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1 Introduction

Hybrid systems consist of finite states machines equipped with a con-
tinuous dynamics. This notion has been intensively studigtH+,
HKPV, Hen9] (see Hen9q for a survey), and is a generalization of
timed automata4D]. Hybrid systems encompass many interesting
applications such as air traffic managemeit §, highway systems
[LGS].

Given an hybrid system, a natural question is to know whether the
system can reach some prohibited states. This question is known as
thethe reachability problemSince the state space is potentially infi-
nite it is necessary to have an algorithmic approach to this problem.
The main difficulty is the richness of continuous dynamics and its
interaction with a discrete dynamics. Several results on decidability
and undecidability of the reachability problem have been developed
in [ACH+, HKPV].

One approach to solve the reachability problem is to study equivalence
relations preserving reachability and to find finite state systems equiv-
alent to the original one. Buildingisimulationsis a way to achieve

this goal. This is the point of view adopted in this paper. Bisimula-
tions have many other interesting properties (e.g. they preserve CTL,
[AHLP]).

In[LPY), the notion ofo-minimal hybrid systens defined. This class

of hybrid systems have a particularly rich continuous dynamics, in
particular it may be non-linear. Through this paper, we adopt the con-
ventions introduced inlPS, p. 6] for the discrete transitions. This
allows to decouple the discrete and continuous components of the hy-
brid system. Hence the problem to find a finite bisimulation of such an
hybrid system is equivalent to find a finite bisimulation, on each loca-
tion, which respects some initial partition induced by resets, guards,
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initial and final regions. Inl[PS p. 12], the continuous dynamics

of an o-minimal hybrid system is given by a smooth complete vec-
tor field F from R" to R" and the flow is assumed to be definable in
an o-minimal extension ofR, <,+,—). In particular, the system is
time-independent, the flow is injective w.r.t. the time and thus the tra-
jectories are non self-intersecting. We relax these assumptions by per-
mitting the system to be time-dependent and to have self-intersecting
trajectories, which are natural features of many real systems. The con-
tinuous transition relation of such systems is therefore much richer
(seeSection 2.3.

In Section 3of this paper, we present a general construction to asso-
ciate words to trajectories of a continuous dynamics w.r.t. an initial
partition of the space. By using this general tool, we associate to any
o-minimal dynamical systemfinite symbolic dynamical system, the
states of which are represented by words (Seetion 3.

Under the extra assumption that there is a unique trajectory passing
through a point, we show that this finite symbolic dynamical system
bisimulates the original one. As a byproduct of this result, we obtain
a simple proof of the main result of PS which asserts that every
o-minimal hybrid system admits a finite bisimulation.

In the last section, we give an example of an o-minimal dynamical
system which does not admit a finite bisimulation w.r.t. some initial
partition, setting in this way some limits to our results.

We do not address the effectiveness of our constructions, this question
will be studied in subsequent papers, in which the techniques devel-
opped here will be applied to a wider class of hybrid systems.
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2 Preliminaries

In this section, we recall some basic definitions and results. However
we do not recall classical definitions about hybrid systems, they can
be found for example inHen9€. For o-minimal hybrid systems and
their extensions treated in the paper, we refei .

2.1 Transition systems and bisimulation

Definition 2.1. A transition system T (Q,Z,—) consists of a set
of statesQ (which may be uncountable}, an alphabet of events, and
— C Qx X x Qatransition relation.

Atransition(qi,a,gz) € — is denoted by, 2, gp. Atransition system

is finite if Q is finite. If the alphabet of events is reduced to a singleton,
2 = {a}, we will denote the transition systef®,—) and omit the
eventa.

Definition 2.2. Given two transition systems on the same alphabet of
events,T; = (Q1,%,—1) andT, = (Qz, %, —2), apartial simulation of

T1 by T is a binary relation- C Q1 x Q2 which satisfies the following
condition:

Yau, gy € Q, Yoz € Q2, Vae 3,
(g ~ gz anday 21 d) = (3, gy ~ o andap 2 )
This condition is read>, simulates T.

Definition 2.3. Given~ a partial simulation ofl; by T,, we say that
~ is asimulation of T by T if, for eachq; € Q1, there existg)p, € Q2
such thaty; ~ Qp.



