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Abstract

In this paper we present the Stern—-Brocot tree as a basis for performing exact arithmetic
on rational and real numbers. We introduce the tree and mention its relation with continued
fractions. Based on the tree we present a binary representation of rational numbers and inves-
tigate various algorithms to perform exact rational arithmetic using a simplified version of the
homographic and the quadratic algorithms [19, 12]. We show generalisations of homographic
and quadratic algorithms to multilinear forms in n variables and we prove the correctness of
the algorithms. Finally we modify the tree to get a redundant representation for real numbers.
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1 History

Recently exact arithmetic has been considered as a suitable approach to the problem of dealing
with round-off errors and building more reliable and versatile programming tools for computation
with rational and real numbers. According to this approach, real numbers are represented as an
infinite stream over a finite or infinite alphabet and the computation over them is done in a lazy
manner': in order to compute a function on a real number, we start absorbing the first element of
the stream representing the real number. At each step we output an element of the output stream
or we may need more information about the input, in which case we absorb the next element of
the input stream.

There have been many theoretical and practical instances of applying this idea. A rather
general theoretical approach is taken by Konecény [8], where the limitation theorems for IFS-
representations of real numbers is given. IFS-representations are representations of real numbers
using an infinite composition of contracting functions on a compact interval. These include the
representations by means of Mobius transformations that is developed by Potts and Edalat [15, 4].
Potts and Edalat’s work generalises earlier works by Gosper [5], Vuillemin [19] and Menissier-
Morain [12]. Gosper, in his famous unpublished work [5], showed how to add and multiply two
continued fractions. He introduced the idea of using homographic and quadratic algorithms. His
algorithms are presented for regular N-fractions of rational numbers and were the first instance
of exact arithmetic on rational numbers. Later Vuillemin [19] adapted the algorithms to work for
a redundant representation of real numbers using continued fractions. Kornerup and Matula [9]
presented a binary version of Gosper’s algorithm on a bit-serial arithmetic unit. Their binary
encoding of continued fraction expansion was a lexicographic one and they could use it to obtain
a redundant representation for real numbers [10]. Our approach in the present paper is similar
to the one by Kornerup and Matula. We introduce a binary representation of rational numbers
based on continued fractions and we expand it to a redundant representation for real numbers.

Our basis is the Stern Brocot tree which was first discovered by 19th century German mathe-
matician Moritz Abraham Stern and French clockmaker Achille Brocot [3, 17, 7]. The tree itself

L Also called: on-line, call-by-need, corecursive, coalgebraic, etc..



is a symmetric mathematical structure with remarkable algebraic and combinatorial properties.
It was recently reintroduced by Graham et al. [6]. Bates [1] studies the tree thoroughly and
compares it with other similar combinatorial structures such as Farey sequence, hyperbinary tree,
Gray-code sequence and paper folding sequence. Both in [6] and in [1] a binary representation
for positive rational numbers based on the tree is introduced. This representation basically boils
down to the unary encoding of the regular continued fraction expansion of rational numbers and
is presented in Raney [16]. Raney uses this binary representation to devise the homographic algo-
rithm on continued fractions and he makes use of finite-state automata called transducers. Liardet
and Stambul [11] present the quadratic algorithm using Raney’s transducers and generalise it
to compute rational functions involving continued fraction expansions. Bertot [2] discusses the
fact that by taking this binary encoding for rational numbers one can simplify the complexity of
mathematical proofs.

In Section 2 we introduce the Stern Brocot tree and some of its basic properties. We also
consider the binary representation obtained from the tree. In Section 3 we show the relation
between Stern—Brocot representation and continued fraction expansion. In Section 4 we show the
exact rational arithmetic on the binary Stern—Brocot representation. This is done by presenting
homographic algorithms (Section 4.1) and quadratic algorithms (Section 4.2). There we also
generalise these algorithms to the case of more than two variables to get multilinear algorithms
in Section 4.3. In that section we also present a proof of correctness of these class of algorithms.
In Section 5 we modify the Stern—Brocot tree to get a ternary redundant representation which is
suitable for computation with real numbers.

2 Introduction

The Stern Brocot tree is the full binary tree in which all nodes are labelled in such a way that
each positive rational number occurs exactly once. The tree is ‘hanging on a rope between zero
and infinity’. Projecting the tree vertically will provide the usual ordering of the rationals. For %

and ’q’—i we define the mediant of them to be the fraction ’(;i—f;;. We refer to 2_11 and ’q’—i as parents

of 2:1—;’;. In this tree every row consists of the fractions that are mediants of elements of previous

rows. We start to write the two pseudo-fractions % and %, we proceed to construct the tree row

by row. The first row is the mediant of the two initial pseudo-fractions, that is % = % We
write this mediant in the middle of the initial pseudo-fractions. The second row consists of the
mediant of (¥, 1) and the mediant of (1, +). We continue in this way and each time we choose two
fractions which don’t have anything vertically between them and we place their mediant in a new
row and vertically in the middle of its two parents. This construction is illustrated in Figure I.
The resulting tree has many interesting properties. We mention some of the basic properties here.

For a proof of this lemma and more properties including some combinatorial properties see [6, 1].

Lemma 2.1
i) All the fractions occurring in the Stern Brocot tree are irreducible.

ii) Every positive rational number occurs exactly once in the Stern Brocot tree.
Proof.  See [6, pp 117-119]. O

From Lemma 2.1.ii it follows that the Stern—Brocot tree is an enumeration of the positive
rational numbers. It has already been observed [6] that this property can be used to give a binary
encoding of positive rational numbers. We start from the root of the tree and we represent ]l
by the empty sequence. To encode an arbitrary fraction, we find it in the tree and consider the
path from the root to that fraction. We obtain the encoding by starting from the empty sequence
in the root and adding L each time we go to left and adding R each time we go to right. For
example the representation of % is LLRRL. Conversely, given a finite sequence of Rs and Ls
we can use it to locate the corresponding fraction in the tree, simply by starting from the root
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Figure I: The Stern—Brocot tree

and going to the left each time we encounter an L and going to the right each time we encounter
an R. For example the fraction corresponding to RLRLR is 18—3. We call this the Stern Brocot
representation of positive rational numbers and throughout the rest of the paper we try to give
a computer friendly treatment of this specific representation. First we fix some notations. Let
¥ = aq,an,...,a, be afinite set. By ¥* we denote the set of finite strings of elements of 3. By X¢
we denote the set of of infinite streams of elements of 3. The nonempty set A is a representation
if it is a subset of ¥* U X for some X. Let A be a representation. Let 4,6’ € A, if § is finite then
04" is the string concatenation of § and §’. By |, we mean the string consisting of the first n
elements of ¢ and d(n) means the nth element of §. We say that ¢’ is an initial segment of § and
denote it by ¢’ C ¢ if there exists 8" € A s.t. § = §'6". If a € ¥ is an alphabet and 6 € A is an
string, then ad denotes the string obtained by prepending « to the beginning of §. We denote the
empty string by [].

Next we show how to find the Stern Brocot representation of a positive fraction without
traversing the Stern Brocot tree.

Definition 2.2 Let SB = {L,R}* be the set of finite strings generated from two letters L and
R. We define the following injection from the set of positive rational numbers Q to SB:

7:Qt — SB
(] im=n
I—%—l — Ll—nTm—l ’m <n
R™T22T m>n

For every x € QF we call "z € SB the unsigned Stern Brocot binary representation of x or in
short the SB-encoding of x.

Note that we do not require ged(m,n) = 1. As a corollary to Lemma 2.1 one can prove that
rna=r ’Z’ZL’ 1. Moreover the following important property holds which links the Stern—Brocot tree
and the Stern—Brocot representation:
Lemma 2.3 The outcome of the function "_" is the same as traversing the Stern Brocot tree and
following the left and right branches at each step.

Proof. See [6, pp 120-122]. O



Next we define the inverse map that given any binary sequence in SB returns the corresponding
rational number.

Definition 2.4 Let 0 € SB. We define the map [_]: SB — Q7 as the following:

[ =t

[Lo] = Ll

[Ro] :=[o]+1

The following lemma tells us that "7 and [] are inverse to each other and hence we have a
bijection between positive rational numbers and finite binary sequences. The proof follows from
the definition by a simple case analysis.

Lemma 2.5 ("_" is a bijection.) The function [] is an injection from SB to Q" and moreover

is the inverse of "_:
Yg e QF [[¢]l=4q, VoeSB [o]" =o0.

It is easy to equip the set SB with a sign bit to get the entire . We define the following data

type:
SSB = ZERO | POS SB | NEG SB

We call this new set the signed Stern—Brocot representation.

