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Abstract

We establish the equivalence of type reconstruction with poly-
morphic recursion and recursive types is equivalent to regular semi-
unification which proves the undecidability of the corresponding type
reconstruction problem. We also establish the equivalence of type re-
construction with polymorphic recursion and positive recursive types
to a special case of regular semi-unification which we call positive
regular semi-unification. The decidability of positive regular semi-
unification is an open problem.

1 Introduction

Semi-unification has developed into a powerful tool in the study of polymor-
phic type systems in recent years. Various forms of the semi-unification prob-
lem, depending on the kind of terms allowed in the inequalities of an instance,
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have been shown to be equivalent to the type-reconstruction problem for var-
ious polymorphically typed A-calculi and functional programming languages.
This equivalence generalizes the well-known relationship between standard
(first-order) unification and typability in the simply-typed A-calculus. For a
sample of results in this area, the reader is referred to [6, 15, 12, 14].!

In this report, we extend the theory of semi-unification to deal with poly-
morphic recursion and recursive types simultaneously. Polymorphic recur-
sion is introduced by a fixpoint constructor, fix, at the object level; recursive
types are introduced by a fixpoint constructor, p, at the type level. Recursive
types come in two varieties, with or without the restriction that p only binds
a type variable all of whose occurrences are positive. We obtain therefore
two distinct polymorphic type systems, ML+fix+p and ML+fix+pos-p, the
first extending the second and the second extending the ML type system.

The importance of polymorphic recursion in programming languages was
first observed by Mycroft. Polymorphic recursion allows the definition of a
function F' to contain recursive calls to F' at different types, all instances of
the same generic type. Mycroft extended the ML type system with this fea-
ture, proved the principal-type property of the resulting system, but left open
the corresponding type-reconstruction problem [19]. Subsequently, ML4fix
was studied extensively by Henglein [6], Leiss [15], and Kfoury, Tiuryn and
Urzyczyn [14], who finally proved the type-reconstruction problem to be un-
decidable [13]. The importance of recursive types and positive recursive
types in programming language theory has been recognized for many years;
a sample of recent results, restricted to aspects of type-checking and type-
reconstruction, can be found in [1, 3, 17].

The report is organized as follows. We first give a precise definition of
recursive and positive recursive types (Section 2) and introduce the systems
ML+fix+yu) and ML4fix+pos-u (Section 3). We call the two system S
and &y for short. These two systems are in fact pared down versions which
are sufficient for our purposes here; in particular, not only have we omitted
the if-then-else and pairing constructors and other features without which
interesting programs cannot be written, but we have also omitted the let-in
constructor. The let-in constructor is the only source of polymorphism in

I'This is not to diminish the importance of semi-unification for other parts of theoretical
computer science. See for example [4, 9, 20] as well as the Introduction in [13]for a survey
of other application areas. Nevertheless, the greatest successes of semi-unification theory
are undoubtedly in the area of polymorphic type systems.



standard ML, and its addition to the simply-typed A-calculus turns the type-
reconstruction from PTIME-complete to DEXPTIME-complete [8, 16, 14].
However, as shown in [14]), if polymorphic recursion is also added (via the fix
constructor), which turns type-reconstruction into an undecidable problem,
then we can omit let-in.

We then define two forms of the semi-unification problem (Section 4),
denoted RSUP (for regular SUP) and PRSUP (for positive-reqular SUP).
We prove that RSUP and PRSUP are equivalent to type-reconstruction for
ML+fix+p and MLA4fix+pos-u, respectively (Sections 5 and 6).

Having established these equivalences, we conclude that the type-reconstruction
problem for ML+fix+p is undecidable and leave the problem open for ML-+fix+ pos-
 (Section 7).

2 Types

Definition 1 Let X and C be a countably infinite set of type variables and
type constants respectively. The set of recursive types T, is defined as follows:

1. XuCdcC1T,.
2. Ifo,re€T, theno —1€7,.

3. Ifae X, o€7, then pa.o €71,.

We follow the standard convention that ¢ — p — 7 stands for (¢ — (p —
7)). The universal recursive types are expressions of the form Vay -+ Vea,,.7
where oy, -+, a,, € X, n >0, and 7 € 7,. Let ’TMV be the set of all universal
recursive types. The universal quantifier “vV” and the operator g bind type
variables. We identify a-convertible types (types identical up to renaming
of bound variables). A substitution is a function S : X — 7,. The notation
ola := 7] stands for the result of substituting in o all free occurrences of «
by 7 (after an appropriate renaming of bound variables if necessary). We
write 7 = ol := T, ...,q, := 7,] for simultaneous substitution.

