= pl(add0B) > pl(addHP)
thus proving the lemma. [ |

Lemma 16 If alFree@U{a}) B thena b4 B.

Proof. First, we define alFree@]{a}) more precisely in terms of the so-called minimal
inconsistent sub-base# sub-baseA of A is saidto be minimally inconsistentvrt o iff alkpa is
inconsistent but for any AA (strict inclusion)a s is consistent. Then, wet FreeQ{a}) ={d
/ FIATA, dOA andA is a minimal inconsistentsub-base ofA}. To prove our thesis,now, it is
enoughto provethat eachlcd-bel-preferrednodelof a satisfiesaOFreeAl]{ a}). We reasonby
contradiction, and assume that we have an interpretatiwhich is a lcd-bel-preferrednodel of a
but falsifies aOFreeA{a}). Let Ay=0( L= danddoa @d)- Sinceformulas of FreeAJ{a}) are
free from inconsistencies,then AyFreeAl]{a}) is consistent. That is, there exists an
interpretationw’ that satisfied\,[Free@0{a}). By usingLemma? we caneasily checkthat this
w' is bel-preferred taw, thus contradicting our assumption. [
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2) foralld'0AR, &dif > £d, and
3) foralldOA, |_| € S Eg.
d’:eg>00gg

The addedconstrainty(i.e., condition2) is consistenwith the onesinducedby condition 1 since
noneof d;i' of AR satisfiesd;' > d. From theseconditionswe can easily checkthat plg(w') 2
plz(w). Indeed,

plg (W) =e 1 {&i | dOAR} . 1 {e& | dDAC}

> €d - [1{&i | dUAc} (using condition 2) and 3) above and Property A8(c))
% [1{&i [dUAR} .[1{ei | dUAC} u

Lemma 15. Letd0E. guta) and a,BOE jn(a). Thena b4 B impliesad b4 B.

Proof. We recall that Inf) denotes the set of propositiorsgimbolswhich appearin A and Out(d)
=V - In(Q) denotes the set of propositional symbols which do not appAamihere Vdenoteshe
set of all propositional symbols of the language. Hence, each interpretatidd basedon V can
be seen as a pair of conjunais x 1y, where x isan interpretationbasedonly on In(4), andy is
an interpretation based only @ut(d). Let Qjn(a) be the setof all interpretationsconstructedrom
In(4) andQoutp) be the set of all interpretations constructed from &ut(

It is easy to check that for anyIRin(a) and Y¥1Qoutn), X andxLy falsify the samesetof defaults
in A. Indeed,if x falsifies d, then x[kyy is inconsistenthencexy[kpy is also inconsistent.The
converseis also true since x(gy andy are formulas built on two disjoint sets of propositional
symbols (i.e., IM}), Out@®)).
Therefore, for each bel an element of|Bglwe have

pl(x) = pl(xTly) for any XJ1Qina) and Y1Qoutp)
As a corollary, for any ¥Qjn(a) and for any AlQoytp) we have:

pl(x) = max { pl(xlyj) / for yiOA}. (8)
The proof now is trivial using the previous equalities. Indeed, for eadmled¢mentof Bel .4, we
have:

pl(aB) >e pl(ali=B)
= maxyie{pl(w) |w=alp} >« maxyoo {pl(w) | w'=alB}
= maxy=xty{pl(x Ly) | X=alB} >0 max=xry {pl(x'Ly’) | X=al-p}
= Maxy=xty{pl(x) | xEalB} >w maxy=xny {pI(X) | X'=alHp}

(using § with A= Qout() since any ¥1 Qoutp), YL LB is consistent)
= maxy=xty{PI(X L) | X=allB, y=0} >0 Maxe=xny' {PI(X'LY’) | X=all-p, y'=0}
(using § with A=models o®)

= maxeno{pl(w) |w=alBUB} >0 Maxyoo {PI(W) |w=aldl-B}
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i-1 Akl

i) M N &n -Tdjioae, & > & for all dsj 0 A(w, i)
k=1 h=1
Then using exactly the proof of Lemma 12 (2b), we ge{yp) > plg (w). [

Lemma 13. Let >p be anadmissiblepreferencerelation on A, and (Q, >q, A, >p) be an
admissible prioritized structureThen, for any w andw' in Q, w>g ' if andonly if w is belg-

preferred taw' for any bek in Bely(A, >a).

Proof. Recall that, for angw in Q, we haveplg (w) =« t,,, Wheret, is givenby (8, section5.1).
We denote by, the set of defaults iA such thato falsifies d. For ang andw’ in Q, let A, Ac
andAR denoteAgAgy, AN Ay andAgy—Ag,, respectively.
We have:

plg(w) =c [1{& | dOAL} . 1 {&i | dOAC}

ple(w) =e [T {gj | §UAR} . 1 {gj | dUAC}

[(] Assume thato >q w'. As (Q, >q, A, >p) is anadmissibleprioritized structure then, w >q
w' iff for each din AL there exits din Ar such that g>p d; thatis, & >« € or equivalently,k(g;)
< K(gj).

Let{AL1,....ALk} be a partitionof AL suchthatAp; containsall the € havingthe sameg;' in Ag,
namelyej' < & for j=1,JAj|. Using the constraints on the infinitesimals used to receeéiner's

system, we also have for any i:
M {&jj |€j0A} >0 &' .

Therefore:
plg (W) =c [1{&i | dOAL} . [1{ei | dDAC}
= plg(w) =e [1{€1j |€1j0ALL} - ... . TT{&kj | €kj0ALK} - [1{& | dDAC}

0 plg(w) >0 €1' . ... .€k" . [1{&i | dDAc} (Using A9(f))
O plg(w) > [1{ei" |&'DAR} . [1{ei | dUAC}
O plg(®) > plg(w').

[O'] Assume now that g(w) >« plg(w') holdsfor any bels in Belg(A, >a), andsupposehat w

is not preferred (in the sense of GeffnerdatoThis means that theexistsd of A suchthatnone
of di' of AR satisfiesd;' > d. We proceedas in Lemmal12 by constructinga bels which is in
Bel;(A, >a) andsuchthat plg (w') = plg(w). bels is constructedsuchthat it satisfiesthe three

following conditions:
1) foralld,d’0A,ifd>pd theneg > £q, and
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n

ple(w) >0 [Ndjina(wi)-aw.i & - [Ndioaw.pna@ &i - [] Mdikoagek) Eik
k=i+1
n
>o [ldioa@i &i - [] MdkDa.k) &k
k=i+1
i-1 n
>0 [ Mdkoaw K &k - Mdioa,) & - [] Mdxoaw.k) &k
k=1 k=i+1

0 plg(w) >c0 plg(w)
and hence the thesis. [

Theorem 5. Letk g be the inferencerelationof Brewka's preferredsub-theoriesystem. Then,
for any givenA, a g 3 if, and only if, a k3 B.

Proof

*(@d)argP
- OwO[a0-B], w'DO[adp] such that' is B-preferred taw

0 Dwd[aO-p], Dwl[a-p] suchthatplg (W) > plg(w) in eachbels of Bel;3(A) (due to

Lemma 12)

O ok 3.

* (0) Assume thatt ;3 B holds but a kg B doesnot hold, this meansthat Cw'C[a -] such
that Dw[aB], w is not B-preferredto w'. Again, we caneasily constructa belz of Bel;3(A)
suchthat plg(w) 20 plg(w) holds for any wO[a0B] (and hence contradictsthe hypothesis).
Indeed, letJ[alB], we proceeds as in Lemma 12 by distinguishing two cases:
1) ' is B-preferred taw, then, by the if part of the proof of Lemma 125 (o) >0 plg (), or
2) ' is notB-preferredthanw, then, either

2a) for anyj, [w]; = [w];, but this meansthat plg(w’) = plg(w) sincethey exactlyfalsify

the same set of defaults, or

2b) there exists an index i such that,Uj>i, [w];=[w]j and neither [w]; D[w]; nor
[wT;O[w];. In this case,we definebels asone satisfyingthe two following conditions(given by
Lemma 12 (2b)): for i=2,n:

i-1 1Akl
) 01 &n o e forall s =1, ....4l,
k=1 h=1
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i-1 1Akl
) M M &n -[dj DA, )& > Esi for all dsj 0 A(w', i)
k=1 h=1

These constraints are obtained by simply assuming a refinement of the stratificAtiwhereeach
A is in fact split in two parts where defaults falsifieddsyare less prioritary than those satisfisd
w'. Clearly, condition guaranteeshatbel: belongsto Bel-;3(A), andconditionii) makesexplicit

the splitting of eacl. Hence, we get:

n
ple(w) =w [ Mdikoae k) Eik
k=1
i-1 n
= [ Mok gk - Mdioae. &i - [] Mdxoa k) €k
k=1 k=i+1
i-1 n
= [ Mowoaw .k gk - Mdioa@., & - [] MdxDaw.k) &k
k=1 k=i+1
(since for k=i+1,n we havA(w',k)=A(w,k))
i-1 n
= [1Mdik0ac k) €k -Mdjinaw,iy-aw.) &i-Mdjinawpnawi) i [] Mdkoa@k) gk (8)
k=1 k=i+1
Now from the above condition ii), we have:
i1 1Akl
M M &nh - ndji O A, i) Eji oo Egj for all dsj J A(w', i)
k=1 h=1
i1 1Akl . .
O M M &n -[djioaw, & > & for all dsj J A(w, i) - A(w', i)
k=1 h=1
(A(w, 1) - A(w, i) is not empty)
i-1
O [T Makoa k &k Mdji 0@, i &i >w &si  for all dsi 0 Aw, i) - Aw, i)
k=1
(using the property A8(c) sind&w,k)UAk) )
i-1
O [T Makoaw k) &k [Tdinage .- Ei o €sifor all dsi 0 A(w, i) - Aw, i)
k=1
(using the property A8(c) sind§w, i) - A(w, )OA(wW, 1))
i-1
O [T Mowoa@.k ek - Mdinaw,-a &i e [Ndioa,i)-a(w. &
k=1

(using the property A8(c) )

Hence, replacing in (8) and using the property A8(c) we get:
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(using the property A8(c) sind&w,k)1Ak)
i-1
O I_ldjkDA(oo,k) €k oo deiDA(w',i)-A(w,i) &ji
k=1
(using again the property A8(c))

Hence, (*) becomes:

n
plg () oo [Tajioai) &i - [] MdikDa k) gk
k=i+1
(since[djina.i-awi) i [ ldinae,) &i = [Ndioa.i i, and recall thad\(w,k)0A(w' k)
i-1 n
0 plg(@ > [] Maxoaw K&k - Mdioae. &i - [ Mdikoage k) gk
k=1 k=i+1

O plg(w) > plg(w’)
and thence the thesis.

(O) To seethatthe “only if” partholds, assumehatpls (w) >0 plg(w’) holds foreachbels of
Bel;3(A) andsupposeby way of contradiction that w is not B-preferredto w'. We distinguish

two cases:
1) ' is B-preferred taw, then, by the if part of theroof, plg(w') > plg(w), for eachbels of
Belq3(A) which contradicts our hypothesis, or

2) W is notB-preferredthanw, then, either

2a) for any j, w]j = [w];, but this means that p(w) = plg (w) since they exactly falsify the same
set of defaults, which contradicts our hypothesis, or

2b) there exists an index i such thaf>i, [w];=[w]; and neitherd]; D[wT]; nor [w];U[w];.
In this case, weaneasily constructa belz which belongsto Bel3(A) andsuchthat plg(w') >oo
plz(w) (and hence contradicts the hypothesis)s Isblould satisfy the two following conditions:

for i=2,n:
i-1 Akl
)M e Sw e foralls =1, ....4,
k=1 h=1
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Hencew must be lex-preferred @', and our proof is concluded. [

Lemma 12. Letw andw’ be elements of2. Then,w is B-preferred taw' if and only if w is bels-
preferred taw' in each bet of Bel5(A).

Proof The proof issimilar to theoneof Lemmall. We againstart by recalling to preference
ordering used in Brewka’s system. llebe a stratified base above. An interpretationw is said
to beB-preferredto w' (with respect ta)) if and only if there exists a layer index i such that:

1) ifi<n, [w]; U [w];, and

2)  Onzj>i [w]j = [w];.

where []; denotes the set of defaults/fsatisfied byw.
(O) The proof goes as the corresponding one in Lemma 11. By our stipulations:

plg(w) = []{ed|dUA s.t.coH= @g}
n
= [ Mdikoaek) gk
k=1
where A(w, k) is the setof defaultsin Ak that are falsified by w. Now, assumethat w is B-
preferredthanw’, and let i such thaflj>i, [w]j=[w];, and[w]; O [wT; (i.e., Tj>i, Aw, j) =A(w',
1), andA(w, i) O A(w), i)). Then, each bglof Bel5(A) we have:

n
ple(w) =o [] MdikDa(w.k) Eik
k=1
i-1 n
= [1 MNdikoak gk - Mdioa.) &i - [ Mdkoa.k) &k
k=1 k=i+1
i-1 n
= [ Makoawk gk - Mdioa@. &i - [] Mekoaw k) &k
k=1 k=i+1
(since for k=i+1,n we havA(w',k)=A(w,k))
n
>0 [Tdji DA i)-a(wi) Eji-[1dioa@, &i - [] Makoacw,k) &k *)
k=i+1
Indeed, from the constraints aj, we have:
Mk=1,i-1 Mj=1,n Ej >oo Eis fOr any Gs0A;
i-1
O |_| [Mdkoa@k) gk > &ji (Where ¢OA(w',i))-A(w,i) which is not empty)
k=1
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(O) Assume thatv is lex-preferredto w', andlet i suchthat Oj>i, |[w];|=][wT;|, and|[c];]|>][wTl.
Then, using the convention that product taken on empty sets of indices is 1,

n
ple(®) = [] 8K

k=1
-1 n

— |—| 5kf(°°’k) .6if(w;i) _ |—| 5jf(oo,j)
k=1 =i+l
-1 n

= [1a@9 .5 @D 7§D (since f,)=F(w,)) *)
k=1 =i+l

From the constraints oB;, we have:
i-1
|_| SRkl >0 B
k=1
i-1
O []af @R >68  (since f(wk)<lAkl and30(0,1))
k=1
i-1
O[] 8f@R0 > gf@i-f(wi)  (where f,i)-f(cw,i) is positive)
k=1
both(O resulting from Lemma A8(c) and the transitivity ab>Hence, (*) becomes:

n
ple () >eo Fif(@i)-H(wi) . @D [ 1w

j=i+l
n
0 plg(e) >0 &) . [ gf(«0)
j=i+l
i-1 n
0 plg(@) > [] 3A@K) . §f(w'D . [ gf(w)
k=1 j=i+1

O plg () >0 plg (w)
and thence the thesis.

(O) The reverseimplication can be shown to hold in a similar way. Assume that plg(w)

>0 plg (W) and suppose, by way of contradiction, @eas not lex-preferred tan'. We distinguish

two cases:

1) ' is neither lex-preferred t, and henceb andw falsifies exactly the same numberrofes
in eachyj; but this means that glw) = pls (w'), which contradicts our hypothesis; or

2) ' is lex-preferred tao; but then, using if part dhe proof, plg(w') >« plg (W), which again
contradicts the hypothesis.
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n
C(w) = Z{c(d) | dOA s.t.wH @) = Z i.ki(w)
i=1
where k(w) is the number of defaults &f which are not satisfiedy the world w andn = |A]. We
saythat w is penalty-preferredo w' iff C(w) < C(w’). For a given formula a, we saythat an
interpretationw is a-penalty-preferred if it satisfies andthereis nointerpretationw' satisfyinga
suchthat C(w') < C(w). Finally, B is a penalty-consequencef a and A iff eacha-penalty-
preferred interpretation satisfi@s Turning now attention to our system, we haye 3 for dOa;.

It is easy to see that, for each wasid

Plg (W) =w [1{&q | dUA s.t.OFE @4
= |_|i:1,n5imi(w)
= 52i=1,niKi(w)
Then,we haveplg (W) =« 3@ Hence plg (W) >0 plg(w) iff C(w) < C(w) iff w is penalty-
preferred taw', hence the thesis. [ |

Lemma 11. Letw andw’ be elements of2, and let be} be anyelementof Bel;,(A). Then,w is
lex-preferred taw' if and only if wis bek-preferred taw'.

Proof We start by recalling theefinition of lex-preferencésee(Benferhatet al., 1993) formore
details).Let A be the given base,and {A4,..., Ay} be the given stratificationfor it. Then, an

interpretationw is saidto be lex-preferredthanw' if andonly if there exist an index 1<i<n such
that:

1) [[oli]>|[wT]il, and

2) ifi<n, Onzj>i, |[o];|=][e0]j],
where|[w];| is the numberof rulesin A; satisfiedby w. A non-monotonicconsequenceelation,
called a lexicographicantailmentand denotedby H |ex, is definedfrom this orderingin the same

way as in penalty logic.

Note that:
plz (W) =w [1{ed|dUA s.t.wH @y},

and by our stipulations

n
M{ed|dOA stk g = [ 8 (@K
k=1
where f(, k) is the number of defaults &k that are falsified by.
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where each F is a focal element of.rhet’s analyze these focal elemenBy construction.eachF
is the intersection of the focal elemenfssomeof the my’s, i.e., F = [@p'] for somesubsetA’ of
A. ltis easy to check that

mg(F) = [] (1-&9) O] &q - (8)
doa’ doa’
Clearly, each factor in the first product islt; then, by repeatedly applying Lemma A8(d),
my(F) =e H £q -
doa'

With k denoting the order (see definition A1), we have:
K(plg(w)) = ming: ooF K(Ma(F)) by Lemma 3 and A2(b),

ming: wor K([] €a )
doa’

MINE: wOF z K(eg) by Lemma A2(c).
doA'
As eachk(gg) is positive and finite, the minimum is achievedwhen A' is the 'largest’ possible

subbase of\, hence whed\' = A, = {d: wk=qg, dJA}, any otherA" that satisfieswi=@a beinga
subset of\,, in which case the sum would be larger.