Definition 2.6 We extend the "7 and [.] functions to the entire Q and SSB. For example if
q € Q by "¢ we mean the image of ¢ in SSB:

ZERO q=0,
Tqg7: =< POS "¢" 0<aq,
NEG "(—q¢)” g <0.

Thus the set SSB is isomorphic to Q. Now we are interested in transferring the computations on
Q to computations on SSB. In other words we seek a way of equipping the set SSB with algebraic
operations and relations such that they are more efficient than usual addition and multiplication
on Q as a set of pairs of integers. One important property of SSB is that it is inductively defined,
so we can define functions over SSB by recursion. Note that we do not use quotients in defining
SSB, as we do in the usual definition of QQ as set of pairs of integers. Thus, our goal is to define,
by recursion, suitable addition and multiplication over SSB. We will do this in Section 4. After
that one might want to extend the set of finite sequences to contain all infinite binary streams and
consider the set SSBY = {L,R}“. As expected, this set coincides with the set of real numbers
and corresponds to the infinite branches in the Stern—Brocot tree. But this representation is not
computationally suitable. We will investigate this in more details in Section 5.

3 Stern—Brocot Tree and continued fractions

There is an intrinsic connection between the Stern Brocot representation of a rational number =

and Euclid’s algorithm applied to m,n. By slightly changing the definition of "™ we can get a
new function which calculates the ged(m,n).

ged'(,0) :Nx N+—— N

m m=n,
ged'(m,n) == ¢ ged' (m,n — m) m < n,
ged' (m —n,n) m > n.

This is the usual Euclid’s algorithm but instead of division (in fact instead of the mod function) we
only use subtraction. This analogy subsequently relates the Stern—Brocot and continued fraction
representation of a rational number:



Definition 3.1 (N-fraction) Let p,q € Z and ¢ # 0. Then [ag, a1, ..., ay] is the N-fraction of %,
if using Euclid’s algorithm we can find r; such that:

p = apq + 1o 0<rg<gq
q =a1To + 71 0<ri <ro
rg = asry+r O0<ro<r
Tn—2 = 0npTpn—1 +07

and r, 1 = ged(p, q).

It can be easily observed that in the N-fraction of any rational number, the first element is an
integer and the rest of the elements are positive integers. The following lemma presents the
connection between Stern Brocot representation and continued fractions.

Lemma 3.2 Let X = ROLORYLY ... R™" L be the binary Stern Brocot representation of the
positive rational number x. Then we have:

N-fraction of © = [P0, Jos 01, J1, 5 in, Jn + 1] gn > 0,
[i01j07i17j];"'7in+1] ]n:()

Proof.  See [6]. O

From this lemma it follow that there is a bijection from SB to the set of N-fractions of positive
fractions.

The relationship between the SB-encoding and Euclid’s algorithm can be seen as a justification
of the main property of Stern—Brocot tree expressed in Lemma2.1. More specifically, by inspecting
the above ged' function, the SB-encoding can be seen as keeping track of the number of times
numerator (resp. denominator) is larger than the denominator (resp. numerator) by outputting
L (resp. R) during the evaluation the greatest common divisor of numerator and denominator.
This in turn can be seen as coding the proof of the fact that the fraction is irreducible. In other
words irreducible fractions correspond to canonical proofs of the fact they are irreducible. This
analogy is explained in details by Bertot in [2].

4 Exact Rational Arithmetic

In this section we present the algorithms for computation with the Stern-Brocot representation.
According to Lemma. 3.2, there is a close relationship between continued fraction arithmetic and
Stern—Brocot representation. Inspired from algorithms for arithmetic on continued fractions we
devise our new algorithms directly on SSB. The main difference is that here we refrain from
using Euclid’s division and only use subtraction. First we define the homographic algorithm and
then quadratic algorithm. As in the case of continued fractions, each algorithm has two main
steps. We call them absorption and emission steps. In the absorption steps we ask for the first
bit of input(s). In the emission step we output one bit. The idea is to ask for bits of input and
produce bits of output as soon as possible. This is a typical lazy algorithm in which the program
may print the correct answer without absorbing all the terms of the input(s). The reason why
this is possible is simply the continuity (in our case for positive input) of the class of multilinear
transformation (cf. Section 4.3) which means by getting each bit of input we can approximate
the output; and if our approximation is precise enough — which in this case depends on the four
integer coefficients—, then we can firmly determine the ‘next’ element of output. We continue
in this way until we eventually run out of input or arrive at a stage where the rest of output is
independent of any additional input. This method was proposed by Gosper [5] for arithmetic on
continued fractions but is easily applicable to a wide variety of problems that deal with computing
a continued function, that is to say almost all algorithms in numerical analysis [15].



4.1 Homographic algorithm

A homographic transformation on rational numbers is a function of the form:

ax +b

ho (@) = cr+d

a,b,c,d € Z; M—{a b}.
c d

Throughout the rest of the paper we implicitly require that the denominators of all fractions are
nonzero. We never explicitly mention it even as a precondition to the algorithms. When there is
no risk of ambiguity, we omit the subscript that refers to the matrix of coefficients.

In this section our goal is to give an algorithm to compute the Stern Brocot representation
of Th([o])™ for 0 € SSB. Thus we are given a finite signed binary sequence and four integer
coefficients and we want to produce a finite signed binary sequence which is the Stern—Brocot
representation of h(z).

In order to present the algorithm we only need to assume o € SB, i.e. ¢ is the Stern—-Brocot
representation of a positive rational number. The algorithm that we obtain to compute "h([o])"
can be easily extended to an algorithm for computing "h([[7])" when 7 € SSB. This is simply
because if [7] = —[o] then:

01— ra[[T]] + b“l — r(ia)[[a]] + b“l = Thar ([o])7.

"hae([7]) [r] +d (—o)[o] +d

Hence we let o € SB. First we determine the sign of ha([o]). In the course of determining
the sign, each time we absorb input the coefficient matrix changes. Thus the algorithm that
determines the sign should not only output the sign but also the new coefficient matrix and the
remaining (i.e. not yet absorbed) part of the input. Next step is to devise an algorithm that given
the sign, the new coefficients and the remaining part of the input calculates the bits of the output.
We break this step into two simpler steps

e We devise an algorithm that assumes the numerator and the denominator are positive and
calculates the output bits. We call this the output-bits algorithm.

e We combine the sign algorithm and the output-bits algorithm to compute hys([o]) for o €
SB.

In the rest of this section we abbreviate the coefficient matrix [‘C‘ g] by M and we use the
following conventions: My := [“;” b;d], Mp = [cfa dfb], My, = [?IS Z] and Mg = [‘PL fi’g]
To compute the sign note that 0 < [o], so all we need to do is to check the sign of the two lines
ax + b and cz + d for positive z; in other words we have to check the sign of ’Tb and ’Td. To avoid
integer division, we only need to check the value of sgn a+sgn b and sgn ¢+ sgn d. Thus we define

the following function:

Definition 4.1 Let m,n € Z. We define the sum of sign of m and n to be
fi(m,n) = sgn m + sgn n.

Lemma 4.2
i) fi(m,n) >0 then Yz > 0mz +n > 0.
ii) fi(m,n) <0 thenVz > 0mz +n <0.

iii) fi(fi(a,0). fi(e,d)) =2 or fi(fi(a.b), fi(c.d)) = =2 then Yz > 0 225 > 0.

iv) fi(fi(a,b), fi(c,d)) =0 then Vz > 0 22 < 0.

Proof. This is a corollary to Lemma 4.14 which will be proved in Section 4.3 (]



ab

The sign algorithm is given below. The input is a matrix of coefficients M = [( d] and an

as b

Stern—Brocot binary sequence o € SB. The output is a triple (s, [CS dﬁ] ,Os) consiéting of the
sign, the new coefficients matrix and the remaining input. The algorithm is written in the form
of a recursive function 8_: Moyo(Z) x SB +— {0,+1, —1} x M5x2(Z) x SB:

Sign algorithm for a,b,¢,d € Z,0 € SB .

( (0, M, 1) if sgna+sgnb=0,
Saur([]) == (+1, M,[]) else if sgn a + sgn b = sgn ¢ + sgn d,
(—1,M,[]) otherwise.
( ((sgn a)(sgn ¢), M, o) ifd=0,
b= 0 (sgn a, M, o) else if fi(c,d) > 0,
1 =
(—sgn a, M, o) else if fi(c,d) <0,
S (o) otherwise.
( (sgn ¢, M, o) if fi(a,b) >0,
Sm(Lo) = i
ifd=0 (—sgn ¢, M, o) else if fi(a,b) <0,
i£h 40 S, (o) . otherwise.
(+1,M,0) if fi(fi(a,b), fi(c,d)) = £2,
ifd;/:() (717M7{7) else iffl(fl(avb)vfl(cad)):()a
L Sy, (o) otherwise.
( ( ((sgn a)(sgn ¢), M, o) ifd=0,
A (sgn a, M, o) else if fi(c,d) > 0,
ifb=0
(—sgn a, M, o) else if fi(c,d) <0,
Snig (0) otherwise.
S (Ro) = r‘ (sgn ¢, M, o) if fi(a,b) > 0,
ifd=0 (—sgn ¢, M, o) else if fi(a,b) <0,
b 40 Sy (o) - otherwise.
(+1,M,0) if fi(fi(a,b), fi(c,d)) = £2,
ifd#o (_11M)0) else iff1(f1(a1b)7f1(c7d)):07
Snig (0) otherwise.

