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Abstract

In this paper, we explore an extension to Haskell type ctatizat
allows a type class declaration to defitega typess well asvalues
(or methods). Similarly, an instance declaration gives taegs for
such data types, as well as a witness for each method. It tuns
that this extension directly supports the idea of a typexxed type,
and is useful in many applications, especially for selfiofging
libraries that adapt their data representations and dlgos in a
type-directed manner.

Crucially, just as Haskell's existing type-class mechanian be
explained by translation into System F, so we can explaineaur
tension by translation into System F, and we do so in full ileta
This is a valuable property since it ensures that the addifoas-
sociated data types to an existing Haskell compiler leadbanges
in the front end only.

1 Introduction

The efficient implementation of a parametrised data typessiones
requires a concrete representation that depends on itggyjaen-
eter. For example, we may want to represent arrays of fixetthwi
integers differently to arrays of trees. Inventing sometaynwe
might want to have a parameterized data tfgeay with several
instantiations:

data Array e

data Array Int IntArray UlntArray
data Array Bool = BoolArray BitVector
data Array (a,b) = PairArray (Array a) (Array b)

Here, we represent an array of integers as an unboxed anray;ay

of booleans as a bit vector, and an array of pairs as a flatjeaied

of arrays. Consequently, an array of pairs of integers amdeams,
Array (Int,Bool), is represented as the pair of two unboxed arrays;
i.e., asPairArray UlntArrary BitVector This specialised represen-
tation is more efficient, in terms of both space and runtimgypi

cal operations, than a parametric representation as a lzoragl of
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pairs. Data types whose concrete representation depenatseoor
more type parameters are calligghe-indexed17].

In this paper, we shall demonstrate that type-indexed tgpashe
understood as class-local data type declarations, andhtfzdt this

is a natural extension of Haskell's type class overloadiygtesn.
For example, théArray type above would be expressed as a local
data type in a type class of array eleme/tsayElem

classArrayElem ewhere
data Array e
index :: Arraye — Int — e

The keyworddata in a class introduces aassociated data type
definition — the typéArray is associated with the clagsrayElem
(We are loosely following the terminology of Garcia et alO[)
The representation oArray can vary on an instance-by-instance
basis, but apart from that it behaves much like a top-leve tige
declaration.

We can now define instances of tAerayElemclass that give in-
stantiations for thérray type:

instanceArrayElem Intwhere
data Array Int = IntArray UIntArr
index(IntArray ar) i = indexUIntArr ar i

instance(ArrayElem a ArrayElem ) =
ArrayElem(a, b) where
data Array (a, b) = PairArray (Array a) (Array b)
index(PairArray ar br) i = (index ar i index br i)

Together with the local data typeray, we have included a method
indexfor indexing arrays. The type afidexis

index :: ArrayEleme=- Arraye — Int — e

This signature makes both its dependence on the élasyElem

as well as on the associated typeay explicit. In other words,
for varying instantiations of the element typgethe concrete array
representation on whidhdexoperates varies in dependence on the
equations definind\rray. This variation is more substantial than
that of standard Haskell type classes, as the representsfie of
Array may changes in a non-parametric way for different instan-
tiations of the element type In other wordstype-indexed types
permit an ad hoc overloading of types in the same way that stan
dard type classes provide ad hoc overloading of values

To summarise, we make the following contributions:

e We introduce associated data type and type synonym declara-
tions as a mechanism to implement type-indexed types, and
demonstrate their usefulness with a number of motivating ex
amples, notably self-optimising libraries (Sections 2 anhd



e We show that associated data types are a natural extensiondepends on the type of keys, it is parametric polymorphitédo-

of Haskell's overloading system. We give typing rules fae th
the new type system, and the evidence translation from eourc
terms into System F (Sections 4 and 5). As most of the novel
aspects of the system are confined to the System F translation
this enables a straightforward integration into existiragskell
compilers such as the Glasgow Haskell Compiler.

There is a great deal of related work on the subject of typlestad
types, which we review in detail in Section 7. Associatechdgpe
declarations narrow the gap between type classes in Hashdll
modules in Standard ML; a class declaration, like an ML sigrea
gives describes an agglomerations of both types and valleke
an instance declaration, like a structure or functor, djgethe con-
crete realisation of the abstraction. Moreover, assotigtpes are
obviously related to both intensional type analysis [14d &mc-
tional dependencies [21]. The latter deserve some additimm-
ments, as they are already available in some Haskell systéms
Section 6, we discuss in detail why functional dependenaiethe
form proposed by Jones [21], are inadequate for our motigagix-
amples. Nevertheless, there are very close links: assoikta
typedeclarations are in many ways like bidirectional functilohe:
pendencies, while to get the effect of unidirectional fioral de-
pendencies, we also need associaype synonymhich we only
sketch in this paper.

2 Motivation

The previous array example is representative for a wholsscla
of applications of associated types, namalgif-optimising li-
braries. These are libraries that, depending on their use, opti-
mise their implementation—i.e., data representation draice of
algorithms—along lines determined by the library authorheT
optimisation process is guided by type instantiation, agha
ArrayElemclass where the element type determines a suitable ar-
ray representation. We shall discuss another instanceegrasen-
tation optimisation by considering generic finite maps irb&ac-
tion 2.1. Then, in Subsection 2.2, we turn to the more sojchistd
example of a generic graph library, where both data reptaten

and algorithms vary in dependence on type parameters. The ke
feature of self-optimising libraries is that they do not eigrrely

on general compiler optimisations, but instead the librzoge it-
self contains precise instructions on how the library cal®ibe
specialised for particular applications. Since the inticttbn of
templates, this style of libraries has been highly succgsfC++
with example such as the Standard Template Library [34]Bihast
Graph Library [32], and the Matrix Template Library [33]. Wmon
generic programming in Haskell, also illustrates the needyfpe-
dependent data representations [17, 16, 2].

In addition to implementing self-optimising libraries, sasiated
types are also useful for abstract interfaces and othercgpipins of
functional dependencies. We shall discuss these in Subset8
and 2.4.

