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Exa
t Arithmeti
 on the Stern{Bro
ot TreeMilad NiquiUniversity Of NijmegenDepartment of Computer S
ien
emilad�
s.kun.nlAbstra
tIn this paper we present the Stern{Bro
ot tree as a basis for performing exa
t arithmeti
on rational and real numbers. We introdu
e the tree and mention its relation with 
ontinuedfra
tions. Based on the tree we present a binary representation of rational numbers and inves-tigate various algorithms to perform exa
t rational arithmeti
 using a simpli�ed version of thehomographi
 and the quadrati
 algorithms [19, 12℄. We show generalisations of homographi
and quadrati
 algorithms to multilinear forms in n variables and we prove the 
orre
tness ofthe algorithms. Finally we modify the tree to get a redundant representation for real numbers.Keywords: Stern{Bro
ot tree, exa
t arithmeti
, homographi
, quadrati
, multilinear.Classi�
ation: 11A55, 11A67, 68-04 (AMS'00); I.1.2, G.1.0, F.2.1 (CR'98).1 HistoryRe
ently exa
t arithmeti
 has been 
onsidered as a suitable approa
h to the problem of dealingwith round-o� errors and building more reliable and versatile programming tools for 
omputationwith rational and real numbers. A

ording to this approa
h, real numbers are represented as anin�nite stream over a �nite or in�nite alphabet and the 
omputation over them is done in a lazymanner1: in order to 
ompute a fun
tion on a real number, we start absorbing the �rst element ofthe stream representing the real number. At ea
h step we output an element of the output streamor we may need more information about the input, in whi
h 
ase we absorb the next element ofthe input stream.There have been many theoreti
al and pra
ti
al instan
es of applying this idea. A rathergeneral theoreti
al approa
h is taken by Kone�
n�y [8℄, where the limitation theorems for IFS-representations of real numbers is given. IFS-representations are representations of real numbersusing an in�nite 
omposition of 
ontra
ting fun
tions on a 
ompa
t interval. These in
lude therepresentations by means of M�obius transformations that is developed by Potts and Edalat [15, 4℄.Potts and Edalat's work generalises earlier works by Gosper [5℄, Vuillemin [19℄ and Menissier-Morain [12℄. Gosper, in his famous unpublished work [5℄, showed how to add and multiply two
ontinued fra
tions. He introdu
ed the idea of using homographi
 and quadrati
 algorithms. Hisalgorithms are presented for regular N-fra
tions of rational numbers and were the �rst instan
eof exa
t arithmeti
 on rational numbers. Later Vuillemin [19℄ adapted the algorithms to work fora redundant representation of real numbers using 
ontinued fra
tions. Kornerup and Matula [9℄presented a binary version of Gosper's algorithm on a bit-serial arithmeti
 unit. Their binaryen
oding of 
ontinued fra
tion expansion was a lexi
ographi
 one and they 
ould use it to obtaina redundant representation for real numbers [10℄. Our approa
h in the present paper is similarto the one by Kornerup and Matula. We introdu
e a binary representation of rational numbersbased on 
ontinued fra
tions and we expand it to a redundant representation for real numbers.Our basis is the Stern{Bro
ot tree whi
h was �rst dis
overed by 19th 
entury German mathe-mati
ian Moritz Abraham Stern and Fren
h 
lo
kmaker A
hille Bro
ot [3, 17, 7℄. The tree itself1Also 
alled: on-line, 
all-by-need, 
ore
ursive, 
oalgebrai
, et
..1



is a symmetri
 mathemati
al stru
ture with remarkable algebrai
 and 
ombinatorial properties.It was re
ently reintrodu
ed by Graham et al. [6℄. Bates [1℄ studies the tree thoroughly and
ompares it with other similar 
ombinatorial stru
tures su
h as Farey sequen
e, hyperbinary tree,Gray-
ode sequen
e and paper folding sequen
e. Both in [6℄ and in [1℄ a binary representationfor positive rational numbers based on the tree is introdu
ed. This representation basi
ally boilsdown to the unary en
oding of the regular 
ontinued fra
tion expansion of rational numbers andis presented in Raney [16℄. Raney uses this binary representation to devise the homographi
 algo-rithm on 
ontinued fra
tions and he makes use of �nite-state automata 
alled transdu
ers. Liardetand Stambul [11℄ present the quadrati
 algorithm using Raney's transdu
ers and generalise itto 
ompute rational fun
tions involving 
ontinued fra
tion expansions. Bertot [2℄ dis
usses thefa
t that by taking this binary en
oding for rational numbers one 
an simplify the 
omplexity ofmathemati
al proofs.In Se
tion 2 we introdu
e the Stern{Bro
ot tree and some of its basi
 properties. We also
onsider the binary representation obtained from the tree. In Se
tion 3 we show the relationbetween Stern{Bro
ot representation and 
ontinued fra
tion expansion. In Se
tion 4 we show theexa
t rational arithmeti
 on the binary Stern{Bro
ot representation. This is done by presentinghomographi
 algorithms (Se
tion 4.1) and quadrati
 algorithms (Se
tion 4.2). There we alsogeneralise these algorithms to the 
ase of more than two variables to get multilinear algorithmsin Se
tion 4.3. In that se
tion we also present a proof of 
orre
tness of these 
lass of algorithms.In Se
tion 5 we modify the Stern{Bro
ot tree to get a ternary redundant representation whi
h issuitable for 
omputation with real numbers.2 Introdu
tionThe Stern{Bro
ot tree is the full binary tree in whi
h all nodes are labelled in su
h a way thatea
h positive rational number o

urs exa
tly on
e. The tree is `hanging on a rope between zeroand in�nity'. Proje
ting the tree verti
ally will provide the usual ordering of the rationals. For p1q1and p2q2 we de�ne the mediant of them to be the fra
tion p1+p2q1+q2 . We refer to p1q1 and p2q2 as parentsof p1+p2q1+q2 . In this tree every row 
onsists of the fra
tions that are mediants of elements of previousrows. We start to write the two pseudo-fra
tions 01 and 10 , we pro
eed to 
onstru
t the tree rowby row. The �rst row is the mediant of the two initial pseudo-fra
tions, that is 0+11+0 = 11 . Wewrite this mediant in the middle of the initial pseudo-fra
tions. The se
ond row 
onsists of themediant of ( 01 ; 11 ) and the mediant of ( 11 ; 10 ). We 
ontinue in this way and ea
h time we 
hoose twofra
tions whi
h don't have anything verti
ally between them and we pla
e their mediant in a newrow and verti
ally in the middle of its two parents. This 
onstru
tion is illustrated in Figure I.The resulting tree has many interesting properties. We mention some of the basi
 properties here.For a proof of this lemma and more properties in
luding some 
ombinatorial properties see [6, 1℄.Lemma 2.1i) All the fra
tions o

urring in the Stern{Bro
ot tree are irredu
ible.ii) Every positive rational number o

urs exa
tly on
e in the Stern{Bro
ot tree.Proof. See [6, pp 117-119℄. �From Lemma 2.1.ii it follows that the Stern{Bro
ot tree is an enumeration of the positiverational numbers. It has already been observed [6℄ that this property 
an be used to give a binaryen
oding of positive rational numbers. We start from the root of the tree and we represent 11by the empty sequen
e. To en
ode an arbitrary fra
tion, we �nd it in the tree and 
onsider thepath from the root to that fra
tion. We obtain the en
oding by starting from the empty sequen
ein the root and adding L ea
h time we go to left and adding R ea
h time we go to right. Forexample the representation of 512 is LLRRL. Conversely, given a �nite sequen
e of Rs and Lswe 
an use it to lo
ate the 
orresponding fra
tion in the tree, simply by starting from the root2



01 101112 21L R13 23 32 31L R L R14 25 35 34 43 53 52 41L R L R L R L R15 27 38 37 47 58 57 45 54 75 85 74 73 83 72 51L R L R L R L R L R L R L R L R16 29 311 310 411 513 512 49 59 712 813 711 710 811 79 56 65 97 118 107 117 138 127 95 94 125 135 114 103 113 92 61L R L R L R L R L R L R L R L R L R L R L R L R L R L R L R L R0 1 ep2b b b bFigure I: The Stern{Bro
ot treeand going to the left ea
h time we en
ounter an L and going to the right ea
h time we en
ounteran R. For example the fra
tion 
orresponding to RLRLR is 138 . We 
all this the Stern{Bro
otrepresentation of positive rational numbers and throughout the rest of the paper we try to givea 
omputer friendly treatment of this spe
i�
 representation. First we �x some notations. Let� = �0; �1; : : : ; �n be a �nite set. By �� we denote the set of �nite strings of elements of �. By �!we denote the set of of in�nite streams of elements of �. The nonempty set � is a representationif it is a subset of �� [�! for some �. Let � be a representation. Let Æ; Æ0 2 �, if Æ is �nite thenÆÆ0 is the string 
on
atenation of Æ and Æ0. By Æjn we mean the string 
onsisting of the �rst nelements of Æ and Æ(n) means the nth element of Æ. We say that Æ0 is an initial segment of Æ anddenote it by Æ0 v Æ if there exists Æ00 2 � s.t. Æ = Æ0Æ00. If � 2 � is an alphabet and Æ 2 � is anstring, then �Æ denotes the string obtained by prepending � to the beginning of Æ. We denote theempty string by [℄.Next we show how to �nd the Stern{Bro
ot representation of a positive fra
tion withouttraversing the Stern{Bro
ot tree.De�nition 2.2 Let SB = fL;Rg� be the set of �nite strings generated from two letters L andR. We de�ne the following inje
tion from the set of positive rational numbers Q+ to SB:8>>><>>>: p q : Q+ 7�! SBpmn q := 8><>:[℄ ;m = n;L p mn�mq ;m < n;R pm�nn q ;m > n:For every x 2 Q+ we 
all pxq 2 SB the unsigned Stern{Bro
ot binary representation of x or inshort the SB-en
oding of x.Note that we do not require g
d(m;n) = 1. As a 
orollary to Lemma 2.1 one 
an prove thatpmn q = pkmkn q. Moreover the following important property holds whi
h links the Stern{Bro
ot treeand the Stern{Bro
ot representation:Lemma 2.3 The out
ome of the fun
tion p q is the same as traversing the Stern{Bro
ot tree andfollowing the left and right bran
hes at ea
h step.Proof. See [6, pp 120-122℄. �3



