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A MACROSCOPIC CROWD MOTION MODEL
OF GRADIENT FLOW TYPE

BERTRAND MAURY, AUDE ROUDNEFF-CHUPIN, AND FILIPPO SANTAMBROGIO

ABSTRACT. A simple model to handle the flow of people in emergency evacuation situations
is considered: at every point z, the velocity U(z) that individuals at x would like to realize is
given. Yet, the incompressibility constraint prevents this velocity field to be realized and the
actual velocity is the projection of the desired one onto the set of admissible velocities. Instead
of looking at a microscopic setting (where individuals are represented by rigid discs), here the
macroscopic approach is investigated, where the unknown is a density p(¢,x). If a gradient
structure is given, say U = —V D where D is, for instance, the distance to the exit door, the
problem is presented as a Gradient Flow in the Wasserstein space of probability measures. The
functional which gives the Gradient Flow is neither finitely valued (since it takes into account
the constraints on the density), nor geodesically convex, which requires for an ad-hoc study of
the convergence of a discrete scheme.

Crowd motion; Gradient Flow; Wasserstein distance; Continuity equation.

1. INTRODUCTION

In the last two decades, several strategies have been proposed to model the motion of pedes-
trians. Most of them rely on a microscopic approach: the degrees of freedom are the positions
of individuals, and their evolution depends on a balance between selfish behaviour, congestion
constraints, and possibily social factors (politeness, gregariousness). Among those microscopic
models, some are based on a stochastic description of the individual behaviour (see e.g. 7)),
whereas others are purely deterministic (see P4, B§, B9)).

An essential ingredient in those models lies in the way interactions between individuals are
handled, in particular in the case of high density (congestion phenomena). Following the clas-
sification which holds in the modelling of granular flows, one can differentiate the Molecular
Dynamics (MD) approach (the non overlapping constraint between rigid grains is relaxed, and
handled by a short range repulsive force) and the Contact Dynamics (CD) one (the collisions
are explicitely taken into account). In the context of pedestrians, MD strategy has proved to be
quite efficient to model congestion. In particular Helbing[R3, 4, B§] introduced the concept of
social forces, which are designed in such a way that individuals tend to repel each other when
their distance drops below a certain value. The model proposed in [B4] relies on the alternative
strategy: individuals do not interact with each other as soon as they are not in contact, and
the non overlapping constraint is treated in a strong (non relaxed) way. Although it is natural
to expect some link between the two approaches (MD models are likely to converge in some
way to their CD counterparts as the repulsive force stiffness goes to infinity), it is to be noticed
that the mathematical structures of the two classes of models are quite different. In the first
case, Cauchy-Lipschitz theory for ODE’s applies, whereas CD models present some analogies
with the so-called sweeping process introduced by Moreau[Bq] in the 70’, for which a dedicated
framework has been developped (see [BQ], BT, [BF))-

In the case of macroscopic models, the first strategy (congestion is treated in a relaxed way)
is favoured, as it allows to use classical methods for studying PDE. For example, crowd motion
models inspired from traffic flow models have been developped (see Refs. [[4, [3, [J]). They
take the form of hyperbolic conservation laws, and they are essentially monodimensional in

1



2 BERTRAND MAURY, AUDE ROUDNEFF-CHUPIN, AND FILIPPO SANTAMBROGIO

space. In higher dimension, Bellomo and Dogbel[ll, [] proposed second order models, where a
phenomenological relation describes how the crowd modifies its own speed:

op + Vx-(pv) = 0
v + (v-Vx)v = F(p,v).

Typically, the motion is governed by F', which has two parts: a relaxation term toward a definite
speed, and a repulsive term to take into account that pedestrians tend to avoid high density
areas. Degond[[[§] uses the same approach to model sheep herds. In this model, the term F
depends on a pressure which blows up when the density approaches a given congestion density
(barrier method). There also exist first order models, where the velocity field is directly defined
as a function of the density (see e.g. [BU, BI, [[]). Another class of models is described by
Piccoli and Tosin in Refs. [Bg], [BY]. They propose a time-evolving measures framework, where
the velocity of the pedestrian is composed by two terms: a desired velocity and an interaction
velocity. The last one models the reaction of the pedestrian to the other surrounding pedestrians
(namely, people can deviate from their preferred path if they enter a crowded area).

To our knowledge, as the ones presented above, all macroscopic models rely on a relaxed
expression of the congestion. Let us mention however the work of Buttazzo, Jimenez and
Oudet in [H], where the optimal transportation between two given densities is computed under
constraints (obstacles, congestion, ...) which can be strongly expressed. Yet, this approach is
very different from the model we describe later, since its goal is to find an optimal transport
between densities as in the work of Benamou and Brenier[[]] (which is the classical reference for
dynamical formulations of transport problems), whereas optimal transportation is in our case a
very suitable tool. Moreover, we will mainly make use of the distance that optimal transport
induces on probability measures rather than looking at the optimal maps themselves, as we will
see after a brief description of the model we consider.

The macroscopic model we present here is based on a strong expression of the congestion
constraint. It is a natural extension of the microscopic approach proposed in Refs. [B4, B, [,
which we describe here in its simpler form. The crowd configuration is represented by the
position vector q = (qi,...,qy). Each of the N individuals whishes to have a velocity U;
which depends on its position only: U; = U(q;), where U(-) is some given velocity field over
R? (typically U = —VD, where D is the geodesic distance to the exit). To account for non-
overlapping, it is assumed that the actual velocity u = (uy,...,uy) is the ¢?-projection of
U= (Uy,...,Uy) = (U(qy), ..., U(qn)) onto the cone of feasible velocities Cy (i.e. the set of
velocities which do not lead to a violation of the non-overlapping constraint). The model takes
the form

dq
(1) dt
u = PC U.

qa

In the spirit of this microscopic approach, the model we propose here rests on the two following
principles

(1) the pedestrian population is described by a density p which is subject to remain below
a certain maximal value (equal to 1 in what follows), this density follows an advection
equation,

(2) the advecting field u is the closest, among admissible fields (i.e. which do not lead to
a violation of the constraint), to some spontaneous field U, which corresponds to the
strategy people would follow in the absence of others.

If we denote by C, the cone of admissible velocities (i.e. set of velocities which do not increase
density in already saturated zones, see next section for a proper definition), the model takes the
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following form

2
@) u = P U,

P

{ op+V-pu = 0

where the projection is meant in the L? sense. As a matter of fact, in the same way as Cauchy-
Lipschitz theory for ODE’s no longer applies for CD in the microscopic case, we cannot use
classical methods to study Equation (f), as well as most of the PDE’s we could encounter in
the CD macroscopic models. This is due in particular to the lack of regularity of the velocity u
(whose natural regularity is L?), which prevents us to apply the characteristic method or even
DiPerna-Lions theory. The non-continuous dependence of the operator Pg, with respect to p is
another source of problems.

Instead, we will see that this PDE corresponds to a Gradient Flow in the Wasserstein space
(i.e. the space of probability measures endowed with the distance W5 induced by the optimal

transport under quadratric cost), provided that the spontaneous velocity field has a gradient

structure: U = —V D. This means that we consider the functional
D(z)p(x)dx ifp <1
P(p) = /Q
+00 otherwise

and we look for the curve of measures p(t,.) which follows the steepest descent direction of @
starting from a given datum p°. This curve will happen to solve equation (). This is a general
and very efficient method to find solutions to certain evolution PDE’s which been made possible
by the theory of optimal transportation. This theory owes its origin to Kantorovich[BJ], but
has been widely developped thereafter (see the books by Villani[[ld, [iJ). Several equations have
been approached by this method, for instance the classical heat equation, as well as the Fokker-
Planck or the porous media equations (see Refs. [@, B, Dl]) Notice that, as the functional

which is used to produce the porous media equation as a Gradient Flow is

P / p(x)"dz,

our case can be considered as its formal limit when m tends to infinity. All the theory of Gradient
Flow in Wasserstein Spaces is treated in the reference book by Ambrosio-Gigli-Savaré[f]] and one
of the key assumptions is the A—convexity of the functional, which ensures better estimates. On
the other hand, some existence results can be obtained without this assumption, but they have
to be treated carefully by hand, as it happens in Ref. [i]. In our case, even if we suppose D to
be A—convex, we face the same kind of difficulties if we want to add the presence of an exit door
on the boundary of 2 where the measure can concentrate (see Section ).