2.1 From Generalised Tries to Finite Maps

A nice example of a data structure whose representationgeisan
in dependence of a type parameter, which was first discusged b
Hinze [15] and subsequently used as an example for typende
types by Hinze, Jeuring, and Loh [17] in the context of Ganer
Haskell, aregeneralised trieor generic finite maps.Such maps
change their representation in dependence on the strucfute

key type used to index the map. In addition to the key type, fi-
nite maps are also parametrised by a value type that formsathe
domain of the map. While the representation of generic fimigps

domain, which we call the value typein the following definition:

classMapKey kwhere
data Map kv
empty.: Map kv

We express the different status of the key typand value typer

by only makingk a class parameter; although the associated repre-
sentation typéMap k vdepends on both types. Assuming a suitable
library implementing finite maps with integer trees, suclPasicia
trees[30], we may provide an instance bfapKeyfor integer keys

as follows:

instanceMapKey Intwhere
data Map Int v= Maplnt (Patricia.Dict v)
empty = Maplnt PatriciaemptyDict

In this instance, the different treatment of the key and edipes
is obvious in that we fix the key type for an instance, whild sti
leaving the value type open. In other words, we can re¢fag k
as a type-indexed type constructor of king- x.

As described in detail by Hinze [15], we can define generiddini
maps on arbitrary algebraic data types by simply givinganses
for MapKeyfor unit, product, and sum types. We do so as follows—
leaving out the definitions of the class methods, which caiobed

in Hinze’s work:

instanceMapKey() where
dataMap () v= MapUnit(Maybe y

instance(MapKey a MapKey ) =
MapKey(a, b) where
dataMap (a, b) v= MapPair (Map a(Map b V)

instance(MapKey a MapKey b =
MapKey(Either a b where
dataMap (Eitherab v =
MapEither(Map aV) (Map b V)

To use the clasMapKeyon any specific algebraic data type, we
need a map it to its product/sum representation by means of an
embedding-projection pair [18, 2].

2.2 Generic Graphs

The concept of traits has been introduced to C++ with the dim o
reducing the number of parameters to templates [26]. Sinee,t
generic programming based on templates with traits has foeral

to be useful for self-optimising libraries [32] where theoite of
data representation as well as algorithms is guided by waypef
instantiation.

This has led to an investigation of the support for this style
generic programming in a range of different languages byci@aar
et al. [10]. The evaluation of Garcia et al., based on a coepar
tive implementation of a graph library, concluded that Hdkkas
excellent support for generic programming with the exaaptof
satisfactory support for associated types. The extensiopogsed

in this paper tackles this shortcoming head on. Inspired aicia

et al., we also use a class of graphs as an example.

classGraph gwhere

data Edgeg
data  Vertexg
src :;» Edgeg— g — Vertexg
tgt :» Edge g— g — Vertexg

outEdges: Vertexg— g — [Edge g



In contrast to theArray and MapKeyexamples, in which the con-
tainer type was associated to the element type, here thexvand
edge type are associated to the container type. This allews u
define several distinct instances of graphs which all hagesétime
edge and vertex types, but differ in the representation dgo- a
rithms working on the data structure. Two possible instaneeich
both model vertices as integers, and edges as pairs of sancte
target vertex:

-- adjacency matrix
newtypeG; = G [[Vertex GJ]
instanceGraph G, where
newtypeVertex G = GVy Int
dataEdge G = GE; (Vertex Q) (Vertex @)

-- maps vertices to neighbours
newtypeG; = G; (FiniteMap(Vertex G) (Vertex G))
instanceGraph G where

newtypeVertex G = GV Int

dataEdge G = GE, (Vertex G) (Vertex @)

In addition to the flexibility which we gain by defining the skin

this way, this method also offers two more distinct advaegadirst,

as with traits, we reduce the number of parameters to the;das-

ond, in contrast to class parameters, we refer to the aseddigpes
by their names, not just the position in the argument listjcivh
further improves the readability of the program and redubego-

tential for confusing the order of arguments.

2.3 Interface Abstraction

All previous examples used associated types for self-agitg li-
braries specialising data representations and algorithrastype-
directed manner. An entirely different application is tb&tlefining
abstract interfacesnot unlike abstract base classes in C++, inter-
faces in Java, or signatures in Standard ML.

A well-known example of such an interface, which has been dis
cussed in the context of Haskell's hierachical librariesthat of

a monad based on a state transformer that supports mutdéte re

ences. We can collect them in a parametrised family of tyges a
follows:

classMonad m=- RefM mwhere
dataRef mv
newRef :: v — m(Ref my
readRef :: Refmv— mv
writeRef:: Ref mv— v — m()

instanceRefM I0where
data Ref |I0= ReflO DatalORef.|IORef
newRef = DatalORef.newlORef

instanceRefM(ST § where
dataRef (ST § = RefST(Data STRefSTRef §
newRef = Data STRefnewSTRef

Note how here both the type parameteof the associated tyeef
as well the representation typBef mare of higher kind—that is,
they are of kind« — x. The complete signature akwRefis

newRef:: RefMm= v — m(Ref my

A subtlety of the above code is that the tyRef 10is not compat-
ible with Data. IORef.IORef, as Haskell data type constructors are
subject to nominal type equality. This may not be desirecbine
interfaces, where we preféype synonymthat preserve structural
type equality. We introduce local type synonyms in the nett-s
section.

2.4 Associated Type Synonyms

Associated typesynonymsan be used to define overloaded arith-
metic operations in a manner that is much more flexible then th
standard classes of Haskell 98. In particular, using an pl@of
Duck et al. [9], we might like a multiplication operation thaer-
forms automatic coercions when its two arguments are o¢wifft
numeric types. We omit the obvious method definitions:

classMul a bwhere
type Prod a b:: %
(%) sa—b— Prodab

instanceMul Int Int where
type Prod Int Int = Int

instanceMul Int Float where
type Prod Int Float = Float

In contrast to associatethta types, the result of théx) is an ex-
isting type (nt or Float here) rather than the associated data type
defined in the class. In contrast to the standard numericetas
of Haskell, the clasMul generalises nicely to richer types such as
vectors.

type Vec e= [¢g]
instanceMul ab = Mul a (Vec j where
type Prod a(Vech = Vec(Prod a b

This and similar examples that have been discussed in thtexton
of multi-parameter type classes with functional depenienf21]
can be reformulated to use associated types. Associatedsiyp
onyms add useful new power, but also new complexity. We dscu
them futher in the Appendix, but otherwise restrict outeslto as-
sociateddatatypes for the rest of the paper.

3 Associated Data Types in Detall

In this section, we describe the proposed language extensio
enough detail for a user of the language. Technical dethitkeo
type system are deferred until Section 5.

We propose that a type class may define, in addition to a set of
methods, a set odissociateddata types. In the class declaration,
the data types are declared without any definitions; the idiefis

will be given by the instance declarations. The associasta ype
must be parameterised over all the type variables of thes ctasl
these type variables must come first, and be in the same osder a
the class type variables. Rationale for this restrictiogiien in
Section 5.4.