We distinguish two cases.
() A, =A, thatis, w satisfiesall the defaultsin A. (Note that [@,] is the only focal elementfor

which this maybe the case.) Then, the secondproductin (8) is empty,andso my(F,) =« 1, as
stated in our thesis.
(i) A,y ZA. Then:
KPln@) = Y k(e
d0A,
= ) K(&g)
WH Qg
:K(H{sd|dDA S.t. WH Qg ). ]

Lemma 10. Letw andw’ be elements of2, and let be} be anyelementof Bel;,(A). Then,w is
penalty-preferred toy' if and only if wis bek-preferred taw'.

Proof We first recall the definition of preferenceusedin penaltylogic. Let {A4,..., Ay} bea
stratification ofA. Each default (or, more generally, piece of information) &;irs associatedvith

the penalty c(d) =i, read as the price to payiff dot satisfied. Thesepenaltiesinducea complete
order on the elements & based on the cost
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Lemma 8. Let {Aq, Ay, ..., Ay} be the stratification given bgystemZ, andlet bej the ebf built
by the LC algorithm at step i. Then, for any defaul{(3 in A,

a) o-[ istolerated by iff ply(a) =1

b) a-Bis not tolerated bill...Ax iff pli(aB) = pli(a=P) =¢;.

c) o-PB0OAjimplies bglE a-p.

d) beliE a-p and pli.1(aB) = pli-1(al-P) = €1 (i.e., bei.r B o) implies that
o - B 0OA;.

Proof.
(a) We first notice that the rute— 3 I A is tolerated by iff alkpa is consisten{Benferhatet al.,

1992). Recall that miQ) = €1 and m(@n) = 1-€1; then, bydefinition of pl, we havepli(X) = 1 if
Xn[@a] # @, and pi(X) = €1 otherwise. So, in particular,pli(a) = 1 iff [a]n[@a] # D, i.e., iff
alkpn is consistent, hence iff— 3 is tolerated by.

(b) Noticethata - (3 is not toleratedby Aill...Ak iff o (henceal3 and a[0-[3) is inconsistent
with any superset aki[]...O0Ag iff pli(aB) = pli(aHP) =¢;.

(c) For i=1, the propositionholds by(a). For i>1, a - 3 O Aj meansthata B is consistentwith
Aill...0Ak, andthata (hencea 3 anda0-f3) is inconsistentwith any supersetof Ajll...0Ag.
Thus, pi(alB) =€j—1 and pi(aHP) =€j, which means that he= a - (3.

d) By (b) pl-1(aB) = pl-1(a[HP) = €j.1 means thatt - 3 is not tolerated b.1[1...Ak, hence is
not tolerated by any superset of Aj1[...Ax, therefore a-B04; with j<i. Now
bel E o - implies that pli(a[B) >« pli(ad-B) then by (b) a - B is toleratedby Aj[1... Ak
hencea - 3 O A;. [ |

Lemma 9. For every dlA, let my be the simple support function so that:
my(Q) =4, Ma(qg) = 1 —eg; and ny(X) = 0 otherwise, wittgq O [EC
and let my = O{my | dJA}. Then, for any worldwin Q,
plo(w) = |_| {g4]|dOA s.t.wH@g ,
and ph(w) =« 1 if w satisfies all the defaults i

Proof. For a given worldo we have, by definition of plausibility,

plp(w) = z my(F) *)

F: wOF
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n
pI*(X) = Zai if XnAj 28 and X1Aj1=@.
i=j
These relations are those required by the constrajnts C

Next we show that any othelf that satisfy the constraintswdll dominateone of the ebf in
Ac. Consideran ebf bel that satisfiesC, andlet pl and m be its relatedplausibility function and
basicbelief assignmentWe showfirst thatif Aj is not the only focal elementof bel with non-
infinitesimal mass,thanpl dominatesthe elementsof Ac. Let B be a focal elementof bel with
m(B)D@O. If AZB, BnA12d, then pl(An B) < 1 - m(B) < 1 andbel cannotbe eLC than bel*as
pl*(A1n B) = 1> pl(An B). If Bn A12@, thenpl(A1) = m(B) > 0, andwe donot havepl(A1)
>, PI(A 1), contrary to G. So onlyA; canbe a focal elementwith a non infinitesimal basicbelief
mass, and foall XQ, X£A1, m(X) O IEOD{O}. In thatcase,lim 1, _ g pI(X) = lim , _ o pI*(X)
for all X 00 Q, so we focus on the second requirement of the definitieh©f

Let the sets#ly = {X: XOA1}, and & = {X: XZAi.1, XOAj}, i =2,3..n. Fori =
1,2...n, let m(A;) = Z{m(X): XO#A}. By constructionmg is eLC thanm. As alreadyshown, it
satisfies @, and mp(Aj) O &OD{O} fori = 2,3...n. To satisfy ¢ mg mustsatisfy: mg(A;j) # 0 and
Mo(Aj) >, Mo(Aj+1), | =2,3...n-1, in which casemglAc. If mg(Aj) = 0 for someild{2,3...n},
then m(X) = 0 for all X0, in which case pli.1 - Aj) < pl(Aj), hence it does not satisfy.C

Finally, only those elements 6 could be non-dominatingpf that satisfyC. None ofthem
is eLC thanany otherin Ac asthey sharethe samefocal elementsAj, so nonecanbe a {0,1}-
generalization of the other. So none of them can be taken Agt of [ |

Lemma 7. LetA be a default base. Then:

(@) Any element of Bgl(4) is anebf-model ofA.

(b) Letbel andbel, be two elementof Bel,.(A), and <4, and £, the correspondingorderings
induced o). Then, =<,.

Proof (a) At each step i, we add a new focal element, and giveaisag;_;—¢; takenoff from Q.
As g >, €j+1, the new bej still satisfiesall the defaultsin A that were satisfiedby bek_;. In
particular, the ebf returnedat Step 2 satisfiesall of A. (b) All the elementsof Bel(A) are
consonanbelief functionswith the samefocal elements. Let w be a word, andlet €;_;—¢; be the
mass giverto the smallestfocal elementthat containsw. Givenlemmag3, plg(w) is of orderg;_;
for each bej in Bel.(d). As the ordering:. only depends on the relatieeder of magnitudeof the
involved plausibilitiesg is the same no matter what béh Bel.(A) we consider. [
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So, we musthave[a]g = [aB]e, andhenceeach bels-preferredworld of a satisfiesp, thus

concluding the proof. [ |
Theorem 1 For a givem\, a b B if, and only if,a rp B.

Proof. For theonly-if part, note that infinitesimadrobability distributionsPs are a specialcaseof
ebf where only singletonsare assignednon-zero masses. Thus, EBF(Q) includes all the
infinitesimal probability distributions £compatiblewith A, andwe havea ¢ B only if, for all
such distributions,Ps = a-[. By Lemma 4, the latter condition is equivalent to
limy, | o Pg(Bla) = 1, which is the definition of Adams’e-consequenceSo, we havea r ¢ B
only if a k¢ 3, and the thesis follows biecallingthe equivalencebetweent, andbrp (Lehmann
andMagidor, 1992, Lemmas4.7 and 4.9). To provethe if part, we show that eachinference
relation induced by any hein EBF(Q) is preferential. Takeany bels, andconsiderwW = (Q, Id,
<g), whereld is the identity function and <z is the belz-preferencerelation. Clearly, W is a
preferential model. Moreover, by Lemma 5

WEaa-B iff belg E a-f,
that is, W representshe inferencerelation inducedby bels. By the representatiortheorem of
Kraus et al. (1990, Theorem5.18), this meansthat this inferencerelation is preferential,and
thereforeit satisfiesall the rulesof P. As this is true for any bels in EBF(A), thenb s also
satisfies the rules ¢¥, and so it contains all the preferential consequencés of [

The first part can also be proved by showing the transformationbetweenthe so-called
uniform sequence of probability functions by Adams (1966) and infinitesimal probabilities.

Lemma 6: Consider a set {A...,An}of n nestedsubsetf Q, with A1 O Ao O... OAp, A12d,
An=Q. Let C ={C,...,Gy} be a set of constraints; @iven by:

C1: pl(A) =1 >, pl(a1), and

Ci: pl(ai-1nAj) >, pl(ai), i=2,3...n.

Then
n
Ac = {bel: m(A) =& OE®, i =2,3...n¢ >, g+1, i =2,3...n-1, and m(f) = 1-Y &;}.
i=2

Proof: For the proof, we take the family Ac of ebf, we show that its element satisfy the
constraintsC, thatany ebf that satisfy the constraintsC will eitherbelongto Ac or will dominate
one of theebf in Ac, and none of thebf in Ac dominates anothebf in Ac.
Let bel* [0 Ac. By construction, its related plausibility function pl* satisfies, for all<X

pl*(X) =1 if XnA1£d, and
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Let s)) denote the last term. The above inequality tells us thafje) > 1-s. (Recallthatthe >
is taken pointwise for anyJ(0,1).) The hypothesis that ek anebf-modelof a - 3 meansthat
plg (aB) >, plg (a=P), which means (Lemma A4(b))
plg (a0-p)
lim ————— = lim s() = 0.
-0 pigacp) 00

Then, from belg (B|a) = 1-sandbels (Bla) < 1 (by definition), we getlim, gbelz(Bla) = 1 as
desired.

To prove the reverse implication, assulm®&, _ o bels (Ba) = 1. Then, by applyingthe definition

of belg (Bla),

| pls(al-B)
limpy (1~ ola () ) =1, and so
: plg (a-B)

limy 0o ————~ =0,

plg (a)
which means pl(a) >, plg (a0-B). Lemma2(a) tells us that plg () =w plg(a-B) + plg(alpP)
(we just consider a coarsening®@fconsisting of the two elementsH] and [p[0B]), andso, by
LemmaA9(b), plg(al-B) + plg(alp) >, plg(al-p). Finally, we apply LemmaA8(b) to get
plg (aB) >, plg (a-P), which concludes the proof. [

Lemma 5. Let bek be arebf on Q. Foranya, B formulaeof &£, bels = o - B if, andonly
if, each bel-preferred world of satisfies3.

Proof. For the length of thproof, we denoteby [a]z the setof bels-preferredworlds of a. To
prove thef part assume that for each pebreferred worldw of a we havewk= 3. First, we show
that o]z = [a[B]s. To seethat[a]s U [aB]e, supposehereis a w which is a bels-preferred
model ofa but not ofa 0B, then, there should existveorld w' which satisfiesa 3 (andtherefore
a) such that'< g w, but this contradicts the fact thats abels-preferredworld of a. To seethat
[a]le O [aB]g, let w be a bels-preferredworld of a3 but notof a, then,thereshould exist a
bels -preferred worldw' of a suchthat w<zw. Sincew =B, thenw' alsosatisfiesa B, but this
contradicts the fact that is a be}-preferred world otx(J3. Hence, we must hava]z = [a[B]s.
Now, for eachbels-preferredworld w of [a[-f] s thereis a w O[aPB]s suchthat w<gw. (If
not, thenw' would be a bel-preferred world of, contradictingthe fact that[a]s = [a[B]s.) But
then, by definition of <z, we haveplg (0[B) >« plg(a =), which meansthat bels = a - 3,
thus concluding the proof of the if sid&o prove now the@nly if part,it is enoughto show that if
plg (0B) >e plg (aT-P) then o]z = [aB] g, for all theworldsin [a]z satisfy. Supposepy
way of refutation,that [a]z # [a[B]s. Then,thereexistsa world wthat satisfiesa -3 and
which is a bej-preferred world ofx. This means that there is no woabd that satisfiesa 3 such
thatw < g w. But then pt (aB) is not preferredo plg (aC-B), which contradictsour hypothesis.
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implies that, for each, the sum of all the masses is 1. Thereforg, is an e-massassignmenas
per Definition 3. n

Lemma 3 Let bel be arebf onQ. Forany XO Q,
@ PpleX) = § plg() -
xOX
(b)  plg(X) = max{plg(x) | XOX}.

Proof. (a) By definition of pl, we have
Y ple) =% Y meY) = % kymg(Y)
xOX XOX Y: xOY Y N X£J
whereky = |[YnX]|, for Y O Q, is the numberof times that the term mg(Y) appearsin the

summationin the middleterm. As mg(Y) O E forall Y O Q, then, ky-mg(Y) =o Mz(Y) by
Lemma A8(e). By repeatedly applying Lemma A9(c),
S kymg(Y) = % mg(Y) .
Y N X£D Y N X£J
But the right hand side is exactly the expression g0, and the thesis thus follows frobemma

A9(e) and the transitivity of.,.

(b) The case when p{X) = 0 is trivial, as pt(X) = 0 if and only if pk (x) = O for all xOX (thisis
an immediateconsequencef the definition of pl), and0 =, O by stipulation. So we assumehat
plg(X) # 0. But this means that there is som&xsuchthatplgs(x) # 0, so we canapply Lemma

All, and the thesis follows immediately from part (a) above. [

Lemma 4. Let bek be arebf, and leta - 3 be a default rule.
(i) bels E a-p iff maxw,:aDBplg(w) >0 MAX, o1p pls (w).
(i) belg = a-B iff lim,_ gbelg(Blo) = 1.

Proof (i) The equivalence follows immediately from Definition 4, Lemma 3(b) and Lemma A9(b).

(i) Assume first thagbf is anebf-model ofa - 3. By definition,

i _ ple(@d-p)
belp(BL)= 1~ PIE(BI) = 1= =~

By monotonicity of plausibility, pl(a) = plg (aB), and then
plg (a-B) . plg (a-P)
plg(a)  plg(alp)
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Appendix B. Proofs of technical lemmas.

Lemma 1. Let mg be are-mass assignment. Then;(A) [ IE1D{1} for exactlyone elementA
0 Q, and ng(X) O E° O {0} for all X # A.

Proof. Let Ay, ..., A be the subsets 61, k = 29|, and let tdenote g (Aj), i = 1,..., k, wheret;

OE. Suppose t] IEOD{O} for all i. By definition of infinitesimal, for eacht; we canfind ann);
k

1
0 (0,1) such that(n) <i for anyn <n;. Letn* be the minimum of thesg. Then,Zti(n*) <
i=1
k
1. But ny is an&-massassignmentand so we musthave Zti(n) =1 forallnO(0,1). We
i=1

have a contradiction: thus there must be at least timeet s notn E°0{0}, thatis, t; 0 E10{1}.
We now prove that this element is unique. For suppose that it is not, atitetea A; # A;j such
that both tand f arein E'0{1}. This meansthat bothlimp_oti = 1 andlim,_otj =1. Then,

1 1
there aren; andn; in (0,1) such thatm) >3 forall n < n;, andthattj(n) >3 forall n < n;.

k

But then, if we leff” = min(;,n;), we haveZti(n*) > t(n") + §(n") > 1, againcontradictingthe
i=1

hypothesis that gis ane-mass assignment. [

Lemma 2. Let & be afinite setof infinitesimals,andlet m; andmy be two e-massassignments
onQ. Then m2= mMmOmy is an e-massassignmentprovidedthat the normalizationfactor in the
combination is 1.

Proof. First note that, by definition af, the normalizatioriactork is 1 only if the intersectionof
any focal elementof my with any focal elementof my is non-empty. Let A be any non-empty
subset of2. As the normalization factor k = 1, we have
mAA) = Y m(B)my(C)
BnC=A
where each non-null i{B) and m(C) is either 1g or (1-€) with eJIEO. Then,my(A) is the sum
of product of terms ifE, and this sum belongs 6 if m;5(A) < 1( Lemma A2(a)).

Let t'(n) = m2(A). We need to verify that #)) O [0,1] for anyn O (0,1). Fixan O (0,1),
and let mry, and mp, denote the (standard) basic belief assignments obtained for thest my o,
= M1 a M2, Then,mlzm is a basicbelief assignmen(Shafer,1976, Theorem3.1). This
implies that mo, (A) U [0,1]; asthisis truefor all n, thent'(n) = myx(A) U [E. Moreover,this
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(H IHs=xs and s>, t, then s 3 t.
Proof. All properties are proved by a direct comparison of their orders. [ |

Remark A4. The above properties tell tisat we cansubstituteequivalent(=y) termsinside >,
>, and= relations; note that (c) and (d) yield s#i s'+t" ands-t=, S’-t" whenevers =, s’ andt
= 1. (€) tells us that we can also substitute equal terms.

Lemma Al10.Lett, t OEOR®™. If k(t) andk(t) are defined, ther(t+t") = min(k(t), k(t")).

Proof. The proof isthe sameasthe onefor lemmaAZ2.a. relative to k(t+t'). Indeedthatt andt'

belong toE R *Pwas not used. The only requirement was that k@handk(t') were defined.
u

Lemma All. Lett, ..., h O E. Then maxinti = % tj
i=1
Proof. Letkj = k(tj) for i =1,...n. By applying LemmasA10 and A2(b) recursively,we have
K(i ti ) = min(ki: i=1,...n) andk(max(i: i=1,...n)) = min(k;: i=1,...n). Hencethe theoremis
i=1
proved by Lemma A4(c). [ |

Lemma Al2. Lett, ..., h O E, and letjtbe suchjt>e tj for all i#. Then, maxinti =« .
Proof. The inequalities &« tj for all i#] mean(tj) < K(t;) for all i#]. Sok(tj) = min=1 nK(t;). By
Lemma A2(b)k(maxX=1 n tj) = min=1 nki. Hence the theorem is proved by Lemma A4(c)m

Lemma Al13.Leteq, €2, €3, €4 OE. Then:

a) max€1, €2) > €3 Iff €1 >0 E30r €2 > €3.

b) if €1 >0 €2, £3 >0 €4 then max€1, €3) >« MaxEy, €4).