The paper is organized as follows: In Section P we present the model in the Eulerian setting
and a related discrete minimizing movement scheme (MMS). We explain how a straightforward
use of a convergence theorem in [P asserts a convergence of the trajectories for the discrete MMS
to some continuous pathline. Identification of this limit with a solution to the initial problem can
be done unformally. Yet some technical obstacles (in particular the handling of walls) prevent us
from obtaining a fully rigorous proof based on this approach. The actual proof of convergence to
a solution of the crowd motion model is based on alternative arguments. The end of this section
describes this convergence results. As the presence of an exit raises some very specific technical
difficulties, we propose in Section [] a proof in the case there is no exit. The proof in the general
case in given in Section []. To illustrate the convergence theorem, we present in Section 5 an
idealized (yet non trivial) situation where both eulerian solutions and discrete MMS trajectories
can be described with accuracy. Finally, we discuss in Section 6 the limitations of this model
and its possible extensions to other fields of natural sciences. In particular, we explain why
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we developped the theory in any dimension although dimensions greater than two do not make
clear sense as far as crowd motion is concerned.

2. THE EULERIAN MODEL AND ITS GRADIENT FLOW FORMULATION

2.1. Eulerian model. The model we propose is designed to handle emergency evacuation situ-
ations : the behaviour of individuals is based on optimizing their very own trajectory, regardless
of others, but the fulfillment of individual strategies is made impossible because of congestion.

The model takes the following form: given a domain € (the building), whose boundary T is
composed of Ty, (the exit) and T'y, (the walls), we describe the current distribution of people by
a measure p of given mass (say 1 without loss of generality) supported within Q. To model the
fact that people getting through the door are out of danger, yet keeping a constant total mass
without having to model the exterior of the building, we shall assume that p may concentrate
on T'yys. In this spirit, we denote by K the set of all those probablity measures over R? that are
supported in €, and that are the sum of a diffuse part, with density between 0 and 1, in €, and
a singular part carried by I'yy;.

| —

AN

FiGURE 1. Geometry.

We shall denote by U the spontaneous velocity field: U(z) represents the velocity that an
individual at z would have if he were alone. It is taken equal to 0 outside Q. The set C), of
feasible velocities corresponds to all those fields which do not increase p on the saturated zone
(unformally, V-u > 0 in [p = 1]), and which account for walls (people do not walk through
them). As we plan to define C, as a closed convex set in L*((2), those constraints do not make
sense as they are, and we shall favor a dual definition of this set. Let us introduce the “pressure”
space

1 1 :
H,={qeH (), ¢>0ae inQ, g(z)=0ae. on[p<1], gr,, =0}
The proper definition of C, reads

(3) Cp:{VGLQ(Q)Q,/QV-VQSO quH;}.

The model is based on the assumption that the actual instantaneous velocity field is the
feasible field which is the closest to U in the least-square sense, i.e. it is defined as the L?-
projection of U onto the closed convex cone C,. Finally the problem consists in finding a
trajectory ¢t — p(t) € K which is advected by u, i.e. such that (p,u) is a (weak) solution of the
transport equation in R?

(4) Op+V - (pu) =0,
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where u verifies, for almost every t,
(5) u = PCPU-

Remark 2.1. The fact that I',,; is likely to carry some mass calls for some proper definition of
the velocity on this zero-measure set. As the exit plays the role of a reservoir in our model, we
shall actually consider that all feasible fields vanish on Ty, so that velocity u given by (f) will
be considered as defined Lebesgue-a.e. in £ and vanishing on I',;.

Remark 2.2. Boundary conditions (walls and exit).

The unilateral divergence constraint and the behaviour at walls and exit are implicitly contained
in the dual expression of C), as illustrated by the following considerations. We assume in this
remark that [p = 1] = @ where w C 2 is a smooth subdomain, and that all fields are smooth.
First of all, by taking tests pressures which are smooth and compactly supported in w, we obtain
V -u > 0 in the saturated zone. As the pressure vanishes on 'y, the velocity is free on that
part of the boundary (free outlet condition, as in Darcy flows). Consider now a situation where
the saturated zone covers the wall I',,. For any smooth function ¢ defined on I'y, consider a
sequence of extensions . supported within w U I',, which converges to 0 in L?(£2). Then

/u-chggo Ve >0
Q
implies

—/gogv-u+/ p.u-n<0 Ve>D0.
Q

w

As the first term goes to 0 with € we obtain that the velocity necessarily enters the domain on
the saturated wall (what we adressed before as “people do not walk through walls”).

2.2. Gradient flow formulation. In this section we introduce a discrete evolution problem
in the Wasserstein space, whose limit will be the gradient flow of a suitable functional, and
we establish unformally the link between this new problem and the crowd motion model. The
formal equivalence, which will be proved rigorously in the following sections, will be satisfied in
the case where U = —V D is the opposite of a gradient.

Let us denote by P, the set of probablity measures over R? endowed with the Wasserstein
distance, and by

(6) K ={pe P2, supp(p) CQ, p=pour + pa, pa(r) <1 ae., supp(pout) C Tout}

the set of feasible densities. Let an initial density p° be given, and 7 > 0 a time step. We build
0 = p% pl ... as follows

. 1 _
7) ot = anguin { 9) + Tucp) + 53-WHp. A}
Py (]Rd) 27’

where Wy is the Wasserstein distance, J is the dissatisfaction functional defined as

®) Hp) = [ Dlohplo)
and I is the indicatrix of K :

|0 if peK
Lielp) = ‘ too if pe K.

The function D is typically the distance to the door I',,:, and to D we associate a vector field
U = —VD. It is important in order to have vanishing velocities on the door that D is minimal
and constant on I',;.
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We admit here that under reasonable assumptions this process is indeed an algorithm (i.e.
pF+1l is uniquely defined as the minimizer of the function above), and we denote by p, the
piecewise constant interpolate of pg, pi,

As 7 goes to 0, by Prop. 2.2.3, Th. 2.3.1, and Th. 11.1.3 in [, p. converges to some

trajectory t — p in K, which is a (weak) solution to
o+ V- (pu) =0,

where u is such that, for almost every ¢,
ue—0(J+Ix)(p),

where OU denotes the strong subdifferential of ¥. Furthermore u minimizes the L? norm among
all those fields in the subdifferential above.

Let us now prove unformally that this characterizes the instantaneous velocity as the projec-
tion of U = —VD onto C,. The subdifferential of a function ¥ at p in the Wasserstein setting
is defined as the set of fields u such that

W(p) + /Q (u,t(c) — @) dp(e) < W (t4p) + oIt — il]),

where t denotes a transport map acting on p. Note that the previous inequality does not provide
any information as soon as typ is not feasible (in that case the right-hand side is 4+00). Let
us consider a feasible field v € C,, and let us assume that, for ¢ small enough, t. = i+ ev
pushes forward p onto a measure in K (this is not true in general, see Remark P.3). Note that
t. is defined p-almost everywhere, with Iy, carrying some mass, but as it vanishes on Iy, (see
Remark P.1)), the singular part of p remains unchanged. Having € go to 0 in the subdifferential
inequality, we obtain

/VD-vdp(x)+/u-vdp(x) <0,

so that u+VD = u—U belongs to C}, the polar cone to Cp. As u minimizes the L? norm over
U + C), u identifies with the projection of U onto C),, which ends this unformal proof.

Remark 2.3. In general, there exist feasible densities p € K (defined by (f)) and fields v € C,
(defined by (B)) such that (i + ev)xp exits K for any e > 0, this is why the considerations
above do not make a rigorous proof. Consider for example w a dense open subset in €2, with
a small measure, and define p as 1,c. The pressure space is {0}, and C,, is L*(2): any field is
feasible. If one considers now a strictly contractant field (with negative divergence), it is clear
that (i+ev)yp ¢ K for any € > 0. Notice also that this kind of paradox does not depend on the
fact that we chose a “linear” perturbation (i+ev), since the same would happen if one, instead,
perturbs the identity by following the flow of the vector field v for a time e (which is classically
a better choice in order to satisfy the density constraint).

As explained in the previous remark, the approach carried out in this section is not a rigorous
proof that the advecting field is actually the projection of U onto C,. We conjecture that
projecting (i+¢ev)y p onto K (for the Wasserstein distance) introduces a perturbation which is
negligible compared to ¢, so that v may actually be used as a test-function, but this conjecture
raises some technical issues which we were not able to solve. In what follows we give an alternate
proof which circumvents the necessity to characterize 9(J + I ).

