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I. INTRODUCTION

A. Algebras Generated by Every Residue
System (Gers Algebras)

A finite dimensional algebra with ldentity may possess a
residue system modulo its radical N such that all of A 1s
generated algebralcally by thlis residue system. Thls property
1s generally not an invariant of the algebra. A class of
algebras for which 1t 1s invariant is the objJect of study in

this thesls.

Definition. If every residue system modulo the radical N
generates A, then A will be called a gers algebra.

A simple example of such an algebra is the followlng
commutative algebra, A, over a fleld, K, of characterlistic 2.

Let a denote the coset represented by a.

(G, &) with a; = 1 is the basls of A/N.

(gl, 22) is the basis of N/Ng.

The multiplication table is displayed below.

|
%o f+u Uo
U5




Here, f ¢ K-E°.
B. Main Problems Investigated in this Thesls

Filrst, a characterization 1s sought of a gers algebra in
terms of linear bases of A/N and N/Nz. Such a characteriza-
tlon will focus attention on constructive possibilitles for
such algebras. Second, necessary conditions are sought for
the existence of speclal classes of gers algebras which will
be described in Chapter II. In general, we will concentrate
on results obtainable from a coordinatization of the algebras,
rather than from a coordinate-free approach such as has been
used in the general énalysis of maximally uncleft algebras by

Vinograde and Weeg [ 4].

C. Narrowing the Set of Algebras that Need
to be Considered

We first note that if an algebra i1s gers then it must
have 2 base field of finlte characteristic, otherwise there
exlsts at least one residue system modulo N such that A =
S + N, S is a seml-simple algebra. This follows from what is
sometimes called Wedderburn's Principal Theorem (see p. 47 of
[17]) which states, "Let A be an algebra with radical N such
that A - N is separable. Then A = S + N, where 5 is zero or
an algebra, and hence S is separable and equivalent to 4 - N."

We see that even 1f the characteristic 1s finlte, the algebra
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may not be gers. For example, if K 1s an arbitrary fleld aﬁd
A, B, C are total matrix algebras over K, then | A C is
oo
not gers.
Next, we note that we can restrict ourselves to algebras
which are completely primary, (hence, A/N is a division
algebra) because essentially A must be a total matrix algebra

over a gers completely primery algebra (see [ 4]).
D. Main Results

The maln results wlll be found in Theorem 2 of Chapter II
and Theorem 3 of Chapter III. We will show 1n Theorem 2 that
a necessary and sufficient condition for an algebra, A, to be
gers 1s that every set '(gl, g?, 53}' contalns a linear basis
for A/Nz. Theorem 3 will derive the rank criterion for an

algebra to be gers.



II. COORDINATIZING A GERS ALGEBRA

A. Bases for A/N

Suppose A/N has linear dimension s over K, and let
41, +++, Gg be elements of A which are linearly independent
mod N. We shall also consider the products aiaj and “i“j“k'
Let gl, g?, 53 refer to the collection of these products
ordered lexicographically.

We first note that in an algebra, a linear basis of A/N
will yield a residue system for A/N, and conversely, every
residue system can be so generated from some linearly inde-
pendent system. For a linear basis of A/N is a set of cosets
belonging to A/N such that the representatives of these cosets
are linearly independent modulo N, and each element of A/N can
be expressed as a linear combination of the elements of the
linear basis of A/N. Conversely, for every linearly independ-

ent set of representatives modulo N, all possible linear com-

binations of these elements generate a residue system.

Lemma 1. ZEvery residue system consisting of linear combina-

tions of gl

(that is, of the set &, ..., Gg) generates
(algebraically) all of A (mod N2) if, and only if, the same
is true when @; is restricted to 1.

Proof: Suppose whenever &; = 1 that A is generated by

gl (mod N°). We must prove that A is gers (mod N2); that is,
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we can get &y # 1 from an ol where @& = 1. Now,
2 _ 2
(L+n)*=(L+n)+n (mod XN<)
1 2
Hence, if & = 1 + n, then G~ generates n (al -q = n) and
Gy - n=1. We are using the fact that in an algebra, any
residue system must contain a representative, say 1 + n, of

the coset 1 + N. Hence, Gl can be chosen as 1 + n in a linear

basis mod N.

Lemma 2. N is generated (algebralcally) by any linear basis
for N (modulo Nz){

Proof: Let w), -+, W, be a linear basis of N/N°. Then
Uy, v, ug € N, but ¢ N°, for otherwise W, '+, U, Wwould not
be linearly independent modulo Ng.

Since N is a nllpotent radical, there exists some A such
that ¥ = {0}. Therefore, the product of any A elements of N

will be zero. Now,
¥y O >8> .- Do}
Suppose n € Ni for some 1. Then

n = Z naln

since each element of N1 is the finite sum of finlite products

o--n (1)
3.2 ai

with at least 1 factors. Each factor is in N. Some of these
factors may also be a finite sum of finlte products. For

example, 1f



nai - Z nbloconbj ’

substitute in (1) for nai and expand by the distributive law.
If a term contalns A factors, the product 1s zero because N l1s
nilpotent. The number of times such substitutions can be made
i1s finite., If thls were not the case, n could no longer be
written as a finlte sum of finlte products.