Proof a) By LemmaA4(b), maxE1, €2) >« €3 iff kK(max(El, €2)) < k(€3). By Lemma A2(b),
K(maxE1, €2)) = min(k(€1), K(€2)). So min(k(€1), K(€2)) < K(€3), henceeither k(e1) < K(€3) or
K(€2) <K(E3), in which case either >4, €3 0r €2 >4 €3 holds by Lemma A4(b).

b) By Lemma A4(b)g1 >« €2 iff K(€1) <K(€2), andez >« €4 iff K(€3) < K(g4). Hencemax(k(g1),
K(€3)) < maxk(e2), K(€4)), what implies by Lemma A4(b) that max(€3) > MaxE€o, €4). =
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(c) K(t) <K(s). [

Remark A2. Thesepropertiesshow that the elementsof E° and E? correctly capturethe
intended meaning of values infinitesimally close to O tantl, respectivelyNote thatr =, t entails
that allreal numbersare of the sameorder (no real numberis infinitesimally largerthanany other
real number), and of the same order as the teri.in

Lemma A8. Lets, tOE. Then
(@) s=2ctiff s+t=q s, provided s+HiE.
(b) s> tiff stt>nt;
(c) if sOEY, then t 3 st provided that# 0O;
(d) if SOEL then t=e s°t;
(e) forany fR*, t= r-t, provided r{fE.
Proof.
(@) Ask(s)<k(t), andk(s+t) = mink(s),k(t)) by Lemma A2, thug(s+t) =K(s).
(b) K(s) <k(t), andk(s+t) = mink(s), K(t)) = K(S), sok(s+t) <K(t).
(c) K(s) (0, ), K(t) <K(s.t) =K(S) +K(t) providedk(t) # o, what is the case as(.
(d) K(s) = 0,k(s.t) =k(S) +K(t) =K(t).
(e)k(r) = 0,k(r.t) =k(r) +k(t) = K(t). [

Remark A3. Theabovepropertiesshowthat>, captureshe desiredbehaviorof a negligibility
relation. More specifically, (a) and (b) showthatthe sum ofelementsof E is of the sameorder
than the larger argument tife sum. (c), (d) and(e) show that the productof an elementt of E!
with elementsof E* or real numbersis of the sameorderast; andwith an elementof E° is of a
smaller order. Note that (c) givesd t-t for all OECas a special case.

Note that if we do not know anythiraboutthe relationbetweent andt’, we canneithersay
much about t+t’. For example, from &3 and t=>, S’ we cannot infer t+t>,, s+s’. (Take(t) <
K(t), K(S") < K(s) andk(t) = k(s'), thenk(t+t) = min(k(t), k(t')) = k(t) = K(s") = min(k(s),
K(s") =k(s+s'), hence t+t=,, s+s’.) However, from b, s andt’ >, s’ we alwayshavet+t’ >,

S+S.

Lemma A9. Lets, s, t,tOE. Then
(@ Ifs=xs and tt,then =t iff 8724t
(b) Ilfs=xs and . t,then st iff s' >t
(c) Ifs=x s and 2, t', then s+1t>, S’ +1;
(d) Ifs>x s and t t, then s:t>, st
(e) ifs=t, then S t.
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(a) By definition, t t'iff lim ﬁo% [[0,e0), what is achieved ifik(t) < k(t").

(b) From(a), t >, t' meansk(t) < k(t') andnot K(t") < k(t), hencek(t) < k(t'). Furthermore,
limp_on*®*® = 0in that case.

(c) t=, t' means thug(t) < k(t') andk(t') < k(t), hencex(t) = K(t'). [ |

The> relation is extended & *, the set of positive reals. For 3 OR*OE, we writea =, B to

mean lim, ﬁog [0,), and similarly fora >, 3 anda = PB.

Lemma A5. LetaOR™* and tJE.
(@) k(a) = 0 andir(a) =a.
(b) if at < 1,k(at) =k(t) andA(at) = aA(t).
(C)a =2 t.
9

Proof (a) limy _,0 no =a.

(b) Iimnqo% =a Iimnqot;lk) , sok(at) = k(t) andA(at) = aA(t).

(c) One hak(t) = 0, and by lemma A5.&(a) = 0. Sok(a) < K(t) and by lemma A4d.ay > t
[

In the next lemmas, most proofs are trivial thanks to the relation betyeand the inequalitieson
the orders.

Lemma A6. The> relation is a pre-order, i.e., it is reflexive and transitive.
Proof. As t>, t' iff K(t) < K(t), and< is a pre-order on the integers, thmpis a pre-order. m

Remark Al. The expectedpropertiesof the inducedrelations >, and =, follow from the
propertiesof >,. For example,transitivity of =, follows from transitivity of >,. Properties
involving different operators also follow easily. E.g.,3#4t" and t' >, t”, then t> t".

Lemma A7. Let JE° tOEL, and ER*. Then
(@ s> 0 and t%O0;
(b) r>xs and kFet;
() t>xs.
Proof;: We havex(s) I (0, ), k(t) = 0,k(r) = 0 andk(0) = co.
(@) k(s) <k(0) andk(t) <k(0).
(b) k(r) <k(s) andk(r) =k(t).
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0= liMp 0 —bre o =l 20 e M g —
- n-0 —V«wm ' k) — n-0 —V«wm - n-0 i@y
nK(t) r]K(t) nK(t) r]K(t)

and both limits are well defined. Then]E—{0} and thux(t.t') =k(t)+k(t").
Suppos(t) = mln(K(t) K(t")), and k(t) < k*+k** < k(t)+K(t'). We can rewrite as

=limp_o K(t) limy_o nk*+|<f*—i('f) The secondterm tendsto 0, hencecR—{0}. By
symmetry, the same holdsu(t’) = min((t), k(t")).
Suppose k*+k**<mink(t), k(t')), then both terms tend to O, heraieR —{ 0} .
Suppose k*+k** >k (t)+k(t'), then we can rewritg as

o=limy_o ﬁ limn_o nk*+kf—*_|(.[) Thefirst termis in IR—-{0} whereashe secondterm

tends too, henceoJIR—{0}.

t t
(d) Let o= Iimmo? - Iimmo? With k(t) < k(t'), thencOR—-{0} iff k = k(). Aso =
t-t'
Iimnqo? , thenk (t-t) = K (t). [ |

The nextlemmashowsthat the dominantterms contain the information neededto determinethe
limit of the ratio of two infinitesimals.

Lemma A3: Let t1,to00IE. Whenever4 # 0,

o Mt ) _ Aty limp . o Nk,
)\(t <2 A(t,)

. t .
limp_o 2= limp_,
to

Proof:
. t]_ . K(t1) ) ] ta/ K(tq) . )
limn_of, = “mr]ao% KK = fim. o tl/n—K(t2) limp . o< =
t2 2
i K(t1)
|.|mn~ot1/r1 : iy o () = A(ty) fimp oK), .
Ilmnﬂotzlr]"( 2) A(ts)

We show that the definitions of >, >0 and =« can equivalently be expressedoy inequalities
between orders.

Lemma A4: Let t, tOE. Then:
(@) t=o tiff k() < K(t),
(b) t> tiff K(t) <k(t) iff limp, qo% =0,
(€) t=q tiff K(t) = K(L).
7\(t )

tl
Proof By Lemma A3, we have lifL ot = = limy_on*®*® whereA(t)=0 andA(t)20.
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Appendix A: properties of infinitesimals.

We present the formal proofs of those propertiesfafitesimalsusedin this paperanddefinedin
section 2.4. By definition 2, infinitesimals are defined such that their domain istf@it Jimit for
n -0 is 0, andtheir orderis alwaysa well-definednon-negativanteger.The setEQ is the set of
infinitesimals,E! = {1-¢ |eJE®% andE = EODE'0{0} 0{1}.

Definition Al: For any continuousfunction f:IR — IR whoseorder k(f) is defined,the limit
f

Iimnﬁon(k—r(]f)) Is denoted(f), the termA(f).r]K(f) is called the dominant term of f aindf) is called

the coefficient of the dominant term(0) = 0 andk(0) = by convention.

Lemma Al: ForleEOD{O}, K(1-€) = 0 andA(1-€) = 1.

Proof We have lig_ o 1= SO(T]) =1for sDIEOD{O}.
n

Lemma A2: Let t,tUE.

() k(t+t) = mink(t), k(t")) and if t+t'< 1, t+t0IE.

(b) k(max(t, t)) = mink(t), kK(t')) and max(t, t)E.

(c) K(t.t) =k(t)+K(t) and t.TJIE.

(d) if k(t)<k(t"), thenk(t-t') = k(t) and if t-t'> O, t-tUE.

Proof The second half of each assertion is valid by notithiagil) sums, maximum,productsand
differencespreservecontinuity, and 2) the rangesand the limits conditions are satisfied for
maximum and products and for differences and additions, thanks to the extra requirambats.
t and t'belongto IE, their ordersare well defined. Thereforethe ordersare alsowell definedfor
their sum, max, product and differepce. The first half of each assertion is proved as follow.

t t
(a) Leto = Iimmo? + limp o ? . The value of o equalsO if k<min(k(t), k(t)), A(t) if
k=K (t)<k(t"), A(t") if k=k(t")<k(t), andA(t)+A(t) if k=k(t)=k(t"), and isinfinite whenk>min(k(t),
K(t")). The orderof o is definediff cOIR—{0}. This is achievedff k = min(k(t), k(t')). As o =
t+t'
Iimnqon—k , K(t+t") = mink(t), k(t").

t t'
(b) Leto = max(lim%o? : Iimnqog ). OnehascOR—{0} iff k = min(k(t), k(t")). Would k

be smaller,both term would havea zerolimit, andwould it be larger, at leastone term would be
e , max(t,t' )
infinite. Aso = limy o rlk( ) ,K(max(t, t')) = mink(t), k(t")).

. t.t
(C) Let o= ||mn_,0 W

When k*+k** = k(t)+k(t'), o can be written as
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Finally, we note that the approach presented in this paper is gerabnticwe have defined
non-monotonicconsequencén termsof satisfactionin a certainclassof models. It would be
interestingto derive a syntacticcharacterizatiorof the different ebf-basedconsequenceelations.

Also, we should like to finaffective algorithmsto computetheserelations.This is especiallytrue
of LCD. These tasks are left for future work.
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Interestingly, both.CD and Geffner’s system exhibit this gobdhaviorwithout havingto satisfy
rational monotonicity.

Table 3summarizeghe essentiapropertiesthat underliethe systemsanalyzedn this paper.
On the left we list the existing systems, andlmright the equivalentsystembasedon ebf's. The
b 1cd System is a special case of thefamily. We start with the concept of a defaodtseissued by
a single source, and apply the auto-deduction principle, in which case wsygétraequivalentto
P. We then add the conceptssfeast commitment applied @) andwe get a systemequivalentto
Z. We proceed then by assuming instead that each ralesiissued by a differergtlistinct) source
of information, apply the e-leastcommitmentprinciple to eachdlJA, and combinethe individual
belief functions by Dempster's rule of combination. Further explicit constraints onfitiiesimals
leadto systemsequivalentto the penaltysystem,to the lexicographicsystem,to Brewka system
andto Geffner system.If theseexplicit constraintsare replacedby the application of the least
commitment principle to songestratification of the infinitesimals, we obtain th€D system.

Existing cbf

Systems Main principle Systems Main principle
P g-probabilities i e-belief and auto-deduction
z tolerance M +¢-least commitment oA
T b +e-least commitment onldA

and Dempster and ...
penalty  paying for unsatisfied defaults ., ¢4 =i for doa;, 3 O&0

lexicographic equal weight within same strgy ~ ~ -1 _ .

1 dilAj|>di , fori=2...n+1
21

Brewka preferred sub-theories b o Ji_l 1Al
[ T &n>wtis for all s=1... 4,

N ) =1 h=1

Geffner  conditional entailment hog [ €d>wtdfor all da,

d:eg>w€qg

Mcd  least committed-stratification

Table 3: Properties underlying the systems analyzed in this paper

It is importantto noticethat, in our use ofthe theory of belief functions, we have actually
employedonly two mechanismsvhich are peculiarto this theory: the least-commitmenprinciple,
as a way to select minimallgformative models;and Dempster'srule of combination,asa way to
aggregate (default) informatiomterestingly,we havenot usednumericalvalues. This givesour
treatment a qualitative flavor, and fraesfrom the delicateproblemof havingto justify the origin
of the numbers that would otherwise be attached to default rules.
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i Mie ho1 ) hos ~og Micd
P Z penalty| lex | Brewka| Geffner
KLM rationality postulates] v V V V V V V
No irrelevance v V V V v v
No inheritance block V V V V V
Preserve ambiguity Vv v v
Indep. on # repetitiony v v v v v
Indep. on # support] v V V V V
Rational monotonicity V V V

Table 2: Theebf-based systems and other non-monotonic systems.

dealwith conditionalassertionsn the sense ofAdams(1975) orLehmannand Magidor (1992).
This means that the two approaches can be viewed, in some sense, as complementary.

9 Conclusions

We have shown that we can use (a specialclassof) belief functionsto give semanticso
defaultrules, andto define severalnotionsof non-monotonicconsequence.Table 2 summarizes
our results. Thefirst row lists the sevensystemspresentedn Section3 (), Section4 (bc),
Section5 (g, Mo, oz andh-,), and Section6 (~cg), respectively. The secondrow lists
existing systems for which we have proved equivalevite one of our systems. To this respect,
the use ofe-belief functionsand of Dempster’srule of combinationcan be seenas a uniform
framework to define non-monotonic consequence relatidhss frameworkallowed us to capture
several of the systems proposed in the literature; we speculate that it can also benosietdidiner
non-monotonic systems.

The next rows irthe tablerefer to the propertiescommonlyregardecdas desirablefor a non-
monotonicconsequenceelation.LCD satisfiesall of thesepropertiesexceptrational monotony.
More specifically, it satisfiesthe rationality postulatesof Kraus, Lehmannand Magidor (Theorem
9); it correctlyaddressethe problemsof irrelevance(Example4 andLemmal5), of blocking of
inheritance(Example6 andLemmal6), of ambiguity (Example8), and of redundancy(Example
9); andit is not sensitiveto the numberof differentrulesin a default basethat supportthe same
conclusion(Example10). This good behavioris sharedby Geffner’s conditional entailment;
however,LCD may give more intuitively acceptableconclusionsin somecases(Example 12).
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be welladdressedand consideringall possibleadmissibleassignmentsvould resultin inferences
which are too cautious.

Perhaps the closest relativel@@D is the system proposed by Wilson (192993). Wilson
also usesbelief functionsto give semanticso default reasoning,but he is mainly interestedin
establishing a strong link between belief functions@hd Very roughly, Wilson’s approachcan
be summarized in three stegs follows(seeWilson, 1993, for more details). Thefirst stepis to
provide a new definition ofvhat constitutesan extension(called M-extension)of a defaulttheory.
Given a default theoryXW) on a languagé&. and a sub-sét’ [0 A, Wilson first definesCnp'(W)
as the intersection off dllJE. such that: (i) WO T, (i) Cn(F) =T, and (iii) ifa ;3 / yO A" anda
Or thenyO . Next, he definesa sub-base)’ to be A-consistentiff for all a : / yOA’,
=B O Cmna'(W). Finally, a set of closed formulas E is saib&éanM-extensionof (A,W) iff there
existsa maximally A-consistensub-bas&\’ suchthatE = Cna((W). Wilson (1993) shows that
each default theory has an M-extension.

The secondtepin Wilson’s constructionis to introducethe notion of B-extensionsn what
he calls the Sources oEvidenceFramework(Wilson, 1992). In this framework, we considera
numberof sourcesS;, eachof which givesus a piece of evidence. A sourceand its evidence
correspondgo a simple support function. Let a = (as,..., an) be the vector of real numbers
representing the reliabilities of the sources, anlet {x, : I1C]{1,...,m}} wherex, representshe
eventthat the sourcesS; are reliable for il and the othersare unreliable. An SE-structureis
definedto be a functionK: X — 2% suchthatfor 1,J O {1,...,m} if JOI thenK(xJ) is consistent
whenever K(X is consistent. He then defines a probability measub¢, an a similar way as our
equation (7, section 5.1). Finally, he defirmeB-extensionof a given SE-structureK as, roughly
speakingthe setof propositionswhosebeliefstendsto 1, whenthe reliabilities g are pushedin
such a way that the belief of all formulas tend to either O or 1.

The last stepin Wilson's proposalis to show how M-extensionsof a defaulttheory can be
capturedn evidencetheoryvia the Sources ofEvidenceFramework. The ideais to view each
default rulea; :Bj / yi asa sourceof informationS; which providestwo piecesof informationa; :
vi /yi and g :0/ 0. He shows that a set ofosedformulask is an M-extensionof A iff Eis a
B-extensionof the SE-structureK2 definedby for | O {1,...,m}, KA&(x;) = Cna(W) whereA’ =
{d;0O4, idl}.

The main common point betweenWilson’s approachand our proposalis that we both
represent default rules as limits of belief functions. Moreover the two approache=sacieefault
rule asbeingoneitem of evidenceprovidedby one of severalsources ofnformation. However,
the two approachesnainly differ in the fact that Wilson’s approachcapturesa variant of Reiter’s
defaultlogic while in our approachwe recover(and also propose)severalrecentsystemswhich
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Proof. As discussed above the penguintriangle LCD producesa deductionthatis notin DL.
Example 13 shows a case where the opposite is true. [ |

LCD is also different from the maximum entropy approach for defaakoningproposedn
(Goldszmidt,1992; Goldszmidtet al., 1993). Let A¢ be the class of probability distributions
considered in Section 2.2., namely the class of probability distributidmeh are compatiblewith
A. Theideain the maximumentropy approachis that, insteadof consideringall the probability
distributions in A as it is done in Syste® we select ongrobability distribution, denotedoy P*,
which maximizes the following function:

H(P) = 2 P() Log(P)).

Goldszmidt (1992) proposessemanticaklgorithmin the samespirit of systemZ to computethe

inference relatiobasedon P*. The maximal entropyapproactpartially solvesthe irrelevanceand
blocking property inheritance problems. However, it does not solve the ambiguity problem
presentedn Example8. Moreover,the algorithm proposed forthe maximum entropy approach
only deals with default bases which are minimal core sets defined by:

Definition 13: A setA is said to be a "minimal-core set" if for each default a - 3 of A,

a[-BOpn¢a - Is consistent (in the sense of classical logic).

The default bases that contain redundant information are not minimal core sets.