2.3. Notations and statement of the main result. We first recall some results on the
continuity equation: let (p(t,.))s>0 be a family of density measures on R, and v : (t,z) €
R x R? s v(t,z) € R? be a Borel velocity field such that

T
9) /0 /]Rd [v(t,z)|p(t,x)dz < +oo.
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We say that (p, v) satisfies the continuity equation with initial condition p°
op+V-(pv) = 0
» { ) =0
P (0’ ) = p
if for all p € C2°([0, T[xR%) we have

T
A% x xI)axr x 0 x)axr = .
) [ @l + Vet vt o)pta e+ [ o000 @) dr =0

Let us recall that if p(¢,.) is a solution of the continuity equation, there exists a narrowly con-
tinuous curve fg(t,.) such that p(t,.) = p(t,.) for a.e. t. In general, we will always focus on this
continuous representation.

We now detail the construction of a discrete family of densities (p¥) that approches in a sense
we will precise later the solution of the continuity equation we are interested with. For a fixed
time step 7 > 0, we define the sequence (p¥) of density measures on Q using the recursive
scheme:

PR
. 1 _
(12) ok e argmm{J<p>+IK<p>+2—W§<p,pﬁ 1)},
'PQ(Rd) T

where Wy is the Wasserstein distance, and J is the dissatisfaction functional defined in (§).

This construction is a minimizing movement scheme as described by DeGiorgi and Ambrosio
in [, [] and then - in the framework of probability measures - in [}, fJ] with functional ®(p) =

J(p) + 1k (p)-

We define on ) the discrete velocities: v

I
7_:

, where tlﬁ is the unique optimal transport

function from pﬁ to pffl, which is well defined on (but not necessarely on I'y,, due to the
singular part of p¥). We also define EX = pkvk on Q (by abuse of notation, we will write
) instead of  when we want to stress that we are not considering the boundary). We can
interpolate these discrete values (p%, v&, EX);~o by the piecewise constant functions defined by:

pr(t,.) = pﬁ
(13) v.(t,.) =vF ift € |(k— 1)1, k7].
E-(t,.) = Ek

Our goal is to prove that p, converges when 7 — 0 to a solution of the continuity equation ([L0).
Here is our main result:

Theorem 2.4. Let Q be a convex bounded set of RY, D : R* — R a continuous \-convex
function, p° a probability density, and (p*) constructed following the recursive scheme (3.
Then there exists a family of probability densities (p(t,.))t>0, and a family of velocities (u(t,.))r>0
such that (pr(t,.),E-(t,.)) narrowly converges to (p(t,.),p(t,.)u(t,.)) for a.e. t. Moreover,
(p,u) satisfies the continuity equation:

Op+V.(u) = 0
(14) u(t,.) = Fe
p(0,.) = p°
where U = =V D, and C,. y is defined in ().

U for a.e. t

p(t,-

We will first prove this theorem in the particular case where there is no exit. In the following
section, we thus assume that I'y,; = (), which will imply that all the measures are absolutely
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continuous with respect to the Lebesgue measure. Then we will extend the proof to the general
case.

Remark 2.5. We chose to assume here a A—convexity hypothesis on D both in order to clarify
some statements, which are easier to state and prove under this assumption (see for instance
Lemma B.] and the subsequent Remark B.2) and because the typical case we think of is D =
d(-,Tout), where I'pyy is a flat part of the boundary of the convex set 2. This implies that
D is convex as well. It would be interesting to study the case of non-convex domains Q (for
instance with obstacles), and use the geodesic distance for computing D, which would lead to a
non-A—convex function, but this is not yet possible by means of our techniques, since one should
work with the Wasserstein distance Wy computed w.r.t. the geodesic distance itself, which is
not much studied.

Anyway, it can be checked that the only point throughout the paper where A\—convexity is
used is the proof of Lemma B.1], but Remark explains how to get rid of this assumption:
this means that, for existence purposes, this assumption may be withdrawn. On the other
hand, the A—convexity assumption is typical in this gradient flow problems, because it allows
for uniqueness and stability results, and we think that similar results could be achieved in our
case as well.

3. EXISTENCE RESULT IN A DOMAIN WITH NO EXIT

3.1. Technical lemmas. Since we will make a strong use of optimality conditions in terms of
the dual problem in Monge-Kantorovitch theory, let us briefly recall what we need.
Given the two probabilities ¢ and v on 2 we always have

1 — 1

33 0e0) = max{ [+ [ wan 0.0 € O 660) + 00 < Yo =}
the maximum being always realized by a pair of c—concave conjugate functions (¢,v) with
o = ¢° and ¢ = @°, where the c—transform of a function y is defined through

1
c — = 12
X“(y) nf 5 |z —y|* — x(x)

.
(with generalizations to other costs ¢ rather than the square of the distance). We will call
Kantorovitch potential from g to v (resp., from v to p) any c—concave function ¢ (resp., 1)
such that (¢, ) (resp., (¢, 1)) realizes such a maximum. We have uniqueness of the optimal

pair as soon as one of the support of one of the two measures is the whole domain .

Lemma 3.1. Let D : R? — R \—convex, and p € K. Then, there exists 7 such that for all
T TR 1
(i) The functional ¢(p) = ®(p) + 2—W22(p, p) admits a unique minimizer pp,.
T
(ii) There exists a Kantorovitch potential ¢ from py, to p, such that:
(15) /(D—Ff)p > /(D—l—f)pm for allp <1 a.e..
Q Q T

T

Proof. (i) The existence of a minimizer can easily be proved using a minimizing sequence of
o(p). Let p1, p2 be two different minimizers, and r; the optimal transport between p and p;. We

define ry := (1 —t)ry +trp and p; := re4p1, for t €]0,1[. We know that p; = ﬁo(rt)_l,
($] It

As M s (det M)~ is convex on the set of positive definite matrices S:{'ﬂ and Vr; € S:{'ﬂ we
have :

1—t t .
< 0 .
pile) < <det Vry | det Vr2> po(re) (@)
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We also know that p; and py are admissible, therefore:
We have then

deteri <1 a.e., and we obtain: p; < 1.
_ 1.5 _
o(pr) = [ DI~ O)ra(a) + tra(o))ple) da + 3-Wpr. ).
0 T
Since D is A—convex
D((1 = t)r1(z) + tra(z)) < (1 = ¢)D(r1(x)) + tD(rz(z)) — %t(l — t)[r1(z) — ra(z) .

Moreover, W2(., p) is 1-convex along the interpolation p; (see lemma 9.2.1 p. 206 in Ref [{]),
therefore, for 7 small enough, we have

Ppe) < (1 =1)d(p1) + td(p2) = inf é(p),

which is absurd.

(ii) We first assume that p > 0 a.e., which implies that the Kantorovich potential ¢ from p,,
to p, satisfying @(zg) = 0 (with xzp any fixed point in ), is unique. Let us define a small
perturbation of p,,: let p <1 be a probability density, € > 0 and p. := pp, +€(p — pm). As pp,
minimizes ¢(p), we have:

1 _ _
(16) T(pe) = T(pm) + 5= (W3 (p=, ) = W5 (pm, 7)) = 0.
The first part of the left side of the inequality can easily be calculated:
Hp) = (o) = [ D@p: = pu)(@)de = | D@)(p = pu)(e) e

Let us estimate the second part: we denote by (¢, 1) some Kantorovich potentials associated
to p and p.. We have

S0en) = [ e@rdo+ [ v)at) dy

%WQQ(pmmﬁ) > /Q%(m)pm(x)dm—l—/ng(y)p(y)dya

where ¢, is a Kantorovitch potential from p. to p. Thus:

303009 = W) < [ @l = pu)(@)de = [ ou(o)p = pu)(@) o

and we can deduce from inequality ([Ld) that:

/ D(z)(p — pm)(x) dz + l/ ve(x)(p — pm)(x)dr > 0 for all admissible p.
Q T JQ

Let € tend to 0: ¢ converges to the unique Kantorovich potential ¢ from p,, to p. This gives

/ D(z)(p — pm)(x) dx + l/ Y(z)(p — pm)(x)dx > 0 for all admissible p.
Q T JQ

We now prove the general case: let ps > 0 a.e., ps < 1 a.e., such that ps converges to p when §
1

tends to 0. Using (i), there exists a unique minimizer p,, 5 of ¢5(p) := / Dp+1Ix+ 2—W22 (p, Ps),
(¢} T

and it converges to p,,, as 0 tends to 0. Moreover, we have proved that:

1
/ D(x)(p — pm,s) () dx + —/ @s(x)(p — pm,s)(x)dr > 0 for all admissible p,
Q TJa

with @5 that converges to a Kantorovitch potential ¢. Taking the limit § — 0, we obtain the
desired inequality. For this kind of arguments concerning optimality for transport costs and
other functionals, see for instance Ref. [LJ]. u
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Remark 3.2. if D is not A—convex, we cannot prove uniqueness of the minimizer of ¢. However,
if p,, is a minimizer, it still satisfies inequality (ii). Indeed, in the second part of the proof of (ii),
we can define pp, 5 as a minimizer of ¢5(p) + csW3(p, pm), where cs — 0 (so that the optimality
condition that we see at the limit § — 0 disregards this term), but slowly (so that it makes p;, 5
converge to p,,). Obviously this kind of argument was not necessary if one only wanted to prove
this optimality condition for one minimizer p,,, and not for every minimizer.