For the output-bit algorithm we assume that we are given a matrix of coefficients [‘PL 2] and

an Stern Brocot binary sequence o € SB. Moreover we need the precondition that if ¢ = [] then
a+b>0and ¢+ d > 0. This is because in this algorithm in case ¢ = [| we are going to evaluate

the Stern—Brocot representation of ?13

Definition 4.3 Let m,n,p,q € Z. We define the predicate
Qljl(m’:n:p:q) = (p < mAq< n) \ (p <mAgq < 77,).

We use these trivial properties in our algorithms:

Lemma 4.4
i) If 1 (m,n,p,q) thenVx > 0mz +n > pxr +q.
i) If =1 (m,n,p,q) A =1 (p,q,m,n) then 3z > 0 mz + n = pr + q.

The output-bit algorithm is given below. The input is a matrix of coefficients M = [‘; 3] and
a Stern Brocot binary sequence ¢ € SB. The output is a Stern Brocot binary sequence o € SB.



The algorithm is written in the form of a recursive function B_: Msx2(Z) x SB —— SB:

output-bit algorithm for a,b,c,d € 7,0 € SB .

b
Bar([]) =T
R (Bary (Lo))  if 41(a,b,c.d),
By (Lo) := ¢ L (Buy, (Lo)) else if ¥1(c,d,a,b),
By, (o) otherwise.
R (Buy(Ro))  if ¢i(a,b,¢,d),
Bu(Ro) := S L (Bup (Ro)) else if ¥1(c,d,a,b),
Bug (o) otherwise.

At this point we have to combine the above algorithms and obtain the homographic function.
The input is a matrix of coefficients M = [‘CL g] and a Stern—Brocot binary sequence o € SB.
The output is a signed Stern—Brocot binary sequence. First we calculate 8y/(0) and we assume
that the result is (s, My, 0) where M, [( f’i ]. Furthermore we use the following conventions:
M; = [:‘; :Z], M, [ . b ] and M, [*““ jib ] The algorithm is written in the form

= —cs —dg Cs
of a function H_: Moyo(Z) x SB— SSB. No‘re that there is no recursive calls in this function:

homographic algorithm for a,b,c,d € Z,0 € SB .

( ( F21 ife#£0
if ad = be 1 70,
'—%—' otherwise.
(ZERO if s =0,
Hu (o) = o1 POS B, (0s) if as + b > 0,
if ad # be POS BM; (0s) otherwise.
e 1 NEG BM; (0s) if as + bs > 0,
NEG 3M§2 (os) otherwise.

The following theorem shows the correctness of the algorithms above. The proof of this theorem
will be given (in a rather general form) in Section 4.3:

Theorem 4.5 Let hy(z) = ffj_s

where M = [‘j S] € Myxo(Z). Let o € SB.

i) Assume Sy(0) = (s, Mg, 05). Then s = sgn hy([o]).
i) Ifa+b>0 and c+d >0 then "hy([o])" = Bum (o).

iii) Thar([o]) = Har(0)

4.2 Quadratic algorithm

In this section we give a synchronised algorithm to compute addition and multiplication of two
SB-encodings. To do this we consider the following general quadratic transformation:

axy + bzx +cy +d
exy + fr+gy+h

a b ¢ d
qA(w7y)7 a7b:c7d7e7f7g7h€Z andT[e f g h,:|
We denote the set of 2 x (2 x 2) tensors with integer elements by 75, (2x2)(Z). One could
consider a 2 x 4 matrix instead of a tensor. We use the term tensor to be consistent with the
existing literature.



By considering the quadratic functions, we have a much more general algorithm and by taking
special tensors for 1" we obtain the algorithms for basic arithmetic operations.

To=l0 00 1] =000
o= 00 1) ®=00 1 0]
And we define arithmetic operations on SSB as:
@ : SSB x SSB — SSB, ® : SSB x SSB — SSB,
{ o1 ® 09 1= "qry, ([o1]; [02]). { o1 ® 02 :="qry ([01], [o2]).

{ & : SSB x SSB +— SSB, { © : SSB x SSB +— SSB,

o1 © 02 := "qr, ([o1], [o2]). o1 @ 02 :="qr, ([01], [o2]).

This algorithm is very similar to the homographic algorithm of the previous section. Once
again it suffices to assume 01,00 € SB, i.e. 07 and o2 are the Stern Brocot representation of
positive rational numbers. The algorithm we obtain to compute "g([o1], [o2]) ™ is easily extendible
to an algorithm for computing "q([71], [72])" when 7,7 € SSB. There are three different cases
to consider according to whether one or both of 71,7 being negative?.

Hence we assume 01,05 € SB are given and we proceed exactly the same way as the in previous
section. In the rest of this section we denote by T the coefficient tensor [‘j ;)c 9 ;f] and we use the
following convention for the modified coefficient matrices after absorption of inputs or emission of

output:

e+f+g+h f+h g+h h etg e+f+g+h g g+h e+f f e+f+g+h f+h

_ | aa+b atec at+b+c+d _ |a—eb—f c—g d—h
TRR_ [e e+f etg e+f+g+h:| TN— |: e f g h :|

ToL = [a+b+c+d b+d ct+d d] Tir = |:a+c atbtetd ¢ c+d] Tre = [a+b b atbtctd b+d]
— a b c d
TD - [efa f—bg—c hfd] .

First we determine the sign of ¢y (Jo1], [o2]). In contrast with the sign algorithm for the
homographic function we absorb the bits from both inputs. The algorithm that determines the
sign should not only output the sign but also the new coefficients matrix and the remaining part
of both inputs. Then we present the output-bit algorithm that for a positive numerator and
denominator emits the outputs.Finally the quadratic algorithm combines the sign algorithm and
the output-bits algorithm to compute ¢r([o1],[o2]) for 01,00 € SB. First we need a definition

similar to the Definition 4.1:

Definition 4.6 Let m,n,p,q € Z. We define the sum of sign of m,n,p and q to be fo(m,n) :=
sgn m + sgn n + sgn p + sgn q.

Lemma 4.7
i) fo(m,n,p,q) > 2 then Yo,y > 0 mzy + nx + py + ¢ > 0.
i) fa(m,n,p,q) < —2 then Vo,y > 0 mzy + nzx + py + ¢ < 0.

”1’) f](fQ(a7b-,C7d)b_ 2:f2d(e7f7g7h) - 2) =2 or f](fQ(qu.‘C,d) +2:f2(e7f7g7h) +2) = —2 then
ary+bx+cy+d
Ve,y >0 7em;”+fm+gz+h > 0.
w) fi(f2(a,b,c,d) — 2, fale, f,9,h) +2) = 0 or fi(fa(a,b,c,d) + 2, fa(e, f,g,h) —2) = 0 then

azy+br+cy+d
Ve,y >0 eyt Frtovth < 0.

2For example if [11] = —[o1] and [r2] = [o2] then:
ra[n]lel+bnl+er]+d, _  (za)[o1]lo2] — blor] + cfo2] +d |
e[ri][r] + flmi] + glm] + A (=e)[o1]lo2] — flo1] + glo2] + R

Tar([m], m)" = ="gqr ([o1]; [o2]) "



Proof.  This is a corollary to Lemma 4.14 which will be proved in Section 4.3 g

The sign algorithm is given below. The input is a tensor of coefficients 7' = [ ¢ 5} 9 ,’f] and two

Stern Brocot binary sequence 01,09 € SB. The output is a quadruple (s, Ts, 01,,02,) consisting
of the sign, the new coefficient tensor and the remaining parts of both inputs. The algorithm
is written in the form of a recursive function 8y_ : Thy(2x2)(Z) x SB x SB +— {0,+1, —1} x
Tsy(2x2)(Z) x SB x SB.