Bourneand Parsonq1999) havesolvedthe problemof restrictingto minimal core sets, by
adding explicit variable strengthson eachdefault. This extensionis very close to SystemZ+
(Goldszmidt and Pearl, 1991; 1996).fact in both systemsthe strengths associatedo a default

p— g correspondso a constrainton the admissiblerankingsdefinedon the set of interpretations.
This constraint says that the rank associated to the best world satisiigisquld be smaller bgt

leasts than the best world satisfyingipqg (Note that both systems use Spolkajgpafunctionsto

rank order interpretations, so interpretations Woth ranksare preferred).The differencebetween
SystemZ+ and Bourne and Parsons'proposalis in the definition of the rank associatedto
interpretations: one uses the maximum operator while the other uses addition.

Bourne and Parsonsapproachis also incomparableto LCD. The strengthassociatedo
defaultsin Bourneand Parsons'systemare setby the user,andthereareno constraintsbetween
defaults. The set gflausibleconclusiondn their systemthereforedependson the choiceof those
strengths. Notice that the "naive" least committed solution of assigning theaakte all defaults
would produce some undesirable effects in this systedundancies the defaultbasewould not
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whered; denoteghei-th defaultin A, is admissiblefor A. Let thenw = pl=-mbOfbOf andw’ =
pCEmbfb-f. Both interpretations satisfyi &dnd &, but whilew satisfies g andfalsifies d4, '
satisfies d and falsifies d. As &g >a dg, then we haver >q w'. But f is truein w, andhence-f
cannot be deduced in the given prioritized structure.

Let us now see what happens WitbD . It is easy to see that theEastcommitmentprinciple gives
the partition: & = {{ €o, €3}, { €1, €4}}. We have

pl(pC—-mbfb) =, €4, and
pl(pC-mbfb[=f) =, €a.

Since sanctions that3 >, €4, thenp-mblifb ~ .4 -f asdesired. (Note thatthis resultis also

provided byZ andthe othersystemsabove;the reasorwhy Geffner’'s systemis more cautiousin
this example is that there are several admissible orders.) [ |

We now briefly compareLCD with Reiter’'s defaultlogic DL. We only considernormal
defaultlogic sincein our approachwe donot considerdefaultrulesof the generalform a :3 / y.
The following example shows the€D andDL have different behaviors when confronteih an
inconsistentset of defaults. Inconsistencyhereis understoodn the sense ofPearl (1988) (or
Adams).

Example 13.(Makinson, 1989) LefA ={T - x, Xy - =x} and W =0. This defaultbaseis
classically inconsistent. WithCD, we cannot work with this base, as ttestraintsare €1 >« €2
andes >, €1 and no partition satisfies them. ., onthe contrary, wehaveone extensionfrom
which x is obtained. [ |

DL does not use a specificity criterion to prefer one extermsienthe other. In the penguin
example, witlA = {p - b, b-f, p-> =f}, DL does neither infer hor =f from p. Thus,DL does
not satisfy the auto-deductivityprinciple. Variantsof DL have beemroposedthat rectify this
shortcoming. For instance,Delgrandeand Schaub(1994), inspired by Reiter and Criscuolo
(1981), transformruleswhoseantecedentarein a generalclassinto semi-normaldefaults, while
leaving specific rules unchangedand use semi-normaldefault logic to make inferences. This
extensionremainsmore cautiousthanLCD in somecases. For example,let A = {x -y}, W =
{7y}, and suppose {~y, -Kly} is consistent; then, wdo not get-x in Delgrandeand Schaub’s
system,while -x follows from =y in LCD. The following theoremsummarizesthe relation
betweerDL andLCD.

Theorem 10 LCD consequence is incomparable wiih.
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terms of & (i.e., productsof elements)which areinducedby Ca. The previousexampleshows
that the ordering constraints between terms cannot be disposed of.

It is not easyto saywhich one of the two conclusionsc or =c is more intuitive in the last
example. This mainly depends on the dependence relation between the two properte®/aemd
y is true. LCD regardsthesetwo propertiesas dependenteferringto the secondrule of A. In a
sense, mentioning both properties in the same rule is talesigisthatif y is exceptionafor one
property, then this is algglausibly)the casefor the otherproperty,and conversely. Note that if
we split @ into two rulesy - ¢ andy - -athenLCD infers—c. Intuitively, the two propertiesa
andc arenow consideredndependentif y is exceptionalwith respectto one property, it is not
necessarily so for the second property as well.

At first sight, it might seemthat the solution provided by LCD violates the specificity
requirementsinceds is the mostspecific rulein A which appliesto y[Js[1-a, and d3 entails-c.
The situation,however,is more complex. Considerthe new baseAll=A O {ds}, whereds =
y[ha - —all. A andA* deduce the same properties about E@D, sincethe leastcommitment
principle givesfor A* the partition& = {{ €1, €3, €4}, {€2}}. However, the specificity principle
cannot help us in deciding between ¢ and —c indhge: d3 would leadto -c, while d4 to ¢, and
eachone of d3 and d4 can be consideredas the ‘most specific rule’ for ylis[1-a. In fact, the
specificity principle is clearly definedfor antecedentand consequentthat are literals (Touretsky,
1984) which is not the case in this example.

The intuitive acceptabilityof the deductionsperformedis an important criterion to judge a
formal systemfor commonsensesasoning. The examplesn the last sectionshave shown cases
where the conclusion provided bD is more intuitively acceptable that those provided byzthe
Brewka’s, Pinkas’, and lexicographic systems. We now show a case k@ierallows to infer a
desirable conclusion that is not provided by Geffner’s conditional entailment.

Example 12. Considerthe setof defaults:A = {p - mbldfb, mb-f, fb-f, p- -f}, wherep,
mb, fb, and f respectively stand fpenguin,male bird, femalebird, andflies. Letthen& = {gq,
€2, €3, €4} be the setof associatednfinitesimals. We wonderwhetherTweety,who is a penguin
and a female bird but not a male bird, can fly or not — clearly, we expect her not to fly.

Geffner’s conditionalentailmentdoesnot infer that “Tweety doesnot fly”. To show this, it is
enough to find an admissible prioritized structure whieeeconclusiondoesnot follow. Note that
the preference relation

di>p d3 >p dy >p d,
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Example 11. Consider the set of defauld:= {T - a, y- —-a, ylUs— -~c} where Tdenoteshe
tautology, and lef = {g1, €2, €3} be the set of associated infinitesimals. Both Systeamdall of
the systems considered in Section 5 stralifigyy consideringthatd; = T - ais lessprioritary than
d> = y - —alc, andthat the latter is lessprioritary thand3 = y[Us— —-c. Thatis, we havethe
stratification S = {{di}, {d 2}, {d 3}}. Inthe case ol.CD, we have the following constraints:

C1: maX{ pl(w)|jw=at >, max pl(w)|w=-a} e, 1>¢
Co: maX pl(w)|w=y-alc} >, max pl(w)|w=y(ai-c)} i.e., & >, &
Cs3: maX pl(w)|w=ysC-c} >, max pl(w)|w=ysc} i.e., € >, max{esy, €365}

By virtue of C» the last constraint simplifies to
C'3 €9 > €381

Then, the leastcommitmentprinciple gives the partition & = {{ €1, €3}, {€2}}. This solution
corresponds to the stratification S’ = {{dds}, {d 2}}, which is different from S. [

An immediate consequenc®f this differenceis that LCD may produceresults that are

different from thoseof all the othersystems. Considerthe questionof decidingwhetheror not ¢
follows from yUs[-a giventhe A in the example. All of by g, ey andg caninfer -c

from yOs[-a. Roughly,in the presenceof the fact yOs[l~a, we apply the rule which is most
prioritary accordingto S, thatis d3, and hencewe infer -c. By contrast,in LCD we needto
compare

pl(yOs[Hak) =, €1 €3, and
pl(yOs[-al+c) =4, €1 €2.

Given the least committed partition above, and by the propertiesof infinitesimals, we get
€1 €3>, €1 €2, and then is[l-ak 4 €. This immediately gives us the following.

Theorem 9. The LCD consequenceés incomparableto all of: Pearl’s systemZ, Brewka’s
preferred sub-theories, Geffner’s conditional entailment, Pinkas’ penalty logic, and the
lexicographic approach.

Proof. Examples 5 and 6 provide counter-exampbesoth inclusionsbetweenZ andLCD. The
last example above shows incomparability betwgeb and the other systems. [ |

The last examplealso shows an importantfact, which did not show up in our previous
examples: the stratification &f alone doesnot guaranteghatthe Ca constraintswill be satisfied.
For instance,C» is not satisfiedif we only use the stratificationgiven by the least committed
principle. As we have discussed above, LCD-entailmentcassiderghe >, constraintsetween
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€1 andey, behave as one defauli d a - B with the associated infinitesimad = €1€2: in the auto-
deduction constraints; andeo will always appeaor not appearsimultaneouslyn eachterm, and
can then be uniformly replaced by

The following example shows tha€D consequence is not sensitive to the nunabetiffer-
ent rules in a default base that support the same conclusion

Example 10. Consider the Quaker-Republican problem with the axile“Generally, ecologists
are pacifist”:A = {q-p, r--p, e-p}. The constraints are

C1: maX pl(w)|w=qp} >, max pl(w)|w=g-p} e, 13¢
Co: maX pl(w)|w=r-p} >, max pl(w)|w=rCp} ie., 13 ¢
C3: maX pl(w)|w=ep} >, max pl(w)|w=elp} i.e., 13¢5

and we get again the one class least committed pagitioff €1, €5, €3}}. Then,

pl(aCel¥Cp) =¢, &, and pl(del¥[p) =, €1€3.

Sinceg, is not comparable witky€3 according td&, LCD doesnot deducethat ecologistswho are
both Quakers and republicans are pacifist, nor that they are not pacifist. [ |

8 LCD and the other systems

The following theorem summarizes the relation betwe@D and systenk.

Theorem 8. For a givem), if a p 3 thena b 4B. The converse is not true.

Proof. Lemmal4 provesthe inclusion. The examplesgiven in Section 7.2 show that the
inclusion is proper. [ |

We now study the relation betweke@D and the systemsonsideredn Section5. All these
systemsdnclude a stratificationof the defaultbasethat essentiallycorrespondgo the one usedin
SystemZ. What makesthe systemsdifferent is the way in which this stratificationis usedto
decide entailmentLCD also gives rise to stratificationof the rulesin the base,which is directly
obtained from the partition of the corresponding infinitesimals: for exampleattigon {{ €», €3},
{€1, €4}} of € corresponddo the stratification {{d », d3}, {d1, d4}} of A. However, and
importantly, the stratification produced bZD is not necessarily the sarasthe one producedby
SystemZ. The following example supports this claim.
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We get the same partition as in Exampl&,6: {{ €1, €4}, { €, €3}}. Consider now abird thatis a
penguin and has metal wingsdj. Given the basA, we should nobe ableto say whetheror not
this beast will fly — we are in a case of ambiguity. We have indeed:

pl(bCpCMLY) =, &,
pl(bOpOMHf) =, €1€4.

As the & partition saysnothing about the relative magnitudeof €, and g,&4, we have neither
bOpOm b4 f nor pOm b4 =f. Notice, by contrast, tha would give us the arbitrary result
bOpOm b =f. [

7.5. Syntax sensitivity

The last desideratumin our list is syntax-independenc&ome of the existing systemsthat go
beyondsystemP do not satisfy this requirement:for instance,in the lexicographicapproach,
discussed in Section 5.3, repetitions of the same defafdlihray changethe result. The following

example shows th&iCD is not sensitive to these duplications.

Example 9. Considera variant of the Quaker-Republicaproblemwhere the rule “Generally,
Quaker are pacifists” has beduaplicated:A = {q - p, g-p, r - -p}. By usingthe lexicographic
approach, we wouldhave qlIr b p, while we would prefer to acknowledgethe ambiguity and
deduce nothing. 1hCD, we have the constraints

C1: maX pl(w)|w=qp} >, max pl(w)|w=q-p} i.e., 13 &
Co: maX pl(w)|w=qp} >, max pl(w)|w=q-p} ie., 13 &8
Cs3: maX pl(w)|w=rd-p} >, max pl(w)|w=rlp} i.e., 1> &3

Using the least commitment principle, we get the one class partitgreg{ €3}}. Then

pl(qlirp) = €3, PI(QLI=P) =4, €12,

and we have neither b4 p nor qUr .4 —p, asdesired. It is importantto notethat, if we
considered infinitesimals in the same class as beguiyalent(=,,) ratherthanunconstrained~,,),

thenthe ambiguity would not be preservedand our consequenceelation would be sensitiveto
duplications — in fact, we would hawg >,, £1&, by LemmaA8(c) and LemmaA9(b), andhence

qur ~jeq P- u

It is easyto realizethatLCD is not sensitiveto duplicationsin general. In fact, any two
instancesf the samedefault,sayd; = a - 3 andd2 = a - 3, with the associatedhfinitesimals
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Example 7. Considerthe defaults“Generally, Swedesareblond” and “Generally, Swedesare
tall”, representecoy A = {s-b, s-t}. What can be said about short Swedish? It seems
reasonable to expect that they are still blond. The two auto-deductions constraintg eyeahd-l

>, €2, Which arealwayssatisfiedby LemmaA7(b). Hence,all termsare free, and by the least
commitmentprinciple we put themall in a single class;thatis, we have a single leastcommitted
partition: & = {{ €1, €5}}. For any bel in Bgly(4),

pl(sCHtb) =4, €1, pI(d-tlHb) =4, €1,

and since &1 >, €&, by Lemma A8(c), we conclude that short Swedes are blond, i.e.,
St kg b. Notice that this result does not followZn |

We can generalize the above examples, and show that, in a given agiatéite defaultsin
the subset Fre&([1{a}) of A which is not responsiblefor the inconsistencycan be usedin the
inferenceprocess. The subset Fre&[1{a}) is uniqueandis formally definedin the following
way:

FreeQO{a})={B-ydA /FATA, A minimally inconsistent witli, andp — yCA}
where AJA is minimally inconsistent withx iff:

ca Uoa +
« IB-YOA, a Oga-{p_y} F L.

Lemma 16 If alFree@Ql{a}) — B thena k4 B.

Note that Lemmal6 doesnot hold for SystemZ: Example 6 above providesa simple
counter-example (where-bl belongs to Fre&(1{p})).

7.4. Ambiguity preservation

The next desideratumlisted in the introduction is the ability to stay uncommittedin casesof
ambiguity. The following exampleshowsa caseof ambiguitywhere systemZ would deducean
undesired result, whileCD does not.

Example 8. LetA ={b-f, p--f, p->b, m-f}, where the last default means“Generally,
objectswith metal-wingsfly”. The constraintshat the elementof Bel.4(A) mustsatisfy are the

three in Example 4, plus

C4: maX pl(w)|w=m¥} >, max pl(w)jw=mi-f} e, 1384
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We can prove thdtCD correctlyaddressethe irrelevanceproblemin general.Let In(A) be
the set of propositionalsymbols which appearin A and Out@d) = V - In(A) be the set of
propositionalsymbolswhich do not appearin A, whereV denotesthe set of all propositional
symbols of the language. In the example 4haeeV={p,b,f,r}, In(A)={p,b,f}, Out@)={r}. Let
£ outp) be the set ohill propositionalformulascomposedf propositionalsymbolswhich do not
appearin A, andlet &.ina) be the setof all propositionalformulas composedof propositional

symbols which appear .

Lemma 15. Letd0E oyya) and o,BOE jna). Thena b4 B impliesald b4 B.

7.3. Blocking of inheritance

Several systems, including Pearl’s systénsuffer from the problemof inheritanceblocking: if a
classC containsa propertyp that conflicts with the oneinheritedfrom a super-classC’, thanno
property at all is inherited from C’ (even propertigselatedto p). The canonicaéxampleis built
by addingto the usual penguinproblemthe defaultb — | (read“generally, birds havelegs”).
From this, systemZ cannotdeducethat penguinshavelegstoo, i.e., p k5 .12 The next two

examples show th&iCD does not suffer from this problem.

Example 6. LetA={b -f, p--f, p=b, b-1}, andlet & = {1, €, €3, €4} bethe associated
infinitesimals. Let bel be any elementof Beli.4(A). The constraintghat bel must satisfy are the

same as in Example 4, plus

C4: maX pl(w)|w=bd} >, max pl(w)|w=bHI} e, 1384

It is easyto verify that the following is the only minimally committed partition satisfying these
constraints:& = {{ €1, €4}, { €2, €3}}. To see if penguins have legs, note that

pl(pl) =, max{pl(ptl Do), pl(p0lbf), pl(ptlO-b), pl(pOC=b=f)}
= Max{Eo, €1, £2€3, €2} =¢, €1

pl(pkl) =, max{pl(pt-ICbf), pl(pCH=IObC=f), pl(pt-1C=bOf), pl(pO-IC-=bO-f)}
=o Max{€oty, €184, €2€3€4, E2E4} =0 €1€4

Therefore, pl(pl) > pl(pCHl), which implies pvq! as desired. [

12 Goldszmidt and Pearl (1991) have suggested an extemisibncalledZ+, which correctly handlesthis example.
Unfortunately,Z* doesnot solve the problem of inheritanceblocking in general:if we add the rule “Generally,

legless birds dmot havelegs” to our base,thenZ* cannotdeduceboth of “Leglesshirds fly” and“Penguinshave
legs” — it will just deduce one of them, depending on the ranking. This problem does not apy&ar in
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andes ~ £1€4€5. [}

The failure of LCD to satisfy rational monotonicityshouldnot be seenasa drawback,but as an
indicationthat rational monotonicitydoesnot necessarilyapply to all situations.The last example
providesa casewherethe conclusionsproducedby LCD could be regardedas more intuitively
acceptableghan those producedby acceptingrational monotonicity. To see why, considerthe
context“bp0m” — thatis, consideran individual who is both b, p and m. It is reasonabldo
expectthat neithery nor -y canbe derivedin this context. Similarly, it is reasonabldo expect
neitherf nor —-f to be derived. However, we shouldexpectto have-y[if. In fact, either the
individual flies or it does not. If it does, we have triviallyt#iyand if it does not, then @gannotbe
a Yogi, andwe againhave-y[if. As we haveseen,all theseresultsare indeedproducedby
LCD .11 Consider now the extended conteéXt[pCImlly”, wherewe also know that the individual
Is a Yogi. LCD doesnot produce the inference bUpCmUOy k —y[if, thus violating rational
monotonicity.But this is againa reasonabldehavior,sincewe havey in the premises,and we
haveno reasonto infer f. Interestingly,the use ofrational monotonicityin this exampleis even
more questionable if we use it in combination with the other rules of systbniact, wehave (by
Reflexivity and Right Weakening)YdpOm[Oy b y; and from thisand from bCOpOmCy ~ =yf we
have (by And) bijpCmQCly k f, whose intuitive validity can be easily challenged.