A new type constructor is introduced for each associated ygie

in the same way as a normal top-level data type. The kind of the
type constructor is inferred in the obvious way; we alsowalix-
plicit kind signatures on the type parameters:

classC awhere
dataT a(b :

* — k)

Instance declarations must give a single definition for essdoci-
ated data type of the class; such a definition must repeatldks c
parameters of the instance, and any additional parametdf®o
data type must be left as type variables. For example, thenfirig

is a legal instance of the class above:

instanceC a = C [a] where
dataT[alb=D[Tdb

An instance declaration with associated data types inteslmew
data constructors with top-level scope. In the above exantpe
data constructob is introduced with the following type:



D:Ca=[Td —-b— Tl

The instance of an associated data type may nssvypedeclara-
tion instead of alata declaration if there is only a single construc-
tor with a single field. This enables the compiler to représba
datatype without the intervening constructor at runtime.

3.1 Default definitions

In Haskell, a class method can be given a default definiticimen
declaration of the class, and any instance that omits afepdeif-
inition for that method will inherit the default. Unfortutely, we
cannot provide a similar facility for associated data typés see
why, consider theArrayElemexample from the introduction, and
let’'s add a hypothetical default definition for theray associated
type:

classArrayElem ewhere
data Array e = DefaultArray(BoxedArray ¢
index :: Arraye — Int — e

Now, what type should th®efaultArray constructor have? Pre-
sumably, it should be given the type

DefaultArray :: ArrayElem e=- BoxedArray e— Array e

But it cannot have this type, because this constructor isalat for
certain instances dkrrayElem namely those which give their own
specific definitions of thérray type. There is no correct type that
we can give to a constructor of a default definition.

However, when the system is extended to include associgped t
synonyms (Section A), we shall see that default definitioagken
sense for an associated type synonym.

3.2 Types involving associated data types

The type constructor introduced by an associated data tgpe d
laration can be thought of as a type-indexed type. Its repres
tation is dependent on the instantiation of its parametang, we
use Haskell's existing overloading machinery to resoles#types.
There is a duality between methods of a class and associatad d
types: methods introduce overloaded, or type-indexedabtas,
and associated data type declarations introduce type«ddgpes.

This means that just as an expression that refers to ovextbiden-
tifiers requires instances to be available or a context taippl&d,
the same is now true of types. Going back to Areay example
from the introduction, consider the following signature:

f :: Array Bool — Bool

Our system declares this to be a valid type signature onhgife is
an instance foArrayElem Boal Similarly,

f :: Arraye — e

is invalid, because the representation faray e is unknown. To
make the type valid, we have to supply a context:

f :: ArrayEleme=- Arraye — e

There is one further restriction on the use of an associgfeldon-
structor: wherever the type constructor appears, it musipgptied

to at least as many type arguments as there are class paramete
This is not so surprising when stated in a different way: aetyp
indexed type must always be applied to all of its index patanse

3.3 Asssociated types in data declarations

For consistency, the system should support using assddigtes
everywhere, including in the definition of another data tyHew-
ever, doing this has some interesting consequences. @orgdin

the Array example, and suppose we wish to define a new data type
T:

dataT e = C (Array e
The typeT eis not valid type for alle, so we must add a context:
dataArrayEleme= T e = C (Array €

This context works in a similar way to contexts on data types i
Haskell currently: it adds a context to the type of the caror.

C :: ArrayEleme= Arraye — Te

Now, the type constructoF is no ordinary type constructor: it be-
haves in a similar way to an associated type, in that whenewer
appears in a type there must be an appropriate context anices
in order to deduc@rrayElem e Furthermore,T must always be
applied to all of its type-indexed arguments.

4 Translation example

Here we illustrate the translation from Haskell with asated types
into System F, by walking through the translation for tlapKey
example in Section 2. We will present the translated ternisgus
Haskell syntax for convenience.

To recap, here is the class declaration for MegpKeyclass:

classMapKey kwhere
data Map kv
empty :: Mapkv
lookup:: k — Map kv — Maybe v

Its translation is a new data typEMapKey which is the type of
dictionaries of theMapKeyclass:

data CMapKey k mk
= CMapKey{
empty :: forall v. mk
lookup:: forall v.k — mkv — Maybe v

The CMapKeytype has a type parameter for each class type vari-
able as usual, in this case the single type vari&blélowever, it
now also has an extra type paramatek representing the associ-
ated typeMap k This is because each instance of the class will
give a different instantiation for the tygdap k so the dictionary
must abstract over this type.

Note thatmk has kindx — x; the type variable is still polymor-

phic by virtue of not being one of the class type variableslebd,
the class methodamptyandlookupare now explicitly polymorphic
in this type variable.

Our first instance is the unit instance:

instanceMapKey() where

dataMap () v = MapUnit (Maybe y
empty = MapUnit Nothing
lookup() (MapUnitm) = m

Its translation is a new datatype for the associated type aadic-
tionary value:

data MapUnit v = MapUnit (Maybe y



dMapUnit :: CMapKey() MapUnit
dMapUnit = CMapKey{
empty =
lookup() (MapUnitr) =
}

Next we consider the instance for pairs:

MapUnit Nothing
r

instance(MapKey a MapKey b =
MapKey(a,b) where

dataMap (a,b) v = MapPair (Map a(Map b V)
empty = MapPair empty
lookup(a,b) (MapPair m) = lookup b(lookup a m

Its translation is a new datatype, as before, and a dictjofuerc-
tion:

data MapPair ma mb v= MapPair (ma(mb V))

dMapPair :: forall a bh. CMapKey a ma— CMapKey b mb
— CMapKey(a, b) (MapPair ma mb
dMapPair = AdaAdb.CMapKey{
empty= MapPair (empty da,
lookup(a,b) (MapPair m) =
(lookup db b ((lookup dg a m)

The new datatypdlapPair takes two additional type arguments,
maandmb, representing the typedap aandMap b respectively.
Because this instance has a context, the translation istiardicy
function, taking dictionaries foMapKey aand MapKey bas argu-
ments before delivering a dctionary value.

