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Abstract. We discuss a class of generalized retarded nonlinear integral inequalities, which not only
include nonlinear compound function of unknown function but also include retarded items, and give
upper bound estimation of the unknown function by integral inequality technique. This estimation can
be used as tool in the study of differential equations with the initial conditions.

Introduction

Gronwall-Bellman inequalities [ 1, 2] and their various generalizations can be used important tools in
the study of existence, uniqueness, boundedness, stability and other qualitative properties of solutions
of differential equations, integral equations and integral-differential equations.

Abdeldaim and Yakout [3]) discussed the inequality

< u0+j;f(s)u ) jf (j ( jf dr)d/])ds

In this paper, we discuss a class of retarded nonlinear integral 1nequality and give upper bound
estimation of the unknown function by integral inequality technique.

Main result

In this section, we discuss a class of retarded nonlinear integral inequality of Gronwall-Bellman type.
Throughout this paper, let I =[0; ).

Theorem 1. Let ¢, ¢ ,a 0] C(I,I) be increasing functions with ¢ (t) < k,a(t) <t, a(O) =0,0:01;
k,u, be positive constants with 2ku, = 1; we assume that u(¢z) and f(¢)are nonnegative real-valued
continuous functions defined on I and satisfy the inequality

< u0+.[a(t)f (s) ¢ u(s))ds)2
+j f(s ( ¥ ))+j:f(r)¢(u(r))dr)d/1)ds, (2.1)
ForalltDI,If2( +¢(u ))j f( )exp(r(g(s)/(2uo)+f(s))dr)ds<1,

then

u(t)Su2 (0)+.[0 a (s)f(a’(s))ﬁl(s)ds,DtDI, (2.2)
Where

6,(1)=exo(2f ke (s) £ (a(5)) 6 (s)as
(2¢(u02)u0 -1 (s)e(a ()8 (s)exp [ et (7) £ (a(r)) (r)dr)ds), 2.3)

forall t001,
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Proof. Let z(¢) denote the function on the right-hand side of (2.1), which is a nonnegative and

njups (2.4)

2

nondecreasing function on I with z(0) =,>. Then (2.1) is equivalent to
u(t) < z(t),u(a () < z(a () < z(),0¢ 01 (2.5)
Differentiating z(#) with respect to ¢, using (2.5) we have

£ 2 )f(a(r))¢(u(a(r)))(uo [ 1 (s)p () s)
+a (1) (a () [ e (2 ( N+ r(0)p(u(D)dr)arsa (i) s (a ()

( p(=(0) e+ [ 1 (s ())ds [ o)+ (D)o (=(e)) ar)an
a(t)f(a(e)y (t),DtDI, (2.6)
where
() =26(: uo+J (s ())ds)

+J-o ¢ ( jf )d/} alfulg 2.7)

Hence Y,(0)=2¢(u,’)u,, and $(z(a(1))) <¢( ( t))<Y,(¢)/(2u,). Differentiating ¥ (z) with
respect to ¢, and using (2.6) and (2.7), we get

D0 224 0)a )OI o [ DN 23 () o)
'p(e(a() @ (o) [el:(at) [ ()ol:(0)ar)
szka'(z)f(am)x(r)[“ +Io"“MdS]+a'(r>f(a(f))Yzl 2

2u, 2u,

L portibd,

+a'(t) g (2%
<2k () ()1 0+ () () w+ 51D LD | 28)

for all ¢ 07, where we use the conditions ¢ ( ) <k,2ku,=1.Let

Y, (t) =u, + Y;L(;Z) +J‘”(’) f(s)Yl (S) ds,

0 2u,

then Y,(0) =u, + ¢(u20),Yl(t) <2u,Y, (t).Differentiating Y, (t) with respect to ¢, and using (2.8), we
have
2408 2ka (t) f(a ()Y, (¢)+a' (¢) g (a(t)) () + a(t)f(a(e)y(a(2))
dt 2u, 2 2u,

<2ka (¢) f(a(t)) v, (e) +(a (e) g (a ()1 (2u,) + @' (1) £ (@ (1)), (). e DL (2.9)
Since 7Y, (t) >0, from (2.9) we have
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Y,2(¢) dizh(t) < 2ka’ (t)f(a(t)) +(a' () g(a(0))/(2u,)+a (¢) £ (a(2))) v, (¢).0:01. (2.10)
Let S, (1) =Y, (¢), then S, ( (u0+¢ u,?))". from (2.10) we obtain
dsclh(t)+(a'(t)g(a( 0)/(2u)+a (1) £ (@()))s, (1) 2 -2ka' (1) £ (a(e))0e0r. @)
Consider the ordinary derential equation
dS;—t(t)+(a'(t) g(a()/(2u,)+a (¢) £ (a(1)) s, () ==2ka (1) f (a(¢)). e 0L, (2.12)
$,(0)=(u, +¢ (uoz))_l , 2.13)