7.2. Irrelevance
The following example shows tha€D correctly addresses the irrelevance problem.

Example 4 (continued). LetA be as above, and considenew property“red” (r) unrelatecto

b, p andf. We expectthat red birds fly (recall that this is not the casein systemP, that is,
bUr b-p f). For any bel in Bgly, we have (we apply Lemma 3, Lemma 9, and Lemma A12)

pl(brCf) =, max{pl(b0rf0p), pl(brTf(Hp)} =« max{e,, 1} =« 1
pl(b0r-f) = max{pl(blrO=fCp), pl(bdrC=flHp)} =0 mMax{eq, €1} =w €

As any ebf must satisfy 1 >,, €1 by LemmaA7(b), we have pl(bx(f) >, pl(bOr=f), which
implies [dJr b4 f as desired. |

11 Theseargumentgependon the assumediependenceelation betweenp andy. For instanceif y and p denote
equivalentpropositionsthen inferring -y is controversial.LCD regardspropositionsfor which there is not
explicitly stated relationn the databases being independent— this is a commonimplicit assumptionsn logical
systems. In our case, all we know about y is that it flies; as we have no information to infer a bekmtEsmp and
y, we assume they are independent. Thus, knowing that an individual ddlys mee plausibly preferto deducethat
it is not a y rather than an exceptional y.
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This rule hasbeenoriginally proposed byehmann(1989) asa candidaterule for minimizing the
amount of information lost when we add a new consistent item of informgtios pre-existinga .
Although no definite reasonhas beengiven for the necessityof this rule in a non-monotonic
reasoningsystem,rational monotonicity is usually regardedas desirable,and it is validated by
many currenextensionf systemP; two notableexceptionsare Brewka'’s systemand Geffner’'s
conditional entailmentLCD also fails to satisfy this rule, as shown by our next example.

Example 5. LetA ={b -f, p--f, p-b, m-f, y-f}, wherethefirst threedefaultsare asin
Example 2, and the two last rules mean “Generally, obyeitismetal-wingsfly” and “Generally,
Yogis fly.” The constraint induced ldyare:

C1: maxty, | w=bf} >, maxt, | w=bl-f} e, 13¢
Co: maxty, | w=pHf} >, maxt, | w=pf} i.e., maxgq, €3} >4 €
C3: maxty, | w=plb} >, maxt, | w=p-b} i.e., maxgq, &5} >4 €3
C4: maxt, | w=mf} >, maxt, | w=mi-f} ie., 138
Cs: maxty, | w=yf} >, maxt, | w=yd-f} i.e., 13¢5

Thereis one minimally committedpartition that satisfiesthe auto-deductiorconstraints,given by:
&={{ €1, €4, €5}, { €9, £3}}. From this, we see that :

(i) We have bpUm b4 myLK. In fact, for any bel in Bgly:

pl(bOpOmI(-y)) =, max{pl(bCpOm-yl), pl(bOpOmC=y (), pl(bCpCmOy (1-f)}
=, Max{ey, €1€4, £2};

pl(bCpCMLY[Hf)) =, 1€4€5;
ande1€4 > €1€4€5.

(i) We donothave hpCim b4 1y. In fact, for any bel in Bgk:

plg (bOpCmhy) =, max{pl(bCpUm-yLK), pl(bCpUm-y=f)} =, max{ep, €1€4};

plg (bCpOMUy) =, max {pl(bCptmDy LK), pl(bUptmiy[=f)} =, max {e2, e1€4€s};

and €2 ~ €184 sincefrom the partition {={{ €4, €4, €5}, {7, €3}}we can neitherdeducee; >
€1€4 NOr€1€4 >0 €2.

@)  From (i) and (ii), accordingto the rule of rational monotonicity we should have
bOpOmLy kg ~yLf. However, this is not the case. In fact, for any bel in:gel

pl(bCpOmOy ) = €5,
pl(bOpOmOy[Hf) = €1€4¢s5,
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Concerning the first point, wemphasizehatin our approachthe constraintsaredirectly given on
infinitesimals, and therefore the numlaérvariablesinvolved in the constraintss at mostequalto
|A]. This means that it is always possible to makgicit the optimal solutionssincethe size of the
solutionis not very large. Inthe preferentialmodels-basedpproachto default reasoning,by
contrast the constraints are often given on the set of interpretations, and tifessizgionsis very
large.

Concerning the secormbint, the LCD-entailments definedat the semanticalevel, hencelooking
for the syntactic counterpad animportantpoint. One possibleway to find syntacticcounterparts
Is to explore the compilation techniques developed in (Benferladt é998). Their work provides
a syntacticinferencefor reasoningfrom stratified knowledgebases} using utilitarist semantics
(like the onebasedon penaltylogic). Theideais to transformy into a new knowledgebase '
suchthatif we apply the egalitaristsemanticqlike the one basedon possibilisticlogic) on >' we
get the same results as if we apply the utilitarist semantics, @md hence we can use satactic
inferencefrom the approache®asedon egalitaristsemanticsExploring this possibility is part of
our future work.

7 Analysis of the LCD consequence relation

We now study in more detail the patterns of reasoning which are captuk€elbyTo do this, we
consider the desiderata listed in the Introduction, and show_@vaddresses them.

7.1. Rationality and specificity

The fact thalLCD respectshe principle of specificity was illustratedby Example4. It is easyto

seethatit alsorespectshe KLM postulatesof rationality (Kraus et al., 1990). In fact, all the
elementsof Bel4(A) are ebf-model of A, thenLCD relationis at leastas strong as$-, and

therefore it satisfies the KLM properties by Theorem 1. We have thus proved the following.

Lemma 14. If a p 3 thena b4 B.

The converseof the previouslemmais false (see Section7.2. for a counter-example)So,
LCD is strictly stronger tha®. The KLM postulates are commonly accepted asrimémal core of
any system of non-monotonicinference. Another rule that has foundwide, although not
unanimous consensus, is the rule of rational monotonicity:
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a g B iff for any bek in Belgg(d), bel = a - B.

Example 4 (continued). It is immediateto verify that LCD correctly addresseshe classical
penguinproblem. Let bels be any elementof Belcg4(4). FromLemma9, plg (bCpLY) =, €, and

plg (bOp-f) =, €1. We haveseenabovethat, forany bels in Belc4(4), the set& mustbe such
thateg >, €2. Hence, bp b4 =f as expected. [ |

In practice, the algorithm needed to determirwetif,.4 B requires only the knowledgd the
>, relationbetweenthe €;'s of & andsometerms(products)built from theseg;'s. It consistsin
constructing the constrain®, building the seff of e-stratificationscompatiblewith Ca, finding
in & the set®* of minimally committede-stratifications finding the >, inequalitiesthat must be
satisfied. Building explicitly the set of hels not necessary.

For notationsimplicity, we write the inequalitiesconstraintghat result from Ca andthe -
stratification using g symbols, with the understandinghat they denote proto-infinitesimalsto

which infinitesimals will be assigned, infinitesimals that will satisfy all the inequalities.

When the>,, inequalitiescannotdeterminegf t1 >, to or to >, t1 or t1 =, to, we denotethis
indeterminacyby t1 ~, t2, meaningthat eachof the threerelationscan be obtainedfrom some
interpretation used to build Bg|(A).

An importantpropertyof LCD is that,if both A and the alphabetof &£ underlyingA are
finite, thenLCD -consequence is decidable. To see this, first notice thasifinite, soisz. We
can then enumerate all thestratifications ofz, select thosethat satisfy the C, constraintgwhich
are finite), and select among these the ones which are minimally committed. Seconduathtre
of propositional variables is finite, so is the number of possible &gglgnmentso. Then, the set
of all t,, terms is also finite. Thus, weanenumeratall the possible>,, orderingson this set, and
selectthose that: (i) satisfy the C, constraints,and (ii) are consistentwith some of the e-
stratificationsselectedabove. Finally, in order to checkif o k.4, we needto check that
max, ;rplw o MaX, o1 tw holds for all the orderings between termsssiected. We haveso

proved the following:

Theorem 7. Let . be a propositional language on a firdlphabetandA a defaultbaseon . .
Then, the~ |4 relation is decidable.

The definition of effective techniqueto computethe set of LCD-consequences left for further
researchHere, we only give two brief commentson the computationof the least committed
stratifications and the computationof the plausible consequence®once the least committed
stratifications are computed.
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Note that any solution which satisfiesC, and C3 should be suchthat e, >, €, and g1 >, €3.
Indeed, assume theg >, €1 (resp. &3, €1) then to satisfiiCo (resp.C3) we shouldhavees >,
&5 (resp.gs >, €3), which means that we should hage>,, €1 (resp.€; >, €1), andthis meansthe
impossibility of satisfyingC3 (resp.C»).

Therefore since any solution should be such that,, €, ande; >,, €5 the two constraintsC, and
C3 are satisfied,and thereis no constraintsbetweene, and €3. Hence, we only get three ¢-
stratifications ofz that are compatible with these constraints (depending on whetbgr, €3, &

=y €3 OF €3 >0, £9):
¢ = {1} {C2, (3},
¢ ={{ {a} {C2} {¢3}},
¢" ={{ {a}, {3}, {2}}-

It is easy to see thatis strictly less committed than both and&” — intuitively, this is because€,

does not impose any unnecessary order betdeand{s. So,¢ is the only minimally committed
e-stratification. Any interpretationthat satisfiesthe e-stratificationé producesa set & suchthat:
€1 >0 £2, €1 >0 €3 andthereis no constraintbetweeney ande3. Any such& is also compatible
with theCp constraints. Thus, the set BglA) consists of all thebf's in Bel;(A) built from such

&'s.m

6.3. TheLCD consequence relation

We define our new consequence relation using the elemmeBtd,.4(4d) . It is easyto seethatthe

Bel,.4(2) set“behaveswell” for this goal. First, Bel.4(4) is a subset ofEBF(A), thatis, any
elementof Bel.4(A) is an ebf-model of A: this is true by construction,since any elementof

Bel,.4(A) must satisfy the auto-deductiorconstraints. Second,Bel.4(A) is a proper subset of
EBF(Q): for example, considesiny ebf in Bel;(A) obtainedby the &’ partitionin Example3; this

ebf satisfies th&C, constraints, hence it belongs to EBJ;(butit is not in Bel,.4(A) because’ is

not minimally committed. Third, if the defaultbaseA is consistentthenBel,.4(4) is non-empty.
To see this, take th# definedfor the penaltyorderin Section5.2 (or, for that matter,any of the
approachedn Section5): if A is consistentthis & satisfiesthe C, constraints(because~ e, is

auto-deductive), and then thief built by (7) from thisZ belongs to Bel ().

We put Bel,.4(4) inside (10, section5.1) to obtainour newdefinition of consequenceela-
tion. We namé&.CD this consequence relation, and denote it"Ry.
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Figure 2: Order constraints induced on the tergyby &” in example 3.

We summarize the above arguments in the following definition gf &8l

Definition 13. Let A be a defaultbasewith z an associatedset of proto-infinitesimalsand
Cathe set of constraints induceg A. Let & be the setof e-stratificationsof z compatiblewith
Ca. Let®* be the set of minimally committed elementsiofLet I be the setof interpretationst
of z that satisfyCa and are-stratification ofz  in #*. Thenwe define Bel.4(2) to be the setof
ebf bels such that there exist atlll and be} is built from & = 1(z) by (7, section 5.1).

Symbolically, this definition and those underlying it can be written as:
given a default base={d : ag— g} andz its associated set of proto-infinitesimals, let
& = {€ e-stratification ofz, I I = &, I &= Ca},
Pr ={& 80P, P& : & 0P, & strictly less committed thad},
I={1 :EOP* I =& 1I=Cp}

Bel4(Q) ={belg: & =1(2), 1 OI, bels induced by m = O{my | dJA}, (My(Q) = &g, My(@) =
1 —&g, mg(X) = 0 otherwise)}.

This lengthy definition just means that BgR) is the set of akbf that can be built frona set

of infinitesimalsthat are compatiblewith the constraintamposedby the auto-deductiorprinciple,
and that are "least committed".

Example 4. LetagainA ={b -f, p- -f, p>b} be adefaultbase,andz = {{1, (2, (3} a
correspondingset of proto-infinitesimals. The requirementof auto-deductiongives us the
following three constraints on:

C1: maxt, |w=bf} >, maxt, | w=b-f} e, 138
C2: maxt, | w=p-f} >, maxt, | w=pf} i.e., maxq, €3} > €5
Cz: maxt, |w=plo} >, maxt, | w=pl-b} i.e., maxgq, €5} >4 €3

whereg; = 1({;). The constraintl >, €, is alwayssatisfied andusing LemmaA13 the two last

constraints are equivalent to:
Co: €1 >0 &2 or €3> &

Ca: €1 >0 &3 or € >4 €3
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minimize the numberof classesandto assign asmany proto-infinitesimalsas possibleto classes
with low index. Since by Definition 10 the interpretations of the proto-infinitesimals in Ichasses
are largerusing minimally committede-stratificationsis a way to captureour informal requirement
that the infinitesimals be “as large as possible”.

We are now ready to define omew subclass dBel;(A). We considerall the interpretations
I of thesetz = {{1,..., {n} of proto-infinitesimalsand that I satisfies the auto-deduction
constraint<C,. Among these,we considerthosethat satisfy an e-stratificationwhich is minimally
committedamongthosethat are compatiblewith C,. We are interestedin the gbf's built by (7,
section5.1) from any suchset &; we denoteby Bel.4(A) the family of all theseebf's. The name

“lcd” comes from the two main mechanismnsedto build this family: "Ic" for the least-commitment
principle (applied twice), and "d" for Dempster’s rule of combination.

Example 3. (Continued). Let & and &” be the two following e-stratifications: &' =

{&€0={C2.(3}, & 1={la}, & 2={{s}, & 3={Ca}}; and &" = {&"0={C{2,(3.{5}, §"1={C{4,Ca}}, which

are compatible witlC 5. Of course, these are not the ogdstratifications that arecompatible with
theC, constraints in this example, (e.g., consideretisratification™ = { "' 0={ {2}, "' 1={ {3},
&"2={(4,(5}, &"3={C1}). We caneasily checkthat¢” is the only minimally committed one.
Indeed, suppose that this was not the case; then there would exstatification{= {p,..., &m}
where at least eithénor {4 is in &g, but this is impossible since amyerpretationthat satisfiesthis
e-stratification either falsifie€, or C4. Thee-stratificationg” inducesa setof orderingconstraints
among the terms,t Figure 2graphicallyrepresentsheseconstraintydashedines), togetherwith
those that can be deducedfrom the auto-deductionprinciple and from the properties of
infinitesimals (solid lines). In the picture, an arrow from t to ' meansthat t >, t' holds
(transitivity arrows are not drawn). [ |

1

N
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below (Example 9), not making these elementsequivalentallows us to avoid some potential
problems of syntax dependence.

In general, constraintsbetweeninfinitesimals should be regardedas constraintsover the
possible interpretations. Thisis true in particularfor the constraintsCq that resultfrom the auto-

deduction principle (section 6.1). The writing
C1: max{ey, €5, €4} >0 €1
should be actually taken to mean that the interpretatsimould satisfy
C1: max{I({2), I({5), I(C4)} >w I(C1).
For sake of simplicity, however, we keep the simplified writing as used in section 6.1.

Definition 11: An interpretation I satisfiesa setof constraintsCa, written Ti=Cap, iff all the
constraingCyCp aretrue statementsAn &-stratification  of z satisfiesCp if eachinterpretation
I satisfying ¢ satisfiesCa. An gstratification & of z is compatiblewith Ca if there exists an
interpretation satisfying which satisfieCa.

In general,interpretationghat satisfy -stratificationswhich are just compatiblewith Cx, but
which do not satisfy Ca, do not necessarilynaketrue all the constraintsof Ca. As an example,
considerA = {b- a, s-a, dis- -a} (“if one takes a bathhe staysalive”, “if oneshavegwith an
electric razor), he stays alive”, “if one takes a bath while shaving, he does not stay atidés),z
={{1, {2, (3} be the corresponding set of proto-infinitesimals. An interpretatisatisfieghe auto-
deductionconstraintsCa whenever:1 > 1({1), 1 >0 I({2), I({1)I({2) >« I({3). We can check
that there are e-stratificationsof z which are compatible with Cabut there is no e-
stratificationwhich satisfie<Ca. This means that the constraints that result frong-teatificationof
7. alonecannotguarantedhat all Ca constraintsare true statementsTherefore,we also needto

consider the 3 constraints between terms (i.e., products of elements) of
Let us now introduce formally the least committestratification:

Definition 12. Let z ={{a,..., {n} beasetof proto-infinitesimalsandlet ¢ = {o,..., &m}

and¢' = {&'o,...,.¢'m} be two e-stratificationsof z. We saythat¢ is lesscommitted thang&’ iff,

for all (jUz, (i and¢iIE'k imply jsk. We say thaf is strictly less committedhang' if at least
one inequality is strict. If % is a family of e-stratificationsof z, we call an elementé of #

minimally committedn & if there is n&E’ # & in % such tha€’ is strictly less committed thah

Intuitively, an e-stratification is less committed than anotherone if it placesthe proto-
infinitesimalsin classe<; with alowerindexj. The leastcommitmentprinciple comesdown to
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“desirable” sets of infinitesimals. We have already applied this principle in decidifgthef the
individual mg's in section5.1. We now considera secondfacetof the principle, and requirethat

the>,, ordering between terms &f be 'minimally committed'.