The translation for théEither instance doesn't illustrate anything
new, so it is omitted. Instead, we give a translation for aameple
function making use of the overloadembkupfunction:

f : MapKey(a,Int) = Map(a,Int)v — a — v
f mx = lookup(x,42) m

translation:

f :: forall a v mk CMapKey(a, Int) mk
— mkv— a — v
f = AdaAm.Aix. lookup da(ix,42) m

In this example the programmer has specified the same typeas t
inferred type in the signature. The translation becomeaghtii
trickier when the type signature specifies a different cxntbeit
one that is entailed by the inferred cont&éapKeya, Int):

f :: MapKey a= Map (a,Int)v — a — v
f mx = lookup(x,42) m

translation:

f :: forall av mk CMapKey a mk
— MapPair mk Mapintv— a — v
f = AdaAm.Aix.
lookup(dMapPair da dMaplnt (ix,42) m

Note that in translating the typklap (a, Int) v, the instances for
MapKey(a,b) andMapKey Intmust be consulted, just as they must
be consulted to check thitapKey(a, Int) entailsMapKey aand to
construct the dictionary fdvlapKeya, Int) in the value translation.

5 Type System and Evidence Translation

In this section, we formalise a type system for a lambda ¢adcu
including type classes with associated data types. We tkteme:
the typing rules to include a translation of source programs

Symbol Classes

a,B,y — (type variable

T —  (type constructdr
D —  (type clas$

S — (associated type
C —  (data constructor
x,f,d — (term variable

Source declarations
data cls; inst; val

pgm —

data — dataTa =CT

cls —  classD a where
dsig vsig

inst — instance® where
adatg val

val — X=e

dsig — dataSap

vsig — X:iO

adata — dataStp = C¢

Source terms
e —
vV — X ‘ C

Source types

aleie|Axelletx=eine|e:o

(whole program
(data type declaratign
(class declaration

(instance declaratign

value binding

associated type signatyre
class method signature

associated data type

o~ o~ —

(term)
(identifier)

,E¢ — Tla|t1t2|n (monotypes

p — T|m=p (qualified type

o — pl|Yoo (type schemg

n — St (associated-type applicatipn

Constraints

n — Dt

¢ — TTN=¢@
6 — o|vo.b

(constraing
(qualified constraint
(constraint schemje

m

nvironments
— V.0
— 0

(type environment
(instance environmet

® "

Figure 1: Syntax of expressions and types

the predicative fragment of System F. The type system ischase
Jones’Overloaded ML (OML)[19, 20]. In fact, associated data
types do not change the typing rules in any fundamental wawy; h
ever, they require a substantial extension to the dictiptransla-
tion of type classes.

5.1 Syntax

The syntax of the source language is given in Figure 1. Wetdeno
type variables byx, B, andy; term variables by, f, andd; type
constructors byT'; data constructors b§; type classes b; and
associated types I§ A program is a sequence of data type declara-
tions, class declarations, instance declarations, ang\zhdings,
where expressions are simple lambda terms including noursive
local bindings.

We use overbar notation extensively. The notaidhmeans the
sequencet; ---0p; the “n” may be omitted when it is unimpor-
tant. Moreover, we use comma to mean sequence extensioh as fo
lows: a",a,.1 £ a1, Although we give the syntax of qualified
and quantifed types in a curried way, we also sometimes use-eq



alent overbar notation, thus:

=1 = M= =>Th=T
T8 = 11— —Tp—¢&
va'p = Vop---Von.p

We accommodate function types — T, by regarding them as the
curried application of the function type constructor to texgu-
ments, thug—) 11 1.

There are two unconventional feature of the source langusig,
classdeclarations may contaidata type signatures in addition to
method signatures and correspondingigtancedeclarations may
containdata type declarations in addition to method implementa-
tions. These data types are hgsociated typesf the class.

Second, the syntax of typasincludesn, the saturated application
of an associated type; that is, an application in which thatrer

Target declarations
td — (x:v) =w|dataTa =C0

Target terms
W —  V|wpwy | A(X:v).w ]| Ao.w|wu
| letx:u=wjinw,

Target types
U — TJ|ajuiuy|Vo.u

Environments

A — d:B (dictionary environment
Q - ® (associated-type environment
w — Yan~TT

| n~a

of arguments matches the arity of the parent class. (Therdea
further type arguments by way of the 1, production.) The arity
of an associated type is the arity the class it is defined inc&¢he
notationdata Sa B. Any extra arguments do not count towards
the arity; i.e., saturated applications of associatedsypay be of
higher kind.

We use 0 to stand forconstraint schemesi.e., closed predi-
cate implications—which we collect in instance environise®
throughout the typing rules. In addition, the typing rulesintain a
type environmerit.

We make the following simplifying assumptions to reduce ribe
tational burden:

Figure 3: Syntax for target terms and types

This typing is invalid because the associated tiyfap o is mean-
ingless without a correspondirddapKeya constraint.

The rules for class and instance declarations are not qoiigtas-
dard, because of the possibility of one or more type dedtaratin
the class. We omit the details because they form part of the mo
elaborate rules we give next. However, the reason that freevell-
formedness judgemef - o is specified to work for type schemes
(rather than just monotypes) is because it is needed to dieck
validity of the types of class methods.

e Each class has exactly one type parameter. Hence classes an5_3 Evidence Translation

associated types have arity 1.
Each class has exactly one method, and one associated type.

Each data type has a single constructor. Furthermore,rrathe
than treatcaseexpressions we assume that each constructor
C comes with a projection functioprjic that selects th&th
argument of the construct@.

We do not treat superclasses, nor default declarations in
classes.

Throughout we assume that all types are well kinded, without
stating these assumptions formally.

Loosening the first three simplifications is largely a matfeadding
(a great many) overbars to the typing rules, although intealy
superclasses is slightly less trivial, as Section 5.5 dises.

5.2 Type Checking

A key feature of our system is that the typing rules for expi@ss

are very close to those of Haskell. We present them in Figure 2
The judgemen® | T - e: 0 means that in type environmehtand
instance enviromer® the expressioe has typeo. All the rules are
absolutely standard for a Damas-Milner type system ex¢ept)
and(= E). The former allows us to abstract over a constraint, while
the latter allows us to discharge a constraint provided éniiled

by the environment. The latter judgeme@t]i- Ttis also given in
Figure 2, and is also entirely standard [20].

The only unusual feature is the judgemént- o, which is used
in rules (— 1) and (VE) to check that the type is well formed
with respect to the available instances. It is this side tadthat
rejects, for example, the typing

O |l FMxx:Va.Mapa — Int

A second crucial feature of our system is that, like Hask@|lifcan
be translated into System F (augmented with data types)utith
adding any associated-type extensions to the target lgegud/e
gave an example of this translation in Section 4. In thisiseate
formalise the translation.