After each n can no longer be factored, then n will be
the sum of a finite number of terms, and each term will con-

tain less than A factors. Thus,
p
n:Z nknk"'nk [} ssh-l-
k=1 1 %2 S

Now,
-1 NA-Q
N, o, *°°n [ NA n, N, *°**n €
k1"kp Tk, o Tkpky TRy o ’
2 2
cerr Ty Dy € N°, but B, £ XN
since nkl 1s not 2 sum of factorable terms. Therefore,
. .
nki #0 (mod N°) , but ny, € N.
Since
o]
b =2 gl

therefore



o
- 2:: * * 2
n; = £ fioud + 0y n; e N,

and
_ * »
nyn, = (Z.flo'uo' + nl)(Z_faduo. + n%).

Consequently, nn, 1s a sum of products of the ud's, and

similarly for other monomials, so the representatives of the

basis of N/N2 generate all of ¥.

Theorem 1. A 1s gers if, and only if, every linear basis g_l
with &3 = 1 of A (modulo N) generates a linear basis of N
(modulo N2).

Proof: If A is gers, then by definition the statement
i1s correct. Conversely, 1f every ,,gl generates such a linear

1

basis of ¥ (modulo NZ), then by Lemma 2, &~ generates all of

A. Hence, by Lemma 1 all residue systems will generate A.
B. Generation of Elements of N (Modulo N2)

We now wish to indlcate how g_l, 22, 9_3 generates the

linear basis for N/Nz. More generally, we prove

Theorem 2. A is gers if, and only if, every setl {g._l, _0_.2, 23

contains a linear basis for A/NC.
Proof: If A is gers, gl = {al, cee, as} generates A.

For products two at a time we note that



y (1)

Hence,

1y 4 a'ia;) - Z fzj% (mod Ne).

But these nij's may not give all of N/Na. The remainder of
N/N2 can be traced by considering

(080 = (ZT- e )a + @ (mod W) ;

2
hence, ni;]d'k is a linear combination of (Gl, &12, Gj) (mod X ).

Now, consider for instance aiq;ja'ka&'

(Zfij“c + nij)(Zfl:LaT + Dpp)  (mod N2)

1) k¢ i3
Z;r fo‘ f'r a.o.a.,r + 2;__ fo' ao,nk&

(“ia';j) (@ G )

As shown above,

(mod N2) .

I
f
[
4P
[}
-~
h
Q
P
£

ny J cJ"r =
Similarly,

(aa,)a, - () felag)a, (mod N°).



Thus, aiaja.ka& is a linear combination of {gl, 22, 53} (mod

N°)

Now by inductlon any monomial can be expressed in terms
of {al, a2, a3} (mod N2). Assume a4y Gplzc G, n = k, is &
linear combination of {Gl, 0.2, GB} (mod Nz). Therefore,

Gy @Gz Qe = Z— £ofr f1u 0y Gy Oy "'Z-— £ Lg%y
O',T,p' d’T
2
+ ; fo.ao. + nij (mod N7)

Also,

(G aptge ey )ayyy = (Z £ o 0% O ) Gl

g,T,h
+ (Z— f'r:t‘o'c‘o’a"r)a']a:-l-l + (Z_—_ fo'ao)u‘k-i-l
g,T )

+ 04 %41 (mod N°)
From (1)
g 4Gepy = (% 0y) %, - (Zféjao')a'k.’.l (mod N°)

Therefore, G;G,03°°+& G 1 18 a linear comblnation of

{ﬁls @, 9.3} (mod ¥2), and G13y05°°* a4y 15 a linear combina-
tion of {gl, 52, 9_3} (mod N2) for every n. Thus,

{ o, o, 23} contains a linear basis for A/N-.

Conversely, if (gl, 52, gj} is a linear basis for A/N°,
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1t contains a linear basis for N/N° since N/N is a subset of

A/N°. Therefore, {gﬁ} a®

’ g?} contains a linear basis for

N and A is gers.
C. Dimension of N/N°

Since 1t is sufficient to assume A/N is a division
algebra, we can llmlt the cases to be considered by applylng

the following lemma.

Lemma 3. The dimension & of N/N2 over K 1s a multiple of s,
the dimension of A/N over K.

Proof: Since A/N 1s a division algebra of finite dimen-
sion over K, N/N2 is a vector space of finite dimension over
A/N, because an element, a2, may be identified mod N when

multiplication is defined by a(n + Na) = an + N°. Hence,

[aw2 :x]) = [/%° : a/8]Ca/8 : k]

that is,

6 = /N

A/N]s ,

(see Proposition 1 on p. 157 of [27]).
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III. THE RANK CRITERION FOR AN ALGEBRA TO BE GERS

A. Comparison of Two Bases

Let u = (uy, ..., up), where wy, ..., u, is a basis of

5
N/N°.

Lemma 4. If gl and gl are any two linear bases for A/Nz, it

is sufficient for the study of gers algebras to fix g} and

set gl = ot 4 uD, where D 1s a § x s matrix with coefficlents

in K.
1 1
Proof: 1In general, 8 = & + uD, where S is a non-
singular, s x 8 matrix. We wish to show that S can be
restricted to the identity matrix I. Suppose g} = ng where
gl generates A and S is non-singular. Then g} = Q}S'l, and
g? generates A. Hence, there is no need to take S # I, but

1t 1s necessary to distingulsh gl from g} + uD.

Lemma 5. If A is gers, gl a linear basis of A (mod N}, u a
1
linear basis of N (mod N2), and 8 is any other linear basis

for A (mod N), then

1, &) = (g, u)o

- ) -

o (mod Ne)

(8%, 82, 8%) = (3, wo,  (mod W)

where



with D arbltrary.