Lemma 3.3. (Decomposition of the spontaneous velocity):
The spontaneous velocity U = —V D can be written as follows:

(17) U =vF4+Vpt withph e H;k.

Proof. Using the previous lemma, we know that there exists a Kantorovich potential ¢ from p¥

to pF~1 such that p¥ is a solution of the minimizing problem:

1
o € argmin { | P@pas+~ [ p@i) dx} ,
pEK Q T Ja
which imposes:
pk=1 on [F<]]
PP <1 on [F=]] with F :
pE=0 on [F>1],

Q2 — R
r — D(x)+

)

#lz)

and I € R chosen such that p¥ satisfies: / pf dr =

We can then define a pressure like function:

(18) Ph@) = (I - F(z))y = (l D) - <p(x)>+

-
which satisfies: p¥ > 0, and p¥ = 0 on [p¥ < 1], therefore p¥ € lek.

o
Moreover, on [p¥ > 0], we have: Vp¥ = —VD — a4 (where the density vanishes v¥ may be
T
modified at will, so that we can keep the same formula). Since we have
i—-th Vg
r T

k _
V’T

we get the desired decomposition for the spontaneous velocity : U = vﬁ + fo. U

Let us now define the densities j,(t) that interpolate the discrete values (p¥) along geodesics:

(19) R I
#

We also define ¥, (¢,.) as the unique velocity field such that v, (¢,.) € Tang, P2(RY) and (., V)

satisfy the continuity equation. As before, we define: E, = PrVr.

After these definitions we will give some a priori bounds on the curves, the pressures and the
velocities that we defined. In order to get these bounds, we need to start from some estimates
which are standard in the framework of Minimizing Movements. The sequence (o) satisfies
an estimate on its variation which gives a Holder and H' behavior. From the minimality of plﬁ,

compared to plﬁ_l, one gets

W3k, pi 1) < 2r(@(p7) — @(py 1)
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Since ® coincides with .J, which is bounded, on the sequence (p¥)g, then we have W2 (pk, pk=1) <

C7 (discrete Holder behavior), but we also have, if we sum up over k -

_ 2
(20) > (M) < ou)

-
k
which is the discrete version of an H! estimate. As for p,(t), it is an absolutely continuous curve
in the Wasserstein space and its velocity on the time interval [(k — 1)7, k7] is given by the ratio
Wa(ph=1, p&) /7. Hence, the L? norm of its velocity on [0, 7] is given by
W3 (ot i)
(1) [t =30 WECELED)
k

and, thanks to (R(), it admits a uniform bound independent of 7 (here we use the notation
|o’|(t) for the metric derivative of a curve o and |o’|w,(t) means that this metric derivative is
computed according to the distance W5). This gives compactness of the curves p,, as well as an
Holder estimate on their variations (since H' ¢ C%1/2).

Lemma 3.4. (A priori estimates):

We have the following a priori estimates:

(i) v, is T-uniformly bounded in L*((0,T), L%T(Q)).
(ii) py is T-uniformly bounded in L*((0,T), H'(Q)).
(iii) E; and B, are T-uniformly bounded measures.

Proof. (i) We have the following equalities:

T 2 T ki<, k|2
PriVr / /pT v
~/0 /ﬂ | | % (k—=1)T JQ | |
kr kN2
_ Z( / dt) ([ /=t )
(k—=1)7 Q T

k

_ ZTM— sz AT,

k

Thanks to the general estimate (R() we get / / pr| v 2 <28 (pY).

(ii) Since we have shown the following decomposition: Vp, = —VD — v, we have:

T T T
/ /pT!VpTIQ < 2/ /pr\vf\2+2/ /pT\VDIQ < C.
0 Q 0 Q 0 Q

T T
But p; = 0 on [p; < 1], therefore / /Q|VPT|2 = / /9,07—|va|2 <C.
0 0

(iii) We look at E, and we use the estimates (B) and (P1).

[ [Er = [ [ </OT(/525T072)5@< I (/Qﬁfwf
ﬁ(/OT/QpT\vTP)% <c

Therefore, E, is a 7-uniformly bounded measure. The proof for E; is almost the same, estimating
L' norms with L? norms by Cauchy-Schwartz. O

IN
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Lemma 3.5. Assume that p and v are absolutely continuous measures, whose densities are
bounded by a same constant C. Then, for all function f € HY(Q), we have the following inequal-
1ty:

(22) /Q = v) < VIV S]]y Walpv).

Proof. Let u; be the constant speed geodesic between 1 and v, and wy the velocity field such that
(1, w) satisfies the continuity equation, and [|w¢|[z2(,,) = Wa(p, v). For all ¢, i is absolutely
continuous, and its density is bounded by the same constant C' a.e.. Therefore:

[ sau-v) - /01%< [ 1)) ar = /01 5
</01/Q\Vf\2dutdt>l/2 </01/Q’wt‘2dﬂtdt>l/2

V|V fl 20y Wa(p, v).

IN

IN

Remark: With the same method, we can also prove:

1
[ pdte=v) < CF 19 il Walos)
for all f € WP and ¢ such that %—i—é = 1. More generally, if p, v € L"(Q) and ||p||-, ||V||Lr < C,
1
one has / fdlp—v) < CO|V fllLr)Wq(p, v), provided % + % +l=14 qu'
Q

3.2. Proof of the theorem in a domain with no exit.

Step 1: convergence of (pr, ET) and (pr,E;). We have proved that p, and E, are T-uniformly

bounded measures, thus there exists (p, E) such that (p,, E;) converges narrowly to (p, E). Let
us prove that (p;, E,) converges to the same limit as (j,, E;).

We start from the p—part. The curves p, actually converge uniformly in [0, 7] with respect
to the Wy—distance. The curves p, and p, coincide on every time of the form k7. The former
is constant on every interval |(k — 1)1, k7|, whereas the latter is uniformly Holder continuous of
exponent 1/2, which implies Wa(p-(t), p-(t)) < Crz. This proves that p, converges uniformly
to the same limit as p-.

T
We now consider a function f € C2°([0,7T] x ), and prove that / / f(E. —E;) converges
o Ja
to 0 as 7 tends to 0. We have: j.(t,.) = Tyypl where
Ty = (t — (k— 1)7)vE 4tk

Therefore
Prlt+h,2) = (Te + hvk)uph = ((id + hvE o Ty 1) 0 Ty)upk = (id + v o Ty ) o (),
which implies that: tgzgﬁ)h") =id +hvFo T~ '. We can then express ¥, explicitely :

tPr(th) _4q hvk o T, 1
.(t,.) = lim % — lim 2Tt koL
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and obtain

/f(t,ac) pr(t,x) Vo (t,z)de = /f(t, Ti(z)) p*(2) ¥, (t, Te(z)) da
Q Q

Hence

O\f'ﬂ
S~
&,j
=
3
=
2
A

Thk+1 7 — 2 ka k:c -
;/ [ 1#0) = 16 @) V@)l (o)
o ipf |z — 2)||[VE(2)] oF () dz:

g/ [ Livf ke = Tu@livE@)] ) dact
e i T k 2 k ; .
Ek:/ /QLpf [VE(@)|? pi(x) dzdt < C Lipf .