5.3.1 Evidence translation for terms
The main judgement
Q|A|ITFeww:O

means that in environmef? | A | T the source terne has typeo,
and translates to the target temn(Figure 5). The rules for this
judgement are given in Figure 5; for the most part they are l& we
known elaboration of the rules in Figure 2 [11].

Thetarget term wis explicitly-typed in the style of System F, and
its syntax is given in Figure 3. The main typing judgemeniwsr

a source typeo, whereas the target term is decorated witget
types The programmer only sees source tymeswvhich include
qualified types and applications of associated types. Itrasiy a
target typev mentions only data types: no qualified types, and no
associated types appear.

The instance environmer® from the plain type-checking rules
has split into two component) and A (see Figure 3). The
dictionary environmentA associates a dictionary (or dictionary-
producing function)d with each constraint schen but it oth-
erwise contains the same information as the &ld The well-
formednesgudgemen® + o from Figure 2, used in rules— 1) and
(VE), becomes &pe-translatiorjudgemenQ - g ~~ v, that trans-
lates source types to target types. This type translatiariven
by the associated-type environmént We discuss type translation
further in Section 5.3.2.



0cO
o g(Mmond

Ol D1t SisanassociatedtypeofD ©Fac

Ol-Vva.0
Clls [T/a}e(

o8

OFn=0 Ol

speg org

OFal

a ¢ Fv(O) o,k p OF1 OFT2

OF St C]

(vio)el
olrrvie

OIFfx:T1]Fe: 12 OF1
OIN-AXe:11— T2

o,mnr-e:p
O|Tte:m=p

O|lt+e:o a g Fv(@)UFV(I)
O|ltke:vVa.o

(V1)

(=

FVa.o OFmn=p OFT11T2 OFa

O|F+-e:o

O|lTte:0p O|lx:01]Fe:o0z
O|lkletx=e ine: 0y

(let)

OITte:To—1 OITte:1
OITtee:Ty

) (—E)

O|Tte:mt=p OlFm

O|lte:p

) (=E)

O|lt+e:Yo.o OFT
O|lt+e:[t/alo

O|l+e:o
Ol (e:0)

(VE) sig)

ZO'(

OFT

Figure 2: Standard type checking rules for expressions
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Figure 5: Typing rules with translation

Returning to the rules for terms, the interesting casestaetules
(=1) and (= E), which must deal with the associated types. In
rule (= |) we must abstract over the type variables that stand for
D’s associated types. As well as augmenting the dictionaw- e
ronmentA to reflect the constraint that is now sastisfied by the en-
vironment, and its witness, we augment the type-translation envi-
ronmentQ to explain how D’s associated types may be rewritten.

Dually, rule (= E) applies the target termw to the witnesgypeu

as well as the witnesterm w. The witness types are derived by
the judgemenf) - 11~ v, while the witness terms are derived by
Q| AlF 1t~ w, both given in Figure 4.

5.3.2 Translating types

The translation of source types to target types is formdlsethe
judgemenQ F o ~~ v of Figure 4, which eliminates applications of
associated types by consulting thesociated-type environmefit
This judgement relates to the well-formedness judger®ento of
Figure 2 in just the same way that the typing judgenenty | I +
e~>w:orelatest®@|I+e:o.

To motivate the rules, here are some type translations ddpden
Section 4:

Q+ Map Int~» Mapint
QF Vay.(MapKeya) = Map(a,()) y—= o —y
~ Yap.MapKeya B — MapPair3 Mapinty — o —y

The first example is straightforward, because it arisesctirérom
theinstancedeclaration foMapKey(). There is more going on in
the second example. The class constraint is translated todin
nary function, with argument typelapKeya (3. The (target) data
type MapKeyis the type of dictionaries for clagdapKey and is
generated by translating the class declaration. The drpoiat is
that this data type takes an extra type paramptfar each asso-
ciated type of the class, here just one. Correspondinglymaust
quantify over the new typg as well. The typMap (a,()) is first
translated tdMapPair (Mapa) (Map()), by applying the instance
declaration for pairs. Then th@Map ()) is translated taMaplnt
as before, while th&lap a is precisely the associated type for the
classMapKeya, and so is translated f

The associated-type environment therefore contains twdskof
assumptionse (Figure 3). First, from an instance declaration we
get an assumption of the fork@.S¢ ~» T T, whereSis an asso-
ciated data type and is the corresponding target data type. For

example, consider the instances of clikspKeyin Section 4. The
instances foftnt and pairs augmer® with the assumptions:

Map Int ~ MapMaplint
Vajap.Map (ag,0z) ~ MapPair (Mapai) (Mapasy)

We will see the details of how2 is extended in this way when
we discuss the rule for instance declarations in the nexicec
Second, when in the midst of translating a type, we ex@mwith
local assumptions of forr & ~~ B — which is denoted ag ~ 3
in rule (trm) of Figure 4, and als¢= 1) of Figure 5. For example,
when moving inside theMapKeya =" qualifier in the example
above, we add the assumptibrapa ~~ B to Q.

Whenever we need to exterfd with local assumptions of form
S& ~ a, we use a judgment of the for@ - 1t~ a, n, v (from
Figure 4). Such a judgment abstracts over the associatedofyp
by introducing a new type variabte that represents the associated
type. It also provides the application of the associate@ @fpthe
class instanca, asn, and the corresponding dictionary type,uas

5.3.3 Datatype and value declarations

The rules for type-directed translation of declarations given

in Figure 6. They are somewhat intimidating, but that is édyg
because of the notational overheads, and much of the complex
ity is also present in vanilla Haskell 98. There is real waskoe
done, however, and that is the whole point. The programmes se
Haskell's type system more or less unchanged, but the ingiéan

tion has to do a good deal of paddling under the water to impigm
the associated types.

The translation of data type declarations is easy: all wel roee
is translate the constructor argument types, using ourliaoxi
type-translation judgeme® - 1 ~~ v. Value declarations are also
straightforward, because all of the work is done in Figuresid 5.