Oy = [I ¥ M3 ]
* *% ’
D N2 + N N3 + N

where N* and N** are linear functions of the coefficients of

D,
* _ * - _ e
N = Z: Bordgy 2nd N°° = Z: Nordgr °
Proof:
BiBy = (ay + Zuodoi)(“;j + Zuo‘do'j)
2
= aiccj + Z uo'a';]dci + Zaiuo'dcj (mod N ).
Therefore,
g? = g? + °° (mod N2)
2
Hence,
2

g = (3 M, +uNy,) + uN*

aMp + u(N, + ¥*)  (mod N°)

with
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N* = Z NGrdgr
Similarly,
ByPyby ® Gyayo + a0, 5 ugd o

+ % Z ugddj% + Z Ugdyy %y%  (mod ¥)

Therefore,
33 = 23 + v (mod Na)
Hence,
3 _ e 2
B” = aMz + u(N; + N**)  (mod N%)
with
N = ) WAL
Consequently,

S; =M , Dy=N, + 8", and Dy =Nz+N*

B. A Necessary and Sufficient Condition for A to be Gers

Based on the above analysis of linear bases for A/N and
N/N°, we derive the following matrix criterion for A to be

gers.

Theorem 3. A is gers if, and only if, the rank of (D, No + N¥,
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N3 + N**), or of (0, Ny + N* - DM, N3 + N* - DM3) is & for
arbitrary choice of D, where D is a § X s matrix whose flrst
column is zero, (@ = 1), and therefore (N2, N3) must be of
rank b.

Proof: If A 1s gers, then

where Cq i1s the matrix, I M2 M3 |. Let Cy = (013)-
0 N
Then

S )
(2’ E)ca-_-_- [o..,; aicij +§ uic(S+i)j’ -..].

1
(a", o

s 53) contains s + § linearly independent elements.
Therefore, (&, u)Cq contains s + § linearly independent
elements. The rank of Cy must be s + & for 1f this were not
S0, there would be a linear relation among any s + & columns
of C4 and (g, g)cu would not contain s + § linearly inde-
pendent elements. Since I has rank s, (N2, N3) is of rank b&.
If 8% 1s an arbitrary basis for A/N, then (8%, B2, g

1s a basis for A/N°. From Lemma 5,

g7, B 33) L (E’ E)ca (mod N2)

where
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Since A 1s gers, g}, g?, g? must contain s + § linearly inde-

pendent elements. By the same reasoning as for Cgq above, Oa
must have rank s + §. By elementary column and row transfor-

mation, CS can be reduced to

[JZ 0 0 }

c ; = .
* * %

O N 2 + N - DM2 N} + N - DM3

Therefore, the rank of (D, Ny + N*, N5 + ¥**) or of (0,
* *#
N2 + N - DME’ N3 + N - DM}) iS bo
Conversely, since G: has rank s + 8§ for all D, in
particularQIt has rank s + § for D = O. Therefore, C,4 has

rank S + 8§, and A 1s gers.

C. A Special Condition

It is lmportant to notice that A may not be gers even

though some al

generates A. As an example consider the

algebra,

with a, b e integers mod 2 where gl = (@),

1 0 o 1
@ = , and u = (ug) u, = .
17 lo 2 P17 loe o



a2 - - -
then @ = al and dl - d§ = Uy Therefore, Gy does generate

A, although A 1s not gers.

In case s = 3 1f A were not gers, then the rank of
(N2’ N3) could be d for some cholce of gl. For example, let
A be the algebra with the multiplication table as glven below
over a fleld K = Pj(t), ad = t where P3 denotes the integers

mod 3 and t is an lndeterminate.

1 Uy 63 uy o u3
02 a3 - tae + Up u2 u3 tul
a3 ta2 + 2u3 u3 tul tu2
ul 0 0 0
Uy 0 0
u3 0
Therefore,
2
El: Q. ’ a3; aa’ azaj, G%; ...]
[~ 0O 0 0 m
I 0 t t .o
— 1 0 O
= [1, a, Gz, U1, Us, u3] <1 0 0
0 0 1 O o v
| 0O 0 2 J
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Hence,
-1 0 ©
N2 = 0O 1. .0
0 O 2

1s of rank 3 = .

Now set o = G, a5 = a3 - uy. Then

1 02 a3 s e s
a, D td,
% ta, ta,

Consequently, for this basis (N, ﬁ3) = 0.
But this rank stipulation 18 certainly necessary for a

gers algebra. Hence, we have

Lemma 6. A sufficlent condltion for A to be gers is that
(Ng, N3) has rank § and

N* - DM, = R** - DMz = O.

Proof: As remarked above, (N,, N3) must have rank b.

Hence, the malntenance of this rank is assured under the
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additional conditions in the Lemma.
D. Commutativity

If A 1s commutative, then A/N is an algebraic field
extension of K. In this case we would not want to comslder
'A/N separable, since then separablility colncides with separa-
bility in Wedderburn's Principal Theorem, and A would not be
gers. Now, in general, A/N DG DK, where G i1s the maximal

Separable inbetween field.

Lemma 7. If A 1s commutative and gers, 1t is sufficlent to
suppose that A/N is purely inseparable.