In the following let A, = {fi? ;iﬂ, Ay = {fj_; ?iﬂ, Sa,(01) = (s1,Bs,,0s,), Sa,(02) =
(s0,Bs,,05,), By, = [ ”} and B,, = [“ f,} Let Tp, = [0 ‘”’”} and Tg, =

Csqy dsy Cso sqy 0 cs; 0ds,y
00 as, bs
[00 Csj dsz:|' Let K1 = fg((l,b,(f,d) and R = f?(eafagah‘):

Sign algorithm for a,b,c,d,e, f,g,h € Z,01,00 € SB .

( SQT(Ulu []) = (517Tﬂsl 3 Os1s [])
821([], 02) := (82, Th,,, [],0s5)

SQT(O'l,UQ) =

(((sgn a)(sgn e),T,01,02) if f=g=h=0,

A (sgn a,T,01,02) else if k3 > 2,
ifb=c=d=
(—sgna,T,01,02) else if Ky < —2,
Xr(o1,002) otherwise.
( (sgne, T ,o1,02) else if k1 > 2,
if f=g=h=0 (—sgne, T, 01,02) else if k1 < —2,
Xr(o1,02) otherwise.
. (+1,T,01,02)  if fi(k1 —2,k2 —2) =2
otherwise
V(s + 2,52 +2) = =2,
otherwise (-1,T,01,02) else if fi(k1 —2,k2+2) =0
\/fl(ﬁ‘,l -|— 2, K2 — 2) = 0,
Xr(o1,02) otherwise.

The function X_: Thy (2x2)(Z) x SB x SB +— {0, +1, 1} x T5 (2x2)(Z) x SB x SB is defined
by pattern matching on the head element of input. This function is actually the recursive step in
the S8;_ function and is also the step in which we absorb the head elements of inputs. Note that
at each call to this function we absorb the head element of both inputs simultaneously®:

Xr (Lo, Lob) = Sary, (01,0%)

Xr(Loi, Rob) == SQTLR(U;,U;)
Xr(Rot, Lob) = Sarg, (01, 05)
Xr(Roy, Roy) = Sargy (01, 0%)

Next we give the output-bit algorithm. Assume we are given a tensor T of coefficients and a
Stern Brocot binary sequence ¢ € SB. Moreover we need the precondition that if one of 1 or
o9 is the empty sequence then a+b+c+d>0 and e+ f+g+h>0. This is because in this algorithm
we are going to evaluate the function B of the previous section, which had a similar precondition.
First we need a generalisation of the Definition 4.3:

3There are other absorption strategies possible but we don’t consider this issue in this paper. For a discussion
of possible absorption strategies we refer the reader to [15, Ch. 11].
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Definition 4.8 Let m,n,p,q,r,s,t,u € Z. We define the predicate:

Yo(m,n,p,q,r, s, t,u) :=(r <mAs<nAt<pAu<q)Vir<mAs<nAt<pAu<yq)
Vir<mAs<nAt<pAu<q@V(r<mAs<nAt<pAu<yq)

Lemma 4.9

i) If Yo(m,n,p,q,r, s,t,u) then Vo, y > 0 mzy + nx + py + g > roy + sz + ty + u.

“’) If _'1/)2(m7n:p7 q.T, s, t,U) A _'1/)2(m7n:p7 q,T, s, t,U) then

dz,y > 0may +nx +py +q =rzy + sz + ty + u.

We are ready to present the output-bit algorithm. The algorithm is given in the form of a
recursive function By_: Thy (2x2)(Z) x SB x SB +— SB:

output-bit algorithm for a,b,c,d,e, f,g,h € Z,01,00 € SB .

BQT(”la []) = BA1(‘71)
Bor([],02) := Ba,(o2)

R (BZTN(UI,UQ)) if 11)2(a,b,67d,€,f,g,h),
BQT(UI,UQ) = L (B2TD (0'170'2)) else if wQ(ea.f7g7h)a)ba c, d))

X'r(o1,02) otherwise.

The function X'_: Ty (2x2) (%) x SB x SB —— SB is defined by pattern matching on the head
element of input. This function is in fact the recursive step in the By function where we perform
the recursion on the input sequences:

X'r(Lot,Loy) := Bary, (07, 03)

X'r(Loy, Roy) = BQTLR(UIhU‘IZ)
X'r(Roy, Loy) = Borg (o1,0%)
X'7(Rot, Rob) 1= BQTRR(U;7U’2)

Next we have to combine the above algorithms and obtain the quadratic function. The input
is a tensor of coefficients and two Stern—Brocot binary sequences 01,09 € SB. The output is
a signed Stern—Brocot binary sequence. First we calculate S8ap(01,092) and we assume that the

result is (s,7Ts,01,,02,) where Ts = [‘j ; P s ] Furthermore we use the following conventions:

— _ | —as —bs —cs —ds - as bs cs ds — _ | —as —bs —cs —ds
Ty = |2 2fF =g 7h5]= T,, = [,ES iy S ,hs] and T, = | 1= = = 0 |. We also need to

define a predicate which generalises the notion of singularity for non square matrices (in our case
the 2 x (2 x 2) tensor):

Definition 4.10 For T = [¢ } ¢ /'] we define the predicate same_ratio (T) as:
same_ratio (T') :== af =be ANbg =cf Nch =dg A ag = ce A ah = de A\ bh = df.

The algorithm is written in the form of a function Q_: Ty (2x2)(Z) x SB x SB +— SSB. Note
that there is no recursive calls in this function:

11



quadratic algorithm for a,b,c,d,e, f,g,h € Z,01,00 € SB .

( ( rdn if h #0,
if same_ratio (T) "y ifg#0,
LY fA0,
("7 otherwise.
Qr(01, 02) = (ZERO if s =0,
Fs—1 {POS Bor, (01,,02,) if as +bs +c¢cs +ds >0,
otherwise POS BQT; (o1,,02,) otherwise.
a1 {NEG 327“.; (01,,02,) if as +bs +c¢cs +ds > 0,
| | NEG BQT;Q (01,,02,) otherwise.

To conclude this section we mention the following theorem which shows the correctness of the
above algorithms. This will be a corollary to the Theorem 4.21 of the next section:

Theorem 4.11 Let gr(z) = % where T = [¢ ;’c p ‘e Tsx(2x2)(Z). Let 01,02 € SB.

i) Assume Sar(01,092) = (5,Ts,01,,09,). Then s = sgn qr(Jo1], [o2])-
i) Ifa+b+c+d>0ande+ f+ g+ h >0 then "qr([o1], [o2])" = Bar(o1,02).

iti) "qr([o1],[o2])” = Qr(o1,09)

4.3 Multilinear Forms

Looking back at the algorithms of the previous two sections, we can observe that the quadratic
algorithms are obtained by generalising the homographic algorithms to two variables. The passage
from functions Sy; to 8o, from By to Bar and from Hys to Qp is straightforward. Another
generalisation, perhaps less clear, is the way the homographic algorithm is a generalised form of
the "_7 function of Section 2.

The main purpose of the present section is to give a unified proof of the Theorems 4.5 and 4.11.
In order to do that we introduce the class of multilinear functions of n variables. Next we explore
a general form of the aforementioned algorithms which given a list of n Stern Brocot binary
sequences, compute a multilinear fractional form of n variables. This generalised algorithm is not
necessarily very efficient as we only pay attention to the mathematical properties of the functions
and sometimes we assume that certain subroutines are given without explicitly mentioning them.

Definition 4.12 We define the family £,, of multilinear polynomials of n variables recursively as
follows:

1. £ =17.
2. Lo, Ty Tng1) = Tp1 L (1, 20) + Lo (21, .., 20)
IfL, L, €L, wecal u, = LL," a multilinear fractional form of n variables.

In other words a multilinear polynomial of n variables is a polynomial that is linear with respect
to each subset of its arguments. As an example,

Li(z,y,2) = avyz + bxy + cyz +dez+ex + fy + gz + h

is a member of £3. Note that rational numbers are multilinear fractional forms of 0 variables,
and homographic and quadratic functions are multilinear fractional forms of respectively 1 and 2
variables.

12



To generalise the quadratic algorithm we consider the following form:

Ly(z1,...,20)
T1,...,Ipn) = ———— L, L',€L,.
/j’n( 1, ) n) L’n(ﬂfh 73371)7 nybn n
Throughout the rest of the section we assume that ag, ..., asn are coefficients of L, (x1,...,z,)
in ascending order (i.e. aq is the constant and as» is the coefficient of the monomial with n
variables). Similarly we show the coefficients of L',,(z1,...,2y) by bo,...,ben. This way we can
arrange the coefficients in a 2 x 2" tensor:
agn aon _1 ... Qo
T =
" an b2"71 . b()

Instead of considering the tensor as an n + 1-dimensional cube, we consider it as a rectangu-
lar 2 x 2™ matrix. We explicitly mention the tensor whenever we have a multilinear fractional
form. Next we want to present the algorithm that given o1,--- ,0, € SB calculates the function
“ting, ([o1], ..., [on])". In order to be able to do that we need to fix some conventions.