5.3.4 Class and instance declarations

The interesting cases are class and instance declaratibnsay
help to refer back to the example of Section 4 when readingethe
rules. As noted there, a class declaration for clags translated

to a data type declaration, also namedwhose data constructor

is calledCp. This data type will be used to represent the dictio-
nary for classD, so the constructor has the class methods signa-
ture(s)o as its argument types, suitably translated of course. The
translation uses an associated-type environr®rthat maps each
associated type to a fresh type variaple The data type must be
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Figure 6: Declaration typing rules with translation

parameterised over these freghbecause they will presumably be
free in the translated method types Finally, we must generate a instance(MapKey a MapKey b = MapKey(a, b) where
binding for each method selector function for each classoukt; data Map (a,b) v= MapPair va(Map b) b

in the rule, they are implemented by the corresponding ptigje

functions prf®. In addition to the target declarations defining the The data type that arises from the instance declarations's th

data type for the dictionary and the method selector funstithe dataMap ab mambv= MapPairvambb

Rule(cls) produces an environmehtgiving the source types of the .

class methods. The argumentsng mbwere thef in (b) above. They may not all
) ] be needed, as we see in this example. As an optimisatiory dran

Instance declarations are more awkward. For each assodigie unused in the (translated) right hand side of the declaraticey

Sof the class, we must generate a fresh data type declarBtibat can be omitted from the type-parameter list. To produce itjfe-+

implements the associated type at the instance type(sk déta hand sides) from the T of an instance’s associated type decla-
type must be parameterised over (a) the quantified typeblesa  rations, we need to replace applications of other assatitsees

of the instance declaration itseff, (b) a type variable for each by the newly introduced type parameters. This is achievethby
associated type of each constraint in the instance deiclargt and associated-type environme@t in the hypothesis.

(c) the type variables in which type is parametric in all arstes,

V. For example, here is an artificial example to demonstrate th [N addition to promoting the associated data tpto become a

fresh top-level data type declaratidn rule (inst) also returns in

possibilites: . - 4 . . .
its conclusion (a) a tiny associated-type environment aiotiod
classMapKey kwhere nary environment that embody the information about theaimse
dataMap kv declaration for use in the rest of the program, and (b) a typet



enviroment that embodies the types of the new data constfayit
C.

That concludes the hard part of instance declarations. €herg-
tion of the dictionary functiond;, and the extension of the dictio-
nary environment, is exactly as in vanilla Haskell.

5.3.5 Tying the knot

The final judgement in Figure 6 glues together the judgements
for types, classes, instances, and value declarationss rtile is
highly recursive: the associated-type environm@nthat is pro-
duced by type checking instance declarations, is consum¢aial
same judgement and the other three judgements too. Siynidirl
four judgements produce a fragment of the environmgnthich

is consumed by the judgements for instance and value dédolesa
There is a good reason for this recursion. For example, dengie
data typeG; from Section 2.2. Its constructor mentions the type
Vertex G, and the translation for that type comes from the instance
declaration!

In practice, the implementation must unravel the recursiome-
what, and our new extension makes this somewhat harder #tan b
fore. For example, in Haskell 98 one can type-check the icsta
declarationheads(the part before thevhere), to generate the top
level I, then check the value declarations to geneFgtand then
take a second run at the instance declarations, this timekicige
the method bodies. But now the instance declarations forctass
may be needed to type-check the class declaration for andtss,
if the associated types for the former appear in the methoel $jg-
natures for the latter. None of this is rocket science, big &n
unwelcome complication.

5.4 Associated type parameters

In Section 3 we specified that the type parameters of the assoc
ated type should be identical to those of its parent class, gpme
optional extra parametefs Now we can see why. The class pa-
rameters must occdirst so that we can insist that associated-type
applications are saturated (wrt the class parameters)t ihiarn
ensures that the type translation describeddgan proceed with-
out concern for partial applications, and without cluttésiag from

the extray.

We could in principle permit an asociated typgrmuteits parent
class parameters (where there is more than one), at thefeadta
notational bureaucracy in th@nst) rule, but there seems to be no
benefit in doing to. We could also in principle allow an asateil
type to mention only asubsetof its parent class parameters; but
then we would need to make extra tests to ensure that thenaesta
declarations did not overlap taking into account only theced
class parameters, to ensure that the type translationibdeddry Q

is confluent. (A similar test must be made when functionalegep
dencies are employed.) Again, the benefit does not seemtify jus
the cost.

5.5 Superclasses

Our formalisation of the type system and evidence trarsiadbes

not take superclasses into account; i.e., there is no coimeke
head of a class declaration. We made this simplification énirth
terest of the clarity of the formal rules. However, it needsbe
mentioned that there is a subtlety with respect to the taiosi of
associated types in classes that have one or more supegcldss
rule (cls) of Figure 6, we see that the generated dictionary data
type D has a set of type argumerfds each of which corresponds
to one associated type of the class. If the cRdsas superclasses
which themselves contain associated types, each of theseiated
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types needs to appear as an argument to the dictidbatgo. In
other words, similar to how the dictionaries of superclassrist
be embedded in a class’s own dictionary, the associated type
superclasses need to also be embedded.

6 Comparison to Functional Dependencies

Functional dependencies [21] are an experimental addiiamulti-
parameter type classes that introduce a functional reistip be-
tween different parameters of a type class, which is simdahat
between class parameters and associated types. Functape-
dencies rely on Jones’ [19] notion @fprovementduring type
checking, but do not impact the evidence translation fortimul
parameter type classes. In fact, Hinze et al. [17, SectidfbBiefly
mention the possibility of using functional dependencesple-
ment type-indexed types, but reject it without giving mdnart a
vague rationale. In the following, we give hard technicasens
that prevent us from defining type-indexed types, such asttey
type from Section 1, using functional dependencies.

We illustrate the problems by encodidgray in relational form as
two-parameter type class, thus:

classArrayRep e arr| e — arr where
index:: arr — Int — e

The functional dependenay — arr restricts the binary relation
ArrayRepto a function from element typesto representation types
arr. The instance declarations populate the relation repteddsy
ArrayRep In other words, the associated type is provided as an
extra argument to the class instead of being local. Consgiguthe
corresponding instance declarations are as before, blathétlocal
type definition replaced by instantiation of the second patar to

the clasArrayElem(with methods omitted):

instanceArrayRep Int UIntArr
instance(ArrayRep a arf ArrayRep b brj =
ArrayRep(a, b) (arr, brr)

This class-based definition of polytypic arrays sufferarfrthree
serious shortcomings, which we shall discuss now.

Unsound type constraints. As Duck et al. [9] point out, the in-
stance for paird\rrayRep(a, b) (arr, brr) is unsound, as the type
variablesarr andbrr do not occur in the first argumena, b) to
the type constraint. If such instances are accepted, typeeimce
in the presence of functional dependencies becomes uradeid
More precisely, it diverges for certain terms that shoulddjected
as being type incorrect. Jones’ [21] original proposal afdiiponal
dependencies does not allow such instances.