Defining what counts as a minimally committed ordering requiressome care. We shall
considerorderingsof the infinitesimalsthat will be includedin aset& such that, orthe induced
rule ordering: (i) rules in higher classes are more exceptionattibaain lower class; andii) two
rulesin the sameclassare not comparablewith respectto 'normality’. Note that this ordering
correspondgo a stratificationof A in the sensehat it splits A into severalstrata. To apply the
principle of least commitment, then, we shHabik for orderings(stratifications)in which eachrule
is as uncommitted as possible. In terms of the infinitesimals ithis meansthat &4 shouldbelong
to the highestpossibleclass,providedthat the auto-deductiorconstraintsare not violated. In the
example above, we would preféi to &', aseg ande; are in “higher” classes ifi” than in&'.

Formally, the task consists in building an appropriatbencein selectinginfinitesimalsthat
satisfy some constraints based on semerdering.

Definition 9: Supposea defaultbaseA = {d; : i = 1,...n}. Let z be a setof variables(j,
i=1...n, one per default iA. We call these variabl€s's proto-infinitesimals(as infinitesimalswill

be assignedo them). An interpretationT is a mappingfrom proto-infinitesimalsto infinitesimals.
Let 1(Z;) denotethe infinitesimal assignedy I to the proto-infinitesimalsg;: so 1(¢;)0EOC. Let
1(z) be the sef = {gq,..., en}so thatej = 1(;) for all ¢ in z.

Definition 10. Letz ={(1, ..., {n} be a setof proto-infinitesimals An &-stratification of z is
defined as a partition & = {&o,..., Em} of z (partition is used here in the sense that
¢ol...0&m=z, Oi#j, &in&j=@ and Ui, &j#d). An interpretation T satisfiesan &- stratification
&={&0,.... Emp of z, writtenT & &, if for any(j, jin z with {; O & and¢; O §j,

i <] impliesT ({j) > I ((j).

Intuitively, ane-stratification inducegthroughthe interpretationthat satisfiesit) a ranking of
the elementsf & by orders ofmagnitudeall infinitesimalsassignedo a proto-infinitesimalsin a
class{ j are infinitesimally larger than those assigned to a proto-infinitesimals ilvamy classg;,
(i.e., i <]). If z is the set of proto-infinitesimals associated tdefaultbasel, any e-stratification
of z induces a stratification ok by putting all the ruleswhosecorrespondingroto-infinitesimals
are in a given clasg into the same layer.

Of course, severalinterpretationscan satisfy the same e-stratification. Furthermore,
nothing is said aboutthe ordering betweeninfinitesimals assignedo the proto-infinitesimalsthat
belongto the sameclass:their ordering dependson the particularinterpretation.As we shall see
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C3 1>¢3
C4: max{ey, €2, €5} > €4
Cs. 1>x¢s.

Note thatCo, C3 andCs are trivially satisfied by virtue of Lemma A7(b). So, any&et {€1, €2,
€3, €4, €5} of infinitesimals such tha€1 andC4 aresatisfiedis a solutionof Ca; for any such&,
the bek built by (7, section 5.1) is abf-model ofA. [ |

Note thatin generalthe Cp systemof constraintsdoesnot determinea unique >, ordering
that must be satisfied by the termsof In the example above, any gétsuch that

€2 oo €3 200 €4 200 €5 P00 €1
satisfies the€Cp constraints; but the same is true for any®etuch that
€2 = E3=xw €5 >0 €4 =w €1.

This observation suggests that the auto-deduction principle may not cotishel;(A) family to

a sufficient extent, and the consequenceelation basedon this principle alone may still be too
cautious. The next example shows that this is indeed the case.

Example 3. (Continued) Given theA considered above, we ask the question of whethaotbr

penguins that have feathers and are birds can fly, that is, whether we can concludef*f’foom
“pUfalb”. Clearly, we wouldlike to be ableto conclude“~f" but not“f”. Let bels be any ebf

built by (7, section 5.1). By Lemma 9, we have:

plg (pL¥albLY) =o €4
plg (pCfalb+f) = €s.

Let k.4 be the consequenceelation basedon all the ebf in Bel;(A) whose & satisfiesthe Ca
constraints. Take bel and bel” Bel;(A) respectivelybuilt from the two orderedsets&’ and &”

given above. Both sets satisfy fBg constraints. Ii’, we haveegs >, €5, and therbel’ givesus
“f” but not “~f". In &”, we havees > €4, and then bel” gives us “~f" but nét’. Therefore we
have neither pfalb b 54 f nor pfalb b4 -f. u

6.2. The least committed principle.

In the last example,the solution obtainedfrom &’ is clearly undesirable. Our next step is to
strengthenour constraintsby using the least commitment principle in order to select only
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w|p fa b f|dy d» d3 dg ds| Cg Co Cs Cq Cs
1|F F F F

2|F F F T

3|F F T F v v R R
4|\F F T T v R L
51/F T F F v R

6|F T F T v R

7|F T T F v L L R
8|F T T T L L L

9| T F F F|V R L

10|T F F T|V v R R

11|T F T F v vV]|L R|L R
12| T F T T v oV L R R|L

13| T T F F v L R L

14T T F T v v L R R

15T T T F vI|L L L L R
16| T T T T v L L L R|L

Table 1: Construction of th€ constraints of Example 3.

Each rowin the tablerepresents possibletruth assignmento our four propositionalvariablesor
world. AV mark in the dcolumn indicates that the world daest satisfy the defaultjdthatis, q;

is falsein thatworld. For eachworld w, the termt, is given by the productof the g4's for the
defaults d marked by-ain thewrow. E.g.,t3 = €3e5. The Ci columnis usedto write the auto-
deduction constraint for the defaujt=a; — [3: we put arL. mark for eachworld that satisfiesa;
0 Bi, andan R mark for eachworld that satisfiesaj [1-;. We then write the C; constraintas
follows: for the left hand side, we take the maximum of the tegyoser the wordso markedby L
in the C;j column,wheret, is obtainedas above;we proceedn a similar way for the right hand
side using the R worlds. In our example, we obtain the following five constraints:

C1: max{ezes, €3€4, €2, €2€4, €5, €4} > Max{e1, €1 €4}
Co: max{es, 1, €4} > max{ey, €2€4}

C3: max{es, 1, €4} >0 Max{eses, €3, €34}

C4: max{eq, €3¢5, €2, €5} >« Max{€1€4, €3€4, €284, €4}
Cs. max{e3, 1,€3€4, €4} >0 Max{ezes, €s}.

The propertiesof infinitesimalsgivenin AppendixA allow us to simplify theseconstraints. For
example, from Lemma A8(c), weandeduce€r >« €2€4; €4 >0 €3€4; aNdes >, €365. Hence,by
Lemma Al12, max§o, €5, €4} =« Max{€zes, €3€4, €2, €2€4, €5, €4}, andwe canreplacethe former
for thelatterin C1 by virtue of LemmaA9(b). By similar arguments, webtain the following
simplified set of constraints:

C1: max{ey, €5, €4} > €1
Co 1>8

e-Bel-Fct July 24, 200033



The secondacetis new, andit concernghe choiceof the & set:we wantthis setto be “as
free aspossible”with respectto the >, orderingbetweenits elementsandterms;as weshall see

shortly, this correspondsto requiring that the elementsof & be “as large as possible” while
retaining the auto-deduction property.

In the rest otthis section, weshow how we cantranslatethe aboveprinciplesinto a precise
setof >, constraintson &. Theseconstraintddentify a specific subfamily of Bel;(A) which we

will use to define our new consequence relation.

6.1 The auto-deduction principle

By Definition 4 and Lemma 4, the auto-deduction principkansthat, foreachdefaultd = a - 3
in A, we must have

max  plh(w) >, mMax plg(w).
w=alB wE=al-p

This constraint is equivalent to

Cq: MaxX t, >, max
wE=alp wE=al-3

t(.k)a

where the }'s are the terms defined by (8) in sectmd above,andwe haveusedLemmaA9(b)

to substitute equivalent infinitesimals inside inequalities. Note that we can equivalently write:

Cq: for all ws.t.w=aHB, there is aw’ s.t. w' =B andt,y >, t,.

GivenA, the auto-deductioprinciple translatego a setof constraintsC, = {C4 | dLJA} between
thetermsof &; anybels built from aset& that satisfiestheseconstraintsalso satisfiesthe auto-
deduction principle; said differently, this ek anebf-model ofA.

Example 3. Let A = {p ~falb, fa-b, b-fa, p--f, b-f}, wherep, fa, b, f stand for

“penguin”, “feathered animal”, “bird” and “fly”, and let & = {&1, €2, €3, €4, €5} be the
correspondingset of infinitesimals. Table 1 gives all what is neededto compute the Cp

constraints.

e-Bel-Fct July 24, 200032



Note that the complexity results of several non-monotonic inference discussed in this Sedi®n can
for instance found in Eiter and Luckasiewicz (2000).

6 Using Both the LC Principle and Dempster's Rule.

We have seenhow to define severalnon-monotonicconsequenceelations basedon the
Bel;(A) family of ebf's by imposingsomea-priori constraintsover (productsof) the weights gy

associated to the different defaultin Until now, we have considered ad-hoc constramggired
by existingnon-monotonicsystems. In this section, wetake a different route, and generatethe
constraints starting from twgeneralprinciples:the combinedebf shouldsatisfy all the defaultsin
A; andit shouldbe leastcommitted,in a sensethatwe shall soondefine. As we shall show, the
resulting consequengelation,thatwe nameLCD, is distinctfrom all the currentnon-monotonic
systemsthat are aware of;, moreover,LCD adequatelyaddressesll the desideratdisted in the
Introduction.

Recall that the BelA) family in the previous section wémiilt from a givensetA = {dy,...,

dn} of defaults and amarbitrary set& = {€1,..., €5} of infinitesimalsassociatedo thesedefaults.
Also recall that the propertiesof the inducedconsequenceelationt critically dependon certain

properties of&, namely, on ther,, orderingbetweenits elementsandterms. We now proposeto
restrict the Bel;(A) family by restricting the choice of the & setin such a way that the two
following principles are satisfied:

. Auto-deductiorprinciple. For anybels in Bel;(A), we want that bels = o - 3 for each
rulea - B in A; said differently, we want Bg(A) U EBFQ).

. Least commitment principla/Ve want eachbelz to be minimally committedamongthe bels

resultingfrom the auto-deductiorprinciple, thatis, we want it to conveyas little information as
possible while still satisfying all the defaultsdn

The auto-deductiorprinciple amountsto requiring that our bels be ebf-modelsof A; this

principle was already satisfied by the non-monotonicconsequenceelations consideredin the

previoussection. The least-commitmenprinciple deservesmore comments. Given the way in
which Beh(4) is built, this principle includeswvo distinct facets. The first one concernghe form

of theindividual my's usedin the combination,and hasalreadybeendiscussedn Section5.1: it
translates to the requirement that eagfiga simple support function with focgg
mg(Q) =&g; My(qy) = 1 —€g; and ng(X) = 0 otherwise; witlegO&.
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but satisfiedby w’, thereexistsa defaultd’ satisfiedby w but falsified by w' suchthat d’>d.10
The triple(Q, >q, A, >p) is calleda prioritized admissiblestructure. Finally, Geffnerdefinesa
conditional entailment relatiorng in the usual way bya b B iff, for eachadmissibleprioritized

structure Q, >q, A, >p), B holds in all the »-preferential models af.

We can captureGeffner’s conditional entailmentin our framework. For each admissible
preference relationspon A, we build the set& by associatingo eachdA an infinitesimal e40&

such that:
1) foralld,d’OA,ifd>pd theneq >» gq: and

2) foralldOA, |_| €4 >w 4.
d’:eg>00gg
The seconddefaultrequiresthat, if the infinitesimal correspondindo a defaultis (infinitesimally)
smallerthanthe infinitesimalscorrespondingo other defaults, it also be (infinitesimally) smaller
than their product.

Let >p be anadmissiblepreferencaelationon A. We denoteby Bel; (4, >p) the family of
ebf in Bely(A), associatedo >5, whoseparameteks satisfiesthe aboveconstraints.Each ebf in
Bel(A, >p) encodes the admissible prioritized structure associategt to >

Lemma 13. Let >p be anadmissiblepreferencerelationon A, and (Q, >q, A, >p) be an
admissibleprioritized structure. Then,for anyw andw' in Q, and w >q ' if andonly if w is
belz-preferred taw' for any bek in Bel;(4, >a).

We denote by:

Bel4(A) = [] {Bel(A, >p) s.t. > is admissible witl\}
the family ofebf in Bel;(A) obtained by taking intaccountall the orders>a which areadmissible
with A. Finally, we let~, be the consequence relation obtainedising Bel4(4) in (10, section
5.1).

Theorem 6. For a givemA, a g B if, and only if, a b, B.

Proof Immediate consequence of Lemma 13. [ |

10 Note that the total ordering @ninduced by the stratification givésy LC algorithm (or SystemZ) is admissible
with A. Moreover, when g is againthe stratificationgiven by LC algorithm, thenthe definition of > given by

Geffner is exactly the same as the one induced by Brewka's preferred sub-theories.
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enumeration)n thei-th layerAj. We build € by associatingo eachdij an infinitesimal gj such
that, for any i,

i1 1Al
M M &n > & foralls=1,..4]
j=1 h=1

whereld;| is numberof defaultsin 4;. The main difference betweentheseconstraintsand those
used to recover the lexicographical system is thatgjeaede;, are not constrainedor all j # h,

while in the lexicographical systems they are considered as equivalent.
We denoteby Bel;3(A) the family of ebf's obtainedby (7) in section5.1 for different choicesof

the gj’s infinitesimals, provided that they satisfy the above constraints. Clearly Bel;,(A)
O Bel3(4).
The following lemma shows the ordering based o &A) induces the same ordering @nasthe

one used by Brewka.
Lemma 12. Letw andw’ be elements of2. Then,w is B-preferred taw' if and only if w is bels-

preferred taw' in each bet of Bel;3(A).

Finally, we let~5 be the consequence relation obtained by using;@8lin (10, section 5.1).
Theorem 5. Letk g be the inferencerelationof Brewka's preferredsub-theoriesystem. Then,
for any givenA, a g 3 if, and only if, a k3 B.

Proof See the appendix. [

5.5 Geffner’s conditional entailment
The fourth approachthat we considerhereis Geffner's conditional entailment(1992). Geffner's
approach differs from the previous ones in the following points:

* Several orderbetweendefaultsare consideredatherthanjust one. Eachof themis called
admissible with the default bae

 The ordebetweendefaultrulesis in generala partial order (in the previousapproachesit
was a complete pre-ordering).

An order between elements @flefaultbase/, denotedby >x, is saidto be admissiblewith A if,
whenever a sub-basé 12 does not tolerate a defaulild, thenD containsanotherdefaultd’ such
that d > d’. (Tolerate here itakenin the sense oPearl'ssystemZ.) Eachadmissibleorder>a

onA induces an order ovél in the following way:w >q w' iff, for eachdefaultd falsified by w
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The secondcasethat we consideris the lexicographicsystemdefinedby Benferhatet al. (1993),
andLehmann(1995), and setby Duboiset al. (1992)in the frameworkof possibilisticlogic. A
similar approach has alé®enconsideredn diagnosisby De Kleer (1990)andLang (1994). The
main idea is to again start from a stratificatidn { .., A} of A, andregardall defaultsin the i-th
layer asbeing equallyimportant,and beingmore importantthanany setof defaultsin subsequent
layers(seethe proof of Lemmall in AppendixB for a completedescriptionof the lexicographic
system).

We canreproducethe behaviorof the lexicographicsystemby our approachby imposing a
corresponding order on tleg's. We againstartfrom the LC (or Z) stratification{Aq,..., Ay} of
A, and associate an infinitesin®glto each layef; such that

i-1

1581 >0, fori=2, .., n+1

j=1
where 4| is the number of defaulis A;.° We thanbuild & by letting g4 = &; for eachi andeach
dia;. Clearly, any suchy is an infinitesimal. We denote by Bg(A) the family ofebf’s obtained
from thesegys by applying (7, section5.1). These ebf's differ in the choice of the §;'s
infinitesimals, providedthat they satisfy the aboveconstraints. Eachebf in Bel5,(A) inducesthe
same ordering of as the one used in the lexicographic approaches.

Lemma 11. Letw andw’ be elements of2, and let be} be anyelementof Bel;,(A). Then,w is
lex-preferred taw' if and only if w is bek-preferred taw'.

Finally, we let~, be the consequence relation obtained by using,@8lin (10, section 5.1).
Theorem 4. Leth o, be theinferencerelationof the lexicographicsystem. Then,for any given
A, o bex B if, and only if, a b5 B.

Proof Immediate, a , andhr e, are preferential relations based on the same order.

5.4 Brewka’s preferred sub-theories

The thirdapproachthat we considerarethe preferredsub-theoriesoriginally proposed byBrewka
(1989), and later independentlyntroducedin (Dubois et al., 1992) in the setting of possibilistic
logic. This approach has also been used by Boutilier (1992) in s¥stemefine anon-monotonic
inference relation, and by Baral et @992)to combinebelief bases. The core of the approachs

the same as for the lexicographic one, the main difference thenigfinition of the orderingon Q

(see the proof of Lemma 12 in Appendix B for details).
To recoverBrewka'’s orderingin our framework, we let {A4,...,Ak} be the LC (or Z)

stratification of a given baseA. Let then d;j be the j-th default (accordingto an arbitrary

9 A similar condition has been proposed by Snow (1996) to define acflassbability distributionscalled"Atomic
boundsystems".A probability distributionis an Atomic boundsystemiff thereexistsa linear ordering>g on Q,

such that for eachQ, P) >  (y>qy P@). With a logarithmic transformation, this condition is very closéh
one given above between infinitesimals.
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However, all oftheseapproachesilsoapply to defaultreasoning sincethe latter canbe seenas a
particular case ahconsistencyhandling— the observatiornof an exceptionakituationleadsto an
inconsistent knowledge base, which netedse revised. Technically,eachone of the approaches
considered herkeadsto a preferentialorder over the interpretationswhich in turn inducesa non-
monotonic consequence relation over the formulas. In eachveasbow thatthe sameordercan
be recoveredusingebf’'s. Symmetrically,our reformulationshow that ebf’'s can be usedto deal

with the general case of knowledge base revision in face of inconsistency.

In penaltylogic, eachformula of a knowledgebase) is associatedvith a number, called
penalty,which represents kind of priceto pay if this formula is not satisfied. The sum ofthe
penalties of all the formulae that aret satisfiedby an interpretationw is calledthe costof wj; this

costinducesa preferenceover interpretationgseethe proof of Lemma 10 in Appendix B for
details).