A variable « is positive in a type o iff every free occurrence of « is on the
left hand side of an even number of —’s. The set of positive recursive types
7, + 1s defined as follows:

Definition 2



1. XUuCCT, .
2. Ifo,reT,y theno —-1€7, 4.
3. Ifae X, 0T,  and « is positive in o then pa.c €T, .

The set of all universal positive recursive types is TMV’_I_ = {Vayq - Va,.7|T €
Tur).

A type o is finite if 0 does not contain an occurrence of the p operator.
Let Ty;, be the set of all finite types. Notice that 7y, C 7,4 C7,. Let T* be
the set of finite and infinite labeled binary trees with labels over X UC' U —.
A subtype of a type o € T* consists of a node of o and all its descendants
in 0. A (possibly infinite) type o is regular if the set of its subtypes is finite.
Let 7,., be the set of all regular types.

For a type o of the form pa.7 the unfolding of o for one step results in the
type T[a := pa.t]. Every recursive type o represents an underlying regular
type obtained by unfolding o infinitely many times. More formally there is
amap () :7, = 7T,.,. We refer the reader to [3] for an exact definition of
( )*. It is also true that every type in 7,., has a notation (not unique) in
7,.. We refer the reader to [2] for the proof of this fact, the reference also
contains a detailed discussion of infinite and regular types.

This means that, whenever appropriate, we can use properties of 7., to
prove results for 7, and vice versa. In particular, we can view regular semi-
unification as semi-unification on recursive terms. We use this fact to prove
the undecidability of type reconstruction in system S.

There are two standard notions of equivalence of recursive types, referred
to as strong (&) and weak (~) equivalence. o ~ 7 iff 0 = 7% i.e. they
represent the same regular type. For ~ we use the definition given in [3]:

Definition 3 Let ~C 7, x 7T, be the smallest equivalence relation satisfying
1. pa.o ~ ola = pa.ol.
200~c andtT~7=>0—>T17~0 — 7.
3. 0~0 = pa.o~ pac.

Observe that o ~ 7 implies 0 & 7. However, the converse is false, for
example:
poo — a2 po.((a — a) = )
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while it is not the case that pa.o — a ~ pa.((a — a) — «). Observe also
that the relations &~ and ~ are both decidable [3].

3 Systems § and S

In this thesis we consider a simple language consisting of A-terms augmented
with a polymorphic fix constructor and a set of constants. Unless other-

wise noted, we refer to object constants by a,b,c,--- and object variables
by x,y,z,--- . The augmented A-terms considered here are defined by the
grammar:

M:u=z|a|(MN)| A M) | (fixx M)

As usual, the constructors A and fix are assumed to bind variables. We adopt
the standard notion of a-conversion, and we generally do not distinguish
between a-convertible terms.

We describe two type inference systems § and S;. The two systems differ
on the types and the equivalence relation each uses. S uses recursive types
and the equivalence relation =, while §; uses positive recursive types and

The type inference systems § and &y are shown in Figures 1 and 2 re-
spectively. We follow standard notation and terminology. An environment
A is a finite set of type assumptions {x1 : 0q,..., 2, : 0,} associating at most
one type o with each object variable . By F'V(A) we denote the set of all
type variables occurring free in A. Viewing A as a partial function from ob-
ject variables to types, we may write A(x) = o to mean that the assumption
x :oisin A. An assertion is an expression of the form A = M : 7 where
A is an environment, M a term and 7 a type. In such an assertion, the o’s
(mentioned in A) are called the environment types, and 7 the assigned or
derived type. Derivability in § and &4 will be denoted be the symbols F,
and t, 1, respectively.