Next we de�ne the inverse map that given any binary sequen
e in SB returns the 
orrespondingrational number.De�nition 2.4 Let � 2 SB. We de�ne the map [[ ℄℄ : SB �! Q+ as the following:8><>:[[[℄℄℄ := 1[[L�℄℄ := [[�℄℄[[�℄℄+1[[R�℄℄ := [[�℄℄ + 1The following lemma tells us that p q and [[ ℄℄ are inverse to ea
h other and hen
e we have abije
tion between positive rational numbers and �nite binary sequen
es. The proof follows fromthe de�nition by a simple 
ase analysis.Lemma 2.5 (p q is a bije
tion.) The fun
tion [[ ℄℄ is an inje
tion from SB to Q+ and moreoveris the inverse of p q: 8q 2 Q+ [[pqq℄℄ = q; 8� 2 SB p[[�℄℄q = �:It is easy to equip the set SB with a sign bit to get the entire Q. We de�ne the following datatype: SSB = ZERO j POS SB j NEG SBWe 
all this new set the signed Stern{Bro
ot representation.De�nition 2.6 We extend the p q and [[ ℄℄ fun
tions to the entire Q and SSB. For example ifq 2 Q by pqq we mean the image of q in SSB:pqq := 8><>:ZERO q = 0;POS pqq 0 < q;NEG p(�q)q q < 0:Thus the set SSB is isomorphi
 to Q. Now we are interested in transferring the 
omputations onQ to 
omputations on SSB. In other words we seek a way of equipping the set SSB with algebrai
operations and relations su
h that they are more eÆ
ient than usual addition and multipli
ationon Q as a set of pairs of integers. One important property of SSB is that it is indu
tively de�ned,so we 
an de�ne fun
tions over SSB by re
ursion. Note that we do not use quotients in de�ningSSB, as we do in the usual de�nition of Q as set of pairs of integers. Thus, our goal is to de�ne,by re
ursion, suitable addition and multipli
ation over SSB. We will do this in Se
tion 4. Afterthat one might want to extend the set of �nite sequen
es to 
ontain all in�nite binary streams and
onsider the set SSB! = fL;Rg!. As expe
ted, this set 
oin
ides with the set of real numbersand 
orresponds to the in�nite bran
hes in the Stern{Bro
ot tree. But this representation is not
omputationally suitable. We will investigate this in more details in Se
tion 5.3 Stern{Bro
ot Tree and 
ontinued fra
tionsThere is an intrinsi
 
onne
tion between the Stern{Bro
ot representation of a rational number mnand Eu
lid's algorithm applied to m;n. By slightly 
hanging the de�nition of pmn q we 
an get anew fun
tion whi
h 
al
ulates the g
d(m;n).8>>><>>>: g
d0( ; ) : N � N 7�! Ng
d0(m;n) := 8><>:m m = n;g
d0(m;n�m) m < n;g
d0(m� n; n) m > n:This is the usual Eu
lid's algorithm but instead of division (in fa
t instead of the mod fun
tion) weonly use subtra
tion. This analogy subsequently relates the Stern{Bro
ot and 
ontinued fra
tionrepresentation of a rational number: 4



De�nition 3.1 (N-fra
tion) Let p; q 2 Z and q 6= 0. Then [a0; a1; : : : ; an℄ is the N-fra
tion of pq ,if using Eu
lid's algorithm we 
an �nd ri su
h that:p = a0q + r0 0 < r0 < qq = a1r0 + r1 0 < r1 < r0r0 = a2r1 + r2 0 < r2 < r1:::rn�2 = anrn�1 + 0;and rn�1 = g
d(p; q).It 
an be easily observed that in the N-fra
tion of any rational number, the �rst element is aninteger and the rest of the elements are positive integers. The following lemma presents the
onne
tion between Stern{Bro
ot representation and 
ontinued fra
tions.Lemma 3.2 Let X = Ri0Lj0Ri1Lj1 � � �RinLjn be the binary Stern{Bro
ot representation of thepositive rational number x. Then we have:N-fra
tion of x = ([i0; j0; i1; j1; � � � ; in; jn + 1℄ jn > 0;[i0; j0; i1; j1; � � � ; in + 1℄ jn = 0:Proof. See [6℄. �From this lemma it follow that there is a bije
tion from SB to the set of N-fra
tions of positivefra
tions.The relationship between the SB-en
oding and Eu
lid's algorithm 
an be seen as a justi�
ationof the main property of Stern{Bro
ot tree expressed in Lemma2.1. More spe
i�
ally, by inspe
tingthe above g
d0 fun
tion, the SB-en
oding 
an be seen as keeping tra
k of the number of timesnumerator (resp. denominator) is larger than the denominator (resp. numerator) by outputtingL (resp. R) during the evaluation the greatest 
ommon divisor of numerator and denominator.This in turn 
an be seen as 
oding the proof of the fa
t that the fra
tion is irredu
ible. In otherwords irredu
ible fra
tions 
orrespond to 
anoni
al proofs of the fa
t they are irredu
ible. Thisanalogy is explained in details by Bertot in [2℄.4 Exa
t Rational Arithmeti
In this se
tion we present the algorithms for 
omputation with the Stern{Bro
ot representation.A

ording to Lemma. 3.2, there is a 
lose relationship between 
ontinued fra
tion arithmeti
 andStern{Bro
ot representation. Inspired from algorithms for arithmeti
 on 
ontinued fra
tions wedevise our new algorithms dire
tly on SSB. The main di�eren
e is that here we refrain fromusing Eu
lid's division and only use subtra
tion. First we de�ne the homographi
 algorithm andthen quadrati
 algorithm. As in the 
ase of 
ontinued fra
tions, ea
h algorithm has two mainsteps. We 
all them absorption and emission steps. In the absorption steps we ask for the �rstbit of input(s). In the emission step we output one bit. The idea is to ask for bits of input andprodu
e bits of output as soon as possible. This is a typi
al lazy algorithm in whi
h the programmay print the 
orre
t answer without absorbing all the terms of the input(s). The reason whythis is possible is simply the 
ontinuity (in our 
ase for positive input) of the 
lass of multilineartransformation (
f. Se
tion 4.3) whi
h means by getting ea
h bit of input we 
an approximatethe output; and if our approximation is pre
ise enough | whi
h in this 
ase depends on the fourinteger 
oeÆ
ients|, then we 
an �rmly determine the `next' element of output. We 
ontinuein this way until we eventually run out of input or arrive at a stage where the rest of output isindependent of any additional input. This method was proposed by Gosper [5℄ for arithmeti
 on
ontinued fra
tions but is easily appli
able to a wide variety of problems that deal with 
omputinga 
ontinued fun
tion, that is to say almost all algorithms in numeri
al analysis [15℄.5



4.1 Homographi
 algorithmA homographi
 transformation on rational numbers is a fun
tion of the form:hM (x) = ax+ b
x+ d a; b; 
; d 2 Z; M = � a b
 d � :Throughout the rest of the paper we impli
itly require that the denominators of all fra
tions arenonzero. We never expli
itly mention it even as a pre
ondition to the algorithms. When there isno risk of ambiguity, we omit the subs
ript that refers to the matrix of 
oeÆ
ients.In this se
tion our goal is to give an algorithm to 
ompute the Stern{Bro
ot representationof ph([[�℄℄)q for � 2 SSB. Thus we are given a �nite signed binary sequen
e and four integer
oeÆ
ients and we want to produ
e a �nite signed binary sequen
e whi
h is the Stern{Bro
otrepresentation of h(x).In order to present the algorithm we only need to assume � 2 SB, i.e. � is the Stern{Bro
otrepresentation of a positive rational number. The algorithm that we obtain to 
ompute ph([[�℄℄)q
an be easily extended to an algorithm for 
omputing ph([[� ℄℄)q when � 2 SSB. This is simplybe
ause if [[� ℄℄ = �[[�℄℄ then:phM ([[� ℄℄)q = pa[[� ℄℄ + b
[[� ℄℄ + dq = p (�a)[[�℄℄ + b(�
)[[�℄℄ + dq = phM 0([[�℄℄)q:Hen
e we let � 2 SB. First we determine the sign of hM ([[�℄℄). In the 
ourse of determiningthe sign, ea
h time we absorb input the 
oeÆ
ient matrix 
hanges. Thus the algorithm thatdetermines the sign should not only output the sign but also the new 
oeÆ
ient matrix and theremaining (i.e. not yet absorbed) part of the input. Next step is to devise an algorithm that giventhe sign, the new 
oeÆ
ients and the remaining part of the input 
al
ulates the bits of the output.We break this step into two simpler steps� We devise an algorithm that assumes the numerator and the denominator are positive and
al
ulates the output bits. We 
all this the output-bits algorithm.� We 
ombine the sign algorithm and the output-bits algorithm to 
ompute hM ([[�℄℄) for � 2SB.In the rest of this se
tion we abbreviate the 
oeÆ
ient matrix � a b
 d � by M and we use thefollowing 
onventions: MN := � a�
 b�d
 d �, MD := � a b
�a d�b �, ML := � a+b b
+d d � and MR := � a a+b
 
+d �.To 
ompute the sign note that 0 < [[�℄℄, so all we need to do is to 
he
k the sign of the two linesax+ b and 
x+ d for positive x; in other words we have to 
he
k the sign of �ba and �d
 . To avoidinteger division, we only need to 
he
k the value of sgn a+sgn b and sgn 
+sgn d. Thus we de�nethe following fun
tion:De�nition 4.1 Let m;n 2 Z. We de�ne the sum of sign of m and n to bef1(m;n) = sgn m+ sgn n.Lemma 4.2i) f1(m;n) > 0 then 8x > 0 mx+ n > 0.ii) f1(m;n) < 0 then 8x > 0 mx+ n < 0.iii) f1(f1(a; b); f1(
; d)) = 2 or f1(f1(a; b); f1(
; d)) = �2 then 8x > 0 ax+b
x+d > 0.iv) f1(f1(a; b); f1(
; d)) = 0 then 8x > 0 ax+b
x+d < 0.Proof. This is a 
orollary to Lemma 4.14 whi
h will be proved in Se
tion 4.3 �6



The sign algorithm is given below. The input is a matrix of 
oeÆ
ients M = � a b
 d � and anStern{Bro
ot binary sequen
e � 2 SB. The output is a triple (s; � as bs
s ds � ; �s) 
onsisting of thesign, the new 
oeÆ
ients matrix and the remaining input. The algorithm is written in the formof a re
ursive fun
tion S :M2�2(Z)� SB 7�! f0;+1;�1g�M2�2(Z)� SB:Sign algorithm for a; b; 
; d 2 Z; � 2 SB .8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