The solution of Equation (2.12) and (2.13) is

()= (g +0(w7)) " exp ([} (@ () 8 (@(s))/ (2u) 2 (s) £ () ]
(1-(u0+¢(u02 ) [/ 2ka (5) £ (a(s))exo ([ (o (7) g (a (7)) 1 (22) + @ (7) f(a(r)))dr)ds)
= (o () " exo <[ e 5)/ (20) .1 (5))

(1—2(u0 +¢ u,’ )IO kf(s)exp jos(g(s)/(Zuo)+f(s))dr)ds),DtD1. (2.14)
By (2.4), (2.11), (2.12),(2.13) and (2.14), we obtain
< =6,(),0i0r 2.15)

Y(t{)=——~<—F—
RUNIORERD
Where 6, (t) as defined in (2.4). From (2.8) and (2.15), we have

dljﬂ(f) < 2k0‘(l)f(0'(t))6’2 (1)Y, (l)"'a"(f)g(a(t))é’z(t),DzD[_

The above inequality implies the following estimation for Y] (t) :
Y, (1)< (¢). 001 (2.16)
Where 6, (t) as defined in (2.3), thus from (2.6) and (2.16) we have

=<a'(t)f(a(r)6(r).0:01. (2.17)
By taking ¢ = s in (2.17) and integrating (2.17) from 0 to ¢, we get
u(t)<z(1)<u? (0)+[ar (s) £ (a(s))8 (s)ds, DL

The estimation (2.2) of unknown function in the inequality (2.1) is obtained.

Application

In this section we give an example for the application of our Theorem 1 to the following retarded
differential-integral equation

(1) = (t.x(e). K (a () x (a (1)) K (1.x())) 1 01, =[10,20).x (1) = 3, 3.1

dt
where a(z) satisfies a(t)St,0<a'(t)S1 and a(to):to. We assume that KDC(IO,R),

HOC(1,,RxR) and
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H (2 (r). K (@ (r).x(a (1)) & (1.x(0))) = & (@ (1) x(a (1))

+f(a(t))(J':(f)g(,1) ¢(x()l))+J':K(r,x(r))dr)d/1). (3.2)
& (2,x (1)) < £ (1) @ (x(2)). (3.3)

where f,g are nonnegative real-valued continuous functions defned on /.

2u, + a(t)K(r,x(r))dr)

fy

Corollaryl. Consider nonlinear system (3.1) and suppose that ¢.¢ OC' (IO,IO) be increasing
functions with ¢ (t) <k,UtU1; and K,H , satisfy the conditions (3.2) and (3.3), then

‘x(t)‘Sug +j0ta" (s)f(a'(s))Hl(s)ds, O:01,. (3.4)
Where 6, (t) is given by (2.3) in Theorem 1, u, = |xo|.
Proof. Applying Theorem 1 we get the estimation (3.16).

Summary

In the qualitative analysis of some classes of differential equations, it is necessary to seek some new
inequalities in order to achieve a diversity of desired goals. In current paper we study retarded
differential inequalities and give corresponding estimations of the unknown functions, which provide
explicit bounds used as tools in the study of boundedness, uniqueness, continuous dependence of the
solution of initial value problem of a differential equation. We also give an example to illustrate the
effectiveness of our results in estimation of solutions of some differential-integral equations.

Acknowledgements

This research was supported by National Natural Science Foundation of China (No. 11161018),
Guangxi Natural Science Foundation of China(No. 0991265 and 2012GXNSFAA053009), Scientific
Research Foundation of the Education Department of Guangxi Province (No. 201106LX599 and
201204L.X423), and the Key Discipline of Applied Mathematics of Hechi University (200725).

References

[1] T.H. Gronwall: Ann. of Math. Vol .20(1919), p. 292

[2] R. Bellman: Duke Math. J. Vol. 10(1943), p. 643

[3] A. Abdeldaim, M. Yakout: Appl. Math. Comput. Vol. 217(2011), p. 7887