VAR

CONST

INST

GEN

APP

ABS

FIX

%

AF M :Vao
AFEM:ola:=71]

AFM:o
AF M :Va.o
AFM:o— T,

AF(M N):7

Alz:ol|F M : 7
AFQaeM):0— T
Alz:ol]F M : 0
AF(fixa M):o
AFM: o,

AFM:T

AFN:o

Az) = o, O'EIZ;V

o is a type constant ,o € 7,
TreT, O'EI]LV

a ¢ FV(A), oeT)
r,0 €7,

T,0 €7,

O'EI]LV

r,0 €7,

Figure 1. System S: all environment types and derived types in ’]7.
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AF(M N):7
Alz:ol|F M : 7
AFQaeM):0— T

Alz:ol]F M : 0

AF(fixa M):o
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AFM:7

Alx) =0, c€T],
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€T, o€l
a ¢ FV(A), ceT),
T,0€ 7,4+
r,0€T, 4
ceT,

T70- E ,]LH-I'

Figure 2. System S, : all environment types and derived types in ’T:_I_.

3.1 Syntax-oriented rules for § and S,

Both system S and S, are not syntax-oriented in the sense that there could

be more than one derivation tree for a certain assertion. In this subsection,
we give a syntax-oriented version of & and &y. This simplifies the proofs

in this report. This sort of simplification is a standard step in many papers
dealing with polymorphic recursion; see [5, 6, 14, 18]. Let 0,7 € 7, and

a = aj--q, for some n > 0. We write Vd.c < 7 to mean that 7 is an

instantiation of Va.o

TR ol =T, ..

,Qt := T,], for some 74, ..

L Te €7,



Similarly, for 0,7 € 7, 4 and @ = a3 - -+ ;. V.o 24 7 iff
T~ oo =Ty, 0 =Ty, for some T, T, €T 4

Instantiation corresponds to a sequence of applications of rule INST and
rule &~ (rule ~ in §’) , which leads to the following lemma.

Lemma 4

1 IfAVF, M:0 and o <7 then A, M : 1.
2. IfAF,y M:oando 24 7 then A, M :T.

The modification §" and S of § and Sy respectively, shown in Figures
3 and 4, consists in removing rules INST and GEN and modifying the VAR
and FIX rules. The resulting systems are partially syntax-oriented in the
sense that the derivation of an assertion is unique up to applications of rule
() in S and (~) in S4. Derivability in " and S} will be denoted by the
symbols -/ and | . To keep notation simple, when it is clear from the
context which system we are considering, we will simply use the symbol I to
denote derivability in that particular system.



VAR AbFa:7 Alx)=0, oc€T], 7€T, oc=7

CONST Aba:o o is a type constant , o € 7,

AP AFM:AU:(A;,N):éFN:a -

ABS Af[fx:xaz]\;) Ma; . o€l

FIX Af[ﬂ: Efxai ;4]‘)4 : :TU o7 €T, Vao=r1, &¢FV(A)
~ Al—]\/ﬁl:'—a,M:Tazr o,

Figure 3. System &’: all environment types in ’]7. All derived types in 7,,.




VAR AbFa:7 Alx)=0, oc€T],, 7€T,y, o=47

CONST AFa:o o is a type constant .o € 7,
AFM:o—rT AFN:0o
APP ) 7,
AT (M N): = oS S
Alz:ol|F M : 7
AB 7,
. AFQaeM):0— T 70 € ut
Alz :Va.olk-M:o . .
FIX AT (fx o M) 7 ot €T, 1, Vao=y7, adgFV(A)
AFM: o, on~T
- AFM:7 70 € Tt

Figure 4. System S : all environment types in %Y—I—' All derived types in 7, 4.
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The main result of this subsection is Lemma 5. It is similar to Lemma
5 in [14] and Lemma 5 in [6]. The proof of this lemma is adopted from the
Proof of Lemma 5 in [6].

Lemma 5 Let M be a term, A an environment, o € T, (resp., 0 € T, )
and & a sequence of zero or more type variables where & ¢ FV(A):

Ab, M:Vao iff Ab, Mo
(resp., Aty M:Va.o iff Ab, , M:o).

Proof: For the “only if” direction, we use structural induction on deriva-
tions in § and S; . The cases where we have a single derivation are rules

CONST and VAR. For the VAR rule, assume that A(x) = Va.o € 77. Ap-
plying the VAR rule in system S we have:

Al z:Va.o

Using the VAR rule in §" and by observing that Va.oc < o (also if o € T, 4
then Va.o <4 o) we have:
AF z:0

For the CONST rule, observe that if the CONST rule in § is used to obtain
Ak, a: o then we can use the CONST rule in &’ to obtain AF a:0. A
similar argument can be used in the case of the VAR and CONST rules in
Sy

For the FIX rule in &, assume that A -, (fix @ M) : Vd.o is derivable
using the FIX rule in & i.e.