IN

IN

Step 2: existence of the limit velocity. Let us prove that E is absolutely continuous with respect
to p. Let 6 be a scalar measure, and F a vectorial measure: the function

/T/ Lilk if F << fa.e.tel0,T]
@:(971:\)'_) o Jo 0 1 a.e. ,
+00

otherwise

is Ls.c. for the weak— convergence of measures. Since we have shown the T-uniform bound:

2
/ ‘E’ <C,
0o JO Pr

we have O(p, E) < 4+00. Therefore E is absolutely continuous with respect p, and there exists
u(t,.) € L?(p(t,.)) such that E = pu. Moreover, (p, pu) satisfies the (linear) continuity equation,
as limit of (p-, E;).

Let us now prove that u(t) € Cy). Let tg € (0,7), h >0, and g € H;(to - By the continuity
equation, we have

to+h
/ / Vq(z) -w(z)p(t,x)de = /Q[p(to,m) — p(to+ h,2)] q(z) dz.

Since p(tg,.) = 1 wherever ¢ > 0, and p(top + h,.) <1 a.e., / [p(to, ) — p(to + h, )] q(x)dx <
Q
0, and we have for a.e. tg

/to+h/vq )-u(2)p(t,z) do — — / Vq(z) - ulto, z)p(to, .)(z) dz

/Vq t(), )d

Using the same method between ¢y — h and tgp, we also obtain the converse inequality. Finally,
we have for a.e. tg

(23) /Vq u(tg,z)dr = 0 forallqe H olto,.)"
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Step 3: the limit velocity satisfies: u = Pc,U. We first prove the decomposition: U = u(t,.) +
Vp(t,.) for a.e. t. We have E; = p,v, = —p,(VD 4+ Vp,) = —p,VD — Vp, since p, = 0 on
[pr < 1]. Let us prove that p,; converges to p € H/}: as pr € L*([0,T], H*(R)), there exists p
such that p, weakly converges to p in L2([0,T], H'(2)). We have obviously: p > 0 a.e., but it
is more difficult to show that p(¢,.) = 0 on [p(t) < 1]. We consider the average functions:
S A S
ab— = | 5 (t.)dt and p™t = —— t,.) dt.
o b_aap() and p b_aap()
Since p, = 0 on [p, < 1], we have

o= [ [ptt—pritanara = o [ [ e pota,) ear

b
+bia/ /QPT(t7x)(Pr(a,m)—pT(t,x))dxdt.

The first integral reads: / p®t(x)(1 = pr(a,z)) dx — / P (2)(1 = p(a,z)) dz, as p° weakly
Q 0 Ja

converges in H'(Q) — therefore strongly in L?(Q2) — to p®®, and p,(a,.) weakly— converges in
L>(Q) to p(a,.). Moreover, for every Lebesgue point a of p(.,z), we have: p®b b—> p(a,.),
—a

therefore, for all these a, we have

/prb(m)u —pla,z))dedt — [ pla,z)(1— p(a,z))dz.

b—a Jo

Using lemma B.J, we obtain for the second integral:

b
/ /Qpr(t,x) (pr(a,x) - pT(t,x)) du dt

IN

b
19t 2o Watorte, ) (t)) de
<Cvb—a

i =a ([ 195 e dt)é ([ a)

C(b—a) (/b 1Vpr(t, )220y dt>2 .

IN

IN

T
As / [|Vp-(t, .)||%2(Q) dt is T-uniformly bounded, ||Vp,(t, .)||%2(Q) weakly converges to a mea-

sure p. Therefore, beyond a zero measure set of points a, we have

1
b—a

lim
T—0

b
/ /Qpr(t,$)(p7(a,x) — pr(t,z))dxdt < Cr/pu([a,b]) QO'

We finally obtain: / p(a,z)(1 — p(a,z)) dz = 0 for almost every a.
Q

Hence E = —pVD — Vp, with p=0o0n [p < 1], so: E = —p(VD + Vp). Since: E = pu, we
have shown the following decomposition:

u=-VD—-Vpie U=Vp+u
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Moreover, by Equality (BJ), u and Vp satisfy the complementarity relation
/Vp(t,x)-u(t,:c) de = 0 for a.e. t,
Q

which implies that we have exactly: u(t) = Pc,,, U.

4. PROOF OF THE THEOREM IN THE GENERAL CASE

We consider here the general case where Iy # 0.

4.1. Lack of geodesic convexity. The main problem we encounter when we want to generalize
the previous proof is the fact that the classical geodesics no longer belong to the admissible
space K, which is no more a geodesically convex set. Indeed, if we consider a density p" which
is constant equal to 1 on a subset of €2, a measure p' which is concentrated on Iy, and the
geodesic p(t,.) between them, the density of p(t,.) will be of the order of 1/(1 — t) where it is
positive, and therefore p(t,.) € K for all t €]0,1[.

This is one of the main reasons that prevent from using the standard theory of gradient flow
for geodesically convex functionals in the Wasserstein space (see []).

In this section we will investigate the connectedness properties of the set K. For the sake of
this work, we will see that we need to estimate the length to connect two measures in K at a
very single point of the proof. Yet, we think that these estimates are interesting in themselves
and this is why we try to present them so that they will be valid in any dimension d.

We define a new distance, coming from a minimal length approach, on K:

Proposition 4.1. (Continuity of the length L) For p,v € K, we define the length

1
(24) L(p,v) = inf {/0 lo' lw, (t)dt = o(t) € K, a(0) = p, o(l) = y}.

This length is finite, and it is a distance on K which is continuous for the narrow convergence:
if (un), (vn) are sequences that narrowly converge in K to p and v, then L(py,,vy,) converges to

L(p,v).

To prove this proposition, we will first analyze the case were the domain €2 is the unit cube
and the door is one of the sides. We set Q =]0,1[%"'x] — 1,0[, @ = [0,1]"! x [~1,0] and
S =1[0,1]%"1 x {0}. We will still denote by K the set of admissible measures, i.e. those who are
composed by a density less than 1 in @ and by a possibly singular part on S. We will denote
by y the last component of a point (z,y) € RY = R9~! x R. When integrating over S, we write
dz instead of H%1(dz) or similar expressions.

Let us start from a simpler case.

A first useful lemma is the following:

Lemma 4.2. Let p°, p' be two probability measures on @Q of the form p' = pz? + pg, where piQ
has a density on Q bounded by k and pfg is concentrated on S. Set £ = Wyi(p°, p'). Then, for
any Lipschitz continuous function j we have

/S G5 — o) < Lip(G) + e(B)| || €2,
/Q J(0%) — pby) < 2Lip(7)e + e(F)|ll €2

Proof. We start from the first estimate: consider a function s : @ — [0, 1] such that ys = 1 on
S, x5 = 0 outside a strip of width § from S, and |Vxs| < 6! (as a matter of fact, it defines this
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function as xs(z,y) = (1 + 6 1y)4). We may write
. 0 1y . 0 1 . 0 1 .. - .
/Syd(ps —ps) = /Qymd(p )= /Qymd(pQ = pq) < Lip(jxs)t + kol |j]| Lo -
Then we use Lip(jxs) < Lip(j) + ||j]|=<d"! and we get

[ ot = o < (zinti) + U= ) e Tl

which implies, by choosing § = ¢1/2,
[t = o) < Lin(i)e+ Bl

As far as the second estimate is concerned, just write
/ i(pey — pg) = /j(po —p') - / jd(p% — p§)
Q Q S
and use /_ §(p° = p') < Lip(j)¢ and the previous inequality. O
Q

It is important to notice in the above inequality that, once we fix pé? or pg, the two estimates
separately make ¢ appear, where ¢ may be the W) distance between any pair of measures,
satisfying the constraints, having pg Or pg as an internal or boundary part, respectively. The
pair of measures we use need not to be the same in the two estimates.

Lemma 4.3. Let p°, p' € K be two admissible probability measures on Q and L, M > 1. Suppose
that p° and p' are of the following form:

P =pp+ps, po <L p=hi M by <M, Lip(h;) <L, i=0,1.

Then, there exists a curve pt from p° to p', contained in K (the set of admissible measures) and

such that its Wa—length does not exceed C(d)MY?~/ Lt 4+ M{Y/2, where we set £ := Wy (p°, pt).