Proof: Let G be the maximal separable inbetween fleld
mentioned above. Then it is known (see [[3_]) that A may be
considered an algebra over K' where XK' = G over K, and hence

A/N 1s purely inseparable where A is thus regarded.
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IV, DEDUCTIONS FROM THE RANK CRITERION

A, Identlities

It will be noted in one of the examples which follows
in Section C that N* - DM, = O and N** - DM; = 0. In this
chapter we wlll note the necessary conditions for these

identities to be true.
B. Computations

The proof of Lemma 5 indlcates the procedure for com=-

puting ¥* and ¥**. Prom Lemma 5
'1’3 = aiaj + Zd_ udajdo,i + GZ Giuo,do,j . (mOd N?-) (l)

Also,

[+)
g = EE: k;juu (mod Na) , kij ¢ K (2)

If J =1, aj = 1, If the algebra is commutative, ui“j = Gjui.

If the algebra 1s not commutative, then

°)
Giuj = z::_&ijuu (mod N2) , &&j ¢k (3)
=l
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From (1), (2) and (3)
(Z uo'a;]do'i +% o‘iuddcj)
c

= [7?:_ (pzkgjuudo'i + % “iduudoj) ]

Factor out the u's as a row vector, and get the (1]j) column

of N%:

1l
=
-
o

> (ellay + 3% ) (o
i,

n
N
-
-
1]
—

Again, from Lemma 5

Eiﬁjﬁk f éiéjék + aiajzz:_ucddk + aijzz ucddjak

+ZZ:.uodoiajék (mod N2) (4)
By applying (3) twice,
)
k
o (o) = a2 ol = T gt (5)
B,r=1

From the multiplication table

S ij
a4y ay =§;—_1-_°c G * Dy
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Then
i
o Gyu, = (2;_: co,Ja.G + nij)uk

13,0k w2
B e d
Z;— g by vy (mo )

A useful notation 1is

oy Gyu, = Z Lij(k)u,r (mod N2)
T

If the algebra is not commutative, then by applying (3)
and (2)

1 1
CRNLE N WENE DI o

= Z'r-_ J\i(j)ku,r (mod N2) (6)

By applying (2) twice
(o) = (L iglu)ay =)k lk
. ZT: Aii)jku‘r (mod N°) (7)
From (4), (5), (6), and (7)

E; a‘iajuado'k + “1(20: uo'do'j)a’k + (Zuo'do‘i)aja'k]

= Jo ia lo a)
E; (g,__; 1dou % a +§_T4a k:“u,rddj + EG,T xJx 0 d , ]
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Pactor out the u's as a row vector, and get the (1)k) column

of N*:

(]J-,o’,d: L, **, 08 L,L,k=2, **, S)

Now, we proceed to determine the consequences of the
ldentity, N* - DM, = 0. If the algebra 1s non-commutative,
then 1 <1, j € 8. Hence, there will be no more than (s - l)2
columns in M. Arrange them lexicographlically, and deslgnate
a general element of M, by De(13) where ¢ indicates the row

and (1)) the column of Me(1}): Thus,

-] s
ad i
E___:l [kv- Aoy + &uddcj] = g%cmc(ij)

First, we consider the case where § = 3 and s = 3.

Let » = 1. Then we obtaln the followlng equations:

Z l:kl o2 ¥ "’l dypd = Zdltm'»'(22)

o=1

Z Ekﬁd 2dd03:| Z— A1 ¢le(23)

o=1
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3 3
Z Ekl o3 ¥ ‘deae:' =Z 41 eBe(32)

o=1 e=2
o3 Jo
:‘;—1 iy ags + 41%8g5.1 = Z: 81eBe(33)

By equating the coefficlents of the d's, we get

o 2 3
Ky = (k7)) = 1 P mg(3n)  Hp(p3)
2 0 0
3 0 0
N 1 2 3
L= () = 2 [m3(23) ° °]
12 21 -
ky~ + 417 = mp(22) mp(22) = B3(32) + W3(23)
(L3, 3L _
k™ + 477 = B3(33) m3(33) = Wp(23) + Mmp(32)

If » = 2, then

3 3
g2 2¢
Z Ek2 dyp * 45 dor2] = Z— doele (22)

o=1 e=2

Z |:k2 o2 ¥t "’2 0'3:] Zdec Be(23)

o=1
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5 3
. g2 30
% Cef%a 5 + 4% 5] 2-5—2' 8o elle (32)
3 3 3 3
o o
g [k, dys *+ 43 do'BJ :é—;— doele(33)
Therefore,
2 3
K, = (k30) = 1 0 0
2 | B3(32)  M2(23)
3 0 0
i 1 2 3
Ly= (b)) = 2 [0 m5ps) O
> L0 mp3) O

Similarly, in the case where ¥ = 3 we get

3
20 _
Z Ek} o2 s doe:] - ?;2‘ A3¢l¢ (22)

o=1

3
Z_i [x5 8y + *' Y55 = Zd}e T (23)

¢=2

3
o2
Z———Ekz A3 * 3 02] Zd}cmc(sz)

o=1 =2
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3 3
o> 3 _
%;i [k3 g3 * "306'0‘3] N f:—; d.”01“1:(33)
Hence,
1 T o ;
K3 = (kgj) = 2 0 0
> 1 B3(32)  Bp(e3)
1 2 3
Ly = (42%) = 2 [o 0 m3(23)]
(22) (23) (32) (33)
LT 1 (22) B1(23) ™1(32) m3 (33)
My = 2 | B3(e3) Y P3(32) Te(e3)  Mz(32) 0
> L ° B3(23) TP3(32) - M2(23) * U2(32)]