SM ([℄) := 8>><>>:(0;M; [℄) if sgn a+ sgn b = 0;(+1;M; [℄) else if sgn a+ sgn b = sgn 
+ sgn d;(�1;M; [℄) otherwise:
SM (L�) :=

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
if b = 0 8>>>><>>>>:((sgn a)(sgn 
);M; �) if d = 0;(sgn a;M; �) else if f1(
; d) > 0;(�sgn a;M; �) else if f1(
; d) < 0;SML(�) otherwise:if b 6= 0 8>>>>>>>>>><>>>>>>>>>>:if d = 0 8>><>>:(sgn 
;M; �) if f1(a; b) > 0;(�sgn 
;M; �) else if f1(a; b) < 0;SML(�) otherwise:if d 6= 0 8>><>>:(+1;M; �) if f1(f1(a; b); f1(
; d)) = �2;(�1;M; �) else if f1(f1(a; b); f1(
; d)) = 0;SML(�) otherwise:

SM (R�) :=
8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
if b = 0 8>>>><>>>>:((sgn a)(sgn 
);M; �) if d = 0;(sgn a;M; �) else if f1(
; d) > 0;(�sgn a;M; �) else if f1(
; d) < 0;SMR(�) otherwise:if b 6= 0 8>>>>>>>>>><>>>>>>>>>>:if d = 0 8>><>>:(sgn 
;M; �) if f1(a; b) > 0;(�sgn 
;M; �) else if f1(a; b) < 0;SMR(�) otherwise:if d 6= 0 8>><>>:(+1;M; �) if f1(f1(a; b); f1(
; d)) = �2;(�1;M; �) else if f1(f1(a; b); f1(
; d)) = 0;SMR(�) otherwise:For the output-bit algorithm we assume that we are given a matrix of 
oeÆ
ients � a b
 d � andan Stern{Bro
ot binary sequen
e � 2 SB. Moreover we need the pre
ondition that if � = [℄ thena+ b > 0 and 
+ d > 0. This is be
ause in this algorithm in 
ase � = [℄ we are going to evaluatethe Stern{Bro
ot representation of a+b
+d .De�nition 4.3 Let m;n; p; q 2 Z. We de�ne the predi
ate 1(m;n; p; q) := (p � m ^ q < n) _ (p < m ^ q � n):We use these trivial properties in our algorithms:Lemma 4.4i) If  1(m;n; p; q) then 8x > 0 mx+ n > px+ q.ii) If : 1(m;n; p; q) ^ : 1(p; q;m; n) then 9x > 0 mx+ n = px+ q.The output-bit algorithm is given below. The input is a matrix of 
oeÆ
ients M = � a b
 d � anda Stern{Bro
ot binary sequen
e � 2 SB. The output is a Stern{Bro
ot binary sequen
e � 2 SB.7



The algorithm is written in the form of a re
ursive fun
tion B :M2�2(Z)� SB 7�! SB:output-bit algorithm for a; b; 
; d 2 Z; � 2 SB .8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
BM ([℄) := pa+ b
+ dqBM (L�) := 8>><>>:R (BMN (L�)) if  1(a; b; 
; d);L (BMD (L�)) else if  1(
; d; a; b);BML(�) otherwise:BM (R�) := 8>><>>:R (BMN (R�)) if  1(a; b; 
; d);L (BMD (R�)) else if  1(
; d; a; b);BMR(�) otherwise:At this point we have to 
ombine the above algorithms and obtain the homographi
 fun
tion.The input is a matrix of 
oeÆ
ients M = � a b
 d � and a Stern{Bro
ot binary sequen
e � 2 SB.The output is a signed Stern{Bro
ot binary sequen
e. First we 
al
ulate SM (�) and we assumethat the result is (s;Ms; �s) where Ms = � as bs
s ds �. Furthermore we use the following 
onventions:M�s = ��as �bs�
s �ds �, M�s1 = � as bs�
s �ds � and M�s2 = ��as �bs
s ds �. The algorithm is written in the formof a fun
tion H :M2�2(Z)� SB 7�! SSB. Note that there is no re
ursive 
alls in this fun
tion:homographi
 algorithm for a; b; 
; d 2 Z; � 2 SB .8>>>>>>>>>>>>><>>>>>>>>>>>>>:HM (�) := 8>>>>>>>>>>>>><>>>>>>>>>>>>>:
if ad = b
 (pa
 q if 
 6= 0;p bdq otherwise:if ad 6= b
 8>>>>>>>><>>>>>>>>:ZERO if s = 0;if s = 1 (POS BMs(�s) if as + bs > 0;POS BM�s (�s) otherwise:if s = �1 8<:NEG BM�s1 (�s) if as + bs > 0;NEG BM�s2 (�s) otherwise:The following theorem shows the 
orre
tness of the algorithms above. The proof of this theoremwill be given (in a rather general form) in Se
tion 4.3:Theorem 4.5 Let hM (x) = ax+b
x+d where M = � a b
 d � 2M2�2(Z). Let � 2 SB.i) Assume SM (�) = (s;Ms; �s). Then s = sgn hM ([[�℄℄).ii) If a+ b > 0 and 
+ d > 0 then phM ([[�℄℄)q = BM (�).iii) phM ([[�℄℄)q =HM (�)4.2 Quadrati
 algorithmIn this se
tion we give a syn
hronised algorithm to 
ompute addition and multipli
ation of twoSB-en
odings. To do this we 
onsider the following general quadrati
 transformation:qA(x; y) = axy + bx+ 
y + dexy + fx+ gy + h a; b; 
; d; e; f; g; h 2 Z and T = � a b 
 de f g h � :We denote the set of 2 � (2 � 2) tensors with integer elements by T2�(2�2)(Z). One 
ould
onsider a 2 � 4 matrix instead of a tensor. We use the term tensor to be 
onsistent with theexisting literature. 8



By 
onsidering the quadrati
 fun
tions, we have a mu
h more general algorithm and by takingspe
ial tensors for T we obtain the algorithms for basi
 arithmeti
 operations.T� = � 0 1 1 00 0 0 1 � T
 = � 1 0 0 00 0 0 1 �T	 = � 0 1 �1 00 0 0 1 � T� = � 0 1 0 00 0 1 0 �And we de�ne arithmeti
 operations on SSB as:( � : SSB� SSB 7�! SSB;�1 � �2 := pqT�q([[�1℄℄; [[�2℄℄): ( 
 : SSB� SSB 7�! SSB;�1 
 �2 := pqT
q([[�1℄℄; [[�2℄℄):( 	 : SSB� SSB 7�! SSB;�1 	 �2 := pqT	q([[�1℄℄; [[�2℄℄): ( � : SSB� SSB 7�! SSB;�1 � �2 := pqT�q([[�1℄℄; [[�2℄℄):This algorithm is very similar to the homographi
 algorithm of the previous se
tion. On
eagain it suÆ
es to assume �1; �2 2 SB, i.e. �1 and �2 are the Stern{Bro
ot representation ofpositive rational numbers. The algorithm we obtain to 
ompute pq([[�1℄℄; [[�2℄℄)q is easily extendibleto an algorithm for 
omputing pq([[�1℄℄; [[�2℄℄)q when �1; �2 2 SSB. There are three di�erent 
asesto 
onsider a

ording to whether one or both of �1; �2 being negative2.Hen
e we assume �1; �2 2 SB are given and we pro
eed exa
tly the same way as the in previousse
tion. In the rest of this se
tion we denote by T the 
oeÆ
ient tensor � a b 
 de f g h � and we use thefollowing 
onvention for the modi�ed 
oeÆ
ient matri
es after absorption of inputs or emission ofoutput:TLL = h a+b+
+d b+d 
+d de+f+g+h f+h g+h h i TLR = h a+
 a+b+
+d 
 
+de+g e+f+g+h g g+h i TRL = h a+b b a+b+
+d b+de+f f e+f+g+h f+h iTRR = h a a+b a+
 a+b+
+de e+f e+g e+f+g+h i TN = h a�e b�f 
�g d�he f g h i TD = � a b 
 de�a f�b g�
 h�d � :First we determine the sign of qT ([[�1℄℄; [[�2℄℄). In 
ontrast with the sign algorithm for thehomographi
 fun
tion we absorb the bits from both inputs. The algorithm that determines thesign should not only output the sign but also the new 
oeÆ
ients matrix and the remaining partof both inputs. Then we present the output-bit algorithm that for a positive numerator anddenominator emits the outputs.Finally the quadrati
 algorithm 
ombines the sign algorithm andthe output-bits algorithm to 
ompute qT ([[�1℄℄; [[�2℄℄) for �1; �2 2 SB. First we need a de�nitionsimilar to the De�nition 4.1:De�nition 4.6 Let m;n; p; q 2 Z. We de�ne the sum of sign of m,n,p and q to be f2(m;n) :=sgn m+ sgn n+ sgn p+ sgn q.Lemma 4.7i) f2(m;n; p; q) > 2 then 8x; y > 0 mxy + nx+ py + q > 0.ii) f2(m;n; p; q) < �2 then 8x; y > 0 mxy + nx+ py + q < 0.iii) f1(f2(a; b; 
; d) � 2; f2(e; f; g; h) � 2) = 2 or f1(f2(a; b; 
; d) + 2; f2(e; f; g; h) + 2) = �2 then8x; y > 0 axy+bx+
y+dexy+fx+gy+h > 0.iv) f1(f2(a; b; 
; d) � 2; f2(e; f; g; h) + 2) = 0 or f1(f2(a; b; 
; d) + 2; f2(e; f; g; h) � 2) = 0 then8x; y > 0 axy+bx+
y+dexy+fx+gy+h < 0.2For example if [[�1℄℄ = �[[�1℄℄ and [[�2℄℄ = [[�2℄℄ then:pqT ([[�1℄℄; �2)q = p a[[�1℄℄[[�2℄℄ + b[[�1℄℄ + 
[[�2℄℄ + de[[�1℄℄[[�2℄℄ + f [[�1℄℄ + g[[�2℄℄ + hq = p (�a)[[�1℄℄[[�2℄℄� b[[�1℄℄ + 
[[�2℄℄ + d(�e)[[�1℄℄[[�2℄℄� f [[�1℄℄ + g[[�2℄℄ + hq = pqT 0 ([[�1℄℄; [[�2℄℄)q:9