Clutter. In the comparative study of Garcia et al. [10], mentioned in
Section 2.2, Haskell receives full marks in all categoriesept the
treatment of associated types in type classes with furaitidepen-
dencies. In essence, the requirement to make all assotjgtesl
into extra parameters of type classes results in more coatph
and less readable code. This is illustrated by the paranaeter
in the type clas#rrayRep These extra parameters appear in all
signatures involving associates types and can be quite targns

in more involved examples, such as the graph library dismiby
Garcia et al.

Lack of abstraction. We would expect that we can define type-
indexed arrays in a module of their own and hide the concrets a
representation from the user of such a module. However, eocen
ing based on functional dependencies does not allow forleked

of abstraction. To see why this is the case, consider theyfod of
theindexfunction



index :: ArrayRepearr= arr — Int — e

Avoiding the use of any knowledge of how arrays of integers ar
represented, we would expect to be able to define

indexint:: ArrayRep Intarr= arr — Int — e
indexInt= index

However, such a definition is not admissible, as the typessign is
not considered to be an instance of the type inferred foruhetfon
body in the presence of the functional dependemey arr (cf. the
class declaration afrrayRep. In fact, we are forced to use the
following definition instead:

indexint :: UArrint — Int — e
indexint = index

This clearly breaks the intended abstraction barrier!

The root of the problem lies deep. A consequence of the eg@en
translation for type classes is that we would expect thereet@
System F term that coercésdexIntinto indexInt. However, no
such coercion exists. It would require a non-parametriaatpa,
which is not present in System F [12].

Variations on functional dependencies. Duck et al. [9] pro-
pose a more liberal form of functional dependencies in whesh
cursive instances, such as thatAfrayRep do not lead to non-
termination. However, they also require a radically diffierr form

of type checker based on the HM(X) [29] framework with con-
straint handling rules. Stuckey & Sulzmann [35] introduceira-
plementation of multi-parameter type class with functiafepen-
dencies that does not depend on a dictionary translatioa.résult,
they can avoid some of the problems of the original form ofcfun
tional dependencies.

7 Related Work

Type classes. There is a significant amount of previous work
that studies the relationship between type classes andrgpsed
functions [36, 18, 1, 22, 23], mostly with the purpose of egsing
generic functions using standard type classes alone.

Chen et al. [3] proposeparametric type classesi.e., type classes
with type parameters—to represent container classes wigh- o
loaded constructors and selectors. They provide a typesyanhd
type inference algorithm, but do not present an evidenceskasion.
Parametric type classes are not unlike a type class withgesas-
sociated type synonym.

Functional dependenciesWe have discussed the original form of
functional dependencies already in Section 6 includingetkten-
sions by Duck et al. [9] and Stuckey & Sulzmann [35].

Neubauer et al. [27] introduce a functional notation foreyasses
with a single functional dependency that is very much likat tf
parametric type classes [3]. However, their proposal i$ $ys-
tactic sugar for functional dependencies, as they tramshat new
form of classes into multi-parameter classes with a funciae-
pendency before passing them on to the type checker. Theaame
thors are more ambitious in a second proposal [28], wheredtd
a full-blown functional logic language to the type systemséxd on
the HM(X) [29] framework. Our treatment of local type synomy
during type inference can be seen as a special case of thmgirige
approach, where we carefully preserve the terminationyé tyifer-
ence. Neubauer et al. do not address the issue of a suitatiémee
translation, which means that they can infer types, but ootpgile
their programs.
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Generic Haskell. Hinze et al [15, 17] propose a translation of
type-indexed data types based on a type specialisatiorequoe.
Their efforts have culminated iGeneric Haskella pre-processor
that translates code including type-indexed types andifumeinto
Haskell including type system extensions such as rank-estyp
They pay special attention to type-indexed data types teattauc-
turally defined, such as thiglap type from Section 2.1, and au-
tomatically perform the mapping from standard Haskell dgte
definitions to a representation based on binary sums andiptad
In recent work, Loh et al. [24] elaborated the original desand
introducedDependency-style Generic Haskell.

Functors in Standard ML. The relationship between Standard
ML's higher-order modules, in the form of signatures, stases
and functors, and Haskell's type classes has been the sudfjec
many discussions. So far, type classes lacked local typk-dec
rations, which signatures always had. Essentially, an Mjnai
ture encapsulates a set of parametrised type and value atautes,
which is what a type class with associated types does, toae-Mo
over, a structure or functor is a concrete instance of a sigea
not unlike a type class instance. However, despite thisejutoal
similarity, the two concepts differ significantly. Struotg are a
term-level entity and hence a notion ophase distinctiof13] is
required to separate static from dynamic semantics. Inrasnt
type classes are a purely static concept. In part, due towwodvie-
ment of the term level, ML's higher-order modules give riseat
very rich design space [8] and it is far from clear how theetigit
concepts relate to type classes. Nevertheless, the irtioduof
local types to type classes shows that the previous lackazEsu-
lation of types is not a fundamental property of type classes

Intensional type analysis. Intensional type analysigl4] realises
type-indexed types by a type-levBlperec construct and has orig-
inally been proposed to facilitate the type-preservingrojsiation
of polymorphism. Subsequent work [31, 6, 5, 37] has elaledrat
on the seminal work by Harper and Morrisett who already oetdi
the relationship to type classes. A conceptual differeretevben
intensional type analysis and type classes is that the fasased
on an explicit runtime representation of type argumentsenaas
our evidence translation targets System F, which has adypaire
semantics. Crary et al. [6] proposed an alternative viewnen-
sional type analysis based on type erasure. In any case,edetoe
pass method dictionaries at runtime, which can be regardetha
implicit type representation.

Constrained data types.Xi et al. [38] introduce type-indexed data
types by annotating each constructor of a data type deidast
with a type pattern, which they call guard, present a type sys-
tem, and establish its soundness. In their internal langpge-
indexing is explicit, which is in contrast to our approachhese all
type-indexing is removed during the evidence translatoplfase
that they call elaboration). Cheney & Hinze’s [4] presenlighsly
generalised version of guarded data types by permittingtézpal
type constraints at the various alternatives in a data tymtada-
tion. Both of these approaches differ from our class-bagpdoach
in that our type-indexed data types are open—a new clasmicst
can always be added—whereas theirs is closed, as data tgjae de
rations cannot be extended.