Secondly, we consider the case where 8§ = 6, s = 3. If

B = 1, then
2 3
1 ['m3(32)  Bp(p3) |
g=w =3 | o 0
1= (%) = 3 0 0
5 0 0
§ L o o
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1 3 4 5
_ (4l
I = (477) = 2 [m3(23) 0o 0 0
3 Lma(32) 0 0
12,21 _

Ky ¥4 =500y T B3(3) * B3(23)

W3(0p) = O

mp(33) = O

le 31

1 T4 T B3(33) T Bp(e3) * Up(32)

If v = 2, then

2 3
1 [ o o ]
o3 2 ) m3(32)  Ba(23)
K. =(k ?) = 3 0 0
2 = (& 4 0 0
5 0 0
6 L o 0o _
1 2 3 4 5
=@ - 2 To o 0 0
Ly = (457) = D3(53)
b) 0 m2(32) 0] 0 0
If v =3,
2 3
1 T o o ]
o 2 0 0
Ky = (k3°) = 3 | mz3)  Dy(es)
4 0 0
5 0 0
6 |L o o




pr=5’
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2 4 5

2 3

0 0o ]

0 0

0 0
T3(32 Bs(23)

0 0

0 0 _
2 3 4 5
0 0 myp3
0 0 m2(32)

2 3

0 o ]

0 0

0 0

0 0
M3 (32 B> (23)

0 0 _
2 3 5
0 0 0 mpy(3p)




s = 3.

2
1T o
2 0
= %) = 3 0
6 6 4| o
5 0

6 | m3(32)

1 2 3

=(42")=2 o 0 o
310 0 0

Thus, the matrix M2 is 1ldentical to M2 in the case 8§ =

OCQOOOO W

m2(23)

5 6

0 m3(23):}
0  mp(3p)

Finally, we consider the general case § = 3n, s = 3

where n 1s a positive integer.

we get

From

el [kv. Gpo * 02] , nele(22)
p=1, 2, °° 3n
22)
p2  2n
24
k;f2+:. =0 t=1, 2, v, Bl,
W pel, oo, 3n

From the equation

3,
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n 5
a3 20
2 [k'p. gz * L %3] = 2;5 dpele (23)

o=1

=12, +¢¢, 3n

come the results

»3 _ a2
k)7 = myp3) 0 4 = D33
kﬁj =0 and &st =0, t=1, 2, cety, p=1l, B+l, °°°
Furthermore,
3n 3
g2 30 _
:/-:——;‘[ku dy3 + 4p dcz] ‘l‘r—:-; dpele (32)
=1, 2, , Jn
gives
B2 3 _
Ba T 3(3p) ¢t T Up(3e)
ksz =0 and &gt =0, t=1, 2, , B=1, B+l,
Finally,
3n 3
§ 03 30 _
=1 [kp' dd3 + &p‘ ddj] = ; d-peme (33)
=1 2, +++, 3n

produces the equations

L)
b

3n

3n
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B
[AM]
—
Ul
\N
~

i

o

+
Q=
i1

B n - B3(33)

t3 3t .
k +43° =0 t =1, 2 e, B=1
’ ull,,'°°,’3n. ’
Therefore, for each § = 3n, 8 = 3, M2 is identical to M2

iIn the case 8= 3, 8 = 3. Prom the matrix M2 we get

2
@ = m) (22 * Em3(23) + W3 (30 ]a2 +0:az  (mod N)

2

G5 B My gy + 00y + [m2(23) + 1y 50 Ja;  (mod N)
Suppose A is commutative. Since A/N is a division algebra,

A/N is a field. Furthermore,
A/8 = k[ ay, o5 ] .

.A/N must not be a separable extension for if A/N is separable,

then A cannot be gers. Also,

+ 2m (mod N)

® M (pp) * M3(23)%

2
%
o« u m + 2m a (mod N)

3 1(33) 2(23) 3

If characteristic of K is not 2 and if m3(23)m2(23) # 0, then
A/N is separable. This contradicts the fact that A is gers.

2
Ifm = 0, then a2 = ml(22). Again, we have a separable

2(23)
equation.

Therefore, assume K 1s of characterlistic 2. Then
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Ca/mw:x]

This contradicts the fact that s

commutative.

Now, let us consilder the cases in which s = 2.

take the specific example with § =

2, 8 = 2.

Therefore, A cannot be

First,

If » =1, then

2
E a)J io ]
1 [kl dpy + 47 9y oM (14)
As a result,
2
L2 _ 21
I~ =m0 =1 [mz(za) 4 ]
2 -4
22 22 _ 1l
kl + &1 =0
It v = 2, then
2
> o} Lo :] _
-1 [ke Opy ¥ 2 do‘j = oo 2(13)
Therefore,
2
12,21 _ - el
=+ 45 =0 K2-l[ s ]
22
2 4
22 22 _ 0> (22)
kyw + 4y =500
Secondly, consider the case with & = 4, s = 2. If

p = 1, then



If p

Purthermore, if ¥ = 3, then

Finally, if » = 4, then

12 21

™+

K5 + 47

32 23
kl + &1

+ 4

1 1

= 2, then

22 , 22 _

b2 24 _

l
(o]

22,22 _

12 21
+

32,23 _

12 21 _

k
5 s

k22 + L22

3 3

32
k3 + &3

42 24
k3 + 43

23 _

= Ma(22)

=0

32

& W B N

£ WO

-
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a2 22 _ . 2

k4 + &4 =0 1T -&il -
32 2> _ - 22

k4 + 44 =0 K4 = 2 g}

k42 424 - 3 -4, A
4 4 T T2(22 2

This leads us to the more general situation where § =

n 1s a posltive integer, and s = 2. The equations,

glve us the following results:

B2 op
+ =
ot =1, 00
k;a + &ﬁt =0, t=1,2, +or, Bel,

u+l, ¢ e, 211 .