Proof. This is a 
orollary to Lemma 4.14 whi
h will be proved in Se
tion 4.3 �The sign algorithm is given below. The input is a tensor of 
oeÆ
ients T = � a b 
 de f g h � and twoStern{Bro
ot binary sequen
e �1; �2 2 SB. The output is a quadruple (s; Ts; �1s ; �2s) 
onsistingof the sign, the new 
oeÆ
ient tensor and the remaining parts of both inputs. The algorithmis written in the form of a re
ursive fun
tion S2 : T2�(2�2)(Z)� SB � SB 7�! f0;+1;�1g �T2�(2�2)(Z)� SB� SB.In the following let A1 = h a+b 
+de+f g+h i, A2 = h a+
 b+de+g f+h i, SA1(�1) = (s1; Bs1 ; �s1), SA2(�2) =(s2; Bs2 ; �s2), Bs1 = h as1 bs1
s1 ds1 i and Bs2 = h as2 bs2
s2 ds2 i. Let TBs1 = h 0 as1 0 bs10 
s1 0 ds1 i and TBs2 =h 0 0 as2 bs20 0 
s2 ds2 i. Let �1 = f2(a; b; 
; d) and �2 = f2(e; f; g; h):Sign algorithm for a; b; 
; d; e; f; g; h 2 Z; �1; �2 2 SB .8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

S2T (�1; [℄) := (s1; TBs1 ; �s1 ; [℄)S2T ([℄; �2) := (s2; TBs2 ; [℄; �s2)S2T (�1; �2) :=8>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>:
if b = 
 = d = 0 8>>>><>>>>:((sgn a)(sgn e); T; �1; �2) if f = g = h = 0;(sgn a; T; �1; �2) else if �2 > 2;(�sgn a; T; �1; �2) else if �2 < �2;XT (�1; �2) otherwise:
otherwise 8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

if f = g = h = 0 8>><>>:(sgn e; T; �1; �2) else if �1 > 2;(�sgn e; T; �1; �2) else if �1 < �2;XT (�1; �2) otherwise:otherwise 8>>>>>>><>>>>>>>:(+1; T; �1; �2) if f1(�1 � 2; �2 � 2) = 2_f1(�1 + 2; �2 + 2) = �2;(�1; T; �1; �2) else if f1(�1 � 2; �2 + 2) = 0_f1(�1 + 2; �2 � 2) = 0;XT (�1; �2) otherwise:The fun
tion X : T2�(2�2)(Z)�SB�SB 7�! f0;+1;�1g�T2�(2�2)(Z)�SB�SB is de�nedby pattern mat
hing on the head element of input. This fun
tion is a
tually the re
ursive step inthe S2 fun
tion and is also the step in whi
h we absorb the head elements of inputs. Note thatat ea
h 
all to this fun
tion we absorb the head element of both inputs simultaneously3:8>>>><>>>>:XT (L�01;L�02) := S2TLL (�01; �02)XT (L�01;R�02) := S2TLR(�01; �02)XT (R�01;L�02) := S2TRL(�01; �02)XT (R�01;R�02) := S2TRR(�01; �02)Next we give the output-bit algorithm. Assume we are given a tensor T of 
oeÆ
ients and aStern{Bro
ot binary sequen
e � 2 SB. Moreover we need the pre
ondition that if one of �1 or�2 is the empty sequen
e then a+b+
+d>0 and e+f+g+h>0. This is be
ause in this algorithmwe are going to evaluate the fun
tion B of the previous se
tion, whi
h had a similar pre
ondition.First we need a generalisation of the De�nition 4.3:3There are other absorption strategies possible but we don't 
onsider this issue in this paper. For a dis
ussionof possible absorption strategies we refer the reader to [15, Ch. 11℄.10



De�nition 4.8 Let m;n; p; q; r; s; t; u 2 Z. We de�ne the predi
ate: 2(m;n; p; q; r; s; t; u) :=(r � m ^ s � n ^ t � p ^ u < q) _ (r � m ^ s � n ^ t < p ^ u � q)_ (r � m ^ s < n ^ t � p ^ u � q) _ (r < m ^ s � n ^ t � p ^ u � q)Lemma 4.9i) If  2(m;n; p; q; r; s; t; u) then 8x; y > 0 mxy + nx+ py + q > rxy + sx+ ty + u.ii) If : 2(m;n; p; q; r; s; t; u) ^ : 2(m;n; p; q; r; s; t; u) then9x; y > 0 mxy + nx+ py + q = rxy + sx+ ty + u:We are ready to present the output-bit algorithm. The algorithm is given in the form of are
ursive fun
tion B2 : T2�(2�2)(Z)� SB� SB 7�! SB:output-bit algorithm for a; b; 
; d; e; f; g; h 2 Z; �1; �2 2 SB .8>>>>>>><>>>>>>>:B2T (�1; [℄) := BA1(�1)B2T ([℄; �2) := BA2(�2)B2T (�1; �2) := 8>><>>:R (B2TN (�1; �2)) if  2(a; b; 
; d; e; f; g; h);L (B2TD (�1; �2)) else if  2(e; f; g; h; a; b; 
; d);X0T (�1; �2) otherwise:The fun
tion X0 : T2�(2�2)(Z)�SB�SB 7�! SB is de�ned by pattern mat
hing on the headelement of input. This fun
tion is in fa
t the re
ursive step in the B2 fun
tion where we performthe re
ursion on the input sequen
es:8>>>><>>>>:X0T (L�01;L�02) := B2TLL(�01; �02)X0T (L�01;R�02) := B2TLR(�01; �02)X0T (R�01;L�02) := B2TRL(�01; �02)X0T (R�01;R�02) := B2TRR(�01; �02)Next we have to 
ombine the above algorithms and obtain the quadrati
 fun
tion. The inputis a tensor of 
oeÆ
ients and two Stern{Bro
ot binary sequen
es �1; �2 2 SB. The output isa signed Stern{Bro
ot binary sequen
e. First we 
al
ulate S2T (�1; �2) and we assume that theresult is (s; Ts; �1s ; �2s) where Ts = h as bs 
s dses fs gs hs i. Furthermore we use the following 
onventions:T�s = h�as �bs �
s �ds�es �fs �gs �hs i, T�s1 = h as bs 
s ds�es �fs �gs �hs i and T�s2 = h�as �bs �
s �dses fs gs hs i. We also need tode�ne a predi
ate whi
h generalises the notion of singularity for non square matri
es (in our 
asethe 2� (2� 2) tensor):De�nition 4.10 For T = � a b 
 de f g h � we de�ne the predi
ate same ratio (T ) as:same ratio (T ) := af = be ^ bg = 
f ^ 
h = dg ^ ag = 
e ^ ah = de ^ bh = df:The algorithm is written in the form of a fun
tion Q : T2�(2�2)(Z)� SB � SB 7�! SSB. Notethat there is no re
ursive 
alls in this fun
tion:
11



quadrati
 algorithm for a; b; 
; d; e; f; g; h 2 Z; �1; �2 2 SB .8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:QT (�1; �2) :=
8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
if same ratio (T ) 8>>>><>>>>:p dhq if h 6= 0;p 
g q if g 6= 0;p bf q if f 6= 0;pae q otherwise:otherwise 8>>>>>>>><>>>>>>>>:ZERO if s = 0;if s = 1 (POS B2Ts(�1s ; �2s) if as + bs + 
s + ds > 0;POS B2T�s (�1s ; �2s) otherwise:if s = �1 8<:NEG B2T�s1 (�1s ; �2s) if as + bs + 
s + ds > 0;NEG B2T�s2 (�1s ; �2s) otherwise:To 
on
lude this se
tion we mention the following theorem whi
h shows the 
orre
tness of theabove algorithms. This will be a 
orollary to the Theorem 4.21 of the next se
tion:Theorem 4.11 Let qT (x) = axy+bx+
y+dexy+fx+gy+h where T = � a b 
 de f g h � 2 T2�(2�2)(Z). Let �1; �2 2 SB.i) Assume S2T (�1; �2) = (s; Ts; �1s ; �2s). Then s = sgn qT ([[�1℄℄; [[�2℄℄).ii) If a+ b+ 
+ d > 0 and e+ f + g + h > 0 then pqT ([[�1℄℄; [[�2℄℄)q = B2T (�1; �2).iii) pqT ([[�1℄℄; [[�2℄℄)q = QT (�1; �2)4.3 Multilinear FormsLooking ba
k at the algorithms of the previous two se
tions, we 
an observe that the quadrati
algorithms are obtained by generalising the homographi
 algorithms to two variables. The passagefrom fun
tions SM to S2T , from BM to B2T and from HM to QT is straightforward. Anothergeneralisation, perhaps less 
lear, is the way the homographi
 algorithm is a generalised form ofthe p q fun
tion of Se
tion 2.The main purpose of the present se
tion is to give a uni�ed proof of the Theorems 4.5 and 4.11.In order to do that we introdu
e the 
lass of multilinear fun
tions of n variables. Next we explorea general form of the aforementioned algorithms whi
h given a list of n Stern{Bro
ot binarysequen
es, 
ompute a multilinear fra
tional form of n variables. This generalised algorithm is notne
essarily very eÆ
ient as we only pay attention to the mathemati
al properties of the fun
tionsand sometimes we assume that 
ertain subroutines are given without expli
itly mentioning them.De�nition 4.12 We de�ne the family Ln of multilinear polynomials of n variables re
ursively asfollows:1. L0 = Z.2. Ln+1(x1; : : : ; xn; xn+1) = xn+1Ln(x1; : : : ; xn) + Ln(x1; : : : ; xn)If Ln; L0n 2 Ln we 
all �n = LnL0n a multilinear fra
tional form of n variables.In other words a multilinear polynomial of n variables is a polynomial that is linear with respe
tto ea
h subset of its arguments. As an example,L3(x; y; z) = axyz + bxy + 
yz + dxz + ex+ fy + gz + his a member of L3. Note that rational numbers are multilinear fra
tional forms of 0 variables,and homographi
 and quadrati
 fun
tions are multilinear fra
tional forms of respe
tively 1 and 2variables. 12