We present some notations for the tensors of modified coefficients whenever we absorb from
input or emit an output bit. For absorbing we always follow the simultaneous absorption strategy,
which means that we absorb the head bit of all n input sequences at the same step. This way
we have 2" different cases with respect to the head bit of each of n input sequences. In order to
encode this we consider the lexicographic ordering on the n element binary sequences of Ls and
Rs. We show this by the sequence 7y, ..., 7. For example:

m=LL---L, my=LL---LR, mp.—s,; =LLLR L---L .
—_—— S ——
n times n—1 times n—4 times

As an example in the case of quadratic function, we have 4 absorption tensors which were
mentioned in Section 4.2 as Tir, Tur, Tri and Trr. By tensor T, we mean the tensor of
coefficients after absorbing the head elements of the n input sequences, where those absorbed
elements are m;(1),m;(2),...,m(n). For example T, denotes the tensor of modified coefficients
where all the inputs start with L. We use the transformations given in Definition 2.4 to calculate
the new coefficients. If we define ¢(L,z) = 75 and ¢(R,z) = = + 1, one can see that if oy =

mi(k)oy, (i.e. if o' is the tail of ¢); then ¢(m;(k),[o}]) = [ox] and:

3

ttn, (1], [00]) = ptng, ((m:(1), [01]). -, b(mi(n), [0,]))
= ,UnT,,l. ([[Ull]] T [[U;]])

This equation shows that given m; and T),, one can always calculate T7,. In this section we
do not give an explicit algorithm for this, but we assume that such an algorithm is given. It is
obvious that in the case of homographic and quadratic algorithm no algorithm is necessary as we
are only dealing with 2 (resp. 4) tensors.

As a next step we present the emission tensors. Unlike in case of the absorption tensors,
here independent of n we always have two emission tensors. That is because at any step in the
output-bit algorithm we output L if the numerator is less than the denominator and we output R
if denominator is less than the numerator (cf. Definition 2.2). If we can not decide which of the
numerator or denominator is bigger then we absorb more input. Thus we denote the two emission
tensors by Tp (for the case of outputting L) and Ty (for the case of outputting R). Each time we
output an L bit, we subtract the numerator from the denominator and each time we output an R
we subtract the denominator from the numerator (cf. Definition 2.2). Thus the emission tensors
become:

(4.12.1)

a9n aon _1 e aq aon — b2n e ay — bl
Tp = Tn =
bon —agn bon 1 —agn 1 -+ by —ay ban by

Next we generalise the functions f; and fs.
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Definition 4.13 Let my,--- ,mon € Z. We define their sum of sign to be fn(mi, -+ ,maon) =
sgnmy + - -+ Sgn man.

We use the sum of sign as a criteria to determine the sign of the multilinear polynomial whose
coefficients are my, - -- ,mgn. This is shown for simple cases in the lemmata 4.2 and 4.7 and more
generally in the following lemma:

Lemma 4.14
i) folay, -+ ,agn) >2" — 2 then Vay, - ;290 >0 Lp(ag, - ,a22) > 0.
i) folar, - ,a9n) < —2"+2 thenVay, - ,xon >0 Ly(ay, - ,a9n) < 0.

7/“/) f](fn(alz"' 7a2") - (2n_2)fn(b1 :bQ") - (271_2)) =2or
filfa(ar, -+ a2 ) + (2" —2), fu(by, -+ ,ban) + (2" — 2)) = —2 then
Vay, - ,man > 0 pp(x1,- -+ ,men) > 0.

w) fi(fn(ar, - a9n) — (2" = 2), fu(by, -+ ,b2n) + (2" = 2)) =0 or
filfular, -+ a2 ) + (2" = 2), fr(by, -+ ,ban) — (2" = 2)) = 0 then
Vay, - xan >0 pup(x1,- -+, 22n) <O.

Proof.

i) if fo(ay, - ,a9n) > 2" — 2 then fp(ay, - ,a9n) =2" — 1 or fp(ag, - ,a9.) = 2"
Thus we have at least 2" — 1 of aq,- -, asn are greater than zero and none of them is
less than 0. In either of the 2" + 1 cases the desired inequality holds.

ii) similar to i.

iii) Assume fi(fn(ar, - ,a9n) — (2" = 2), fu(b1, -+ ,ban) — (2™ — 2)) = 2 then
fo(fn(ar, -+ a9n) > (2" —2) and fr (b1, -+ ,bon) > (2" —2)). If 21,- -+ ,x2n >0 by i
we have L, (ay, -+ ,a9n) >0 and L) (b1, - ,ben) > 0 and hence py,(z1,- - ,z9n) > 0.
The case fi(fn(a1, - ,a9n) + (2" —2), fu(b1, - ,ban) + (2" — 2)) = —2 is similar.

iv) similar to iii.
g

Next we present the general case of the sign algorithm. The input is the number of the
variables n, the tensor T, and the n Stern—-Brocot binary sequences o1, -+ ,0, € SB. The output
is an n + 2-tuple (s,T,,,01,, - ,0n,) counsisting of the sign, the new coefficients tensor and the
remaining parts of the n input sequences. We present the algorithm in the form of a recursive
function 8,, : Toxon (Z)x SB™ +—— {0, +1, —1} X Tox9=(Z) x SB™. The recursion is on n as well as
the input sequences. First of all when n = 0 then 8 is just determining the sign of the fraction 3.
In this case there is no input string so we output ((sgn a)(sgn b),[3]). For the case n > 0 we have
to introduce some special tensors to deal with the case in which the input sequence o; (1 <i < n)
is the empty sequence.

Definition 4.15 We denote the 2x27 ! tensor of the coefficients of (21, -+ ,2i 1,1, Zig1, " ,Tn)
by A;. We assume that the outcome of 8, 1 (A4;,01, -+ ,04_ 1,041, -+ ,0y) is of the following form:
(SiaBSi:USU 05190840577 J(Tsn);

where By, is the new 2x 2" ! tensor of coefficients. From B,, we construct the 2 x 2" tensor T, .
i
The tensor T),, is a tensor whose 2"~ columns corresponding to the monomilas not including
Sq

x; are the columns from By,, and the other 27! columns are 0. As an example the tensor T;;ﬂ1
of Section 4.2 is obtained in this way.
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When the input sequence o; (1 < i < n) is the empty sequence, it means that one input
sequence has vanished. Thus in order to calculate u, we can consider the coefficients of the
monomials in which this vanishing variable occurs to be 0 4. This way, using the above notation,
we output (as part of the output n+ 2-tuple) the tensor T3,,, . We mention some useful properties
of the matrices 4; and Ts,,: '

Lemma 4.16 Let o; = [| and A;, By, and Tg,, be defined as in 4.15. Then

0) Bnt, (1, T, Tigt, Tn) = f, (E1, 7 Tim1, L T, L T).
i) fn-1g,, (T1, X1, Tig1, 7+ Tyy) = Hnr,,, (1, @i, LT, -+, Tp)-
Proof. Immediate by induction on n and unfolding the definitions. O
In the following algorithm we use the shorthand notation k1 = fy(ai, - ,a9) and ko =
Jr(br, - ban).

Sign algorithm for n variables.

(S0 (T,01,++ ,0i-1, (], Cit1, -+ ,00) = (Si’T"Bsi Tarr e Goi o Ooinns 5 Ten)
Sn(Tn,o1, - ,0n) =
r (((sgn asn)(sgn bon ), Tn, 01, ,00) i Vi < 2" b =0,
FVi<2"a; =0 (sgn aon, Thn,01, -+ ,0n) else if ko > 2" — 2,
(—sgn asn, Ty, 01, ,00) else if ko < —2" + 2,
(X, (01,7, 00) otherwise.
f (sgn bon , T, 01, ,04) else if r; > 2" — 2,
ifVi<2"b;, =0 (—sgn ban, Tn,01,--- ,00) else if k1 < 2" +2,
X, (01, ,00) otherwise.
otherwise (+1, T, 01, ,00) if fi(k1—(2"=2), k2—(2"-2))=2
Vfi(k1+(2"-2), ko +(2"—2))=
otherwise (-1, Tn,01,-- ,0n) else if fi(k1—(2"—2), K2+ (2" — 2))
Vfi(k1+(2"-2), ke —(2"—2))=0,
S\ \ Xnr, (01, ,0n) otherwise.