Moreover, the same stays true if £ stands for a number such that there exist “extensions” of ,0’@

on S and of pg on Q that belong to K and such that for both extensions the new Wi—distance is
smaller than ¢ (but the two extensions may be different). If instead of staying in K the constraint
on the density in Q is relazed to “being smaller than k” with k > 1, the constant will also depend
on k, as in Lemma [[.3.

Proof. Tt is possible to replace the two probabilities on @ with probabilities 5° on R = [0, 1]~ x

[—1,M] so that p' is absolutely continuous with density less than 1 and (7g)xp’ = p' (where
7@ is the projection on Q). We will take

P = P+ Lycn,@) - £

Consider the geodesic gt from ¥ to pb. It is a curve of measure whose length is exactly Wo (3", p').
Moreover, if one projects on @ all the trajectories of the particles of this curve, one gets the
curve (mg)xp', which connects p% to p! but stays in K (since the only effect of the projection is
to send all the mass on R\ @ on S, while the densities inside @) are not affected. And we know
that the densities of 5 will not be larger than 1, since this is the case for a geodesic between
two measures with densities bounded by 1.

Hence we only need to estimate Wo (3", 5'). For simplicity, let us estimate Wy instead of Ws.

We will conclude by the inequality Wy < (diam R)'/ 2T/V11 /2. Notice that the diameter of R is
VM +1)2+d—-1<C(d)M.
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To estimate W7, take a function f € Lip;(R). What follows will be easier to justify in case f
is regular but everything will work (by density, or instance), for any f whose Lipschitz constant
does not exceed 1. Let us define, for z € [0,1]"! and a,b € [0, M],

b
_ Jo fla t)di
b—a
We denote by g., g, and g, the partial derivatives of g. We can verify that
N fm(a:,t)dt‘
b — al

g(x,a,b)

then we compute g, and we get

|b—al =1,

lob(z a,b)| = ‘J; @) _ gla.a b>' _ Lin(f)

b—a |~ |b—al
and, analogously, |g,| < 1.

In particular, if one takes two Lipschitz functions a(x) and b(x), one has Lip(g(z, a(x),b(z))) <
1+ Lip(a) + Lip(b).

Now we write

|RCEE /Q Falpty =)+ [ ( / " ey / hl(x)f(m)dt) dz.

We estimate both terms thanks to the previous lemma. The first term in the right hand side is
less than ¢, while for the second we may write

ho () hi(z)
/ ( | rena- | f(w,t)dt> da = [ gl hola). (e (ko — b))
S 0 0 S

Hence we are in the case of the previous lemma with j(x) = g(z, ho(x),hi(z)), and hence
Lip(j) < 1+ 2L and ||j||p~ < M + v/d (the first estimate comes from our study of g, for the
second just suppose that f vanishes somewhere on 5).

Hence we get, using the arbitrariness of the function f

Wi (2%, 1) < 04 (1+2L) + 2M V2,
To simplify the computations we use 1 < M, L and get

Wa(p°, p') < C(d)MVPW (5, p1)'/? < C(d)M'2/ Le + Me'/2,
The last part of the statement is an easy consequence of the technique we used and of Lemma
o 0
Theorem 4.4. Let py and py be two probabilities in K. Then there exists a curve (p)¢ con-

necting pio to pi1, such that its Wo—length does not exceed C(d)Wq (o, 1)/ Y and that p, € K
for every t.

Proof. Take ¢ > 0 and modify x’ into a new measure p' € K by regularizing in the direction
of z: it is sufficient to take the convolution of ul with a kernel of the form C(e!7% — e~ 9|z);.
This ensures that the W; distance has not increased and that the new measures on S will have
Lipschitz and bounded densities on S, with M < Ce'~% and L < Ce~%, and on Q the constraint
is kept as well. Yet, there is a problem: these measures may exit the domain. There are two
possible ways for solving this problem, and both will be useful.

One possibility is rescaling of a factor (1 4+ 2¢)~!, so that all the mass is pushed again into
the domain. This does not change significantly the values of M and L but the densities inside
will be no more bounded by 1. They will be bounded by a constant k close to 1. In this case
too the Wasserstein distance has not increased, since the rescaling was a contraction.
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The other possibility is composing with a contracting transport 7' : Q. — Q (Q. being the
e—neighborhood of @), which is chosen so that the convolution of the constant function 1 is sent
onto the constant function 1 (this is possible thanks to the fact the convolution keeps the mass
unchanged). This construction ensures that the constraint inside @ will be satisfied but unluckily,
since the inverse of T is not Lipschitz continuous (due to the fact that the densities vanished on
the boundary of @), it is not suitable for S. Anyway, in this case too, the Wasserstein distance
was not increased.

Hence we do a mixed procedure: we use the second possibility in @ and the first on S. It is
clear that in this way we have good densities both in @ and on S, and we can apply Lemma
and the last statement of Lemma @ Notice that the Wi —distance between the two measures
p' € K that we constructed could be larger than £. It is easily estimated by something like ¢+ ¢
but this is not sufficient for the following estimates.

Now, to connect u” to u', one can first connect each u’ to p?, and the cost is no more than ¢,
since it is sufficient to spread every particle on a ball of radius ¢ (i.e. the radius of the support
of the previous kernel) when we do convolution, and then to move it no more than ¢ when we
compose with a contraction. After that, one uses the previous Lemma to estimate the length
for connecting p° to p' and gets

1/2
toa [ L 02

min length < 2 + C(d)e0=D/2\/e=df 4 £1-d1/2 = 22 + C(d)e . .

where ¢ denotes the Wi distance between u° and p'. If one supposes that e is chosen so that
¢c=? is smaller than 1, one can estimate the last sum in the square root and get

min length < 2 + C(d)e'~4M/4,

Choosing ¢ = £1/(49) gives at the same time that fe—2 is small and that the minimal length may
be estimated by ¢1/(44) O

To approach the general case one needs to use the following theorem, which has already
been used in a transport-related setting with density constraints in the variational theory of
incompressible Euler equations by Y. Brenier and provides a useful tool for reducing to the cube
(see Refs [[[d] and [[fQ] for the applications to fluid mechanics).

Theorem 4.5. For any sufficiently good domain 2 C R? which is homeomorphic to the cube,
there exists a bi-lipschitz homeomorphism ¢ : Q — @ such that (ﬁ#(ﬁ“iﬂ) = cE‘ﬁQ. Moreover, the

behavior of ¢ on the boundary may be prescribed at will.

4.2. Generalization of the technical lemmas. In this section, we briefly explain how to
generalize the technical lemmas we used in the first proof (with Iyyr = ().
Conditions on the minimizer for the discrete problem.

e First of all, in lemma B.1], we can’t prove the uniqueness of the minimizer p,, with the
same method. Indeed, exactly as we explained in the previous section for geodesics,
the interpolation p; between two possible minimizers does not necessarily belong to K.
Therefore, we will have to apply the “selection” method explained in Remark in
order to prove inequality ([[§). More precisely, the case where p > 0 remains unchanged,
but in the general case, we fix a minimizer p,, of ¢, and we define p,, s as a minimizer of

1 _
0s5(p) = /QDP + Ik (p) + ;Wg(/), ps) + cs W3 (p, pm),
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with ¢; that converges to 0 slower than Ws(p, ps). Since pp, and py, ;5 are minimizers of
J and ¢s, we have the following inequalities:

IN

1 1
/ me,é + 2_W22(pm,57ﬁ5) + C5W22(p7 Pm) / me + _WQZ(pnuﬁé)
Q T Q 27
1 B 1 _
/ Dpm + 2—W22 (pm:8) < Jo Dpms + 5= W3 (pms,p)
Q T 2T

which implies, using the triangular inequality:

1 _ _ _ _
W3 (pm.ss pm) < Srer (W3 (pim,s:0) — Wi(pm.s, bs) + Wi (pm, ps) — W3 (pm., p)]
< — Wy(p.p 0.
>~ 27—06 2(/0,,06) 6—>—>0

Therefore, p,, s converges to the fixed minimizer p,,. We can then pass to the limit
0 — 0, and obtain the same inequality for p,,.