To generalise the quadrati
 algorithm we 
onsider the following form:�n(x1; : : : ; xn) = Ln(x1; : : : ; xn)L0n(x1; : : : ; xn) ; Ln; L0n 2 Ln:Throughout the rest of the se
tion we assume that a0; : : : ; a2n are 
oeÆ
ients of Ln(x1; : : : ; xn)in as
ending order (i.e. a0 is the 
onstant and a2n is the 
oeÆ
ient of the monomial with nvariables). Similarly we show the 
oeÆ
ients of L0n(x1; : : : ; xn) by b0; : : : ; b2n . This way we 
anarrange the 
oeÆ
ients in a 2� 2n tensor:Tn = � a2n a2n�1 : : : a0b2n b2n�1 : : : b0 �Instead of 
onsidering the tensor as an n + 1-dimensional 
ube, we 
onsider it as a re
tangu-lar 2 � 2n matrix. We expli
itly mention the tensor whenever we have a multilinear fra
tionalform. Next we want to present the algorithm that given �1; � � � ; �n 2 SB 
al
ulates the fun
tionp�nTn ([[�1℄℄; : : : ; [[�n℄℄)q. In order to be able to do that we need to �x some 
onventions.We present some notations for the tensors of modi�ed 
oeÆ
ients whenever we absorb frominput or emit an output bit. For absorbing we always follow the simultaneous absorption strategy,whi
h means that we absorb the head bit of all n input sequen
es at the same step. This waywe have 2n di�erent 
ases with respe
t to the head bit of ea
h of n input sequen
es. In order toen
ode this we 
onsider the lexi
ographi
 ordering on the n element binary sequen
es of Ls andRs. We show this by the sequen
e �1; : : : ; �2n . For example:�1 = LL � � �L| {z }n times ; �2 = LL � � �L| {z }n�1 timesR; �2n�3+1 = LLLR L � � �L| {z }n�4 times:As an example in the 
ase of quadrati
 fun
tion, we have 4 absorption tensors whi
h werementioned in Se
tion 4.2 as TLL, TLR, TRL and TRR. By tensor T�i we mean the tensor of
oeÆ
ients after absorbing the head elements of the n input sequen
es, where those absorbedelements are �i(1); �i(2); : : : ; �i(n). For example T�1 denotes the tensor of modi�ed 
oeÆ
ientswhere all the inputs start with L. We use the transformations given in De�nition 2.4 to 
al
ulatethe new 
oeÆ
ients. If we de�ne �(L; x) = xx+1 and �(R; x) = x + 1, one 
an see that if �k =�i(k)�0k (i.e. if �0 is the tail of �); then �(�i(k); [[�0k℄℄) = [[�k ℄℄ and:�nTn ([[�1℄℄; � � � ; [[�n℄℄) = �nTn (�(�i(1); [[�01℄℄); � � � ; �(�i(n); [[�0n℄℄))= �nT�i ([[�01℄℄; � � � ; [[�0n℄℄): (4.12.1)This equation shows that given �i and Tn, one 
an always 
al
ulate T�i . In this se
tion wedo not give an expli
it algorithm for this, but we assume that su
h an algorithm is given. It isobvious that in the 
ase of homographi
 and quadrati
 algorithm no algorithm is ne
essary as weare only dealing with 2 (resp. 4) tensors.As a next step we present the emission tensors. Unlike in 
ase of the absorption tensors,here independent of n we always have two emission tensors. That is be
ause at any step in theoutput-bit algorithm we output L if the numerator is less than the denominator and we output Rif denominator is less than the numerator (
f. De�nition 2.2). If we 
an not de
ide whi
h of thenumerator or denominator is bigger then we absorb more input. Thus we denote the two emissiontensors by TD (for the 
ase of outputting L) and TN (for the 
ase of outputting R). Ea
h time weoutput an L bit, we subtra
t the numerator from the denominator and ea
h time we output an Rwe subtra
t the denominator from the numerator (
f. De�nition 2.2). Thus the emission tensorsbe
ome:TD = � a2n a2n�1 � � � a1b2n � a2n b2n�1 � a2n�1 � � � b1 � a1 �; TN = � a2n � b2n � � � a1 � b1b2n � � � b1 �Next we generalise the fun
tions f1 and f2. 13



De�nition 4.13 Let m1; � � � ;m2n 2 Z. We de�ne their sum of sign to be fn(m1; � � � ;m2n) =sgn m1 + � � �+ sgn m2n .We use the sum of sign as a 
riteria to determine the sign of the multilinear polynomial whose
oeÆ
ients are m1; � � � ;m2n . This is shown for simple 
ases in the lemmata 4.2 and 4.7 and moregenerally in the following lemma:Lemma 4.14i) fn(a1; � � � ; a2n) > 2n � 2 then 8x1; � � � ; x2n > 0 Ln(a1; � � � ; a2n) > 0.ii) fn(a1; � � � ; a2n) < �2n + 2 then 8x1; � � � ; x2n > 0 Ln(a1; � � � ; a2n) < 0.iii) f1(fn(a1; � � � ; a2n)� (2n � 2); fn(b1; � � � ; b2n)� (2n � 2)) = 2 orf1(fn(a1; � � � ; a2n) + (2n � 2); fn(b1; � � � ; b2n) + (2n � 2)) = �2 then8x1; � � � ; x2n > 0 �n(x1; � � � ; x2n) > 0.iv) f1(fn(a1; � � � ; a2n)� (2n � 2); fn(b1; � � � ; b2n) + (2n � 2)) = 0 orf1(fn(a1; � � � ; a2n) + (2n � 2); fn(b1; � � � ; b2n)� (2n � 2)) = 0 then8x1; � � � ; x2n > 0 �n(x1; � � � ; x2n) < 0.Proof. i) if fn(a1; � � � ; a2n) > 2n � 2 then fn(a1; � � � ; a2n) = 2n � 1 or fn(a1; � � � ; a2n) = 2n.Thus we have at least 2n � 1 of a1; � � � ; a2n are greater than zero and none of them isless than 0. In either of the 2n + 1 
ases the desired inequality holds.ii) similar to i.iii) Assume f1(fn(a1; � � � ; a2n)� (2n � 2); fn(b1; � � � ; b2n)� (2n � 2)) = 2 thenfn(fn(a1; � � � ; a2n) > (2n � 2) and fn(b1; � � � ; b2n) > (2n � 2)). If x1; � � � ; x2n > 0 by iwe have Ln(a1; � � � ; a2n) > 0 and L0n(b1; � � � ; b2n) > 0 and hen
e �n(x1; � � � ; x2n) > 0.The 
ase f1(fn(a1; � � � ; a2n) + (2n � 2); fn(b1; � � � ; b2n) + (2n � 2)) = �2 is similar.iv) similar to iii. �Next we present the general 
ase of the sign algorithm. The input is the number of thevariables n, the tensor Tn and the n Stern{Bro
ot binary sequen
es �1; � � � ; �n 2 SB. The outputis an n + 2-tuple (s; Tns ; �1s ; � � � ; �ns) 
onsisting of the sign, the new 
oeÆ
ients tensor and theremaining parts of the n input sequen
es. We present the algorithm in the form of a re
ursivefun
tion Sn : T2�2n(Z)�SBn 7�! f0;+1;�1g�T2�2n(Z)�SBn. The re
ursion is on n as well asthe input sequen
es. First of all when n = 0 then S0 is just determining the sign of the fra
tion ab .In this 
ase there is no input string so we output ((sgn a)(sgn b); [ ab ℄). For the 
ase n > 0 we haveto introdu
e some spe
ial tensors to deal with the 
ase in whi
h the input sequen
e �i (1 � i � n)is the empty sequen
e.De�nition 4.15 We denote the 2�2n�1 tensor of the 
oeÆ
ients of �n(x1; � � � ; xi�1; 1; xi+1; � � � ; xn)by Ai. We assume that the out
ome of Sn�1(Ai; �1; � � � ; �i�1; �i+1; � � � ; �n) is of the following form:(si; Bsi ; �s1 ; � � ��si�1 ; �si+1 ; � � � ; �sn);where Bsi is the new 2�2n�1 tensor of 
oeÆ
ients. From Bsi we 
onstru
t the 2�2n tensor TnBsi .The tensor TnBsi is a tensor whose 2n�1 
olumns 
orresponding to the monomilas not in
ludingxi are the 
olumns from Bsi , and the other 2n�1 
olumns are 0. As an example the tensor TBs1of Se
tion 4.2 is obtained in this way. 14



When the input sequen
e �i (1 � i � n) is the empty sequen
e, it means that one inputsequen
e has vanished. Thus in order to 
al
ulate �n we 
an 
onsider the 
oeÆ
ients of themonomials in whi
h this vanishing variable o

urs to be 0 4. This way, using the above notation,we output (as part of the output n+2-tuple) the tensor TnBsi . We mention some useful propertiesof the matri
es Ai and TBsi :Lemma 4.16 Let �i = [℄ and Ai, Bsi and TBsi be de�ned as in 4.15. Theni) �n�1Ai (x1; � � � ; xi�1; xi+1; � � � ; xn) = �nTn (x1; � � � ; xi�1; 1; xi+1; � � � ; xn):ii) �n�1Bsi (x1; � � � ; xi�1; xi+1; � � � ; xn) = �nTBsi (x1; � � � ; xi�1; 1; xi+1; � � � ; xn):Proof. Immediate by indu
tion on n and unfolding the de�nitions. �In the following algorithm we use the shorthand notation �1 = fn(a1; � � � ; a2n) and �2 =fn(b1; � � � ; b2n).Sign algorithm for n variables.8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Sn(Tn; �1; � � � ; �i�1; [℄; �i+1; � � � ; �n) := (si; TnBsi ; �s1 ; � � ��si�1 ; [℄; �si+1 ; � � � ; �sn)Sn(Tn; �1; � � � ; �n) :=8>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>:
if 8i < 2n ai = 0 8>>>><>>>>:((sgn a2n)(sgn b2n); Tn; �1; � � � ; �n) if 8i < 2n bi = 0;(sgn a2n ; Tn; �1; � � � ; �n) else if �2 > 2n � 2;(�sgn a2n ; Tn; �1; � � � ; �n) else if �2 < �2n + 2;XnTn(�1; � � � ; �n) otherwise:
otherwise 8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

if 8i < 2n bi = 0 8>><>>:(sgn b2n ; Tn; �1; � � � ; �n) else if �1 > 2n � 2;(�sgn b2n ; Tn; �1; � � � ; �n) else if �1 < �2n + 2;XnTn(�1; � � � ; �n) otherwise:otherwise 8>>>>>>><>>>>>>>:(+1; Tn; �1; � � � ; �n) if f1(�1�(2n�2); �2�(2n�2))=2_f1(�1+(2n�2); �2+(2n�2))=� 2;(�1; Tn; �1; � � � ; �n) else if f1(�1�(2n�2); �2+(2n�2))=0_f1(�1+(2n�2); �2�(2n�2))=0;XnTn(�1; � � � ; �n) otherwise:The fun
tion Xn : T2�2n(Z)� SBn 7�! f0;+1;�1g� T2�2n(Z)� SBn is the absorption stepand is de�ned by pattern mat
hing on the head elements of the input sequen
es using the T�itensors de�ned earlier in this se
tion. If the head elements of the n sequn
es are the the sequen
e�i then: Xn(Tn; �i(1)�01; � � � ; �i(n)�0n) := Sn(T�i ; �01; � � � ; �0n)Next we turn our attention to the generalised form of the output-bit algorithm. First wegeneralise the De�nitions 4.3 and 4.8:De�nition 4.17 Let p1; � � � ; p2n ; q1; � � � ; q2n 2 Z. We de�ne the predi
ate: n(p1; � � � ; p2n ; q1; � � � ; q2n) := _1�i�2n�(k̂ 6=i qk � pk) ^ qi < pi�4That is to say, we 
onsider �n(x1; � � � ; xi�1; 1; xi+1; � � � ; xn) as another multilinear fra
tional form�0n(x1; � � � ; xi�1; 0; xi+1; � � � ; xn). 15