If K is of characteristic 2 and A is commutative,

12—m or m =0
1 = T2(22) 2(22) ~ )

Since M, = 1 I:ml(ez)] )
2 Ly (o)

2 _ .
% =M (22)

2k

(mod N)

with A/N = K[ a,7]. Hence, A/N is a purely inseparable

en,
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extension of K.

If K 1s not of characterlistic 2 and A is commutative,

then
12 _1
kT 5 a(2e) ¢
k&z =0, B=2,3, oo, 2n.
Therefore,
_ w12 12 12
ulr.!.2 = kl u; + k2 u2 + + kznu2n
-1
=2 M2(a2)™y
and
1Y 2 2 2(22)
1 _1 ‘
Since &, ¢ K and 5 B (22) €K, G, -5 ,(22) # 0. Therefore,

ul = 0. But this is impossible. Hence, K must be of charac-

teristic 2 if A is commutative whenever § = 2n and s = 2.
N

In considering the consequences of the ldentity,

DM3 = 0, designate a general element of M3 by De (1 3k) where ¢
indicates the row and (1jk) the column of M, in which e (1 jk)
is located. In the first case let 8 =3, s = 3, » = 1. From

the identity we get the equation

E 3
Jo,ia lg, ak 0J, ok _ E :

The results obtained are tabulated below:



(22€)ey = (2€)cgl€)ey , (Bf)eglc)ey

(22€)€p = Ty T (e2€)ey - T4 T T, T
"= et i AR A

(g2¢) = (AlT)

(€€2)¢y - (€2)eglea)ey . (£2)eg(e)ey

(€e2)ey _ (€2)2y
2

(€€2)6m = Ty Tp 4+ Iy Ig (€€2)ey

T. T
crre? *otetie T

(¢g2) = (AlT)

(2€2)eq - (2€)€glce)ey
(2€2)ey - (2€)cglca)ey | (€2)eg(3)ey

(e€e)ey = Ty T (ee)ey - Ty T T, T
- Y 2TeT ¥ T2te’

(e¢2) = (af1)

(€2@)ey - (€R2)eglee) ey | (€23)2g(eR)ey

(€22)€y = T, T (€22)eg = Ty T Ty T
U= gt = erlert ¥ ool

(¢eg) = (nl1)
(222)ey = (2€)¢y . Nmnvnahnmvma + (€2)ey
2 2
- (222)¢ (2e2)ey — Ty T Ty T T, T
0 " "eter Tearte i’
(222) = (Af1)

S¢
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13(32)83(32) = 13 (322)
(13k) = (323)

31,13 _ 21 31 12.13 _
11 K17 = By (303) 4 tE kT By 503

W (32)82(23) = Mp(323)

m3(23) * W2(32) * 3(32)B2(23) = P3(323)
(13k) = (332)

31 31 3112 1312 _
4141 = Iy(33p) 1) K kK = My 530

2
To(32) = B2(332)

Lo (32)83(32) * Ba(23)03(32) = ®3(332)

(L3k) = (333)

3131 3113 1313 _ _
B4 4 Ky + kTR = mg(333) Dy333z) =0

2 2
Ba(32) * B2(32)M2(23) * Bp(e3) T M3(333)

Prom these results we get the matrix M3.

(222)

(02 + n2
3(23) T 3(23)03(32) T "3(32)

3 0




-

T=p‘0
b o) oo D co y o)
iy Oy 4+ P axbmq + ca%bmqvm ¢
2

(222)2 2, _ (29
w?¥p = ( Papfz0 20

1838

aM ‘z = g ‘2 = Q aJoUM ag®wO 3Y} UT ‘0 = Cua - wll WOXZ

(€)% , (€2)2q(26)2y (20)%y

0
(gg¢)

(2€)€n(€)ey 4 (2€)6g(e€)ay  (€3)2g(2€)y 4 (2€)2m(€R) iy

(2€)2y (¢2)eg(2f)ey
2 |
(2€¢€) (ce2g)
Ammvma (¢2)eglce)ey 4 (€2)eg(3€)ey
(2g)eglC)ey , (2€)2g(€e) ey (€2)2y
2
(z2¢) (¢€2)
(2€)¢qml€e) Ammvma

(2¢)¢mlc)ey 4 (£2)¢mlcE)ey (ce)egl(e)ey . (€B3)ey(se) ey

(2ge) (¢e2)

g
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If » = 1, then

1)2 21, 12 12 22

12,2 21 22 21 22
+ Ll ky© + (kl )

2
(¢

or
21)2 22,22
1

21 2
-Op(p2)dl *+ Wy(pp) + (4 = 43741 = mp(o2p)

If p» =2, then

22,21 22 12 22 12

22,2 22 22 22,2
17457 + 49 k5T + Kk, 4 (&2 ) )

+ 5 k5T + (k2
or

2221 2 22 22,2 _
L) 47+ Mo o0y < Mp(op)da + (457) 7 = My(po0)