Definition 2.4. Given two transition systems on the same alphabet of
events;T; = (Q1,%, —1) andT, = (Q2, %, —2), abisimulation between

T1 and B is a relation~ C Q; x Q, such thatv is a simulation ofT;

by T, and thereciprocal relatiort ~~1 is a simulation ofl> by T;.

Definition 2.5. Given ~ a bisimulation betweeil; andT, if ~ is a
function fromQ; to Q», we call it afunctional bisimulation

Remark2.6. = Given a transition syster = (Q,%,—), we can
look at bisimulations o x Q; they are calledisimulations on
T.

= GivenT, T, two transition systems and C Q1 x Q a bisimula-
tion betweeriT; and T, the kernel Ker(~) is a bisimulation on
Ty.

m Given ~ a functional bisimulation between, and T,, we have
that Ker(~) is an equivalence relation d@1; moreover there is
a bisimulation betweeii;/Ker(~) and T, (these statements and
their proofs can be found irCjay).

Definition 2.7. GivenT a transition system and” a partition ofQ,
~ € Q x Q a bisimulation which is an equivalence relation@nwe
say that the bisimulatior respects the partition”Z if any P € &2 is
an union of equivalence classes for We will speak ofbisimulations
w.rt. &.

2.2 O-minimality and definability

Let .# be a structure. In this paper when we say that some relation,
subset, function is definable, we mean it is first-order definable (pos-
sibly with parameters) in the sense of the structufe A general

Uf ~= {(01,02) € Q1 x Qof01 ~ G2}, then~ 1= {(d2,01) € Q2 x Qz |t ~ G}
ZKer(~) =~o~"t={(p,q) €Q1x Q1| Ir €Qy, p~randg~r}.
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reference for first-order logic is<CK]. All the notions related to o-
minimality and an extensive bibliography can be foundvd[})99.
Let us recall the definition of an o-minimal structure.

Definition 2.8. An extension of an ordered structu# = (M, <, ...)
is o-minimalif every definable subset &l is a finite union of points
and open intervals (possibly unbounded).

In other words the definable subsetdére the simplest possible: the
ones which are definable with parameterghh <). This assumption
implies that definable subsets BI" (in the sense of M) admit very
nice structure theorems (likéell decompositionor Theorem 2.10
The following are examples of o-minimal structures.

Example 2.9.The field of realsR, <, +, -,0, 1), the group of rationals
(Q,<,+,-,0,1), the field of reals with exponential function, the field
of reals expanded by restricted pfaffian functions and the exponential
function, and many more interesting structures.

The main result we use on o-minimal structures is (sd®p8g Corol-
lary 3.6, p. 60]):

Theorem 2.10 (Uniform Finiteness).Let SC M™ x M" be definable,
we denote by She fiber{y € M"|(a,y) € S}. Then there is a number
Ns € N such that for each & M™ the set $C M" has at most N
definably connected components.

2.3 Dynamics

Definition 2.11. A dynamical systerns a couple(.#,y) where:

s 4 =(M,<,...) is atotally ordered structure,
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x 7: MK x M — M¥ s a definable function af7.

The functiony is called the flow of the dynamical system (by exten-
sion of the vector field case). More generally, we can consider the case
wherey is defined on definable subsets.gf thatisy: Vi xV —V,

with V; € MK,V € M andV, C M¥e,

Classically, wherM = R is the field of the reals, we séd as the
time, M x M as the space-time arM* as the space. We keep this
terminology in the more general context of a structufe

If we fix a pointx € M¥, the sef"y = {y(x,t)|t € M} C M¥ s called
the trajectory determined by

Definition 2.12. Given(.# ) a dynamical system, we defingran-
sition system J= (Q,—y) associated to the dynamical systbm

= the selQ of states igv*2;
= the transition relatiory; — y- is defined by:

Ixe MM, 3.t € M, (t <tz andy(x.t1) = y1 andy(x,tz) = y»)

Let us make aimportantobservation. Given a transitigh — y», we
denote the couple of instants of time corresponding to the posiions

y2 by (t1,12). If there exists a positiopand different times$ < t’ such
thaty(x,t) = y(x,t’) =y (seeFigures land3 for example), then the
transition relation—, allows the following sequence of transitions:

y1 —y Y —y Yo with couples of time(ty,t’) and(t,t2). Let us look

at a simple example of this behavior, kigure 1, there clearly exists

t <t’ such thaty(x,t) = y(x,t') = y. The composition of transitions as
explained above allows an arbitrary large number of passages in the
loop.



gt

Figure 1: A simple loop

3 Encoding trajectories by words

In this section, we describe the general tools that we use further on.