Again we state those properties of these predi
ate that we use in the algorithm:Lemma 4.18i) If  n(a1; � � � ; a2n ; b1; � � � ; b2n) then 8x1; � � � ; x2n > 0 Ln(x1; � � � ; x2n) > L0n(x1; � � � ; x2n).ii) If : n(a1; � � � ; a2n ; b1; � � � ; b2n) ^ : n(b1; � � � ; b2n ; a1; � � � ; a2n) then9x1; � � � ; x2n>0: Ln(x1; � � � ; x2n) = L0n(x1; � � � ; x2n)In the generalised output-bit algorithm, the input is the number of the variables n, the tensor Tnand the n Stern{Bro
ot binary sequen
es �1; � � � ; �n 2 SB. We present the algorithm as a re
ursivefun
tion Bn : T2�2n(Z)� SBn 7�! SB. The re
ursion is on n as well as the input sequen
es andthe tensor of 
oeÆ
ients 5. In 
ase one of the input sequen
es is the empty sequen
es, we need to
all the Bn�1 fun
tion and perform the re
ursion on n. Sin
e in the base 
ases n = 1 and n = 2 wehad the pre
ondition that for empty input sequen
es L1(1); L01(1) > 0 and L2(1; 1); L02(1; 1) > 0;this pre
ondition will mount to the 
ase of arbitrary n. Thus if for some 1 � i � n the inputsequen
e �i is the empty sequen
e we need to require that Ln(1; 1; � � � ; 1) = P2ni=1 ai > 0 andL0n(1; 1; � � � ; 1) = P2ni=1 bi > 0. Moreover note that in the 
ase when one of the input sequen
esis empty we have a re
ursive step on n with a di�erent 
oeÆ
ients matrix. Hen
e we need thefollowing lemma whi
h states that the pre
onditions are preserved during the re
ursive step:Lemma 4.19 For a tensor T 2 T2�2n(Z) by row1(T ) we mean the sum of the elements in the�rst row of the tensor and by row2(T ) we mean the sum of the elements in the se
ond row of thetensor. Suppose row1(Tn); row2(Tn) > 0. Then rowk(Ai) > 0(k = 1; 2).Proof. Ai is obtained from Tn by simplifying �nTn (x1; � � � ; xi�1; 1; xi+1; � � � ; xn) and writing itas �n�1Ai (x1; � � � ; xi�1; xi+1; � � � ; xn). By indu
tion on n one 
an easily see that during thesimpli�
ation, rowk(Tn) remains equal to rowk(Ai). �We are ready to present the output-bit algorithm for n variables.output-bit algorithm for ai; bi 2 Z; �i;2 SB; row1(Tn); row2(Tn) > 0.8>>>>><>>>>>:Bn(Tn; �1; � � � ; �i�1; [℄; �i+1; � � � ; �n) := Bn�1(Ai; �1; � � � ; �i�1; �i+1; � � � ; �n)Bn(Tn; �1; � � � ; �n) := 8>><>>:R (Bn(TN ; �1; � � � ; �n)) if  n(a1; � � � ; a2n ; b1; � � � ; b2n);L (Bn(TD; �1; � � � ; �n)) else if  n(b1; � � � ; b2n ; a1; � � � ; a2n);X0n(Tn; �1; � � � ; �n) otherwise:Where the fun
tion X0n : T2�2n(Z)� SBn 7�! SB is de�ned by pattern mat
hing on the headelement of input similar to the above Xn fun
tion; an in the other absorption 
ases we use thetensors T�i de�ned earlier in this se
tion:X0n(Tn; �i(1)�01; � � � ; �i(n)�0n) := Bn(T�i ; �01; � � � ; �0n)Finally 
ombining the above two algorithms we present the algorithm to 
ompute the multi-linear fra
tional form �n. Given n the number of variables, the tensors Tn of the 
oeÆ
ients andthe Stern{Bro
ot binary sequen
es, this algorithm will 
al
ulate �nTn ([[�1℄℄; � � � ; [[�n℄℄). The mainsteps are taken in the output-bit algorithm. We only need to make sure that when we 
all theoutput-bit algorithm the pre
onditions hold. in order to a
hieve this we use the out
ome of thesign algorithm to 
orre
t the signs of the 
oeÆ
ients to satisfy the pre
ondition. Thus assuming5For this to work we need to de�ne a well-ordering on the set of tensors. This is always possible (See thedis
ussion before Theorem 4.21 and [14℄) 16



that Sn(Tn; �1; � � � ; �n) = (s; Tns ; �1s ; � � � ; �ns), and that Tns = h as2n as2n�1 ::: as0bs2n bs2n�1 ::: bs0 i we use thenotations T�ns ,T�ns1 and T�ns2 to denote the modi�ed versions of the Tns tensor. In T�ns we negateall the elements of the tensor Tns . In T�ns1 (resp. T�ns2 ) we negate only the elements in the se
ondrow (resp. �rst row) of Tns (
f. T�s ,T�s1 and T�s2 in Se
tion 4.2). Next we present the generalisedform of the De�nition 4.20:De�nition 4.20 For Tn = h a2n a2n�1 ::: a0b2n b2n�1 ::: b0 i we de�ne the predi
ate same ratio (Tn) as:same ratio (Tn) := ^1�i;j�n aibj = ajbi:We present the algorithm in the form of a fun
tion Mn : T2�(2�2)(Z)� SBn 7�! SSB. Notethat there is no re
ursive 
alls in this fun
tion:multilinear algorithm for n variables.8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
Mn(Tn; �1; � � � ; �n) :=8>>>>>>>>>>>><>>>>>>>>>>>>:
if same ratio (Tn) npaibi q for the �rst 1 � i � 2ns.t. bi 6= 0:otherwise 8>>>>>>>>><>>>>>>>>>:

ZERO if s = 0;if s = 1 8<:POS Bn(Tns ; �1s ; � � � ; �ns) if P1�i�2nasi > 0;POS Bn(T�ns ; �1s ; � � � ; �ns) otherwise:if s = �1 8<:NEG Bn(T�ns1 ; �1s ; � � � ; �ns) if P1�i�2nasi > 0;NEG Bn(T�ns2 ; �1s ; � � � ; �ns) otherwise:After de�ning the generalised form of the algorithms we pro
eed to proof the 
orre
tness ofthese family of the algorithms. Sin
e our algorithms are given as re
ursive fun
tion, we need tofollow well-founded indu
tion on re
ursive 
alls to prove properties about these fun
tions. Forwell-founded indu
tion one needs to have a well-ordering on the stru
ture whi
h is de
reasing insu

esive re
ursive 
alls. In our algorithms we have re
ursions on three di�erent stru
tres:(1) Re
ursion on natural numbers. This leads to ordinary indu
tion on natural numbers.(2) Re
ursion on the stru
ture of binary sequen
es. This leads to a well-ordering on the set of�nite binary sequen
es, whi
h is basi
ally the (partial) oredring of sequen
es a

ording to theirlength. A

ording to this well-ordering, the new input sequn
es (
onsider as an n-tuple) afteran absorption step should be 
onsidered less than the n-tuple of input sequn
es before theabsorption. Therefore we use this indu
tion s
heme to prove th properties that are invariantduring the absorption steps.(3) Re
ursion on the stru
ture of tensor of the 
oeÆ
ients. This leads to a well-ordering on theset of 2� 2n tensors over positive integers, whi
h is the ordering of tensors a

ording to sumof their elements. A

ording to this well-ordering, the tensor of 
oeÆ
ients after an emissionstep should be 
onsidered less than the tensor of the 
oeÆ
ients before the emission. Hen
ewe use this inudu
tion s
heme weherever our algorithm 
ontains an emission step (e.g. thefun
tion Bn).Sometimes we need a 
ombination of the above orderings. In that 
ase we form a lexi
ographi
order in whi
h the 
omponent oredrs are the above well-orderings. One 
an prove that thislexi
ographi
 order is also well-founded, and hen
e one 
an use well-founded indu
tion on thelexi
ographi
 order. In the proof of the following theorem we use well-founded indu
tion on theabove stru
tures. 17