The function X,, : Toxan (Z) x SB" —— {0,4+1, —1} x Tox2n(Z) x SB" is the absorption step
and is defined by pattern matching on the head elements of the input sequences using the T,
tensors defined earlier in this section. If the head elements of the n sequnces are the the sequence
7; then:

xn(Tnvﬂ-z(l)U;a 771'1‘(7'1)0';) = S”(TT"HUQ’”' 70;1)

Next we turn our attention to the generalised form of the output-bit algorithm. First we
generalise the Definitions 4.3 and 4.8:

Definition 4.17 Let py, -+ ,pan,q1, - ,q2n € Z. We define the predicate:

Yn(pr,espomiqn, - sqon) =\ ((\ ax <) Aai < i)
1<i<2m ki

4That is to say, we consider pn(z1,---,%i—1,1,%iy1, -+ ,Tn) as another multilinear fractional form
!
(@1, @i—1,0, L5401, , Tn).
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Again we state those properties of these predicate that we use in the algorithm:

Lemma 4.18
i) If hp(ar, -+ ,agniby, - ban) then Vaq, -+ ,xan >0 Ly(z1,--+ ,29n) > L) (21, ,T9n).
@) If =hp(ar, - ,a9m; by, - ban ) Ay (by, -+ Lbansar, -+ ,agn) then

Jzy, - w90 >0. Lp(w1, -+ ,@on ) = L’n(ml,--- , Ton)

In the generalised output-bit algorithm, the input is the number of the variables n, the tensor T},
and the n Stern Brocot binary sequences oy, --- , 0, € SB. We present the algorithm as a recursive
function B,, : Toxan (Z) x SB™ +— SB. The recursion is on n as well as the input sequences and
the tensor of coefficients ®. In case one of the input sequences is the empty sequences, we need to
call the B,, _; function and perform the recursion on n. Since in the base casesn =1 and n = 2 we
had the precondition that for empty input sequences Lq(1), L} (1) > 0 and Ly(1,1), L5(1,1) > 0;
this precondition will mount to the case of arbitrary n. Thus if for some 1 < i < n the input
sequence o; is the empty sequence we need to require that L,(1,1,---,1) = Zil a; > 0 and
L (1,1,---,1) = Z?; b; > 0. Moreover note that in the case when one of the input sequences
is empty we have a recursive step on n with a different coefficients matrix. Hence we need the
following lemma which states that the preconditions are preserved during the recursive step:

Lemma 4.19 For a tensor T € Taxan(Z) by roun(T) we mean the sum of the elements in the
first row of the tensor and by rows(T) we mean the sum of the elements in the second row of the
tensor. Suppose row, (Ty,), rows(T,) > 0. Then rowg(A4;) > 0(k=1,2).

Proof.  A; is obtained from T,, by simplifying pin,, (21,--- 21,1, %41, -+, 2,) and writing it
as fn—1, (T1, - ,Ti—1,Tit1, - ,Tn). By induction on n one can easily see that during the
simplification, rowy (T},) remains equal to rows(A;). O

We are ready to present the output-bit algorithm for n variables.
output-bit algorithm for a;,b; € Z,0;, € SB, row; (T},), rows(T,) > 0.

‘B"(Tnaah"' 107;*17[]107;4‘11"' 7Uﬂ) = .Bn*1(Ai70—11"' yOi—1,0041," " 7Uﬂ)

R (Bu(Tn,o1,-- ,0n))  if ¢n(ar, - amiby, -+ ban),
Bn(Tn,01, + s0n) = L (Bn(Tp,01, -+ ,00)) else if ¥, (b1, ,bon;ar, -+ ,a9m),

x;’L (Tni 1, 10n) otherwise.

Where the function X}, : Toxan(Z) x SB"™ — SB is defined by pattern matching on the head
element of input similar to the above X,, function; an in the other absorption cases we use the
tensors T, defined earlier in this section:

xln(Tnaﬂ-i(l)o—;f o ,m(n)a%) = .B"(Tﬂ'i!o-; [ 1011)

Finally combining the above two algorithms we present the algorithm to compute the multi-
linear fractional form p,. Given n the number of variables, the tensors T, of the coefficients and
the Stern Brocot binary sequences, this algorithm will calculate p,,, ([o1],---,[on]). The main
steps are taken in the output-bit algorithm. We only need to make sure that when we call the
output-bit algorithm the preconditions hold. in order to achieve this we use the outcome of the
sign algorithm to correct the signs of the coefficients to satisfy the precondition. Thus assuming

5For this to work we need to define a well-ordering on the set of tensors. This is always possible (See the
discussion before Theorem 4.21 and [14])
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Asgn Qsgn _q - Qs

that 8,(Tyn, 01, ,0n) = (8,Tn.,01., "+ ,0n,), and that T,,, = |, bss we use the

notations T,;,T;Sl and T;Sz to denote the modified versions of the T}, tensor. In T, we negate

son Son _q

all the elements of the tensor 7),,. In T,., (resp. T,;Q) we negate only the elements in the second

row (resp. first row) of Ty, (cf. T, T, and T, in Section 4.2). Next we present the generalised
form of the Definition 4.20:

Definition 4.20 For T,, = |2, ;2" ' Zg] we define the predicate same_ratio (T},) as:
same_ratio (T,,) := /\ a;b; = a;b;.

1<i,j<n

We present the algorithm in the form of a function M, : Ty (2x2)(%Z) x SB" +— SSB. Note
that there is no recursive calls in this function:

multilinear algorithm for n variables.

rMn(Tnyo'l,"' 7{7n) =
(if same_ratio (Ty) {'—%—' for the first 1 <i < 2"s.t. b; # 0.
ZERO if s =0,
POS B, (T, ,01,,* ,0n,) if > a5 >0,
if s=1 1<i<2n
otherwise POS B, (T, ,01,, - ,0n,) otherwise.
NEG B, (T,, ,01,, ,0n,) if > as >0,
if s=-1 ! 1<i<an
L L NEG B,L(T,:S2 SO,y " 3 Ony) otherwise.

After defining the generalised form of the algorithms we proceed to proof the correctness of
these family of the algorithms. Since our algorithms are given as recursive function, we need to
follow well-founded induction on recursive calls to prove properties about these functions. For
well-founded induction one needs to have a well-ordering on the structure which is decreasing in
succesive recursive calls. In our algorithms we have recursions on three different structres:

(1) Recursion on natural numbers. This leads to ordinary induction on natural numbers.

(2) Recursion on the structure of binary sequences. This leads to a well-ordering on the set of
finite binary sequences, which is basically the (partial) oredring of sequences according to their
length. According to this well-ordering, the new input sequnces (consider as an n-tuple) after
an absorption step should be considered less than the n-tuple of input sequnces before the
absorption. Therefore we use this induction scheme to prove th properties that are invariant
during the absorption steps.

(3) Recursion on the structure of tensor of the coefficients. This leads to a well-ordering on the
set of 2 x 2™ tensors over positive integers, which is the ordering of tensors according to sum
of their elements. According to this well-ordering, the tensor of coefficients after an emission
step should be considered less than the tensor of the coefficients before the emission. Hence
we use this inuduction scheme weherever our algorithm contains an emission step (e.g. the
function B,,).

Sometimes we need a combination of the above orderings. In that case we form a lexicographic
order in which the component oredrs are the above well-orderings. One can prove that this
lexicographic order is also well-founded, and hence one can use well-founded induction on the
lexicographic order. In the proof of the following theorem we use well-founded induction on the
above structures.
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Theorem 4.21 (Correctness of Multiliear Algorithm) Let p,, () = M where T,, =
o 20 € Tyyon (Z). Let 0y, 0, € SB.

bon ban 1 ...
i) Assume 8, (T, 01, - ,0,) = (5,Ty,,01,, " ,0n,). Then s =sgn p,,, ([o1], -, [on]).

i) If > a;>0and 3 b >0 then "pn, ([o1], - [on])” = Bu(Tn, 01, ,00).
1<i<an 1<i<an

”7’) I—l/“nrr7l ([[Ul]]: Ty IIO—n]])—I = Mn(Tru 01, :Un)-
Proof.

Part i) We prove by induction on n. The case n = 0 trivially holds as sign algorithm is
degenerate in this case. Consider

Snt1(Th+1,01,- y0nt1) = (8,Tny1,,01,, + ,0nt1, ). First we consider the case

when for some i we have ; = []. According to the definition of 8,41 we have

(87 Tn+15 3015 7Un+15) = (sz T”le- 30819 " Os; 15 []7 Osiprs " 7US,,,+1) and therefore
s =8 (4.21.1)

Recall that:
Sn(Ai:U]:"' 303150441, " :Un) = (Si7BS¢7US17"'Usi,17o-si+1:"' 70'571’).

By induction hypothesis:

Si = SgI Hn 4, ([o1]s - s loial o], - o [onsa]) (4.21.2)

But according to the Lemma 4.16.i we have:

l/anl.(wh"' s Li—15Li41," " 733n+1) = Nn+1T"+1 (Sﬂl,"' s Tic1, L, T, - ,$n+1)

(4.21.3)

Therefore by (4.21.1), (4.21.2) and (4.21.3) the result follows.