We caneasily reproducethe behaviorof penaltylogic in our framework.Let A be a default
base,and let {A4,..., A} be a stratification of A that respectsspecificity; for example, the

stratification generated by the LC algorithm, or equivalently by Per$gemZ. We build the set
& = {eq,...,&n} Of infinitesimals associated i as follows: we take an arbitrary infinitesin@aand
let, for each diA;, eg=d'. Intuitively, we needhe exponentiako recoverthe additive behaviorof

penaltiesfrom the multiplicative behaviorof our e4's (seeLemma9). Note that any such &g
obviously satisfies thdefinition of infinitesimalsin Sec.2.4. We denoteby Bel;4(A) the family

of ebf's obtainedfrom theseey's by applying (7); theseebf's differ in the choice of the d
infinitesimal. Eachebf in this family inducesthe sameorderingon Q asthe one usedin penalty
logic.

Lemma 10. Letw andw’ be elements of2, and let be} be anyelementof Bel;4(A). Then,w is
penalty-preferred tay if and only if wis bek-preferred taw'.

Finally, welet b, be the non-monotonicconsequenceelation obtainedby usingBel;(A) for
Bel;(A) in (10) in section 5.1.

Theorem 3. Let bpep be the inferencerelation of penalty logic. Then, for any given A,
o MpenB if, and only if, o by B.

Proof By Lemma5, b, canbe definedin a preferentialway. So, both b, andbpen are

preferential relations, and the thesis follows by noting that they are based on the samemrder.

5.3 The lexicographic system
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mz(=p0b) = 1 —e3, Mp(Q) =¢3.

Accordingto (7) we have,for all X, mg(X) = (mOmy0msg)(X). The value of pl; for any
proposition of interestcan be computedby (9). For instance,we have: pl5(bCpf) =, €,
plo(bOpUHf) = €1, plo(bE-plf) =, 1, andpl;(-bOplf) =, €1[85. Fromthis, we seethat bel,
FE bOp- —f iff €1 >, €; thus, we have bOp 5 =f if and only if the g1 >, & relation is
guaranteed to hold for all the elements of F&). [ |

The last example shows that thg consequence relation built in this wigynot interestingif
we let all theeg to be equal — for example, we could not deduce that birds who are pedguiot
fly. More generally, it shows that the propertie$-of are determined by the, relationsthat exist
betweenthe elementseq of &, and the induced >, and =, relations— that is, on the relative
stiffness ofthe defaultsin A. In fact, the propertiesof r dependin generalon the ordering
between values of p] that is, by (9), between terms.

In the rest of this paper, we explore the propertiediftédrent consequenceelationsobtained
from (10) by imposing different types of constraintson the & parameterstheseconstraintsare
typically in the form of a setof >, -inequalitiesbetweenterms. In the following subsectionswe
imposesomea priori constraintsinspired by four existing systems,and we obtain consequence
relations,which are equivalentto thesesystems. In the next section, wewill use constraints
coming from general principles, and obtain a new consequence relation that is inconvpiénaddle
the existing systems we are aware of and thdteyondsystemP. The ability of ebf’s to capture
several existing approachesa uniform frameworkis animportantproperty; however,the reader
mainly interested in the new system can directly jump to Section 6.

5.2 Penalty-based order

We now startour analysisof specialcasesof the k5 consequenceelations. In eachcase,we

definea classof setsé& of infinitesimalsusing a constructioninspiredby an existing system,and
considerthe consequenceelation obtainedby (10) when weestrictattentionto the ebf’'s bels in

Bel;(A) which arebuilt from thesesets. In eachcase,we shall show thatany suchbels induces
the same bglpreference relatiodz onQ (see Definition 7), and thahis preferenceelationis the
sameas the one of the inspiring system. Hence, the ebf-consequenceelation so defined is

equivalent to the one of the target system. The first case that we consider is inspiresbbyaltesl
“penalty logic” proposed by Pinkag1991), and applied by Dupin et al. (1994) to handle
inconsistenciem knowledgebases. It should be noted that penalty logic, aswell as the other
systemsconsideredelow, hasoriginally beenproposed asn inconsistency-handlingechnique.
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Theebf’s built by (7) havein generala muchmore complexstructurethanthe ones usedh
LC: the focal elements are not nested, and valuesmsluyde productsof severaley and (1-€y) for

different d. Luckily, as weonly care for the order of magnitude of the infinitesimals, the
plausibility value of each world can be computed in a simple way as follows.

Lemma 9. Let be}, be arebf built fromA and& as above. Then, for any woudin Q,

PIn(®) =« []{eq|d0A s.t.wH @ |
and ph(w) =« 1 if w satisfies all the defaults ik

In what follows, we shall usg,to denote the product ef's that givesthe plausibility of world w
onceA and€ have been fixed; that is, for any(] Q we let

ty = |_|€d ) (8)

with the stipulation that = 1 if w satisfies all the defaults ia We call t, the term associatedo
w; note that, for anw, t, U [E. Lemma SYogetherwith Lemma3 allow us to computethe (order
of the) plausibility value of any formuta by:

plp(a) =e MaxX ¢ (9)
wWE=Eo

Given a default bask, we denote by BglA) the family of allebf's that canbe built from A
using Dempster’s rule according to (7); the elements gf(BgUdiffer in the choiceof the set& of
infinitesimals associated to the defaults\. We canuse Bel(A) to definea new notion of non-
monotonic consequence, denotedy, as follows

o kg B iff for any bek in Bely(Q), bels E o -3, (10)
whereA represents, as usual, the given background knowledge.

Example 2. LetagainA = {b - f, p- =f, p- Db}, andlet & = {&1, €2, €3} bethe infinitesimals
associatedo the defaultsin A. The e-massassignmentsny correspondingo thesedefaultsare

given by

my(-bLK) = 1 —€3, mMy(Q) =¢&,,
My(—pt-f) =1 —&5, My(Q) =€,, and
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Then, it makessenseo representachdefaultby one (epsilon-) belief function, and to combine
these belief functions by Dempster’s rule to obtain a representdtibe aggregateeffect of all the
defaults inA.8 We can then define entailment by looking at the conditionalatbaatisfiedby the

combinedbelief function. The characteristic®f the consequenceelation so obtaineddependon
certain condition®ver the relative weightsof the defaults. As we show below, we canre-obtain
severalof the non-monotoniaelationsthat have beerproposedin the literature by imposing the
right conditions. In section 6, we will use m@eneralconditionsand obtaina new consequence
relation that has several advantages over the current proposals.

5.1 Entailment based on Dempster’s rule

In order to build theeombinedsbf mentionedabove,we first haveto decidewhich belief function

to use to represent eattuividual defaultrule. Sticking to the argumentsusedin the last section,
we proposdo use the e-leastcommittedebf that satisfiesthat default. More precisely,for each
default rule d = a -3, we want the correspondinge-mass assignmentmy to be minimally
committed in the sense explained in Section 4 (see Definition 8): thatsbomdbelongto the set
g of non-dominangebf that satisfy the defaultd. From Lemmaé, this meansthat eachmg must
have the form

mMg(Q) =&g; My(@g) = 1 —€g; and ng(X) = 0 otherwise,

wheregq is aninfinitesimal in IEO. Given a defaultbaseA = {d,...,d,}, we consideraset& =
{€1,..., €n} of infinitesimals, and associateeach default d; to &j; we write g4 to denote the
infinitesimal associatetb the defaultdJA. Intuitively, &4 accountsor the “violability” of rule d.
From thesé\ and& we build a combineg-mass assignmentqirby Dempster’s rule as follows:

mp = O{mg | dJA}, (7)

where each gis as above. We denote by band ph the corresponding-belief and e-plausibility
functions. Note that, nomatter what &, eachmyis an e-massassignmentAs far as A is
consistentNgoa [@]= [ea] # G, so Lemma2 conditionis satisfied andmgis thus an e-mass

assignment.

8 The construction given below should extend to the case velaetesourceS; of information providesa baseA; of

defaults instead of just one default. \&ld usethe e-least-commitmenprinciple to build a representativebf for
eachA; as discussedn the previoussection, and then combinetheserepresentativeby Dempster'srule. The

exploration of this issue is left for future work.
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stepi; thatis, for eacha - of A, a -3 O A’y if andonly if beli E a - 3. The following
lemma shows that thtg sub-base generated by Pearl’s system contains exactly the same defaults.

Lemma 8. Let {Aq, Ay, ..., Ay} be the stratification given bgystemZ, andlet bej the ebf built
by the LC algorithm at step i. Then, for any defaul{(3 in A,

a) o-[ istolerated by iff pli(a) = 1.

b) a-PBis not tolerated bill...Ax iff pli(aB) = ph(a-pP) =s;.

c) o-PB0OAjimplies bglE a-p.

d) beliE a-p and pli.1(aB) = pli-1(al=P) = €1 (i.e., bef .1 o - B) implies that
a-p0A.

The fact that the ranking producedby the LC algorithm coincideswith the one of systemZ
tells us that the LC consequenceprecisely coincideswith Pearl’s system, and those systems
equivalentto systemZ like the one basedon possibilisticlogic (Duboiset al., 1994; Benferhatet
al., 1992).

Theorem 2 For a givem, a b B if, and only if, a r5 (.
Proof. Immediate consequence of Lemma 8. [ |

The stratification produced Wyearl’'salgorithmor by ourLC algorithminducesan ordering
that respects the specificity requirement. This is a useful property, and we will use this dodtering
defining several non-monotonic systems in the next section. It should be emphasizéthtuah
LC andZ producethe samestratificationof A, our approachdiffers from Pearl’sin the choiceof
the primitive notion. In syste, one starts from an a priori definitiai “tolerance”,while in the
LC approachwe startfrom the notion of being “less committed”. Which of the two notions
provides a more natural starting point is a matter of opinion.

5 Using Dempster's rule of Combination

The secondroute that we proposeto explore to obtain a strongerconsequenceelation is to
strengthen(4, section3.2) by consideringonly the ebf-modelsof A that can be built by using

Dempster'srule of combination. The intuitive argumentgoes adollows. (A similar construction
has beersuggestedy Wilson, seesection8.) Supposehat we regardeachdefaultin A asbeing

oneitem of evidenceprovidedby one of severaldistinct sources ofinformation, eachassociated
with aweightthat indicates its reliability, i.e., the relative “stiffnesd”the defaultrule it provides.
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ebf, but werenot satisfiedby bek_;. An orderedpartition of A asthe oneaboveis often calleda
stratification, orranking of A.

The idea to stratify the default baSevasfirst suggestedby Pearl(1990). To overcomethe
problem of irrelevancein Adams’ e-consequenceelation, Pearl proposeda default reasoning
system, calle@, basedon a ranking of defaultrulesthatrespectghe notion of specificity. Pearl
defines three relations between a default aule (3 anda possibleworld w: the world verifiesthe
ruleif w = a O B; it satisfiesit if w = -a O B; andit falsifiesit if w = a O -3. Givena
default basé = {aj- (i | i = 1,...,m}, Pearl gives a method to rank-order the ruléssachthat
the leastspecificrules(i.e., with mostgeneralantecedentsjet theleastpriority. To do this, he
defines the notion dblerance a rulea - [3 is saidto be toleratedby abaseA = {aj - Bj, i =
1,..., m}iff {aOB, -a10B4, ..., "0,0Bm} is consistent. Then, he partitionsA into an ordered
set (stratification) {1, Ay, ..., Ay} suchthatrulesin A; aretoleratedby all rulesin A; O... O Ay.
Correspondingly, he defines a ranking Z over the ruléshof letting Z(d) = i for each rule d ify,.

From thisranking, Pearldefinesa non-monotoniacconsequenceelationt - in the following
way. First, he builds a ranking functiaron the worlds from the Z ranking by

K(w) = max{Z(d) + 1 |w = aj U-fj, d=aj-Bill A},
andk(w)=1 if w satisfies all the rules &.
Intuitively, k(w) is lower for worlds that only violateulesthatarein lower sub-bases— i.e., that
are less specific. Second, he induces froaranking function z on formulas by

z(a) = min{k(w) | w = a}.
z(a) is low if all the models oft have low rank. So, @] can be read asdegreeof “abnormality”
of a with respect to the rules ta Note that z is a disbeliéfinction in the sense ofSpohn(1988).
Indeed, we have a(3)=min(z(@), z)). Finally, the~ relation is defined by

ab- B iff z(a OB) < z@ O-P).
An equivalent treatment of default information has been done in the framefvpdssibility theory
(Benferhat et al., 1992).

The above stratification coincides with the one produmethe LC algorithm? To seewhy,
considera defaultbaseA, andlet {Aq, Ay, ..., Ay} be the stratificationof A built by Pearl’s

algorithm, and{ A’ ¢, A’ 5, ..., A’} betheonebuilt by LC. As we noticedabove,eachA’; sub-
base contains exactly the default rules that are satisfibelpythe ebf built by the LC algorithmat

7 Upon reflection, this resultis not so surprising. The ebf producedby the LC algorithm is a consonantbelief
function, henceit corresponddo a possibility measure;and, as shown by (Benferhatet al, 1992), possibility
measures can be used in a natural way to geneZatzmaivalent ranking of a default base.
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of EBF(), and eaclelementin the family inducesthe sameordering< ontheworldsin Q. The
latter property means that we can decide entailment by looking at just one elemep{&). Bel

Lemma 7. LetA be a default base. Then:

(@) Any element of Bgl(4) is anebf-model ofA.

(b) Letbel, andbel, be two elementsof Bel,.(A), and <4, and £, the correspondingorderings
induced o). Then,; =<,.

4.3 The LC consequence relation

We can usethe set Bel;(A) to define a new non-monotonicconsequenceelation: we call lc-
consequenchis relation,anddenoteit by ~ .. The definition of b is similar to (4) in section
3.2, except that we now restrict the attention tcelienodels that are in BglA):

a b B iff for any bek in Bel.(d), bels E a - B. (6)
Note that, as Bg[A) is a subset oEBF(A), Ic-consequences strongerthan bf-consequencehat
is, if a b p¢ B, thenalsoa k. B. Theoreml thentells us thatlc-consequences also stronger
thansystemP. The following exampleshowsthatit is strictly strongerthanP; in fact, we shall
show in the next subsection that Ic-consequence precisely coincides with Pearl’'sZsystem

Example 1 (continued). We can use the beb ebf built above to verify that we have
bOp b =f. In fact, we have p(bUplf) = &4, plo(bOpLK) = €5, and €1>4€5 by (5). Hence,by
Lemma2, bOp k. =f. Moreover,if r is a new propositionalvariable (e.g., “red”), we have
bOr b f:in fact, plo(bCrCHf) = €4, plo(blXCF) = 1, and1>, €41. Thatis, anddifferently from
systemP, irrelevant properties like “red” do not block the inheritance of the “fly” promerty

4.4 A note on stratification

In building the focal elements, the LC algorithm builds a collection of nestel s€§4, I',, ...,
Md: we startwith '1 = A, andthenbuild eachl’; by eliminating somedefaultsfrom I'i_;. The
collectionl” induces a partitionfq, Ay, ..., A} of Ain the obviouswvay: we letAj =T —Tij4q, |
=1, .., k-1, and\, =y, . Forinstancejn Examplel above,we haveA; = {b -~} andA, =
{p - b, p~-f}. Itis easy to realize thd; contains exactly the defaults that are satisfied by éhe
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Step Q Leti=0,lg=A, sap=d, nys.t. {my(Q) = 1; my(X) = 0 otherwise}.

Step 1 Repeat until’; = @
la. Leti=i+l
1b. Letlj =Tj_; —sat 4
1c. Let be| be theebf given by:
{mi(Q) =& ; mi(er,) = m_1(Q) —&;; mi(X) = m_3(X) otherwise}
1d. Let saj={ dLIl; | be]=d }
le. If sat = @ then Fail.
Step 2 Return bgl;.
Figure 1: The LC algorithm.

Example 1. Let A={b - f,p - b, p-> -f } where “b” stands forbird”, “f" for “flies”, and
“p” for “penguin”, andlet & = {&1, €2, €2} suchthat(5) is satisfied. We havel; = A, andbek
given by: m(¢r,) = 1-€1, m(Q) = ¢4, and m(X) = 0 otherwise with [¢,] = [(=bLf) T (=pLb)
O (ﬂpDﬂf)] = [bD—lpr] 0 [—IbD—IpDﬂ 0 [—lbD—lpD—lf]. Hence:

pli(bxf) = 1-€4+&1 = 1, ph(bOHf) = g4,
pli(ptb) =¢€1, pli(pt-b) =¢1,
pli(pt-f) = €1, pl(pCf) = €.