Theorem 4.21 (Corre
tness of Multiliear Algorithm) Let �nTn (x) = Ln(x1;��� ;xn)L0n(x1;��� ;xn) where Tn =h a2n a2n�1 ::: a0b2n b2n�1 ::: b0 i 2 T2�2n(Z). Let �1; � � � ; �n 2 SB.i) Assume Sn(Tn; �1; � � � ; �n) = (s; Tns ; �1s ; � � � ; �ns). Then s = sgn �nTn ([[�1℄℄; � � � ; [[�n℄℄).ii) If P1�i�2nai > 0 and P1�i�2nbi > 0 then p�nTn ([[�1℄℄; � � � ; [[�n℄℄)q = Bn(Tn; �1; � � � ; �n).iii) p�nTn ([[�1℄℄; � � � ; [[�n℄℄)q =Mn(Tn; �1; � � � ; �n):Proof.Part i) We prove by indu
tion on n. The 
ase n = 0 trivially holds as sign algorithm isdegenerate in this 
ase. ConsiderSn+1(Tn+1; �1; � � � ; �n+1) = (s; Tn+1s ; �1s ; � � � ; �n+1s). First we 
onsider the 
asewhen for some i we have �i = [℄. A

ording to the de�nition of Sn+1 we have(s; Tn+1s ; �1s ; � � � ; �n+1s) = (si; TnBsi ; �s1 ; � � ��si�1 ; [℄; �si+1 ; � � � ; �sn+1) and therefores = si (4.21.1)Re
all that:Sn(Ai; �1; � � � ; �i�1; �i+1; � � � ; �n) = (si; Bsi ; �s1 ; � � ��si�1 ; �si+1 ; � � � ; �sn):By indu
tion hypothesis:si = sgn �nAi ([[�1℄℄; � � � ; [[�i�1℄℄; [[�i+1℄℄; � � � ; [[�n+1℄℄) (4.21.2)But a

ording to the Lemma 4.16.i we have:�nAi (x1; � � � ; xi�1; xi+1; � � � ; xn+1) = �n+1Tn+1 (x1; � � � ; xi�1; 1; xi+1; � � � ; xn+1)(4.21.3)Therefore by (4.21.1), (4.21.2) and (4.21.3) the result follows.Now assume that neither of the input sequen
es are empty. In this 
ase in addition toour original indu
tion on n we pro
eed by well-founded indu
tion on the stru
ture ofthe binary input sequen
es. That is to say we assume the 
on
lusion to be true for forall �1; � � � ; �n where length(�i) � length(�i) and at least for some j �j 6= �j . Then wefollow the de�nition of Sn+1 and 
onsider di�erent 
ases. First assume:ai = 0 (for every i < 2n+1): (4.21.4)Chasing through the de�nition of Sn+1 we observe that in this 
ase we have fourpossibilities:1. 8i < 2n+1bi = 0: Here s = (sgn a2n+1)(sgn b2n+1). Sin
e all the other 
oeÆ
ientsare zero and all xi > 0, after simpli�
ation we get�n+1(x1; � � � ; xn+1) = a2n+1b2n+1 :Thus in this 
ase we obtainsgn �n+1Tn+1 (x1; � � � ; xn+1) = (sgn a2n+1)(sgn b2n+1) = s:2. �2 > 2n+1 � 2: Here s = sgn a2n+1 . By Lemma 4.14. i we haveL0n+1(b1; � � � ; b2n+1) > 0. Note that by (4.21.4) the sign of numerator is the sign ofa2n+1 . Therefore we getsgn �n+1Tn+1 (x1; � � � ; xn+1) = sgn a2n+1 = s:18



3. �2 < �2n+1 + 2: Here s = �sgn a2n+1 = 0. By Lemma 4.14. ii we haveL0n+1(b1; � � � ; b2n+1) < 0. Note that by (4.21.4) the sign of numerator is the sign ofa2n+1 . Therefore we getsgn �n+1Tn+1 (x1; � � � ; xn+1) = �sgn a2n+1 = s:4. In the 
ase where neither of the above three 
ases hold we have to use thehypothesis of the well-founded indu
tion. HereSn+1(T�i ; �01; � � � ; �0n+1) = (s; Tn+1s ; �1s ; � � � ; �n+1s). By well-founded indu
tion'shypothesis we know that sin
e �01; � � � ; �0n+1 are stru
turally smaller than�1; � � � ; �n+1 therefore s = sgn �n+1T�i ([[�01℄℄; � � � ; [[�0n+1℄℄): (4.21.5)But a

ording to the equation (4.12.1) on page 13 we have:�n+1Tn+1 ([[�1℄℄; � � � ; [[�n+1℄℄) = �n+1Tn+1 (�(�i(1); [[�01℄℄); � � � ; �(�i(n+ 1); [[�0n+1℄℄))= �n+1T�i ([[�01℄℄; � � � ; [[�0n+1℄℄): (4.21.6)The result follows from (4.21.5) and (4.21.6).Next assume: (:8i < 2n+1ai = 0) ^ 8i < 2n+1bi = 0: (4.21.7)A

ording to the algorithm for Sn+1, here we have three di�erent 
ases whi
h aresimilar to the last three of the above four 
ases and therefore we omit the proof.The last 
ase we 
onsider is the 
ase in whi
h(:8i < 2n+1ai = 0) ^ (:8i < 2n+1bi = 0): (4.21.8)Here we have to 
onsider three di�erent 
ases:(a) Assume f1(�1 � (2n � 2); �2 � (2n � 2)) = 2 orf1(�1 + (2n � 2); �2 + (2n � 2)) = �2. Here s = +1 and by Lemma 4.14. iii weimmediately get: sgn �n+1Tn+1 (x1; � � � ; xn+1) = +1 = s:(b) f1(�1 � (2n � 2); �2 + (2n � 2)) = 0 or f1(�1 + (2n � 2); �2 � (2n � 2)) = 0. This issimilar to the 
ase (a) and follows immediately from Lemma 4.14. iv.(
) In this 
ase neither of the above 
onditions holds. Here we use the same reasoningas in the 
ase 4. above and use the well-founded indu
tion.Part ii) We start by indu
tion on n. For the 
ase where n = 0 the 
on
lusion is trivial be
auseT0 = [ ab ℄ and B0 is the the p q fun
tion of Se
tion 2. Therefore both side of the
on
lusion be
ome pab q. For the 
ase of n+ 1 we �rst 
onsider the 
ase when for some1 � i � n+ 1 we have �i = [℄. A

ording to the de�nition we have :Bn+1(Tn+1; �1; � � � ; �i�1; [℄; �i+1; � � � ; �n+1) = Bn(Ai; �1; � � � ; �i�1; �i+1; � � � ; �n+1):(4.21.9)By Lemma 4.19 we know that row1(Ai); row2(Ai) > 0. Therefore we 
an use theindu
tion hypothesis for the right hand side. Then we obtain:Bn(Ai; �1; � � � ; �i�1; �i+1; � � � ; �n+1) = p�nAi ([[�1℄℄; � � � ; [[�i�1℄℄; [[�i+1℄℄; � � � ; [[�n+1℄℄)q:(4.21.10)19



But a

ording to Lemma 4.16.i we have:�nAi (x1; � � � ; xi�1; xi+1; � � � ; xn+1) = �n+1Tn+1 (x1; � � � ; xi�1; 1; xi+1; � � � ; xn+1)(4.21.11)And from (4.21.9), (4.21.10) and (4.21.11) the 
on
lusion follows.Next we assume that neither of the input sequen
es are empty. For the proof of thispart we apply the well-founded indu
tion on the stru
ture of the binary inputsequen
es and the tensors of 
oeÆ
ients.Following the de�nition of Bn+1 we have to 
onsider three 
ases:1.  n(a1; � � � ; a2n ; b1; � � � ; b2n). Here we haveBn+1(Tn+1; �1; � � � ; �n+1) = R (Bn+1(TN ; �1; � � � ; �n+1)): (4.21.12)By the (well-founded) indu
tion hypothesis we have:Bn+1(TN ; �1; � � � ; �n+1) = p�n+1TN ([[�1℄℄; � � � ; [[�n+1℄℄)q: (4.21.13)By the de�nition of TN we have:�n+1TN (x1; [[�n+1℄℄) = Ln+1(x1; � � � ; xn)� L0n+1(x1; � � � ; xn)L0n+1(x1; � � � ; xn) : (4.21.14)Note that by Lemma 4.18. i we haveLn+1(x1; � � � ; xn) > L0n+1(x1; � � � ; xn):When
e using De�nition 2.2 and the equations (4.21.13) and (4.21.14) we derive:R (Bn+1(TN ; �1; � � � ; �n+1)) = R pLn+1(x1; � � � ; xn+1)� L0n+1(x1; � � � ; xn+1)L0n+1(x1; � � � ; xn+1) q= pLn+1(x1; � � � ; xn+1)L0n+1(x1; � � � ; xn+1)q= p�n+1Tn+1 (x1; � � � ; xn+1)q; (4.21.15)and from here by (4.21.12) the desired result follows.2.  n(b1; � � � ; b2n ; a1; � � � ; a2n). This 
ase is similar to the previous 
ase.3. In the 
ase where none of the above two 
onditions holds we haveBn+1(Tn+1; �1; � � � ; �n+1) = Bn+1(T�i ; �01; � � � ; �0n+1): (4.21.16)Sin
e �01; � � � ; �0n+1 are stru
turally smaller than �1; � � � ; �n+1 therefore by(well-founded) indu
tion hypothesis we know that:Bn+1(T�i ; �01; � � � ; �0n+1) = p�n+1T�i ([[�01℄℄; � � � ; [[�0n+1℄℄)q: (4.21.17)But a

ording to the equation (4.12.1) on page 13 we have:�n+1T�i ([[�01℄℄; � � � ; [[�0n+1℄℄) = �n+1Tn+1 (�(�i(1); [[�01℄℄); � � � ; �(�i(n+ 1); [[�0n+1℄℄))= �n+1Tn+1 ([[�1℄℄; � � � ; [[�n+1℄℄); (4.21.18)The �nal result follows from (4.21.16), (4.21.17) and (4.21.18).20