Given a dynamical systetn#,y) and & a finite definable partition
of the spacé*e, &7 = {P1,...,Ps}, we want to encode the trajectories
onM* as words on the finite alphabet”.

Let us first remark that the partitio® of the spacev*2 induces a
partition & on the space-tim#* x M defined by the preimages of
the R’s undery. The preimage of trajectoryy is the line{x} x M in

the space-tim&1* x M. This line crosses the regioRss and looking

to this crossing, when time is mcreasmg naturally gives a word on
the aIphabe;W Replacing each lettd} by its corresponding lettd?
gives the wordwy on the alphabet”? we want to associate 1o,. For

the sake of completeness, we mathematically formalize this idea.

Givenx € MK, we consider the setd|y(x,t) e B} fori=1,...,s
This gives a partition of the tim#1. We associate a word of to
the trajectory determined by such that two consecutive letters are

3In this general (possibly uncountable) context, a word is a function fb(or
from a quotient oM induced by a partition oM) to 2.
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different. Let.%# be the set of intervals defined by:

Ty = {I \ | is an interval and is maximal for the property
Jie{l,....,s}, Vtel, y(xt) eR}.

For eaclx, the set%y is totally ordered by the order induced from M.
We introduce a function ofoloration%” : .% — &2 defined by:

¢(1)=R <« dtel, y(xt)eR.
The worday is defined by:
Wy = C(Fx).

We denote byQ the set of words associated (o7, y) w.r.t. Z. In
the sequel we will have to consider this construction w.r.t. different
partitions.

Example 3.1. Consider the dynamical system and the partitign=
{A, B} described irFigure 2 In this situation, we hav@ = {A, ABA
ABABA.

rxl (l)xl - A

My, @x, =ABA

M O =ABABA

Figure 2: Encoding trajectories by words

By encoding trajectories by words, we give a description of the “sup-
port” of the dynamical system. But, in order to recover the dynamics
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of a pointin the trajectory, we need to encode more information: given
a point(x,t) of the space-time, we want to know what is the “position
of y(x,1)"in ay. Given(x,t) € Mk x M, we associate a uniqumtted
word @) in the following way: letl € %4 be the unique interval
such that € |, we add a dot of¥’(1) in . The set of dotted words
associated tQ.#,y) w.r.t. & is denoted byQ.

Example 3.2. If we now consider the dotted words associate#itp
ure 2 we haveQ = {A,ABA ABA ABA, ABABA...,ABABA}.

Remark3.3. In generaly is not injective and so a poigtof the space
M*2 has more than one preimaget). So several worde, and dotted
words ) are associated

In view to describe this general situation, we introduce the notion of
dynamical type W fory € M¥z:

W= {der [ 3(xt) € M x M, y(xt) =y}

We denote by the set of dynamical types associated.d, y) with
respect ta#. Let us consider the partition given by the equivalence
relation on the spach!*2 “to have same dynamical typeWe can
now repeat the previous construction w.r.t. this new partition (we will
also denote it byd). So, we naturally obtain a set of words An
denotedQ,. Let us notice thah is a refinement of”2. Givenx € M,

we denoteauy the word onA associated tdy, 9}? the ordered set of
intervals induced oM and%hx : ﬁxﬂ — A the coloration function.

Example 3.4. Figure 3represents the trajectofy of some dynami-
cal system through the partitio? = {A,B,C}, the wordwy associ-
ated to the trajectory i68BCBA Fory € Iy, there exists seven dif-
ferent dynamical typesw; = {ABCBA},...,Ws = {ABCBA}, Ws =
{ABCBAABCBA} andW, = { ABCBA ABCBA}. The worduy, associ-
ated to the trajectory ¥4 WeWiVWoWANLWEWAWA W WEWEWE .
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Figure 3: Double loop

Given a trajectory  for somex € MXt andy e 'y, we want to know
“the position ofy” in uy. But by Remark 3.2his position is not nec-
essarily unique. We introduce a unigoneltidotted wordl y) in the
following way: we add dots oz (1) for all intervall € .2 such that
there exists € | with y(x,t) =y.