It is also useful to notice another feature of the problem with an exit I',,:: once some
mass arrives to the exit, it does not move anymore. This precisely means the following:
if 7]: is an optimal transport plan from the selected measure pf to the previous one, pﬁ_l,
and (z,%) € supp(y¥) with y € Ty, then y = 2. This means that all the mass which
was already on the door for pf‘l will not move. To prove it, it is sufficient to consider
the map F : Q x Q — Q x Q defined by F(z,y) = (y,y) if y € Towr and F(x,y) = (z,y)
if y ¢ Toue. The measure F#’yff is a transport plan between a new measure p and p’j_l,
which reduces the transport cost and the functional J (since D is minimal on the exit).
Moreover, since p is obtained from pf by moving some mass onto the door, we have
p € K as well. This would contradict the optimality of p¥ unless F#'yf = ~*, which is
the thesis.

This also proves uniqueness of the optimal transport plan between p¥ and p¥~! since,
if we look it the other way around (from pF~! to p¥), we can decompose the problem
in one part which will not move (corresponding to p*~'1r,,,) and one part which is the
transport of an absolutely continuous density (pf 11 ).

We will also denote by EF the excess mass of p¥ with respect to p

Eﬁ = Pﬁ(rout) - plrc_l(rout) > 0.

k—1

~~* on the exit, i.e.

In lemma B.3, the solution of

Pk e argmin{ /Q D(z)p(z) dz +% /Q @(z)p(z) daz}

peEK

is not necessarily the same in the general case, as there exists no limit density on I',,;.

Let us define: [ := ilqu F(z), and T'yin = {x € Lo : F(z) = 1}. If |[F < ]| > 1, then
€l out

the solution is the same as in the previous proof. However, if |[F < ]| < 1, it costs less
to put a part of the density onto I'y,;. The solution is therefore given by:

pF=1 on [F<I],

PP >0 on Tpin, with pf(Tonim) =1 —|[F < 1],

P <1 on [F=I\Tmin,

pF=0 on [F>]I].

The pressure p? defined by

E2) = (1 — F(a)s = (1= D(z) — 2@
ph() = ( <>>+( (@) )+
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then belongs to H;';’ and we prove the decomposition U = V’ﬁ + Vp’ﬁ as before.

In order to prove the a priori estimates of lemma B.4, we have to take into account the
singularity part of the densities on I',,;. Notice that, to avoid any ambiguity where the transport
does not exist, we only defined a discrete velocity vector field inside Q. To be clearer, we want
to spend some disambiguation words on what E, and E, are in this case.

e The measure E, is as usual defined as the vector measure satisfying the continuity
equation with the curve p,. We also have an explicit formula in terms of the optimal
transport plans ¥ from p¥ to pF=1: for any t € [k — 17, k7[ take

ET(t) = (Tr(kﬂ'ft)/r)# <u . 77]?> ,

T

where 7g(x,y) = (1 — s)x + sy.
e The measure E is simply defined as the product of p;1¢, times the velocity vector field

defined in Section 2.3, on the non-singular part only (again we use ) instead of Q to
stress that the boundary is excluded). As before, the idea is that this vector measure
satisfies good properties from optimality conditions, while the previous one satisfies the
continuity equation. We need to compare them.

e There is also in this case a third vector measure, that we can call ET, which is defined
exactly as E, but ignoring the part on I'yy:

. T —y
ET(t) = (Tr(kat)/T)# <— : lzefzryﬂ]?) :

T

The utility of E, is that it is more easily comparable to E.

We come back to the proof of lemma B.4: as a matter of fact, we now have:

WHE ) =7 [ AN [ ey,

out X

where 7* is the optimal transport plan between p® and pF~1. Therefore, we have

/Q pelval? < T PWR(E ),

and the a priori estimates (i) and (ii) are still satisfied. The proof of (iii) is unchanged, but let
us remark that we have no longer the equality:

~ki=k ki k
[ R = [ AR,
Q Q

and that the geodesic pr does not belong to K.

Lemma B.§ is no longer true for densities that are not absolutely continuous with respect to
the Lebesgue measure. Indeed, as we have seen before, the geodesic between two densities of K
does not belong to K. We prove instead the following lemma:

Lemma 4.6. Let p,v € K. Then, for all function f € H' with f = 0 on Ty, we have the
following inequality:

/Q Fd(p—v) < |[9F]|z2eLiuv)

where L(u,v) is the length of the shortest path in K joining p and v (see (24)).
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Proof. The proof is an adaptation of the one of Lemma B.J : let o be a minimal length curve in
K joining p and v, and let wy such that (o, w) satisfies the continuity equation and |[w¢||12(o,)
L(p,v). Since f € H! with f = 0 on I'yy, then V f does not see the part of ow on the boundary),

so that we have:
/Qfd(u—V) /01%</Qfdat> — /Ol/éw-wtdatdt
</01/Q|Vf|2dotdt>l/2 </01/ﬁ|wt|2datdt>

IV fll20) L(p,v)

since oy < 1 in Q. OJ

1/2

IN

IN

4.3. Generalization of the proof. At step 1, we need again to prove that the limits of E,
and E, are the same. As far as the limits of p, et p, are concerned, everything works as in
Section B.2: this also proves that the limit curve p belongs to K, since this is the case for p,
(but not for p.).

It is easy to check that the comparison we did in Step 1 of Section B.J may be performed
again so as to obtain that the limit of ET and E, are the same. What we need to do now is
proving that the limit of E, and E, are the same. We will prove that the mass of E, —E,is

negligible, i.e. that .
/0 dt/ﬂd|ET(t) —E.(t)] — 0.

To do this, it is sufficient to estimate
T/t

T/T
dt/ uly dk / lz —yl1 dy
/ “1)r axa T Tout X T Z Tout X T

Thanks to What we underlined before, namely that the mass which is on I',,; does not move
any more, we know that |z —y[1p 5 dyk = |z — ylp o dv¥ and the mass of - @ dvk is

exactly the excess mass E]: . Thanks to the Lemma [£.7 below, we can go on and obtain

T/T T/T

2 / gl =3 / eyl it
T/r o NIEZ 4
> </Fwé|x—y| d%> (Aoutxéd%> <2 Wl )"
Al k2 S (rp N . (T\? .
< Z Wa(pk =, o) Z 1] <(Cr)s <;> — o o

k=1

Lemma 4.7. Suppose p,v € K and set E := |u(Lour) —v(Tout)|. Then we have E < CW2/3( V),
where the constant C depends on the geometry of Q0 and I yy.

Proof. Suppose for simplicity v(Toyt) > p(Tout). Take an optimal transport plan + from pu to v.
Consider 7/ = 1¢ . v. The mass of 7' is a number £', larger than E. Let u' be the projection
of 4/ on the first variable (x): it is a measure with mass ', dominated by 1 (and hence it is
absolutely continuous with density smaller than 1). We have

W2 (v / o~y dy > / o —yPdy > / A2, Tout)’ d' = / A2, Tout) 21
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It is sufficient to prove that this last integral is larger than c(E')3. Set d(z) := d(z,Tout): we
will use the fact that |[d < t]| < ct. We have

/d(az)Qd,u' = /OOO ! ([d* > t))dt = /OOO (B —p/([d < V1)))dt

%) (E'/c)?
> /0 (E' —[[d < VH|) dt > /O (E' = eVt), dt = c(E").
O

At step 2, we prove with the same method that E is absolutely continuous with respect to the
density p := lir% (pr)a = pa (the decomposition of the measures into a part on I'y,; and a part
T—r

on passes to the limit, because of the density bound on Q) there exists u such that E = pqu.
Moreover (p, E) satisfies the continuity equation, and we can prove again the equality

/Vq-udx =0 VqEH;.
Q

At step 3, the first estimates are still true, since we integrate over O (pr = 0onTyy). However,
we can’t use lemma B.§ anymore. Instead, we apply lemma [L.§ and get the inequality

b b
/ /Q pr(t,2) (pr (0, 2) — pr(t, ) ddt < / 190 (t, M2y Lpr(a, ), pr (t,.)) .

Using proposition ([L.1]) and the same notation as in Section B.3, step 3, the limit 7 — 0 reads:

//Prtﬁﬂ pr(a,z) — pr(t,x)) dadt

lim
—0b—a

1 b
< gVl ( [ Lot o) o)
Since at the limit, the curve p(t) belongs to K for every t, we have also:
t ¢ 1/2
Lip(a).p(®) e < [ |5 lwa(s)ds < ( | 1) ds) (t—a)2 < C(b— a)'/2.