Now in the case where 8 = 4 and s = 2, the following

relationship holds:
2g,20 20, a2 02, a2 _
;EE:::- (4g 4 Gy + gl 4 + kgTk A 5) = duoly (500

If p = 1, then

21,2 21 12

(&1 )2 4 &1 kl + (ki2)2 + L21 22 2l 22 12,22

2 &l + &2 kl + k2 kl
21 .23 21 32 12 32 21 24 21 42 12 42
= M3 (222)

or

21,2 _ 21 2 21,22 21,23 21,24
(&l ) m2(22)41 + B (22) + &2 7%+ LB &l + 45747

= m2(222)

Ty Akt EyTKy =My 550

= Wa(222)
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If » = 2, then

22,21 22 12 22 12

&1 &2 + &l k2 + kl k2 + (&22)2 22,22

2
+ &2 k2 + (kga)a 22,23

+ &3 &2 +

22, 32 22. 32 22 24 22 42 22 42
&3 k2 + k3 k2 + L4 42 + &4 k2 + k4 k2 = m2(222)

or

22,25

2
3 Yo

1 2 22 22
1 +

21 21,2 2
Wy(ppyta * ALty *Byap) T Up(apyte t (Ap) + 4

22 24
+ 4y by = Dpy(000)

If » = 3, then

23,21 23, 12 32, 12 23,22 23, 22 32, 22 23,2
1705 + 4 k3 + ky k3 4745+ L k3" + kp kg + (&3 )T+

23,32 | (kgg)E 23,24 0342 A 32 k2

137k3 Ty Ayt ks 4 £z = Wa(202)
or

23 21 23 22 2 23 23,2 23,24
Ll &3 + &2 &3 + m2(22) - m2(22)&3 + (L3.) + L4 &3

= Mo (222)

If » = 4, then

24 21 24 12 4p 12 24 22 24 22 42 22 24 23

24 32 &4 42,2
+ 13 kz + k32k24 + (&i4)2 + &§4k22 + (k42) = Ma(222)

or
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24 21 24 pp 24 24 23 24 2
24,2 _ |
()7 = Wy 000

Prom the case § = 2, s = 2 we get the followlng solution:

22,21 + (&22)2 _ (&51)2 22,22

&l &2 + &2 &1
Ta(22) = 22 _ 21
L4

Similarly, in the case 8§ = 4, s = 2

21,21 22,2 . ,22,23 . ,22,24
3222 254+ (45°)° + 435050 + 4y 4,
2(22) =
21 22 21
‘&2 + &2 - &l

or

ma(22) =
24 21 = 24,20 24,23 ,, 242 ,23,21 ,23,22 ,,23,2 ,23, 24
Ly Ay o+ A g (4 ) TS5 (157) T2 T

24 24 23

C. ZExamples

Let us investigate further the example of a commutatlive
algebra which was given in Chapter I, Section A. We repeat

the multiplication table.
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1 u2 Uy U,
Q f+u u
2 1 2
fe K-Kp
u u
1 2
b
Note that dg = fdz + Uy, Therefore,
(a1, @8, o?) = (a,u)[ 2
(mod N7)

OCOOH
OO+ O
OHOM
HOMO

Since Cg = I M, Mz | , then My = [

No=11 » and N = | O .
2= [o] = s [1]

1r 8% = (By, B,) is an arbitrery basis for A/N, then

o

]%e 2]

Bl, 52, 82 is a basis for A/Nz.

(8%, 82, %) = (a,u)[% - ] (mod §°)

where D 1s arbitrary and Og = [I . ] Since @) = 1,
D o e .

D=10 d
0 dyp

From the multiplication table
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2

w
o
ok

2 2
= f+u (mod NE)
Therefore,

*- 5]

Agsin from the multiplication table

5= (£ +u))(ay + uydyp + undys)

2
fa, + fuyd), + fusdop + u %, (mod N )

2
fay + u, + ufrdla:l (mod N°)

| 420
3 - 2
= a + uf! d,, (mod N )
Aoz
Thus,
w4 _
N** = f[dlz].
dsp
Furthermore,
1 0o f 0 B
OB = 0 1 0 f
0 a4, 1  fdip
0 d22 0 1l + fd22



For all choice of dij’ [

d

[

dyo
22

If 1 +fd22= O,

1"

N. + N*

1
0

2

Ny + N DM;

- DM,

43

1
0

fdqo

dyp
doo

-

] has rank 2 = §.

then dyp = gL £ 0. In that case

o1 [s]-Le]~Ls]
[g] +f[

Therefore, in this example N* - DM, = N** o DM3 = 0.

of characteristic 2 for which N* - DM, # O.