Alx :Vad.olF M :Va.o
AF (fix a M) :Va.o

By applying the FIX rule in &’ and using the induction hypothesis we get:
Az :Ya.olF-M:o

We also have Vd.o = o and by assumption, Y& ¢ F'V(A). hence, we can
apply the FIX rule in &’ to get:

Az :Ya.olF-M:o
AF(fixae M):o

11



Again, a similar argument is used for the FIX rule in S;. The inductive
proof for the other rules in & and S; is straightforward.
For the “if” direction, notice that, it is sufficient to show the following:

1. IfAI—’MM:UthenAI—MM:U.
2. HAF, M :othen Ak, M:o.

We prove this by producing for every rule in §" and S/ a corresponding
derivation in § (Sy respectively). The only non trivial cases are rules VAR

and FIX. For the VAR rule in &’ (S, respectively), assume that A(z) = Va.r
and Va.7 < o. Applying the VAR rule we get:

Al o

By using the VAR rule in § (in &4 respectively) and by Part 1 of Lemma 4
(Part 2 in the case of Sy ), we derive the following in & (Sy respectively):

Al o

Now, for the FIX rule, assume that the last rule we apply in a derivation

in 8§’ is the FIX rule, i.e. :

Az :Yar|EM: 7
AF(fixae M):o

where Va.7 < 0. We get the same derivation in S, by applying the GEN rule
as needed to get

Alx :Va.r|F M :Ya.r
and then we apply the FIX rule in & to obtain

AF (fix e M) :Ya.r
Now, we use Part 1 of Lemma 4 to get:
AF(fixae M):o

A similar argument applies for S'. B
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4 Positive Regular Semi-Unification

As a result of the equivalence of the sets 7,., and 7,, we can look at a
regular substitution as a substitution from S : X — 7,. In this section, we
redefine regular semi-unification and define positive regular semi-unification.
A regular (resp. positive regular) substitution S is a function S : X — 7,
(resp., S : X — 7,4) . Every regular (resp. positive regular) substitution
S can be extended in a natural way to a function S : 7, — 7, (resp.,
ST = Tuy) 3]

An instance I' of semi-unification is a finite set of inequalities:
'={o1<m,...,0, <7,}

where t;,u; € Ty, A regular substitution S is a regular solution of the
instance I' iff there are substitutions S, ..., 5, such that:

S1(S(o1)) &~ S(71), .., Su(S(0n)) = S(7,)

The Regular semi-unification Problem (RSUP) is the problem of deciding,
for any such instance I', whether I' has a regular solution.
An instance I' has a positive regular solution if there is a positive regular

substitution S : 7, + — 7, and positive regular substitutions Sy,...,.5, :
7, + — 71,4 such that:

S1(S(o1)) ~ S(71), ..y Su(S(0n)) ~ S(7)

The Positive Regular semi-unification Problem (PRSUP) is the problem of

deciding, for any such instance I'; whether I' has a positive regular solution.

5 From § to RSUP and from §, to PRSUP

Given a term M we construct an instance I'ys of semi-unification such that :
1. M is typable in S iff I'y; has a regular solution.

2. M is typable in S” iff I'y; has a positive regular solution.

13



The construction given here is very similar to the construction given in
Section 4.2 [14]. The proofs here differ slightly (but still the same style)
because the syntax-oriented version given here does not have the GEN rule.
Also, constants are added here. We view our construction as an extension of
the construction given in [14] and we use most of the definitions related to
it.