We denote byQ, the set of multidotted words associated(t#, y)
w.r.t. A

4  O-minimal dynamical system

We have just described the general framework. Now we will be inter-
ested byo-minimal dynamical systemin particular, we discuss two
special and interesting casesSections 4.2and4.3. We freely use
the notations introduced in the previous sections.

Definition 4.1. An o-minimal dynamical syste(#,y) is a dynami-
cal system whereZ is an o-minimal structure.
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4.1 Symbolic dynamical system

In Section 3we gave a description of the trajectories of any dynamical
system in term of words. In the case of an o-minimal dynamical sys-
tem, finitely many finite words are enough to describe the trajectories.
This will allow us to defindinite transition systems on the words.

Lemma 4.2. Given (.#,7y) an o-minimal dynamical system, for all
x € M, @, is a finite word; moreover the set of worglsis finite.

Proof. Let us recall fromSection 3that the partition#? of the space
induces a partition of the space-time whose regions ar8 ‘teGiven

x € M4, we have that%, exactly consists in the connected compo-
nents of the fibers of th@’s: (B)x = {t € M|y(x,t) € R}. By the Uni-
form FinitenesS heorem 2.1pwe have that the number of connected
components of théR,),’s is uniformly finite w.r.t.x, this implies that
the length of thawy’s is uniformly bounded. So since the number of
P’s is finite, we have tha@ is finite. O

The next result is a trivial consequenceleimma 4.2and the defini-
tion of Q.

Corollary 4.3. Qs finite.

Remark4.4. Let us remark that in the proof afemma 4.2 we just
used the Uniform Finitenessheorem 2.10So this result holds in all
the structures admitting the Uniform Finitenddseorem2.10,

We defineTy,, a finite transition system on the dotted words. In order
to mathematically formaliz&g,, we need to introduce two functions:
UNDOT: Q — Q which gives the word» corresponding teo without
dot; DOT : Q — N which gives the position of the dot an. Given
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x € M4, the set%, can be described as a finite ordered sequence of
intervalslg < 11 < --- < I with k < Ns. If we consideray a dotted
word constructed fronmy, we have the following relation: the dot of
ax is on% (l;) with I; € . if and only if boT(ax) = i. We can now
defineTy = (Q,—¢):

» the set of state® is Q

= the transition relatiom; —¢ @, is defined by: the undotted words
w1 andm, are equal and the dot am, is on a righter (or the same)
position than the dot om;. This can be formalized by:

01— 02
(»

UNDOT(®1) = UNDOT(@,) and DOT(w;) < DOT(ax)

Example 4.5. Here is an example of transition on the dotted words
w.r.t. Figure 2 ABABAB— ABABAB

Lemma 4.6. Given (.#,7y) an o-minimal dynamical system, for all
x € MX, u, is a finite word; moreover the s€, is finite.

Proof. We first notice that the number of dynamical types is finite
since|A| < 219 andQ is finite by Corollary 4.3 Sincebeing of dy-
namical type W/ for someW, € A is definable, this induces a finite
definable partitiom\ of the spaceM*? and so we can use the same
argument than in the proof aemma 4.2 O

The next result is a trivial consequenceleimma 4.6and the defini-
tion of Qa.

Corollary 4.7. Q, is finite.
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We define alsdy, , a finite transition system on the multidotted words.
To formalize mathematically'QA, we need to introduce three func-
tions: UNDOT : QA — Qa gives the wordi corresponding toi Without
dot; MINDOT : Qa — N gives the position of the left most dot orafid
MAXDOT : Qa — N gives the position of the right most dot an

Givenx € Mk, the setZ2 can be described as a finite ordered se-
quence of intervalgy < I1 < --- < Iy with k < Né. If we consider a
multidotted worduixy), constructed fromu, andy on the trajectory
Ix, letW be the element oA such thaly € W. Those letter®V cor-
respond to some intervals € .72 such thatMINDOT(U(XN)) <ik
MAXDOT (lifxy)). We can now defindy, = (Qa, —¢,):