Now assume that neither of the input sequences are empty. In this case in addition to

our original induction on n we proceed by well-founded induction on the structure of

the binary input sequences. That is to say we assume the conclusion to be true for for

all 7y,---, 7, where length(r;) < length(o;) and at least for some j 7; # ;. Then we

follow the definition of 8,11 and consider different cases. First assume:

a; =0 (for every i < 2"*1). (4.21.4)
Chasing through the definition of 8,11 we observe that in this case we have four

possibilities:

1. Vi < 2"F1p; = 0: Here s = (sgn agn+1)(sgn bont1). Since all the other coefficients
are zero and all z; > 0, after simplification we get

A9n+1
,Un+1(-?717"‘ :-Tn+1)= .
b2n+1
Thus in this case we obtain
B iy, ,, (1, Tag1) = (51 azeer) (50 byos) = 5.

2. Ky > 2"t — 2: Here s = sgn ayn+1. By Lemma 4.14. i we have
Ly (b1, -+, bynt1) > 0. Note that by (4.21.4) the sign of numerator is the sign of
a9n+1. Therefore we get

SN Un1r,  (T1,7 7, Tng1) = SGN Agnt1 = 5.
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Part i)

3. Ky < —2"T! 4+ 2: Here s = —sgn agn+1 = 0. By Lemma 4.14. ii we have
L (b1, -+ ,bynt1) < 0. Note that by (4.21.4) the sign of numerator is the sign of
a9n+1. Therefore we get

SEN fnt 1y, (1, ,Tpt1) = —SEN Agn+1 = S.

4. In the case where neither of the above three cases hold we have to use the
hypothesis of the well-founded induction. Here
Snp1(Try 01, ,05401) = (8, Tpgr1,,01,, -+ ,0ny1,). By well-founded induction’s
hypothesis we know that since o1,--- , 0, are structurally smaller than
01, -+ ,0p+1 therefore

s = sgn pingig, (104, [0 D) (4.2L.5)

But according to the equation (4.12.1) on page 13 we have:

s, (o] [oni]) = tusig, (S, [04]), - $(miln + 1), [0 4 1)

= ftnsry, (01, [oh 1)),
(4.21.6)
The result follows from (4.21.5) and (4.21.6).
Next assume:
(=Vi < 2" a; = 0) AV < 2" 'h; = 0. (4.21.7)

According to the algorithm for §,,41, here we have three different cases which are
similar to the last three of the above four cases and therefore we omit the proof.

The last case we consider is the case in which
(=Vi < 2" ta; = 0) A (Vi < 2"T1h; = 0). (4.21.8)

Here we have to consider three different cases:
(a) Assume fi(k1 — (2" —2),k9 — (2" = 2)) =2 or
fi(kr + (2™ = 2), k2 + (2" — 2)) = —2. Here s = +1 and by Lemma 4.14. iii we
immediately get:
Sgn fntiq, (T1, s Tnt1) = +1=s.
(b) fi(ks — (2" —2), k9 + (2" —2)) =0 or fi(ks + (2" — 2), k9 — (2" —2)) = 0. This is
similar to the case (a) and follows immediately from Lemma 4.14. iv.

(c) In this case neither of the above conditions holds. Here we use the same reasoning
as in the case 4. above and use the well-founded induction.

We start by induction on n. For the case where n = 0 the conclusion is trivial because
To = [3] and By is the the "_7 function of Section 2. Therefore both side of the
conclusion become "7 7. For the case of n + 1 we first consider the case when for some
1 <i<n+1 wehave o; = []. According to the definition we have :

Bn+1(Tn+1:01:"' 702'71:[]:0—1'4»1:"' :Un+1) :Bn(Ai7017"' yOi—150441," " :Un+])-
(4.21.9)

By Lemma 4.19 we know that row, (A4;), rows(A;) > 0. Therefore we can use the
induction hypothesis for the right hand side. Then we obtain:

Bn(Ai:U]:"' 3 0i—1,0441," " 7Un+1) - I—,unAl.([[Ul]]:"' 7[[Ui71]]7[[0i+1]]7"' 7[[Un+1]])—l-
(4.21.10)
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But according to Lemma 4.16.1 we have:

(w1, w1, Lwigy, 0 Tng1)

(4.21.11)

fr, (T15 - Tty Tig1, oo 5 Tng) = Hnt1qs,

And from (4.21.9), (4.21.10) and (4.21.11) the conclusion follows.

Next, we assume that neither of the input sequences are empty. For the proof of this
part we apply the well-founded induction on the structure of the binary input
sequences and the tensors of coefficients.

Following the definition of B,,;1 we have to consider three cases:

1. Yn(ay, - ,a9n;by,--- ,ban). Here we have
Brs1(Tnyr,01, 0n41) = R (B (Tn, 00, -+ ,0041))- (4.21.12)

By the (well-founded) induction hypothesis we have:

Bot1(Tn, o1, 0n41) = g1, ([o1]s -+ s [ona])™ (4.21.13)
By the definition of Ty we have:
Lopi(z, - zn) = Ly (21, 20)
12 +1TN( 15 [on+1]) L'n+1(-7717"' ) ( )

Note that by Lemma 4.18. i we have
Ln+](w17" : 7wn) > L;'H_l(x]:' o 7wn)-

Whence using Definition 2.2 and the equations (4.21.13) and (4.21.14) we derive:

Lusi(o1, -+ @ns1) — Doy (@1, @ns)
R (Buoi1(ITn,01, " ,0n =RT - - - 1
(Brtr (T, ont1)) L;z+1($1="' s Tng1)
L@, mag)
Ly (@1, Tng1)
= I—/lfn+1T"+1 (;1;17 PN 7'7:n+1)—|;
(4.21.15)
and from here by (4.21.12) the desired result follows.
2. Yp(by, -+ ,ban;ay,- -+ ,agsn). This case is similar to the previous case.
3. In the case where none of the above two conditions holds we have
Bni1(Tny1,01, ,0ns1) = Bug1 (T, 00, 0p01)- (4.21.16)
Since o1,---, 0, are structurally smaller than oy, -- ,0,41 therefore by
(well-founded) induction hypothesis we know that:
Bn+1 (Tm 3 (74 [ 7(Tf:z+1) = I—,un+1T,rl, ([[0-”]/ Ty [[O-;H»]]])—I' (42117)

But according to the equation (4.12.1) on page 13 we have:

Nn+1rr,,i ([[U”L T [[U;H-l]]) = :un+17~n+1 ((ZS(TFZ(l) [[Ull]]) T QS(TFZ(“’ + 1)7 [[U;H—l]]))

= pintiy,,, ([onl, - longa]);
(4.21.18)

The final result follows from (4.21.16), (4.21.17) and (4.21.18).
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Part iii) Assuming 8, (T, 01, - ,0n) = (8,Th,,01,, -+ ,0n,) we consider different cases by
case distinction on s. Case s = 0 is trivial. We consider the case s = +1. Assume
row(Ty,,) > 0. In this case unfolding the definition and using part ii we can write:

s

Mn(TTL:Ul:' o 7(777.) = POS Bn(Tns,Uls," ' 7071,5)
=POS I—/j’nT"S (Hals]]7 T 7“071/5]])—'
= I—,UnT,,,S ([[Uls]L T 7[[0715]])—'

Therefore we only need to prove:

Hnr, ([[Uls]]= Tt [[Uns]]) = HUnr, ([[01]]7 Ty [[Un]]) (4-21-19)
We prove this by induction on n. The case n = 0 is trivial. In order to prove the
general case we need to examine the way (Ty41,,01,, - ,0n41,) is generated. By

investigating the 8,41 one observes that the only steps in the algorithm when we
change the tensor of the coefficients, is when 7}, becomes Trt1,, in the output or
T, +1 is modified to Ty, in the recursive step. We consider each of these two cases
separately:

1. In the case when T}, transforms to Tn+1ssi we necessarily have o; = []. Assume

Sn(Aiaa'l:"' 3 0i—1,0441,""" :0n+1) = (57'/7Bsi70-317.-.O-sz'—170-si+17-.' 7(Ts'n+1)7
8n+1(Tn+1701:"' :Ui717[]70i+17"' :Un+]) =
(Si:TTH»]BSl_ 3 Ogy5° 7" 70-81'717[]70-81'4,1:. o 7US,,,+1)'

Since A; is a 2 x 2" tensor, by induction hypothesis we have:

unAi ([[(71]]7 Ty [[073*1]]7 [[0i+1]]7 T, [[Un+1]]) =
Hng,, ([[Uls]]7 M) [[081'71]]= [[ Sz’+1]]= T [[Uns]]) (4.21.20)

By Lemma 4.16.i we have

Hng, ([[01]]7 R [[02?1]]: [[Ui+1]]= T [[UHJH]]) =
,Un+1Tn+1 ([[(71]]7 T [[073*1]]7 1, [[(Ti+1]]7 R [[Un]]) (42121)

And by Lemma 4.16.ii we have

/'Lnle. ([[015]17 T IIa—sz'—l]]i [[Usz'+1]]= T [[Uns]]) =
Bntin, ([o1], - 5 loial, L [oiga ], -+ [on])  (4.21.22)

And the proof of (4.21.19) is obtained from (4.21.20), (4.21.21) and (4.21.22).