We begin by constructing a set of equalities

Ay ={o1=m,...,0,=7,}

where 0,7, € T, 0 € {1,...,p}. We follow the convention that any variable
occurring in M is a member of one of the two lists zg,x1,... and yo, 91, .. ..
Furthermore, if a variable occurs free or fix-bound then it is a member of
the list xg, x1,.... Otherwise, if a variable is A\-bound then it is a member of
the list yo, y1,.... Any constant occurring in M is from the set ag, aq, .. ..
Let My, M, ..., M, be an enumeration of all the subterms of M such
that, for & = 1,...,n, if M} is not an object variable, then M} = (M;M;)
or (Av.M;) or (fix v.M;) for some ¢ # j and ¢,5 € {1,2,...,k —1}. The
set {My, Ms, ..., M,} mentions all occurrences of the same subterm, i.e., we

may have M; = M; for 1 # j. Observe that M = M,,.
Definition of A, for £k =1,... n:
Simultaneously with A; we define a type expression ¢; with variables in V',

by induction on k =1,...,n:

1. If My is the j-th occurrence of z; in M, then set Ay = () and ¢}, = ﬂ»(j_l).

(We number the occurrences, free or bound, of «; in M with 0,1,2,...,

starting from the left end of M. It z; is bound in M, the binding
occurrence of x;, fix x;, is not counted.)

2. If My = y;, then set Ay =0 and t, = ;.
3. If M}, = a;, then set Ay, = 0 and ;, = ¢;.
4. If Mk = (MZM]) then set Ak == AZ U A]‘ U {ti = t]‘ — 5} and tk == 5,

where ¢ is a fresh auxiliary variable.

5. If My, = (A\y;.M;) then set Ay = A; and 1, = v — ;.

14



6. If My = (fix x;.M;) then set Ay = A;U{f;, =1;} and t; = @“), where
¢ > 0 is the number of bound occurrences of z; in M; (ﬂi(o), e 7@@—1)
are already introduced in Aq,..., Ag_y, corresponding to the bound
occurrences of ;).

Instead of A, and ¢,,, we also write Ay and ;.

The only difference between Ay here and in [14] is that we add constants
here and we do not allow polymorphic abstraction. We define subsets V4, V4
of the variables occurring in Ay as follows:

Vo = {62(0)7 o ,@(“) | there are ¢ > 0 free or bound occurrences of z; in M}
U {~i | y; occurs in M}
U {6; | 6; occurs in Aps}

Vi = {p; | ; occurs in M}

For o € 7, U7, ; and & a finite sequence (possibly empty) of type vari-
ables, we define body(Va.o) = o.

In what follows S denotes a map from V to 7, and Sy denotes a map
from V to 7, 4. such that, for every o not occurring in Ays, S(a) = a and
Si(a) = a. We further restrict S and Sy so that, for every 3, € Vi, S(3;) €
’TMV and S;(3;) € %V,-I— and for every a € Vg, S(a) € 7, and Sy(a) € T, 4.
With every such S and 54 we associate the maps S from V to 7, and 54
from V to 7, 4 respectively, satisfying the condition that, for every a € V,
S(a) = body(S(a)) and Sy(a) = body(S,(a)).

Given a term M, the symbol <j; denotes a partial order on object
variables relative to M. For every x € {xg,x1,22,...} and every y €

{y07y17y27 < }

x <p y iff both @ and y are bound in M and the (fix) binding of
x is in the scope of the A-binding of y.

We now define what it means for S and S; to be a regular solution
(positive regular solution, respectively) for Ay. Notice that such a solution
is not the same as a solution for an instance of semi-unification.

Definition 6 S is a regular solution for Ay for £ = 1,...,n iff the following
conditions hold:

15



For every equality o; = 7, € Ay, S(0y) & S(7i).
For every f;, 8 occurring in Ay, S(8;) = S(B7).

For all ; occurring in Ay, the bound variables of S(/3;) are precisely
the set:

FV(S(8:) — U{EV(S(3) | 2 <arys}

Definition 7 S, is a positive regular solution for Ay for £ = 1,... n iff the
following conditions hold:

1.

2.
3.

For every equality o; = 7, € Ay, Sy(0:) ~ Si(7).
For every 5., 31 occurring in Au, S4(3) =4 S4(3)

For all ; occurring in Ay, the bound variables of S(/3;) are precisely
the set:

FV(S54(81) — U{FV(S4(y)) | 20 <arys}

The following lemma is an extension of Lemma 12 in [14].

Lemma 8 Let M be a term. Then:

1.

If there is an environment A and a type T € T, such that A&, M : 7,
then Anr has a regular solution S such that body(S(tam)) ~ 7 and

S(5;) ~ A(x;) for every e.

If there is an environment A and a type T € T, 1 such that A+ , M :

7, then Az has a positive regular solution Sy such that body(5_|_(tM))
T and Sy (i) ~ A(x;) for every 1.