= the set of states i€,

= the transition relati0|[1|1"—>§--2A U, is defined by: the undotted words
U; anduy are equal and the right most dot op is on a righter
(or the same) position than the left most dot@n This can be
formalized by:

Uy —g, U
UNDOT(l1) = UNDOT(Uliz) and MINDOT (li) < MAXDOT (Up)

Example 4.8. Here is an example of transition on multidotted words
w.r.t. Figure 3

MMMMMMMMMM%MM_
— ¢, WaAWWAVVLW LW W WA WE W6 W5

4.2 The injective case

The first situation that we will be interested in is the following. We
suppose that there is a unique trajectory going through each point of
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the spaceM*2 and that each trajectory does not self-intersect. In this
situation, givery € M¥, there exists a unique,t) € MK x M such
thaty(x,t) =y. So the dotted words will encode enough information;
precisely we can state the following theorem.

Theorem 4.9. Given (.#,y) an o-minimal dynamical system, such
that there is a unique trajectory, which does not self-intersect, associ-
ated to any point of the spacesyM*2, & a partition of M definable

in .# , there exists a finite bisimulation 0f#, y) that respects?.

Proof. To prove this theorem, we will show that there exists a bisimu-
lation between the transition systeMsandT,,. Let us first recall that
Ty is a finite transition system bgorollary 4.3 We define a binary
relation~ C Mk x Q as follow:

y~ o e 3(xt) e M XM, (b = @ andy(x.t) =vY).

Under the assumption dtheorem 4.9giveny € M*2, there exists a
unique(x,t) € MK x M such thaty(x,t) = y.

We begin by showing thak, simulatesT,. Giveny, y, € M_"2 and
@1 € Q such thaty; — y» andy; ~ w1, we have to findo, € Q such
that@, — g @, andy, ~ . By definition of—,, there exists € Mt
andt; <ty € M such thaty(x,t1) = y; andy(X,t2) = y». Since there
exists a unique trajectory going though we have thato; = @y,
We set thatw, = @y, We have clearly thay, ~ @,. To prove
thatw; —¢ @y, we first remark that’ NDOT(@1) = UNDOT(wy) = .
Sincet; < tp, we have that; € | ant; € |, for somel;, | € ., with

i <], S0DOT(@1) < DOT(@y).

Conversely let us prove tha simulatesT,,. Giveny; € M2 and o,
@, € Q such thaty —¢, @, andy; ~ @1, we have to findy, € MKz
such thaty; —, y» andy, ~ @». Sincew; € Q, there existgx,t1) €
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Mk x M such thato, = @xy,) andty € I for somel; € .#,. We can
find Ij € .7y with I; <1; such that if we add the dot corresponding to
I; on wy we obtainw,. We taket; € 1j, and sey> = y(x,t2), we clearly
have thay; — y» andy, ~ w».

We have proved that C M* x Q is a bisimulation. Since a unique
word is associated to eagte M¥2, it is a functional bisimulation. By
Remark 2.6 ~ induces a finite bisimulation ok*2 x M*2 given by
Ker(~); moreover this bisimulation is an equivalence relation which
respects?, by definition of~ and Kef~). O

Remarks4.10 By Theorem 4.9we can recover the main result of
[LPS, Theorem (4.3), p.11]. First by the argument that decouples the
continuous and discrete components of the hybrid system given in
[LPS, p. 6], we only need to prove that there exists a finite bisim-
ulation on each location which respects the finite partition given by
the resets, guards which are definable in the o-minimal structure we
are working in, by assumption. In the assumptions &, Theorem
(4.3), p.11],y(.,.) is the definable flow of a vector fiel : R" — R"
which does not depend of the timeHS, p. 12], so in particulay(x, .)

is injective [LPS, p. 13], therefore we are in situation ©fieorem 4.9

We can remark that in the proof dtheorem 4.9 we only use the
Uniform FinitenesSTheorem 2.101In the proof of [PY Cell decom-
positionand the fact thatonnectedness and arc-connectedness are
equivalentare used. If we were interested in bisimulations on the
space-time, the proof dfheorem 4.%hows that there always exists a
finite bisimulation of(.#, y) that respects?.