Therefore, we have the following inequality:

//thCU pr(a,z) — pr(t,z)) dedt < —\/ ([a, b)) (/C —a dt)
= C\/ ([a,b]) —>Of0raea

and we conclude the proof as in the particular case Iy, = 0.

lim
—0b—a

5. ILLUSTRATION: A CONVERGENT CORRIDOR

We present here an example where both the transport equation and discrete process of the
gradient-flow problem can be solved quasi-explicitely. We also give numerical estimations on the
convergence of the discrete scheme to the solution of the continuity equation.

We want to model the displacement of a crowd throught a convergent corridor. We thus take
for © a portion of a cone, expressed in polar coordinates as [r € la,R], 0 € [—a,a]] (see fig
), with a possible “exit” T'pys = {a} x [, a], and we take for D the distance to the exit (or
to the apex, which is equivalent): D(r) = r. We assume that the initial density is uniform:
p%(r) = p° < 1. We will consider in this section two examples: the case a = 0 with no exit (so
that people will in the end concentrate on the neighborhood of the vertex) and the case a > 0
with exit.
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Lo

Fout Soa

FIGURE 2. Modeling of the displacement of a crowd throught a convergent corridor.

Thanks to the symmetry of this problem, the minimizing movement scheme can be written
as a minimization problem on the transport function:
pr o= P

R

. 1 _

P = sl sce w@mn{/’(Duw»+§+r—umﬁ>ﬁlvwd@u
t k*lEK a T

#PT

Let us first consider the case where a = 0 (and Iy, = 0)), where this problem can be explicitely
solved: pf is given by

1 on |[a, bﬁ[
(25) i)y =4 p° (1 + ﬁ) on [bF, R — k7]
r
0 on [R— kT, R],
where b satisfies the recurrence relation
(26) W =0
(BE)2 — 000k + kr)2 = (B2 — P05 4 (k — 1)),
and the solution of the continuity equation can be easily calculated:
1 t ifre [a,b(t)] bO) = 0
p(t,r) =< p° (1 + —> if re [b(t),R—1t] where / 0 b(t) +1
" e EYaCOED)
0 if r € [R—t,R] P

In figure B, we represent the discrete densities plﬁ at different times for the numerical values
7=0.01, a = 0,R = 10, and p° = 0.4. Let us remark that the recurrence relation that satisfies
b¥ is a numerical scheme for the ODE on b(t). Indeed, it writes
e — p-1 _ <b’;+b§—1 2%k — 1
2 o2

b(t) +t
CEYICOED)

7') ,  where F(r,t)=p’ 5

T
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Using the conservation of the total amount of people, it is easy to prove that this scheme is
exact at every time step k7, and so is the discrete solution pf.

AAAAL

FicUre 3. Evolution of the solution of the minimizing movement scheme in the
case where Iy = 0.

We now consider the case a > 0 with exit. The densities have then the same form, except
that the evolution of the interface in the continuous case is now given by

14y r-ae
{bb(’g; - SY) i a(tr) = " <1+;0><1—:1£1>(r/a) < R_t

a,

__r-ae
r In(r/a)
whereas in the discrete case, b¥ satisfies now the recurrence relation
()2 — a® — po0 + kr)? = (K1) = 72 — po (01 + (kb — 1))’
if b5=! < R — (k— 1)1, and

ifr>R—t,

() —a® = (1) =2
if *=! > R — (k — 1)1, where r is the (unknown) radius such that people who were between a
and 7. at step k — 1 will exit the corridor (i.e. arrive at a) at step k. This radius is given as the
minimum of an integral expression that we will not develop here. In figure [], we represent the
discrete densities for a = 1 and for the same numerical values as before.

It is also interesting to estimate numerically the error between the solution of the continuity
equation and the solution of the minimizing movement scheme. In this purpose, we consider
the case where the density is initially saturated (p° = 1), and we compute b and b, with high
accuracy (high order method for the ODE on b, and precise quadrature and optimization methods
to estimate r. and b;), so that space discretization does not affect error estimation. We obtain
numerically that b, converges to b when 7 tends to 0 with an error of order 1 (interpolation
polynom of 7+ |b(T") — b-(T")| gives order 0.989 for 7' = 1), which gives also an order 1 error
for the Wasserstein distance between p and p.

6. MODELLING ISSUES, EXTENSIONS

We would like to conclude this paper by some remarks on the limitations of the overall
approach in terms of modelling, and on possible extensions to other domains.

With its very macroscopic and eulerian nature, the model is designed to handle large popula-
tions as a whole, and does not allow to localize and follow in their path individual pedestrians.
As a direct consequence, the spontaneous (or desired) velocity of an individual may depend on
its location only, so that differentiated individual strategies (e.g. avoidance of crowded zone,
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VVewe
e e

FI1GURE 4. Evolution of the solution of the minimizing movement scheme in the
case with exit.

skirting of obstacles) cannot be included straightforwardly. Besides, the macroscopic expression
of the non-overlapping constraint is less restrictive than its microcopic counterpart. In the mi-
croscopic setting (people are identified with rigid discs), for highly packed situations, the non
overlapping constraints induce some kind of non-negative divergence constraint in the direc-
tions of contacts. Consider the example of a cartesian distribution of monodisperse discs (see
Fig. [, left), with a uniform spontaneous velocity directed toward a wall. The actual velocity
will be 0, whereas in the macroscopic version it is not (see Fig. i, center). Note that, if the
microscopic distribution is modified, while mean density is preserved, the situation is no longer
static (see Fig. [, right). This example illustrates the deep difference between the microscopic
approach (for which local structure and orientation of contacts lines play an essential role), and
the macroscopic one, which only considers local density.

— G— G
\

-

AN

— 3
J y

/ '

FIGURE 5. Differences between micro and macro approaches

As a consequence the model is unlikely to reproduce the formation of blocked archs near an
exit, which are observed in practice in highly critical emergency situations, and which can be
recovered by the microscopic model, even without friction. Note also that, together with the
structural anisotropy we just mentionned, individual anisotropy of pedestrians is not handled
(whereas it may be in microscopic models by replacing discs by ellipses, for example).

Yet, despite these limitations in the modelling of crowd motion, we believe that this new
type of evolution problem may be fruitful to model phenomena, in particular in the domain
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of cell dynamics. In this context, the spontaneous velocity would be replaced by some kind of
chemotaxis velocity. As an illustration, let us express what could be called a unilateral version
of Keller-Segel equation, in the spirit of what has been presented here:

dp B
E%—V-(pu)—O

u=FP;, U, U=Ve, —Ac=p,
where ¢ denotes the concentration of some attracting agent, generated by the cells themselves.
Notice that the congestion constraint prevents concentration of mass. As a matter of fact, the
characteristic function of a single ball is a static solution to this system, in the whole space
R3, and it can be expected that any solution converges to such a configuration. Note also that
bacterial growth could be handled by adding an appropriate term in the right-hand side of the
transport equation.

We also believe that it can be fruitful in the modelling of granular media. Bouchut et al.[§]
propose a model of pressureless gas for which the density is subject to remain less than 1. This
model is essentially mono-dimensionnal (the construction of explicit solutions proposed in [f]
uses extensively the one-dimensionality). As our model can be seen as a first order (in time)
version of this second order pressureless gas model, we believe that the handling of the congestion
constraint we propose here, which applies in any dimension, might be used in the future for a
macroscopic description of granular flows in higher dimension. The corresponding model, which
is a second order version of the model we considered here, could be written as follows

ap B
E—i-v'(pu)—o,
0
(gf)—i-v-(pu@u)—l—Vp:O,

nggla p(l_p):O, U+:PCpu77

where C,, is the cone of feasible velocities which we introduced, and u™ (resp. u™) is the velocity
before (resp. after) the collision (both are equal in case there is no collision).

Those extensions are not straightforward. In particular, the “spontaneous” velocity (i.e.
chemotactic velocity for cell models, velocity before collision for granular flow models) may not
be a gradient, and may furthermore vary in time. It rules out some arguments we used here. The
discrete gradient flow construction, which is based on a simultaneous handling of advection and
congestion constraint, could be replaced by a prediction-correction strategy: a first step of free
advection followed by a projection (for the Wasserstein distance) onto the set of feasible densities.
This approach would reproduce in the Wasserstein setting the techniques which proved successful
in the context of sweeping processes in Hilbert spaces, which we mentioned in the introduction

(see Refs. ], [, [@])
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