p(v), the number

of iterations during the binary search is O(log1+ε n). In each iteration of the binary search, we

approximate the QPCT problem with quota Q̂. In order to approximate QPCT, we use a 21
4 -

approximation algorithm. We note that we can use any approximation algorithm for QPCT with

a performance guarantee of less than 21
2 . There exists such an algorithm using the scheme of [1]

and the equivalence between the QPCT and the k-MST proved by [6]. If Q̂ ≤ OPT , then the cost

of the resulting tree T Q̂ is at most 21
4B (because we use a 21

4 -approximation algorithm). Then,

we decompose T Q̂ to at most four subtrees that cover the vertex set of T Q̂ (this is done using

Algorithm general tree cover that is presented in Section 3), each of them costs at most B. We

pick the candidate TQ̂ as the tree that has a maximum prize among them. Among all the values of

Q̂ that returned a feasible solution, we pick the best tree.

Remark 1 Using Hassin’s geometric-mean binary search method [5], we can find in O(log log1+ε n)

iterations (instead of O(log1+ε n) iterations) a value Q̂ such that the 21
4 -approximate solution for

QPCT (G, c, p, Q̂) costs at most 21
4B whereas the approximate solution for QPCT (G, c, p, (1+ ε)Q̂)

costs more than 21
4B.
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BPCT
input
An undirected graph G = (V, E).
A cost c : E → IR+.
A prize p : V → IR+.
A real number B > 0.
returns
A tree T ′ = (V ′, E′).
begin
Q̂ := maxv∈V p(v).
T ′ = (∅, ∅).
while Q̂ ≤ ∑

v∈V p(v)
T Q̂ := a 21

4 -approximate solution for QPCT (G, c, p, Q̂).
if c(T Q̂) ≤ 21

4B
then

TS :=general tree cover(T Q̂, c, B).
TQ̂ := argmaxT̂∈TSp(T̂ ).
if p(TQ̂) ≥ p(T ′)

then
T ′ := TQ̂.

end if
Q̂ := Q̂(1 + ε).

else {Q̂ > OPT and we stop the loop }
Q̂ :=

∑
v∈V p(v) + 1.

end if
end while

return T ′.
end BPCT

Figure 1: Algorithm BPCT
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In order to analyze the performance of the algorithm, it suffices to show that during the iter-

ation in which 1
1+εOPT ≤ Q̂ ≤ OPT Algorithm BPCT returns a solution whose prize is at least

1
(4+ε)OPT .

This last claim holds by the following argument: since p(TQ̂) ≥ 1
4p(T Q̂) and p(T Q̂) = Q̂ ≥

1
1+εOPT , we get p(T ′) ≥ p(TQ̂) ≥ 1

4(1+ε)OPT . T ′ is feasible by Lemma 5. We conclude by the

following theorem:

Theorem 2 For every ε ≥ 0, there is a polynomial time (4 + ε)-approximation algorithm for the

BPCT.

3 Algorithm general tree cover

In this section we first assume that c(e) ≤ B
2 for each edge e ∈ ET , and present Algorithm tree cover

for this case. Afterwards, we show how the assumption that c(e) ≤ B
2 for each edge e ∈ ET can be

removed without any loss in performance.

Algorithm tree cover (see Figure 2) is a weighted variant of the rooted tree cover procedure of

Goldschmidt, Hochbaum, Levin and Olinick [4]. We root T at a vertex root, and assume that the

vertices of T passed to tree cover have been assigned labels according to a post-order listing. For

a vertex i, denote by Ti the subtree of T rooted at i (T changes throughout the algorithm and Ti

changes accordingly). For a vertex i, we denote by π(i) its father in T , and by ch(i) a list of all the

children of i in T . Given a tree T and a subtree T ′ of T , T \T ′ is the tree obtained from T after we

remove from T the edge set of T ′ and afterwards we remove any isolated vertex in the resulting tree.

Note that in general T \T ′ need not be a tree, however in Algorithm tree cover the resulting forest

is indeed a tree. Given a tree T ′ = (V ′, E′) and an edge (i, j) where i ∈ V ′ and j /∈ V ′, T ′ ∪{(i, j)}
is the tree (V ′ ∪ {j}, E′ ∪ {(i, j)}). Given a pair of subtrees T ′ = (V ′, E′) and T ′′ = (V ′′, E′′) of a

common tree T such that V ′ ∩ V ′′ 6= ∅, T ′ ∪ T ′′ is the subtree of T (V ′ ∪ V ′′, E′ ∪E′′). We assume

that c(e) ≤ B
2 for every edge e ∈ ET .

We use Algorithm tree cover with a tree T such that c(T ) ≤ 21
4B. We note that Algorithm

tree cover finds a set of trees that cover ET , however we need only a cover of VT . We generalize

Lemma 3.1 of [4] to our weighted case.