Instead of using the dotted words to define the bisimulation, we could
have defined it in a different way, using suffixes of the wangsThis
would give in fact a coarser bisimulation. For example, if we consider
Figure 2 we have that the suffixes afe BA, ABA BABA ABABA So

we have five regions instead of the nine givelciample 3.2
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4.3 Self-intersecting curves

In this section, we consider a second situation: an o-minimal dynam-
ical system such that to each point of the space is associated a unique
trajectory but the trajectory can self-intersect.Fégure 3is an exam-

ple of this situation. Let us remark that the self intersection set can be
an arbitrary definable set.

In this context, givery € M*2, there are differentx,t) € Mt x M such
thaty(x,t) =y. So the simple dotted words are no longer sufficient to
encode the whole information. We will need the multidotted words.

Theorem 4.11. Given(.#,y) an o-minimal dynamical system, such
that there is a unique trajectory associated to any point of the space
y € Mk, and a partition? of M¥ definable in#, there exists a finite
bisimulation of(.# , y) that respects?.

Proof. As in the proof ofTheorem 4.9we show that there exists a
bisimulation betweeiT, andTQA, which is a finite transition system
by Corollary 4.7 We define a binary relationr C M*2 x Q, in the
following way:

y~i e 3(xt) e MM XM, (lixy = Gandy(xt) =y).

Let us recall that there exists a unique multidotted word associated to
eachy (see last paragraph 8kction 3.

First, we prove thally simulatesT,. Givenyy, y, € M andui € Qa
such thaty; —y y» andy; ~ Uz, we have to finduy € Q, such that
Us —o, Up andy, ~ Up. By definition of —,, there existx € Mk
andt; < t; € M such thaty(x,t;) = y; andy(x,tz) = y». Since there
is a unique trajectory going through, we have thauy = Uy,
By choosingu; = Uy,), we have clearly thay, ~ U;. Moreover
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we have thatuNDOT(li;) = UNDOT(Ul). Sincet; < tp, t1 € I; and
tp € 1; for somel;, | € #2 with i < j and SOMINDOT (lig) <i < j <
MAXDOT (Uip).

Conversely let us prove th@ simulatesTy, . Giveny; € M*2 anduiy,

iz € Qa such thaty —g Uiz andyy ~ Uiy, we have to findy, € M*

such thaty; —y y» andy, ~ lp. Sincey; ~ Ui, we have that; =

Uxy,) for somex € MKk andy; = y(x,t1) for somet; € M. We take

to € lunoor(y) € P such thaty(x,to) = y1. SinceMINDOT (liy) <
MAXDOT (U), it is always possible to choosg € lyaxpor (i) € Fh

such thatp < t,. We now sety, = y(x,tz). All this construction re-
spects the rules given for the composition of transitions (see the ob-
servation mentioned afté&refinition 2.19 .

We have proved that C M* x Q, is a bisimulation. Since there
exists a unique multidotted word associated to egch is a func-
tional bisimulation. ByRemark 2.6 ~ induces a finite bisimulation
on (M¥ x M* given by Kef~). Moreover this bisimulation is an
equivalence and clearly respedsand so&? sinceA is finer than
2. O

Remark4.12 If we look at a different transition system dn#, y)
where the set of state® is given byMk x M*2 and the transition
relation (xi,y1) —7 (X2,y2) is defined by:(x1 = x) Adty <t € M,
((7(xa,t1) = y1) A (¥(X2,t2) = ¥2)), the proof ofTheorem 4.15hows
that any such o-minimal dynamical system admits a finite bisimulation
which respects a given finite partitio.

4.4 Counter-example on the torus

We proved that in particular situations (sBections 4.2and4.3) we
can obtain a finite bisimulation of the space w.r.t. a given partition.
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Unfortunately, we cannot hope to extend this result to any o-minimal
dynamical system. This will be illustrated in this section by the study
of a dynamical system on the torus. To establish the lack of finite
bisimulation w.r.t. a given partition, it is sufficient to show the non-
termination of thédisimulation algorithmappearing infFH, Hen93.