If S is a regular solution of Ay, then A M : 7 for some environment
A and 7 € T, such that 7 = body(S(ta)) and A(x;) ~ S(53;) for every

i

- Af Sy is a positive regular solution of Ay, then A & . M : 7 for

some environment A and v € T, such that T ~ body(S(tM)) and
Alx;) ~ S(5;) for every e.

16



Proof: First we observe the following facts about derivations in systems &’

and S_’I_:

o If AF N : o is an assertion in a derivation and v is an x- or y-variable,
then A(v) is defined iff either v is free in M or v is bound in M and N
is in the scope of the binding of v.

o If A[z; : Va.o] = N : 7 is the assertion immediately preceding an
application of FIX that discharges the type assumption (z; : Va.o), we
can assume that the bound type variables @ are precisely:

&= FV(o) — U{EV(A(,)) | Aly,) defined.)

Let My, M,,..., M, be an enumeration of all the subterms of M. The
proof of Parts 1 and 2 is by induction on £ = 1,...,n. The proofs of Parts
1 and 2 are very similar, and we show the inductive proof of Part 1 only.
For Part 1 we need to show that for every k = 1,...,n, it AF, M, : 7 for
some environment A and a type 7 € 7,,, then A, has a solution S such that
body(S(tx)) ~ 7, S(5;) =~ A(x;) for every z;, and S(~;) &~ A(y;) for every y;.

For the basis step, we need to consider the following cases:
1. Mj is the j-th occurrence of x; in M.
2. My = ;.
3. My = a; .

In the three cases above it is straightforward to see that there is a regular
solution S for Ay such that body(S(t1)) ~ 7, S(8;) = A(x;) for every x;, and
S(vi) ~ Al(y;) for every y;. For the induction step, we just show one case
as an example, the other cases are similar. Assume that M = (fix x;.M;)
and M, o which implies that A(z;) = Vd.c and M; - o, by the FIX
rule of system S. By induction hypothesis, there is a solution S for A; such
that body(S(t;)) ~ o and S(x;) ~ A(f;). We can easily adjust S(¢;) to force
S(t;) ~ A(B;). Hence, from Step 6 of the construction of Ay, we can easily
check that S is a solution for Ay satisfying all the conditions of Part 1.

The proofs of Parts 3 and 4 is also by induction on k. We show the proof
of Part 3 and we omit the proof of Part 4 because it is very similar.

17



For Part 3, we need to show that if S is a regular solution of Ay, then
there is an environment A and type 7 € 7, such that: A+ My : 7, 7 ~
body(S(tr)), A(x;) ~ S(p;) for every xz;, and A(y;) ~ S(v;) for every y,.
For the basis step, again, we need to consider the three cases mentioned
above. It is straightforward to see that the basis step is correct. For the
induction step, again we only consider one case as an example. Assume
that My = (fix x;.M;). Observe that if S is a solution for Ay then it is a
solution for A;. Assume that S(¢;) ~ Vd.oc and S(tx) ~ 7. From Step 6
of the construction, we can conclude that S(t;) ~ S(f;) and Va.oc < 7. By
induction hypothesis, there is an environment A such that A+, M; : o and
A(z;) mVa.o. Let B = A — [Va.o]. Using the FIX rule of system S’ we can
conclude that B+, My : 7. I

We now define an instance I'j; of semi-unification such that I'p; has a
solution in the sense of semi-unification iff Ays has a solution.

Definition of 'y

Let M be a term and let Ayy = {0y = 71,...,0, = 7,} be the set of equalities
obtained as described above. Let ¢ be the largest index such that 6, occurs
n AM

1. T'as contains the inequality (7, U) where:

T = (8441 = bg41) = -+ = (6g4p = Ogip)
U = (orm) = (=)
where 6,41, ..., 044, are fresh auxiliary variables.

2. For every ﬂi,ﬂi(j) where 3; € Vi, I'y contains the inequality (7}, U,;)
where:

Ty = Bi—= v == Y
Ui' = 62'(])_>7k1_>"'_>7kz

where {7V, o6, = {vm | @ <ar Ym )

3. I'ps contains no other inequality.

Lemma 9 If M is a term, Then:
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1. For any S : V — ’]7, S is a regular solution of Ty (in the sense
of semi-unification) iff S is a regular solution of Ay (in the sense of
definition 6).