Part iii) Assuming Sn(Tn; �1; � � � ; �n) = (s; Tns ; �1s ; � � � ; �ns) we 
onsider di�erent 
ases by
ase distin
tion on s. Case s = 0 is trivial. We 
onsider the 
ase s = +1. Assumerow(Tns) > 0. In this 
ase unfolding the de�nition and using part ii we 
an write:Mn(Tn; �1; � � � ; �n) = POS Bn(Tns ; �1s ; � � � ; �ns)= POS p�nTns ([[�1s ℄℄; � � � ; [[�ns ℄℄)q= p�nTns ([[�1s ℄℄; � � � ; [[�ns ℄℄)qTherefore we only need to prove:�nTns ([[�1s ℄℄; � � � ; [[�ns ℄℄) = �nTn ([[�1℄℄; � � � ; [[�n℄℄) (4.21.19)We prove this by indu
tion on n. The 
ase n = 0 is trivial. In order to prove thegeneral 
ase we need to examine the way (Tn+1s ; �1s ; � � � ; �n+1s) is generated. Byinvestigating the Sn+1 one observes that the only steps in the algorithm when we
hange the tensor of the 
oeÆ
ients, is when Tn+1 be
omes Tn+1Bsi in the output orTn+1 is modi�ed to T�i in the re
ursive step. We 
onsider ea
h of these two 
asesseparately:1. In the 
ase when Tn+1 transforms to Tn+1Bsi we ne
essarily have �i = [℄. AssumeSn(Ai; �1; � � � ; �i�1; �i+1; � � � ; �n+1) = (si; Bsi ; �s1 ; � � ��si�1 ; �si+1 ; � � � ; �sn+1);Sn+1(Tn+1; �1; � � � ; �i�1; [℄; �i+1; � � � ; �n+1) =(si; Tn+1Bsi ; �s1 ; � � � ; �si�1 ; [℄; �si+1 ; � � � ; �sn+1):Sin
e Ai is a 2� 2n tensor, by indu
tion hypothesis we have:�nAi ([[�1℄℄; � � � ; [[�i�1℄℄; [[�i+1℄℄; � � � ; [[�n+1℄℄) =�nBsi ([[�1s ℄℄; � � � ; [[�si�1 ℄℄; [[�si+1 ℄℄; � � � ; [[�ns ℄℄) (4.21.20)By Lemma 4.16.i we have�nAi ([[�1℄℄; � � � ; [[�i�1℄℄; [[�i+1℄℄; � � � ; [[�n+1℄℄) =�n+1Tn+1 ([[�1℄℄; � � � ; ; [[�i�1℄℄; 1; [[�i+1℄℄; � � � ; [[�n℄℄) (4.21.21)And by Lemma 4.16.ii we have�nBsi ([[�1s ℄℄; � � � ; [[�si�1 ℄℄; [[�si+1 ℄℄; � � � ; [[�ns ℄℄) =�n+1Tn+1Bsi ([[�1℄℄; � � � ; ; [[�i�1℄℄; 1; [[�i+1℄℄; � � � ; [[�n℄℄) (4.21.22)And the proof of (4.21.19) is obtained from (4.21.20), (4.21.21) and (4.21.22).2. In the 
ase when Tn+1 is modi�ed to T�i . As in the other absorption steps weargue by well-founded indu
tion on the stru
ture of the n+ 1-tuple of inputsequn
es and we note that by equation (4.12.1) on page 13 we have�n+1T�i ([[�01℄℄; � � � ; [[�0n+1℄℄) = �n+1Tn+1 ([[�1℄℄; � � � ; [[�n+1℄℄):Hen
e (4.21.19) holds in this 
ase.This 
ompletes the proof of (4.21.19) by indu
tion. Therefore in the 
ase when s = +1and row(Tns) > 0 we have proven the 
on
lusion. We omit the proof for the remainigthree 
ases (row(Tns) � 0 or s = �1) as it is identi
al to the above argument. �Hen
e we have shown the 
orre
tness of our algorithms for exa
t rational arithmeti
 based onStern{Bro
ot representation. For the 
ase n = 2 (the quarati
 algorithms) this proof has beenformalised in theorem prover Coq (See Se
tion 6 and [14℄).21



5 Exa
t Real Arithmeti
In this se
tion we dis
uss a possible representation for real numbers based on Stern{Bro
ot tree.The proofs are omitted and will be presented in an up
oming work of the author. In Se
tion 2we showed that one 
an en
ode the set of rational numbers as the set of �nite binary sequen
es.Allowing the sequen
es to be in�nite streams we get a representation for the set of real numbers.To be more pre
ise one 
an prove the following lemma using the approximations given in ea
hlevel of Stern{Bro
ot tree:Lemma 5.1 If � is an in�nite stream of L and R and � 6= R1, then de
oding of its initialsegments using the fun
tion de�ned in 2.4, forms a Cau
hy sequen
e of rational numbers.After that, one 
an extend the set of �nite sequen
es SB to 
ontain all in�nite binary streams.We 
all this new set SB!. We 
an extend the fun
tion [[ ℄℄ : SB �! Q+ to a fun
tion from allin�nite streams: [[�℄℄ := limn!1 [[�jn℄℄:Then one might attempt to use the algorithms given in Se
tion 4 to 
ompute arithmeti
 operations.But the set SB! does not have enough redundan
y to be useful for 
omputations. For example ifwe want to add 1�p2 and p2 using the quadrati
 algorithm of Se
tion 4.2, after absorbing anyinitial segment of the input streams we are still unable to output an element of the output be
ausewe do not know whether the result is bigger or smaller than 1. This is be
ause in general it isunde
idable whether a real number is a rational number. A similar problem arises with the usualde
imal expansion of real numbers while multipli
ation by 3 is not a total 
omputable fun
tion.The way around this is extend our alphabet in order to get what is known as an admissiblerepresentation. Admissible representations are those whi
h arise out of the Cantor spa
e topologyon the set of streams [20℄.There are various ways of forming a ternary representation based on Stern{Bro
ot represen-tation. We add one new symbol to our alphabet and 
onsider ternary streams instead of binarystreams. Thus we might 
onsider the set of streams over the 3-element alphabet fL;R;Mg.To interpret the e�e
t of the additional letter we introdu
e some de�nitions from [8℄. Re
allthat a M�obius map is a map f : x 7�! ax+ b
x+ dwith a; b; 
; d 2 R. We denote a M�obius map by its 
oeÆ
ient matrix � a b
 d �. Let R? be the
ompa
ti�
ation of interval (0;+1) by adding 0 and +1. A d-
ontra
tion is a map f : R? �! R?whi
h is twi
e di�erentiable, has a unique �xpoint and for ea
h x 2 R? we have 0 < f 0(x). Let �be a �nite set of alphabet. Let � be a map that assigns to ea
h element � of � a d-
ontra
tion��. We extend this in the following way to a map that assigns to any element of �� [�! a 
losedsubinterval of R? : 8>>>><>>>>: [[[℄℄℄ = R?[[�0�1 � � ��n℄℄ = ��0 Æ ��1 � � � Æ (��n(R? ))[[�0�1 � � �℄℄ = 1\n=0 [[�0�1 � � ��n℄℄: (5.1.1)We 
all (�; [[ ℄℄) an IFS-representation6 for R? ifi) 8� 2 �!9x 2 R? : [[�℄℄ = fxgii) 8x 2 R?9� 2 �!: [[�℄℄ = fxg6IFS is an abbreviation for `iterated fun
tion systems' and 
omes form the literature of fra
tal theory [8℄.22



An IFS-representation is open i� for for ea
h x 2 (0;+1), there is � 2 � s.t. x 2 ��((0;+1)).One 
an prove that open IFS-representations are admissible representations.We present an open IFS-representation (fL;R;Mg; [[ ℄℄) by de�ning the M�obius maps �L =[ 1 01 1 ℄ and �R = [ 1 10 1 ℄ and the map �M(x) = ( 12�x x � 1;2x�1x 1 < x:Obviously all M�obius maps are d-
ontra
tion. Moreover the map �M | whi
h is pie
ewiseM�obius| is also a d-
ontra
tion. Therefore we 
an de�ne [[ ℄℄ as in (5.1.1). Consequently we
an prove the following theorem:Theorem 5.2 (fL;R;Mg; [[ ℄℄) is an open IFS-representation.The proof of the above theorem and its appli
ation to extend the algorithms of Se
t. 4 to get animplementation of exa
t arithmeti
 will be given in a 
oming work of the author. Moreover one
an extend the representation to in
lude all real numbers by adding d-
ontra
tions 
orrespondingto the sign. The openness (i.e. admissibility) of this representation guarantees that all the usual�eld operations on real numbers are 
omputable based on this representation. One importantpoint that we want to emphasise, is that sin
e we have �0M(1) = 1, our representation does notsatisfy the 
onditions for the limitation theorem of [8℄. Hen
e it remains open to 
lassify the setof all 
omputable fun
tions based on this representation7.Clearly if we only 
onsider the ternary �nite sequen
es, we obtain another representation forrational numbers. In Figure II we show the new version of Stern{Bro
ot tree, a redundant one, inwhi
h every rational number has in�nitely many representations. As wee see the new stru
ture isnot a tree anymore. In parti
ular one 
an see that the following equalities hold:8nMnR = RLn; MnL = LRn; M1 = LR1 = RL1The ternary sequen
es ending in a run of Ms 
orresponds to the non-redu
ed fra
tion. By usingLemma 3.2, it 
an be shown that the number of representations for ea
h redu
ed fra
tion 
orre-sponds to the number of the length of the N-fra
tion of that rational number; or equivalently thenumber of divisions in the Eu
lid's algorithm for 
al
ulating the g
d of the numerator and thedenominator.It is possible to build the redundant Stern{Bro
ot stru
ture level by level. The pro
ess issimilar to the 
onstru
tion of Stern{Bro
ot tree itself. The nth row 
onsists of the nth row ofStern{Bro
ot tree plus the mediants every two 
onse
utive elements of the nth row of the Stern{Bro
ot tree. These mediants are pla
ed between their `parents'. This symmetry seems to be avery strong reason for adopting this parti
ular ternary representation based on Stern{Bro
ot tree.However, it is possible to 
onsider alternative representations by 
hanging the de�nition of �M(e.g. to take a M�obius map instead of a pie
ewise M�obius map). In that 
ase the 
orrespondingStern{Bro
ot stru
ture will be
ome more 
omplex.6 Con
lusion and further workIn the present paper we showed that Stern{Bro
ot tree 
an be 
onsidered as a suitable approa
hto exa
t arithmeti
 on rational numbers. The main 
ontributions of the present paper are thealgorithms presented in Se
tion 4. This algorithms of Se
tions 4.1 and 4.2 has been implementedin the lazy programming language Haskell and the Coq theorem prover [18℄. As we mentionedearlier, the proof of theorem 4.11 (whi
h is a spe
ial 
ase of the proof of theorem 4.21), isalso formalised in Coq. The algorithms and their formalisation in Coq are available online as
ontribution to the Coq 
ontribution library at [13℄. This formalisation is joint work with YvesBertot and is explained in [14℄.7With the terminology of [8℄ the above representation is a slow IFS-representation.23
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ot stru
tureThe author began the entire proje
t when he attempted to verify the algorithms for exa
treal arithmeti
 using Coq theorem prover. After simplifying various representations based on
ontinued fra
tions, the Stern{Bro
ot representations seemed to be the most suitable one to beformalised inside a theorem prover. The priority was to formally verify lazy algorithms for exa
tarithmeti
. This may explain the ineÆ
ien
y of the algorithm from a 
omputational 
omplexitypoint of view. Although the algorithms are relatively eÆ
ient when applied on rational numberswith small denominators. Some of the issues whi
h were omitted in the present paper, su
h aswell-orderings and termination of the re
ursive 
alls and the issues pe
uliar to the veri�
ation ofthe algorithms on a theorem prover are dis
ussed in [14℄.The proof of the results mentioned in Se
tion 5 will be presented in a separate paper.Further work is the proje
t of formally verifying the algorithms on real arithmeti
 based onStern{Bro
ot tree. For this the representation should be 
onsidered as a 
oindu
tive type intype theory. Coindu
tive types are types 
orresponding to in�nite obje
ts and using them thealgorithms of exa
t real arithmeti
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