Given atransition systefh = (Q,Z, —) and < afinite transition oR.
The bisimulation algorithm iterates the computation of predeceésors,
let us recall this algorithm:

Initialisation: Q/~ := 2

While 3P, P’ € Q/~ such thatz # PNPregP’) AP
SetP, = PNPregP’) andP = P\ PrgP)
RefineQ/~ := (Q/~\ {P}) U{P., P>}

End while

We work in the structureZ = (R, <, +,-,0,1,sin[g 45)) Which is o-
minimal, as it can be seen fromdD96]. A torus is a definable set of
 since it is given by the following equations :

X (R+r cosu) cosv
y| =1 (R+rcosu)sinv | =: ¢(u,v)
z rsinu

with u,v € [0, 27].
We define a flowy : [0,27[>xR x R — R3 on the torus : for alt €
0,2x],
e(u+t,vo+t) ifa=1,
Y(Uo,Vo,a,t) = ¢ @(Up+t,vo+2t) if a=2,
¢(Uo, Vo) otherwise.

4GivenT a transition systenq € Q, the set of predecessorsqfdenoted Prg)
is defined by Prey) = {q € Q|Fac s, d 2 q}.
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The flow is definable in#, so (.#,7y) is an o-minimal dynamical
system and the transition relation is the one givebBdiinition 2.12

The torus can be represented bysguare of lengti2r where the
opposite sides are identifiedWe adopt this description in order to
study the dynamics on the torus. Therefore the trajectories on the
torus are given by pieces of lines on the square. We note that tra-
jectories are closed curves. In this context, the equation of the flow
y:[0,27[>xR x R — [0,27[2 becomes :

(up+t,vo+t) mod 2r  if a=1andt € [0,2n],
Y(Uo,Vo,a,t) = < (Up+t,Vo+2t) mod 2 if a=2 andt € [0,2x],

(Uo, Vo) otherwise.
Given a point(up, Vo) € [0,27[2, three behaviors of the flow are pos-

sible: it can follow a line of slope 1 or 2, or it can remain stationary
(seeFigure 9.

We consider the following initial partition of the squagé = {Py, Pi,
P, P} where:

R ={(0,0)}, PL={(0,v)|ve]o,2x[},
P,={(u0)|uelo2x[}, Py=[0,2z[*\(RUPUPR).

This induces a definable (in the sense of the structaiepartition of
the torus.

We will now apply the bisimulation algorithm and show that it does
not terminate when we take this initial partition.

To formalize the non-termination of the algorithm we need to compute
the set of predecessors of a given pdint y2) of the space. By the
previous observation, we have that :
Pre(ys,y2) = {(ya+t,y2+t) mod 2t | t € [0,27]} U
{(y1+t,y2+2t) mod 2t | t € [0,27]}
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Py P P
Po P P
Figure 4: Préy,,y») Figure 5: The partition

We observe that the sets Ryg y,) NP and Préy,y2) NP are finite.
The iterations of th&Vhile instruction of the bisimulation algorithm
isolates an infinite number of points. The next lemma formalizes
this :

Lemma 4.13. For each n> 0, there exists K’ odd integers such that
the algorithm isolategkz /2",0) and (0,k'/2").

Proof. We proceed by induction am

(1) In the caser = 0, we isolatg(r,0) starting from{(0,0)} and then
we isolate(0, =) by using the new isolated poif{x,0)}, as shown
onFigure 6

(2) Suppose now that we have isolated the poiiitkr/2") and
(K'm/2",0) with k, K’ satisfying the required conditions, we show how
to obtain the new isolated points:

= Consider first the intersectigh= Preg(0,kz /2") N (X x {0} ) where
X x {0} is an element of a sub-partition Bf; by the characteriza-

5By “isolating a pointq” we mean that the algorithm has construcied Q/~
such thaP = {q}.
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on)

(00) (.0 T (%0
Figure 6: Case =0

tion of the predecessors above, we have that

(x,0) e A

< 3t e(0,2n], (t=xmod 2r and kz/2" = —t mod 2r) or
(t=xmod 2r and krr/2" = —2t mod 2r)

& x=2n—kr/2" or x= 21—k /2"

The second part of this disjunction permits to isolate the new point
(2™2 Ky /2™ with 22 —k =1 (mod 2.

= Using the same argument when considerihg- Prgk'n/2") N
({0} xY), we obtain the second isolated point of the lemma.]
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