Object-oriented languages.As we discussed in Section 2.2, as-
sociated types have a long standing tradition in C++ and te® o
collected intraits classeqg26]. Garcia et al. [10] compared the
support for generic programming in C++, Standard ML, Halskel
Eiffel, Generic Java, and Generic C#. There exists a platiodr
work on generic programming in object-oriented progranmgrian-
guages, but is beyond the scope of this paper to review dll of i



8 Conclusions

We proposed to include type declarations along side valakade

tions in Haskell type classes. Such associated types ofeactpgs
are especially useful for implementing self-optimisirtaréiries, but
also serve to implement abstract interfaces and other ptséer

which functional dependencies have been used in the past.
the case of associated data types, we demonstrated tHahdigt

based evidence translation, which is standard for impleimgtype

classes can be elegantly extended to handle associatedatygein
particular, that the target language is not affected by #tension
of the source language.

In future work we will elaborate on type checking in the praseof
associated type synonyms and we plan to investigate thibilégs
of generic default methods for classes involving assodigtpes.
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As we have seen in the previous section, we can add localyjsa t
declarations to Haskell type classes without any significhanges
to the typing rules, or indeed without any serious changégxin-
ference. Only when translating source types, expressansdec-
larations into an explicitly typed intermediate languageng: need
to pay special attention to associated data types. In tiskation,
in the same way as class methods introduce dictionary paessne
class-local data types introduce representation typenpeteas.

The situation changes as soon as we allow local type synoityms
type classes. As we shall discuss in this section, local sype
onyms lead to a significant change to the type system andrticpa
ular, seriously impact the structure of type inference aspkeially
type term unification. However, once the machinery for hemggl
local data types during the dictionary translation is incplalocal
type synonyms do not have a major impact on the structureatf th
translation. In other words, both local data types and typesyms
require similar changes to the evidence translation, addiadally
local type synonyms require further changes to the basie sys-
tem.

Space constraints prevent us from a thorough formal trestme
of local type synonyms and their handling during type infiee
Howver, we will outline the essential points in this sectand dis-
cuss the details in a companion paper. The next subsectitih mo
vates the need for local type synonyms by discussing theiciap
properties when compared to local data types. The follovsingr
section sketches type inference in the presence of local syp-
onyms as well as the necessary changes to the evidencetiansl
procedure.

A.1 Local Type Synonyms Versus Data Types

The utility of local type synonyms becomes apparent in tfzamgle
of the Mul class of Section 2.4, part of whose definition we repeat
here:

classMul a bwhere
type Prod a b:: %
(*) “a—b— Prodab

instanceMul Int Int where
type Prod Int Int = Int

instanceMul Int Float where
type Prod Int Float = Float

In this example, we want any application of the associatge ty
Prod a bto be equalto the corresponding instance type; i.e., we
want Prodint Int to be equal tdnt, so that we can use values of
one for the other. If insteaRrod Int Int were lifted and nominally
distinct fromInt, we could not use the conventional arithmetic op-
erations on the result of the multiplication operation oé ttlass
Mul.

For similar reasons, we might want to use associated synsnym
instead of data types, in the example of the cRefMfrom Sec-
tion 2.3. With data types, we cannot use the original openati
on reference, such &ata.|ORef.newlORef interchangeable with
the methods of the interface claRefM as values of typ&ef mv
are wrapped into an additional data constructor, narRafiO or
RefST

Finally, the idea of traits, discussed in Section 2.2 relieencap-
sulating types in a class in a form that permits them to bequhas
arguments to type constructors and classes in additionftoaiing
the equality of two traits in different classes when thosssks are
used in conjunction.



In contrast to data types, associated synonyms can be adrtigid
without explicitly naming the additional arguments; henge need
to add a kind signature, as in tihdul example above. Moreover,
associated type synonyms can have default declarationb likec
the default declarations of class methods. That is, if atante
does omit the definition of an associated synonym having aidefi
tion declarations, the default type is used for that ingtan8uch
default declarations are, for example, useful for typeeietl con-
tainer types, such as arrays, where we want to fall back omidlava
boxed representation for all instances where we do not geoain
optimised data representation. This is not possible foncated
data types, as discussed in Section 3.1. The use of assbtypte
synonyms also underlies some additional restrictions clvhie
cannot discuss here in detail—for example, we may not hauare
sive occurrences for the same reasons as recursion is poteall
for toplevel type synonyms.

A.2 Equational Type Equality

Just like toplevel type synonyms, associated type synongtrs
duce aricher than the purely syntactic equality on type setrtow-
ever, in contrast to toplevel synonyms, we cannot exparstatsd
synonyms out before type checking. As a result, the typigsru
and implementation in the form of a type inference procedaed
to explicitly deal with associated synonyms and the resglticher
notion of equality on type terms.

In other words, purely syntactic type equality is now exthtb be
modulo an equaltional theory defined by the type equatioctass
instances. In fact, the type equations of all class ins&ficen

a term rewriting system (TRS) on type terms. To preserveddeci
ability of type checking and inference as well as a princiyaks
property, we restrict the TRS to be confluent and termindtrhgy
imposing the following three well-studied restrictions:

1. Instance heads must be left linear (i.e., no repeatedecces

of a type variable).

Instance heads must be constructor-based (i.e., no non-
reducible synonym applications).

Right-hand sides of local synonyms must be decreasieg (i.
each application of a local synonyms must have strictly less
constructors in its arguments than there are constructors o
the left-hand side).

A confluent and terminating TRS guarantees unique normatgor
for type terms, which in turn are sufficient for a tractableion
of equality. Given this equality, the typing rules from Figl2 are
easily extended to allow to replace type terms with equals.

A.3 Type Inference and Unification

Unfortunately, matters get more involved once we move frgm t
ing rules to a type inference algorithm. The basic, and wathin,
problem is that during unification, we may come across applic
tions of associated type synonyms that we cannot reduce timele
current set of substitutions. For example, referring agdairthe
classMul, we may encounter a situation where we need to unify
Prod Int a with Int. We cannot decide whether this unification
should succeeds unless we fix a type deri.e., unification suc-
ceeds or not depending on whetlags instantiated taént or Float,

and henceProd Int areduces tdnt andFloat respectively.

We call Prod Int a~ Int a unification constraintand extend the
standard type inference algorithm for a Damas-Milner withet
classes to maintain a set pénding unification constraint& ad-
dition to the type substitution that arises from solved @atfion
steps. In addition, we need to take care to avoid generglisier
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variables that are mentioned in unification constraintb@rtile for
let bindings. We solve unification constraints with a set of rewvr
rules based on the nondeterministic algorithm by Martell&n-
tanari [25], where we add additional rules to rewrite typene ac-
cording to the rules of the TRS induced by the program’s imsta
declarations.

To add the treatment of associated synonyms to the evidesite t
lation of Section 5, we need to add the mapping of source tipes
their normalised version to the type translation environtiie.