2. For any Sy :V — T:_I_,
sense of semi-unification) iff Sy is a positive regular solution of Ay in
the sense definition 7).

S, is a positive regular solution of Ty (in the

Proof: This reproduces the proof of Lemma 13 in [14] with the necessary
terminological changes. Consider the inequality (7, U) introduced in part 1 of
the definition of I'ys. S is a regular (resp. positive regular) solution of Ay in
the sense of definition 6 (resp. definition 7)iff S is a regular (resp. positive
regular) solution of {(7,U)} in the sense of semi-unification. Consider an
inequality (7};,U;;) introduced in part 2 of definition 6 (resp. definition T7)
of I'ys. It is readily checked that S(j3;) =< S(ﬂl»(j)) (resp. S(B:) =+ S(ﬂl»(j)))
and the bound variables of S(f3;) are:

FV(S(8:)) — (HEV(S() | 2 <arys)

iff S is a regular (resp. positive regular) solution of {(7};,U;;)} in the sense
of semi-unification. W

6 From RSUP to § and from PRSUP to §.

In this section, we use the same construction given in Section 4.3 of [14] and
we reproduce most of the text of Section 4.3 with the necessary modifications.
We begin with a technical trick which is used to force an object variable to be
assigned a particular finite type (or a substitution instance of it). Let z be an

object variable and 7 a finite type. Type variables are named «g, a1, as, . . .,

corresponding to which we introduce object variables vy, vy, vq,... . Type
constants are named ¢, ¢1, €3, . . ., corresponding to which we introduce object
constants ag, ay,az,... . We define a A-term, denoted (z : 7), by induction

on finite types

L. if 7 =¢; fori € {l,...,n}, then
(z:7) = AugAuz. uq(uzz)(uza;)

2. i 7 = o; for 1 € w then
(z:7) = Aug. Auz. uq(uzz)(uzv;)
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3.l 7=7 — 7 then
(z:7) = Azo. Az1 Az Aue zo(z1 1 T1) (29 1 To)(u(z21))(uze)

It is clear from the induction above that: FV({z: 7)) = {z} U {v;|a; €
FV(7r)}. The following lemma, which is an extension of Lemma 14 in [14],
explains the crucial property of the term (z : 7).

Lemma 10 Let 7 € Ty, be an arbitrary finite type such that
FV(r) C{aq,...,au}.

1. Let 7', p1, ..., pe be arbitrary recursive types. The term (z : ) is typable
in S in the environment A:

A:{Z:T/7v1:p17"'7vf:pf}

e, AF,(z 1) 7" for some 7" € T, iff 7' &~ Ty 1= pry.. 0 =
pe]-
2. Let 7', p1,. .., pi be arbitrary positive recursive types. The term (z : )

is typable in Sy in the environment A:
A={z:7" v :p1,... 00 po}

ie, A by (2 0 1) o 7" for some " € T, ., iff 7' ~ Tl =
Pry--., 0 1= Pf]
Proof: We give the proof of Part 1 of the lemma and leave Part 2 for the
reader since the proofs are very similar. The proof is by induction on 7. For
the basis step, 7 = a; or 7 = ¢; where ¢ € {1,...,(}. It is easily checked that
(z :7) is typable in A iff 7/ &~ 7oy 1= p1,..., 0 1= pg], Le, iff 77 = p,.
For the induction step, assume that (z; : 71) and (z3 : 73) are typable in
S in the environment

7 7
A=Az 7,20 79,01 1 1y, 00 po}

iff 77 & 7 i= p1,... 00 i= p] for j = 1,2. It is now readily checked that
if 7 =7 — 72 then the term (z : 7) is typable in & in the environment

B:{Z:Tlvvl:plv"'vvf:pﬁ}

iff 7/~ 7, — 75. Hence, (z: 7) is typable in B iff 7/ & 7[oq := p1,..., a0 :=
pe], by the induction hypothesis. B
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Lemma 11 Consider an instance I' of semi-unification of the form

I'={(o1,71),.. (00, 7))}

which mentions only type variables o, ...,ap. Define the term M as:

M = fix x. vy... A vz .. 0 2, N, where
N = zo(zr:01). . {zn o) B .. E,, where
Ei = Mo dwy .. A Ayr . Ay yo(@wy .oy oY) (Y T)
fori=1,...,n.
1. M is typable in S iff I' has a regular solution.