Lemma 3 The collection SOL returned by Algorithm tree cover satisfies the following properties:

1. Each tree in SOL costs at most B.
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tree cover
input
A tree T = (VT , ET ).
A real number B > 0.
A cost c : ET → IR+, such that c(e) ≤ B

2 ∀e ∈ ET .
returns
A set of trees, each of weight at most B, covering ET .
begin
if c(T ) ≤ B

then return {T}.
end if

SOL := ∅.
{Phase 1}
i := 1.
while i ≤ n

if c(Ti) < B
2 and c(Ti) + ci,π(i) ≥ B

2
then

T ′ := Ti ∪ {(i, π(i))}.
SOL := SOL ∪ {T ′}.
T := T \ T ′.

elseif B
2 ≤ c(Ti) ≤ B
SOL := SOL ∪ {Ti}.
T := T \ Ti.

elseif c(Ti) > B
p := max{l ∈ ch(i)|∑ j∈ch(i)

j≤l

(c(Tj) + ci,j) ≤ B}.
T ′ :=

⋃
j∈ch(i)

j≤p

(Tj ∪ {(i, j)}).
SOL := SOL ∪ {T ′}.
T := T \ T ′.
i := i− 1. {i does not change in the current iteration}

end if
i := i + 1.
end while

{Phase 2}
if T is not empty

then
T ′ := a tree from SOL such that T, T ′ have a common vertex.
if c(T ) + c(T ′) > B

then
SOL := SOL ∪ {T}.

else
SOL := (SOL \ {T ′}) ∪ {T ∪ T ′}.

end if
return SOL.
end tree cover

Figure 2: Algorithm tree cover
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2. The average cost of a tree in SOL is at least B
2 .

Proof: We first argue that Algorithm tree cover maintains the invariant that c(Ti) + ci,π(i) ≤ B
2

after it visits vertex i. To see this note that when the algorithm visits i:

• If c(Ti) < B
2 , then assume that the claim does not hold. I.e., we assume that c(Ti)+ci,π(i) > B

2 .

In this case the algorithm adds T ′ := Ti ∪ {(i, π(i))} to SOL, and removes T ′ from T .

Then, after the algorithm visits i, c(Ti) = 0, and therefore ci,π(i) > B
2 . This contradicts the

assumption that c(e) ≤ B
2 ∀e ∈ ET .

• If B
2 ≤ c(Ti) ≤ B, then after it visits i, c(Ti) = 0, and the claim holds by the assumption that

c(e) ≤ B
2 ∀e ∈ ET .

• If c(Ti) > B, then in the current iteration of Phase 1 we do not increase i. Therefore, in the

last iteration with the current value of i, we have c(Ti) ≤ B, and the claim follows by one of

the previous cases.

We assumed that each edge in T costs at most B
2 . Therefore, by construction, during Phase

1 the algorithm never adds a tree with cost greater than B. During Phase 2, by the algorithm’s

invariant c(T ) ≤ B
2 . Therefore, if the algorithm adds T to SOL then it never adds a tree with

cost greater than B. If the algorithm adds T ′ ∪ T instead, then by construction c(T ′ ∪ T ) ≤ B.

Therefore, during Phase 2 the algorithm never adds a tree with cost greater than B.

We now show that during Phase 1 it never adds a tree with cost smaller than B
2 . Let q be the

smallest index such that q ∈ ch(i) and q > p. By definition,
∑

j∈ch(i)
j≤p

(c(Tj)+ci,j)+(c(Tq)+ci,q) > B.

By the algorithm’s invariant, c(T ′) =
∑

j∈ch(i)
j≤p

(c(Tj) + ci,j) > B − (c(Tq) + ci,q) ≥ B
2 . Therefore,

any tree that we add to SOL during Phase 1, costs at least B
2 .

If during Phase 2 we add T to SOL, then the average cost of T and T ′ is at least B
2 . This holds

because in this case c(T ) + c(T ′) > B. If during Phase 2 we replace T ′ by T ′ ∪ T in SOL, then

since T ′ was added to SOL during Phase 1, we conclude that c(T ′ ∪ T ) ≥ c(T ′) ≥ B
2 . Therefore,

the average cost of a tree in SOL is at least B
2 .

Corollary 4 If we apply Algorithm tree cover with a tree T such that c(T ) ≤ 21
4B, then the

resulting collection SOL includes at most 4 trees, each of them costs at most B.

Next we generalize Algorithm tree cover to find a cover of VT in the case in which there are

edges in T that cost more than B
2 .
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Lemma 5 Consider a tree T such that c(T ) ≤ 21
4B. We can find in polynomial time a collection

{T i = (Vi, Ei)} of at most four trees, such that c(T i) ≤ B ∀i, and VT =
⋃

i Vi (even if T contains

edges that cost more than B
2 ).

Proof: Let S = {e ∈ ET |c(e) > B
2 }.

• If S = ∅, the claim holds by Corollary 4.

• If |S| ≥ 3, then the removal of any three edges of S from T forms four connected components,

each of them costs at most B.

• If |S| = 2, then after we remove S from T we get three connected components. Among

these components, there is at most one that costs more than B (but at most 5
4B). We

use Algorithm tree cover to cover this component by a pair of spanning trees. Each of the

remaining components can be covered by a single tree. Together we obtain a collection of at

most four spanning trees that covers VT .

• If |S| = 1, then we remove S from T , and obtain two connected components. Among these

components, there is at most one that costs more than B. The other component can be

covered by a single tree. The larger component costs less than 13
4B and therefore, Algorithm

tree cover (when applied to this component) returns a collection of at most three trees. This

gives at most four trees that cover VT .

Algorithm general tree cover is the algorithm described in the proof of Lemma 5.

4 Concluding remarks

We conclude this paper with the following remarks:

Remark 6 Using an algorithm that is similar to Algorithm general tree cover, for every ε > 0

given a tree T = (VT , ET ) whose cost is at most (2 + ε)B, we can cover VT by a set of three trees,

each of them costs at most (11
3 + ε)B.

Remark 7 Using the set of trees implied by Remark 6 during Algorithm BPCT instead of TS, we

obtain a bicriteria (3 + ε, 11
3 + ε)-approximation algorithm for BPCT. I.e., for every instance, the
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algorithm returns a tree whose total cost is at most (11
3 + ε)B, and whose total prize is at least

1
3+εOPT .
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