2. In the case when T),41 is modified to T,. As in the other absorption steps we
argue by well-founded induction on the structure of the n + 1-tuple of input
sequnces and we note that by equation (4.12.1) on page 13 we have

([[01]]7 T [[Un+1]])-

Hntir, ([[0”]7 B [[U;z+1]]) = Mn+igp

Hence (4.21.19) holds in this case.

This completes the proof of (4.21.19) by induction. Therefore in the case when s = +1
and row(T,,) > 0 we have proven the conclusion. We omit the proof for the remainig

s

three cases (row(T,,) < 0 or s = —1) as it is identical to the above argument.

s

41

O

Hence we have shown the correctness of our algorithms for exact rational arithmetic based on
Stern—Brocot representation. For the case n = 2 (the quaratic algorithms) this proof has been
formalised in theorem prover Coq (See Section 6 and [14]).
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5 Exact Real Arithmetic

In this section we discuss a possible representation for real numbers based on Stern Brocot tree.
The proofs are omitted and will be presented in an upcoming work of the author. In Section 2
we showed that one can encode the set of rational numbers as the set of finite binary sequences.
Allowing the sequences to be infinite streams we get a representation for the set of real numbers.
To be more precise one can prove the following lemma using the approximations given in each
level of Stern Brocot tree:

Lemma 5.1 If a is an infinite stream of L and R and a # R, then decoding of its initial
segments using the function defined in 2.4, forms a Cauchy sequence of rational numbers.

After that, one can extend the set of finite sequences SB to contain all infinite binary streams.
We call this new set SB“. We can extend the function [] : SB — Q' to a function from all
infinite streams:

[a] := nlLH;o [ n]-

Then one might attempt to use the algorithms given in Section 4 to compute arithmetic operations.
But the set SB“ does not have enough redundancy to be useful for computations. For example if
we want to add 1 — /2 and /2 using the quadratic algorithm of Section 4.2, after absorbing any
initial segment of the input streams we are still unable to output an element of the output because
we do not know whether the result is bigger or smaller than 1. This is because in general it is
undecidable whether a real number is a rational number. A similar problem arises with the usual
decimal expansion of real numbers while multiplication by 3 is not a total computable function.
The way around this is extend our alphabet in order to get what is known as an admissible
representation. Admissible representations are those which arise out of the Cantor space topology
on the set of streams [20].

There are various ways of forming a ternary representation based on Stern Brocot represen-
tation. We add one new symbol to our alphabet and consider ternary streams instead of binary
streams. Thus we might consider the set of streams over the 3-element alphabet {L, R, M}.

To interpret the effect of the additional letter we introduce some definitions from [8]. Recall

that a Mébius map is a map
f - ar +b
1T
cx +d

with a,b,c,d € R. We denote a Mobius map by its coefficient matrix [‘CL g] Let R* be the
compactification of interval (0, +oc) by adding 0 and +o0c. A d-contraction is a map f: R* — R*
which is twice differentiable, has a unique fixpoint and for each x € R* we have 0 < f'(z). Let X
be a finite set of alphabet. Let ¢_ be a map that assigns to each element a of ¥ a d-contraction
¢n- We extend this in the following way to a map that assigns to any element of ¥* U X% a closed
subinterval of R*:

[l =R

[aoor---an] = oy © Gay -+ © (da, (RY))

(o]

ﬂ [ooar - - - an].

n=0

We call (,[]) an IFS-representation® for R* if

(5.1.1)

[[040051 .. ]]

i) Vo € X393z € R*. [o] = {=}
ii) Vo € R*Jo € £¥. [o] = {=z}

61IFS is an abbreviation for ‘iterated function systems’ and comes form the literature of fractal theory [8].
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An IFS-representation is open iff for for each = € (0, +00), there is @ € T s.t. x € ¢ ((0, +0)).
One can prove that open IFS-representations are admissible representations.

We present an open IFS-representation ({L, R, M}, [-]) by defining the Mobius maps ¢r, =
[19] and ¢r = [} }] and the map

1
= r <1,
) = 2—x —
(@) {—2'7'11 1< .
Obviously all Mdbius maps are d-contraction. Moreover the map ¢ng — which is piecewise

Mébius  is also a d-contraction. Therefore we can define [_] as in (5.1.1). Consequently we
can prove the following theorem:

Theorem 5.2 ({L,R,M},[]) is an open IFS-representation.

The proof of the above theorem and its application to extend the algorithms of Sect. 4 to get an
implementation of exact arithmetic will be given in a coming work of the author. Moreover one
can extend the representation to include all real numbers by adding d-contractions corresponding
to the sign. The openness (i.e. admissibility) of this representation guarantees that all the usual
field operations on real numbers are computable based on this representation. One important
point that we want to emphasise, is that since we have ¢\,(1) = 1, our representation does not
satisfy the conditions for the limitation theorem of [8]. Hence it remains open to classify the set
of all computable functions based on this representation”.

Clearly if we only consider the ternary finite sequences, we obtain another representation for
rational numbers. In Figure IT we show the new version of Stern Brocot tree, a redundant one, in
which every rational number has infinitely many representations. As wee see the new structure is
not a tree anymore. In particular one can see that the following equalities hold:

Yn M"R = RL", M"L =LR", MY =LR> = RL™

The ternary sequences ending in a run of Ms corresponds to the non-reduced fraction. By using
Lemma 3.2, it can be shown that the number of representations for each reduced fraction corre-
sponds to the number of the length of the N-fraction of that rational number; or equivalently the
number of divisions in the Euclid’s algorithm for calculating the gcd of the numerator and the
denominator.

It is possible to build the redundant Stern Brocot structure level by level. The process is
similar to the construction of Stern Brocot tree itself. The nth row consists of the nth row of
Stern—Brocot tree plus the mediants every two consecutive elements of the nth row of the Stern—
Brocot tree. These mediants are placed between their ‘parents’. This symmetry seems to be a
very strong reason for adopting this particular ternary representation based on Stern—Brocot tree.
However, it is possible to consider alternative representations by changing the definition of ¢pm
(e.g. to take a Mdbius map instead of a piecewise Mébius map). In that case the corresponding
Stern Brocot structure will become more complex.

6 Conclusion and further work

In the present paper we showed that Stern Brocot tree can be considered as a suitable approach
to exact arithmetic on rational numbers. The main contributions of the present paper are the
algorithms presented in Section 4. This algorithms of Sections 4.1 and 4.2 has been implemented
in the lazy programming language Haskell and the Coq theorem prover [18]. As we mentioned
earlier, the proof of theorem 4.11 (which is a special case of the proof of theorem 4.21), is
also formalised in Coq. The algorithms and their formalisation in Coq are available online as
contribution to the Coq contribution library at [13]. This formalisation is joint work with Yves
Bertot and is explained in [14].

“With the terminology of [8] the above representation is a slow IFS-representation.
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Figure II: the redundant Stern—Brocot structure

The author began the entire project when he attempted to verify the algorithms for exact
real arithmetic using Coq theorem prover. After simplifying various representations based on
continued fractions, the Stern Brocot representations seemed to be the most suitable one to be
formalised inside a theorem prover. The priority was to formally verify lazy algorithms for exact
arithmetic. This may explain the inefficiency of the algorithm from a computational complexity
point of view. Although the algorithms are relatively efficient when applied on rational numbers
with small denominators. Some of the issues which were omitted in the present paper, such as
well-orderings and termination of the recursive calls and the issues peculiar to the verification of
the algorithms on a theorem prover are discussed in [14].

The proof of the results mentioned in Section 5 will be presented in a separate paper.

Further work is the project of formally verifying the algorithms on real arithmetic based on
Stern Brocot tree. For this the representation should be considered as a coinductive type in
type theory. Coinductive types are types corresponding to infinite objects and using them the
algorithms of exact real arithmetic can be formalised in a theorem prover like Coq.

Acknowledgement. The author wishes to thank Herman Geuvers and Henk Barendregt for
fruitful discussions on the subject.
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