2. M s typable in Sy iff I' has a positive reqular solution.

Proof: Here we just show the proof of Part 1 of the lemma. The proof
is just a reproduction of the proof of Lemma 13 in [14] with the neces-
sary modifications. For the left to right implication, suppose that M is
typable. This means that N is typable in an environment A assigning types

to &, v1,..., 07, 20, 215 - - - 2n. Except for the type of  (which is in ’]7) , these
are all in 7, . Assume that the types assigned to vq,...,v, are pq,..., ps, re-
spectively. Because (z; : 0;) is typable in A, for ¢ = 1,...,n, the environment

A must contain the type assumption z; : 0! where
of R oilan 1= prs. ., = ]

by Lemma 10. Hence, the type £ assigned to Avy ... vp.Azy ... z,. N is of
the form:
E=pi— ..o p— 0= ... 0 —@

where ¢ depends on the type of z5. Moreover, for each ¢ = 1,...,n, the term:

yo(zws ... weyr - .. Y ){yi : Ti)

is also typable, in an appropriately extended environment. It follows that
the type &; assigned to the i-th occurrence of x is of the form:

bi=m— ..o m =l ol T =0~ =0 =
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for some regular types (9;, with j #£ ¢, 71'; and ', and where

T & Tag = pry .., = po)
by Lemma 10. FEach & is an instance of ¢ — more precisely, there is a
substitution S; : 7, — 7, such that S;(¢) ~ ¢ and, in particular, S;(c%) ~ 7/
fore =1,...,n. Hence, the substitution:
[aq := p1y. ..y ap = py]

is a regular solution of the instance I'.

For the converse, suppose that I' has a solution, i.e, there are regular
types p1,...,p¢ and substitutions Sy,...,95, : 7, — 7, such that:

Si(cly~ 1 for i =1,...,n, where
!~ . -— -— d

o; & ol = p1, ..., 00 = pg]  an
/N [yp— Pyp—

7 & o =, = pel.

We shall show that M is typable in S. Let A = {(v; : p;)|¢ = 1,...,(} and

define the environment:

Ai= AU {(w;om)li =1 G U{(ye 7))} U{ly; 0515 # i}

for e =1,...,n, where 7; and 0; are arbitrary regular types. By Lemma 10,
it must be the case that A; F, (y; : 7;) : ¢ for some open type ¢. It then
follows that:

A U{(z &) (yo:a— b — B} FLyo(awr .. cweyy oo oyn)(ys : Ti) 2 B
where « and 3 are new type variables and:
= —...om—b— ... =0, —>T1—=0,4—... 50, —>a

Hence F; is typable in AU{x : &} Let B=AU{(z:0))i=1,...,n}. By
Lemma 10, the term (z; : 0;) is typable in B. Define now €' = BU {« : ‘;’f}
where

‘;’.f:‘;’.pl—>...—>pg—>01—>...—>07’1—>0z
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”

where V stands for “quantify all variables in £ except for o.” Applying the

substitution 5; to £, we obtain the type:
Si(p1) = ... = Si(pe) = Si(ey) — ... — Si(0)) — «

Now take 7; = p;5; and, for j # i, 0; = 0..5; in the environment A; above
and we see that ' I, « : . Hence, for an appropriate ¢,

CU{z0: 9} F, N:a

because every (z; : 0;) is typable in C, and so is every F;, for i = 1,...,n.
After repeated abstractions:

{Zo:c,o,x:g’.f} FoAvi o dopdzg o Az Nipy — oo = pp— 0 — ... — 0, — «

and, finally, by application of the GEN rule repeatedly, followed by the FIX
rule once:

{zo0: @}, M : V.6
which proves that M is typablein §. 1

7 Decidability Results

Regular semi-unification on arbitrary trees is undecidable. The proof of this
result is in [4]. This result is further restricted to semi-unification on binary
trees in [7] which leads to the following:

Theorem 12 Type Reconstruction in system S is undecidable.

Proof: The proof is directly obtained by the undecidability of regular semi-
unification [4] and the equivalence of regular semi-unification to regular semi-
unification on binary trees [7]. B

We have to leave open the decidability of Type Reconstruction in system
S+ and the decidability of PRSUP.
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