2] (1]
-d22

Our second example is a gers algebra over a field, K,

£1, f, € K and

5 =4, § = 4, The multiplication table follows:
=1 a, Gy @y Uyl up | us | gy
G Iy +uy oy +uy f 0+ us +uy Juffoug] o, |ofouyg
&y f2a3 + us fla2 + u3 flf2 + flul + Uy tuy f2u3 flu2 flf2ul
uy u2 u3 uy 0 0 0 0
u2 f2u1 uy f2u3 0 0 0 0




where

44
(af, &%, &%) = (a, u)Cy, (mod N°)
Ca=[1I M, Ny
0 Ny Wy
(22) (23) (24) (32) (33) (34) (42) (43) (44)
B f, © 0 0 £, 0 0 0 flfg'T
0 0 0 0 0 £, 0 £, 0
0 0 £, O 0 0 £, 0 0
) 1 0 1 0 0 0 0 o
1 1 0 0 0 0 0 0 £, N
0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 1 1 0
| o o 0 0 0 0 0 0 1
(222) (223) (224) (232) (233) (234) (242) (243) (244)
e 0 0 0 £,85 O £,£, O
£, 0 0 0 £, 0 0 0 £1f5
0 f5 0 £, 0 0 0 0
|0 0 £, 0 0 0 £, 0 0

(322) (323)

0
0

0
1

(324) (332) (333) (334) (342) (343) (344)
£,%5

f1£, 0
0 £,
0 0
0 0

0

0
0
0

0 0
0 0
£, 0
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(422) (423) (424) (432) (433) (434) (442) (443) (444)

0 f1£, O £, O 0 0 0 o ]
0 0 f1£, O 0 o) f1£, O 0
0 0 0 0 0 £ff5 O f1f, O
£, 0 0 0 £, 0 0 0 £,8, .

(222) (223) (224) (232) (233) (234) (242) (243) (244)

[0 o 0 0 0 £, £, £ 0
1 0 0 1 0 0 0 0 £y
0 1 0 1 0 0 0 0 £,
0 0 1 0 0 1 1 1 0

(322) (323) (324) (332) (333) (334) (342) (343) (344)

0 0 fl 0 0 0 £, £ 0
0 0] 0] 0 0 0 0 0 fl
1l 1 0 0 0 0 0 0 fl
0 0 1 0 0 0 0 0 1

(422) (423) (424) (432) (433) (434) (442) (443) (444)
0 £, 0 f 0 0 0 0 flfg'T

0 0 £, 0 0 0 £, £, 0
0 0 0 0 0 £, £, £, 0
1 0 0 1 0 0 0 0 £, -



where
0 dj, dy5 dyy ]
D=0 dy dyy 4,
0 d3p dg3  dgy
(22) (23) (24) (32)
T o f,dp5 + £1d3p  fadpy + £3f5d,,  fdzp + fodog
N* = 0 dyz + T1dyp dy, + T1d35 f1dyp + dy5
(33) (34) (42)
O dyy + fpip3 Tadzp + fadyy
0 G4 * 813 G2 * 934
(43) (44)
£18pdy5 + £1d5, O]
£1855 + £1d, 0




N**

-

b

(222)

f2d10

- fodpp

£a835
f2dyo

(233)
£,d),
f1d22
£1932
£1du5

(223)

fady3

fodo3
£a0y3

47

(224)
f2d14
fodoy
fad3y
foduy

(234)

(232)

flfz(d44 + dgz + d22)

185, + Tfpdy3 + £1d5,
f2d24 + fadlj + flf2d42
1+ dl4 + :t‘2d23 + fld32

(243)

2

2

(324)

f18p(dpp + 55 + dyy)
fpdpy + £1%50, + 5433

dyy + £1d5,5 + £5d53

(332)

£1412

f1do5
£1d5,

f1845

fyd23

fod33

(242)
£,81,
£,d54
f2934
204y

(244)

f1f2d12

f1fd55
£1£5d5,
£1f504p

(333)
f1d13
£18,5
£1d55
f1d43

(322)
fady3
f2dss3
f2d33
fodys

(334)
f1%14
Ty 4oy
£1934
£184s

(323)

£1445

£1d55
£184p



M, =

(342)

flfz(dgg + d33

f1d1p * fld34 +
18200 + £l
f1dzp + dyy +

(423)
£185(8p + d35
fadpz + f1d5;

(433)  (434)

£1874  fyf5d5
f1dp4  £1%d55
f1d3y  £3f5d5,
£144y  f1f50,

(22) (23) (24)

0 dy, fodos
O dyy a3

48

(343) (344) (422)
tdy)  £18y, ffp45 fdyy
f182dy5  f10p  f1fpdps  fadpy
s fy0y5  f1d5,  ffpdss  fhdsg,
fodpy  f1dy,  ff5d,  fhdgy

(424) (432)
# ) ffydy, Pifp(dpardssrdy,)
v Bdgy BTy £d) 8 fadsttidsy,
v fpdny  Byfpdgy  £Tpduotladys+Eadoy
$dyy  f1fpdyy  Tydzotfdogtdyy
(443) (444)
f1fp013  f185014 |
f1f823  f1Tp04
f1f833  Tafadsy
£18,dy5 T804
(32) (33) (34)  (42) (43) (44)
d14 O 181, fadyz fid, O]
So4 O iy fadpz f3dpp O
d35 O fid3p fidsz fd5, O
dyy O Fydyy  £iduz f1d4 O
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2
(22) (24)
1 80 + £1558,, = £,d3
(34) (42)
fld44 + fld33 - fld22 fld32 + dyy - f2d23
dl4 + 1‘2(123 - :E‘ld32 1+ f2d22 + f2d44 - f2d33
Aoy * 413 = f104p dyp * d3u = T4
(43) (44)
£1f50y5 + £1d5, - £1dq, £, ]
1+ f2d23 + dyy - fld32 0
Q13 * dpu - T1dup 1

After elementary column transformations, subtracting
column (42) from (24), and subtracting column (34) from (43)

the matrix contains

(22) (24) (43) (44)

(oRoNoN )
OO
OO
It
|

HOOO

Therefore, Np + N* - DMo has rank 4.
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