From this, we computethe setsay of defaultswhich aresatisfiedby bel: sat = {b »f} (using
Lemma 3, and recalling that 1,51 by LemmaA7(b)). We iterate,andgetl 5 by removingb - f
from ;. Now, [@r,] = [bU=plf] O [=bU-pLf] O [bU-pU-f] O [-bU-pU-f] U [bUpUHf],
and bej is given by

mMp(Q) =€, Mp(Pr,) =€1-€5; My(Pr,) = 1-€1; My(X) = O otherwise.
Then,

pla(pb) =€1, ph(plhb) =€5, ph(p-f) = &1, and ph(pLK) = €5,

All the defaults i, are nowsatisfied(ase; >, €2 by (5)) andthe algorithmendsreturningbelb,.
This is a consonastbelief function with focal elementspf ] U [¢r]. [ |

We denote by BglA) the family of all theebf's that can béuilt by the above procedurehe

elementsof this family differ in the choice of the & set of infinitesimals, provided that (5) is
satisfied. The following Lemma shows that this famidghaveswell” for our goals:it is a subset
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because otherwise- 3 would be conflicting, andthat[a (=] n [@a] = 9, sopli(alB) = 1-€1
and ph(a=B) = €1, with 1-€1 >, €1). If there are still conflicts, however, thabf may not satisfy
some of the defaults iy, so is not aigbf-model ofA (see Example 1 below for atustration). In
this case, weonsiderthe setA' of all the defaultsthat are not satisfied,and build a secondfocal
element p']. By construction, @a] O [@x']. We then move'almostall” the €1 masscurrently on
Q to [@y'], leaving a "smallty on Q; that is, we build thebf given by: m(@,) = 1-€1, mi(@p') =
€1—€2, M(Q) = €2, andmy(X) = 0 otherwise,with €2 an infinitesimal suchthat €; >, €. By
reasoning as abovi,is easyto seethatwhenthereareno conflictsin A’ this new €bf is an ebf-
model of A’ (andof A). If therearestill conflictsin A’, we iteratethe procedureuntil the ebf so
built satisfies all the defaults i

More precisely, let n be the cardinalitydfand let® = {€;,...,&n} be a setof infinitesimals

such that
€ > Eirpandgj > g g foralli=1, ..., n-1. (5)

(Recall thag; > €. meang;(n) > €j+1(n) for all n O (0,1).) Note thatsucha setalwaysexists:
for instance, we can talee= & for somearbitraryinfinitesimal 8. From this set, we build an ebf
using the LC algorithm shown in Figure 1. We start from a vacuous belief assigiStepp). At
each step i, we add a new focal elemep{ [corresponding to the words theatisfy the defaultsin
A not alreadysatisfiedby the currentebf, and give it a massg;_1—¢;, taken off from the mass
currentlygivento Q (with the conventiongg=1). We repeatthis processuntil the obtainedebf
satisfies all the defaults th Failing to find arebf occurs ifA (more precisely,@a) is inconsistent
(Step 1e). ltis easy to see thatgh€returned in step 2 imdeedan ebf accordingto Definition 4;
in particular, the requirement thgt> ;4 for all i guarantees that, for anylJ (0,1), all masseare
in [0,1]. Notice that théocal elementsare nested the inner one being[@,], andthereforethe ebf
so built is consonant. By Lemma 6, then #tiEbelongs to\c, the set oELC belief functionsthat
satisfy the set C of constraints imposed by the auto-deduatgtyrementpl(aB) >, pl(a-p)
for eacha - BOA.
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Definition 8: e-least commitment: Let beh and bej be two belief functions (classical ebf).
We say that beglis eLC than be} if:

1:limp o pli(A) 2 lim o pl2(A) for all A T Q, and at least one inequality is strict,

or

2:limp g pli(A) = lim , _ o pla(A) for all A T Q, and m is a stric{0, 1}-generalizationof my for
everyn in a neighborhood of 0.

To illustrate the meaning of the second requirement, consudegbf bef with m;(A) = 1-¢j,
mi(Q) = g O E°, i=1,2, for someA O Q. Their limits are equaland both sharethe samefocal
elements A an@, so the first requirememtoesnot apply. The secondrequirements not satisfied
asnoneof the two belief functionsis a {0,1}-generalizationof the other. Thus none of beh and
beb is eLC than the other, even whegp(n) >€1(n) for all n.

The eLC principle can be usedto build ebf's that satisfy some constraintsand that are
minimally committed. Let C be a set of constraints that rhasiatisfiedby the ebf in EBF(A). We
denoteby Ac the setof the non dominatingelementsof EBF(A) that satisfy the constraintsin C
where ‘non-dominating’ is derived from the use of the definitioelL&f. The nextemmaillustrates
the construction of Ac which ebf's have nested focal elements and that will be used later on.

Lemma 6: Consider a set {A...,An}of n nestedsubsetof Q, with A1 O Ao O... OAp, A12d,
An=Q. Let C ={C,...,Gy} be a set of constraints; @iven by:

Cy1: pl(Ap) =1, and

Ci: pl(ai-1nA)) > plI(A), i=2,3...n.

Then
n
Ac = {bel: m(A) =& DE®, i =2,3...n& >y, €i+1, | =2,3...n-1, and m(A = 1-2&}.
i=2

4.2 A peeling algorithm based @rleast-commitment

We show how to build agbf-model ofA that satisfies the-least-commitmenprinciple. A similar
approachhasbeenproposed byBenferhatet al (1992) usingpossibility measuresintuitively, we
proceedasfollows. We startby the vacuousebf, givenby: mp(Q)=1, and m1(X)=0 elsewhere.
This is the least committed of all thief, but clearly it is not aabf-modelof a non-emptyA, as we
do not have plg(aB) >, plo(a-p) for all a - BUA. So, we build the focal element[@a]
consistingof the worlds whereall the defaultsin A are satisfied,and move “almostall” the mass
currently onQ to [ga], leaving a smal¢; onQ. That is, we build thebf givenby: mi(ga) = 1-€3,
m1(Q) = €1, and m(X) = 0 elsewhere, wherg is aninfinitesimal. Whenthereare no conflicting
defaults inA, thisebf is anebf-modelof A (takeanya - 3 O A, andnotethat[alB] n [ga] Z D
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The notion of a (classical)belief function being minimally informativeis definedin (Smets,
1988). Thdeast-commitment principlgtates that, in order to model by a beligiction bel an item
of informationas“all whatis known”, we should uséhe leastcommittedbelief function that is
compatible with that information. By recalliriige definition of leastcommitmentin Section2, this
means that, for any X Q, the valueof bel(X) shouldbe assmall aspossible— said differently,
the agent should not give any proposition muekef thanjustified by what he/sheknows. Recall
that, when the item of information is representea pyopositionalformula a, the leastcommitted
belief function representingt is the simple supportfunction that gives a mass 1to [a] and O
anywhere else.

An item of informationis usually compatiblewith a family of belief functions, denoted %,
andthe applicationof the least-commitmenprinciple consistsideally in finding the elementof %
thatis lesscommittedthanthe otherelementsof % . Unfortunatelyusually sucha uniqueelement
does not exist. The application of the least-commitment prinprolducesonly the leastcommitted
setA g of the non dominating elements @f (see Section 2.3)

Onceebf areused, the conceptof leastcommitmentmust be extendedinto the conceptof
e-least commitmente[.C).6 Since all we are interested in wébf is their behavior when tendsto
0, we focus on thebf whenn is in the neighborhoodf O (to saythata propertyholds whem is
in the neighborhood of 0 means that thisra >0 suchthat the propertyholds forevery0<n<d).
One way to defineLC is based on a specifarm of ‘generalization’,whereall coefficientsbelong
to {0, 1} (KlawonnandSmets,1991). Considertwo basicbelief assignmentsn; and my where
the masses of frare obtained from the masses @fimsuch a wayuch that, foreachA 00 Q, the
mass m(A) is reallocated by mto somesupersebf A. Let 1 = {4, ...MNMp} bea partition of the
subsets of2, and for each elemehk; of 1, let B be a set of2 that contains althe subsetf Q in
;. For all these Bs, let

m1(Bi) = 3 my(A) if Az,
AT

andlet all the othervaluesof my be null. So mp(A) is reallocated by m; to a superseif A. A

consequence of this relation betweenand n3 is thatpli(A) = plx(A) for all A 00 Q, what means
that bej is less committed than behn is called a {0,1}-generalization ahy, andif mizmy, then
it is ‘strict’.

In the following definition of €LC, the first requirementencompasseshe case when
infinitesimals are not involvedhe secondoneis necessaryvhenebf areinvolved andtheir limits
are equal when tends to O.

6 The shorthandLC is used both fogtleast commitment' and fa-least committed'.
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Lemma 5. Let be be arebf on Q. Foranya, B formulaeof &£, bels = o - B if, andonly
if, each bet-preferred world ofx satisfiesB.

Characterizing bf-consequenitea preferentialframeworkis usefulfor relatingour systems
to other existing ones by making usekabwn results. For example we canshow that a specific
ebf-basedsystemis equivalentto an existing preferentialsystemby showing that they sharethe
samepreferenceelation: we shall makeextensiveuse ofthis techniquein Section5. As a more
immediateresult, we show that bf-consequences equivalentto the systemP of Kraus, Lehmann
and Magidor (1990) — which in turn is equivalent to Adagasystem.

Theorem 1 For a givem\, o ks B if, and only if,a b p B.

Proof. (Sketch,detailsin AppendixB.) [0 ] Infinitesimal probability distributionsare a special
case okbf where only singletons are assigned a non-zero mHsSs, bf-consequences a subset
of Adams’ e-consequenceyhich is equivalentto P-consequencd]] Lemma4 tells us that the
inferencerelationinducedby any belz in EBF(A) is preferential,and thereforeit satisfiesall the
rules ofP. As this is true for anpelz, thent-; satisfiesthe rulesof P, andso it containsall the
preferential consequences/of [ |

This result tells us two things. First, wanuse(epsilon)belief functionsto give semantics
to the systemP, just as Adamsused(epsilon)probabilities. Second s suffers from the same
problems as syste, namely, thgproblemsof irrelevanceand of blocking of inheritancethatis,
bf-consequences too weakwith respectto our desiderata.In therest of this paper,we explore
several ways to define bolder consequeamtationsby restrictingour attentionin (4), (section3.2
above) to jussomeof theebf-models in EBFf).

4  Using the Least-Commitment Principle

We haveseenthat any e-belief function inducesa specific (preferential)order over the possible
worlds inQ. In particular, angbf-model ofA induces one such order which is compatibith all
the defaultsin A (in the sensespecifiedby the = relation). One way to selectsomeof the ebf-
models ofA is by imposing some constraints on this ordarreasonableonstraintis to requireit
to be minimally informative: intuitively, we want to lo@l the consequencesf “only knowing” A
(and nothing more).

4.1. e-least commitment
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definitions 3, 4 and 5: together, these constitute the core of our approach to dedimimgpnotonic
systems using (epsilon-) belief functions.

3.3 A preferential view

Non-monotonicconsequenceelationsare often characterizedn terms of preferentialsemantics
(Shoham, 1988; Kraus et al., 1990). In a nutshell, a preferential model is a structui®, &y <)
where S is a finite set of states, f ma&ashstateto a world, and< is a strict partial orderover S.
The < orderis meantto capturethe ideathat a stateis “more normal” than anotherone; < is
sometimes called preference relation Given a preferential model Vé,states is calleda minimal,
or preferred state for a formulgiff: (i) f(s) =@, and (ii) there is no stat€ in S suchthats’<s and
f(s)=@. We may call s a <-preferred state gof we need to make the order < explick.formula
U is a consequence @fin W, denotedby W = @ |, iff eachpreferredstates for @is suchthat
f(s)=u.

Our belieffunction semanticscan be given an equivalentcharacterizationn a preferential
framework. More specifically, we can associateeachebf bels with a preferentialorder among
worlds inQ as follows.

Definition 6. Let belz be arebf onQ, and letw; andw, be two worlds i). We say thaty, is
bels -preferred tow,, and writew; <g wy iff plg(wg) >, plg (wp). We call the strict partiadrder
<& thebels -preference relation

The ordeK ¢ can be used to define the sepoéferredworlds, accordingto bels, of a given
formula.

Definition 7. Letbels be anebf on Q, anda aformulaof £.. A world w of Q is a bels-

preferred worldfor a if: (1) w satisfiesa; and(2) thereis nootherworld w' that satisfiesa such
thatw' <g w.

Recallthat, by definition, the ebf-model relation k= is characterizedy the >, relation between
values of plausibility. As the latter doselyrelatedto <z, we may expectthatthe = relationcan
be defined in a preferential way Wg. The following lemma shows that this is indeed the case.
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Lemma 4. Let bek be arebf, and leta - 3 be a default rule.
(i) Dbels E a-p iff ma&nbamﬁplg(w) > MaXy o1 plz (w).
(i) belg = a-pB iff lim,_qbelg(Bla) = 1.

The notion okbf-model can be extended to a full bAsef default rules in the obvious way:

Definition 5. We say that bglis anebf-model ofA, written bek = A, iff belg is anebf-model
of each rule iM\. We denote by EBBA] the set of all thebf-models ofA.

Thus, EBFQ) is a subset ofthe setof all the e-belief functionsbels suchthatbels = a - 3 for
any defaultn - 3 in A.

Our next step iso useebf modelsto definea notion of entailmentfor defaultbasesj.e., to
define which conditional assertioos- 3 are entailed by a default base A naturalway to do this
Is via the usuatlefinition of logical entailment:A entailsa - 3, written A &= o - 3, iff everyebf
that is arebf-model ofA is also arebf-model ofa - 3. That is,

A E o-p iff forany bek in EBFQ), bek E a - B. (3)

By constructiongeveryrule in A is entailedfrom A itself, a propertywe will call the “auto-
deductivity property”.

Recallthat the defaultbaseA is meantto represenbur backgroundknowledge. OnceA is

fixed, (3) tells us which formulae are to be considered “normal consequences” of anfjpgivela
o — namely, all the formula@ such that\ = a - 3 holds. One goah this paperis to studythe

propertiesof the notion of “normal consequence’so obtained. We call bf-consequencehis
consequence relation, and denote itfpy. It follows from (3) that, for a give and for anyx, 3

O£,
o ke B iff for any bek in EBFQ), bels = o - B. 4)

As we show in the next subsection, thg; relationis not entirely satisfactory,andwe shall

define several more specific non-monotonic consequence relations in thethéspaper. In each
case,the definition will look like (4), with the EBF(A) setreplacedby somesmallerset of ebf-
models. These subsets will be obtained by imposing constraints on thefféreebf's and/oron
the ordering of the infinitesimalsthat they contain. In all cases,we shall use formula (4) and
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Lemma 1 5 Let mg be ane-massassignment.Thenmg(A) [ IE1D{1} for exactly one element
AD0Q,and mp(X) DE°O {0} forall X O Q, X # A.

Moreover,undercertainconditions,the resultof applying Dempster'srule of combinationto
ebf's is itself arebf, as stated by the following.

Lemma 2. Letm; andmy betwo e-massassignment®n Q. Thenmjp2 = mpOmy is ane-mass
assignment, provided that the normalization factor in the combination is 1.

The hypothesison the normalizationfactor meansthat m; and my have no disjoint focal

elements; as we shall see in Section 5, this is alwaystmgr frameworkprovidedthat the default
baseA is (classically) consistent.

Finally, we state a couple of properties that will be useful for working shits.

Lemma 3. Let bek be arebf onQ. Forany XO Q,
@ ple(X) =0 % ple(x}) -

xOX

(b) ple(X) =w MX plg({x}).
xtX

3.2 ebf-entailment

We can usebf’s to give semantics to default rules isg@irit similar to Adams’ use ofinfinitesimal
probabilities. From now on, and unlessstatedotherwise,the frame of discernmentQ will be

assumed to be the set of all the distinct truth assignments (or worlds) fmopositionallanguage
¥.. Recallthatwe use[a] to denotethe set{wQ | wk=a}; andthat we usethe abbreviations

mg (a) for mg ([a]), and mx (w) for mg ({ w}) (similarly for belg and pk).

Definition 4. Letbels be anebf, andlet a - 3 be a defaultrule. We say that belz is an ebf-
modelof a - 3, and write bg = o - B, iff plg (alB) >, plg (a0-P).

We can giveebf-models other equivalent definitiorike thosestatedby the nextlemma:the
first one has a more operational flavor; the second onecoségionalbelief functions,andthusit
is closer to the spirit of Adams’ proposal.

5 The proofs of all lemmas and theorems are reported in Appendix B.
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defaultsA if, for any e-belief function bel that satisfiesall the defaultrulesin A (i.e., belGjla;) is
close to 1 for each rule; - 3;), bel@|a) is close to 1. As wwiill see,this definition produceshe
same results as Adams’ system.

3.1 Epsilon-belief functions

Our first stepis to define e-belief functions. Intuitively, theseare functions whose values are
infinitesimal, andwhich are belief functionswhenthe argumentn of theseinfinitesimalsis fixed.
Our aim is to studythe limit behaviorof thesebelief functionsasn tendsto 0, in which casetheir
values get close to 0 or 1. We shall do this using ¢herel=,, relations introduced above.

Definition 3. Let Q be a finite non-emptyset. An e&massassignmenton Q is a function
mg: 22 - E such that, for alh 0(0,1),

(i) mg(0)(n) =0;

i) > mg(X)() =1.

xaQ

The valueof mg dependn n, butfor anyfixed n O (0,1), mg is a (standard)basic belief
assignmenbn Q. In fact, forall n, all the valuesmg (X)(n) arein [0,1] dueto our definition of
infinitesimals(recall that, if tOIE, thenfor anyn(0,1), t = 0 andt < 1); andtheyaddup to 1 by
definition. In practice,we will only considerthe behaviorof mg whenn tendsto 0. As n
approaches 0, all masses approach either O or 1. More precisely, the masdesabeddimentsare
infinitesimal, except for one whose limit is 1.

If mg is an e-massassignment, forevery n, we computethe belief function induced by
mg(.)(N) via (2, section 2.3), The set belief functionsso obtainedis denotedby bels, and called
an e-belieffunction (ebf, for short). We denoteby pls the correspondinge-plausibility function.
Notice that the indeg of mg is meant here to simpluggesthe specialnatureof the massesLater
in the paper, we shall studpf's which are built from some specific sdtinfinitesimals&0E. The
indexe then will stand for this specific set.

The restrictions that we have imposed on infinitesimals as defined in S2etignaranteghat
anebf exists. For example, sitA) = 1-€, mg (Q) = €, andmg(X) = O elsewhere, fosomeA O Q

ande O EC. We call an assignment of this form&asimple support function
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, e t2 :
pre-order>,, definedasfollows: for anyts, to [ E°, t1 20 to iff limp_ o t ([0,»), what is
equivalent tak(t1) < K(t2) (see Lemma A4.a). Intuitively; B to saysthatty is at leastassmall as
1.

The >, pre-ordercanbe naturally extendedo elementsof E andto IR *, the setof positive
real numbers. For the particular cage tp = 0, we postulate 8 0.

The>,, relation induces two other binary relationsIBA R+ as follows:

° 11> to iff 11 2 to @andnotty 2, t; (read“ty is infinitesimally smallerthant;”) or
equivalently iffk(t1) < k(t2),

* 11 =ty iff bothtg =2, trand p=,t1 (read “pis as small aR”) or equivalentlyiff k(t1) =
K(t2)

When § = to, we also say thai and p areof the same order

The inequality>« is irreflexive andtransitive,and= is reflexive, symmetricandtransitive,
l.e., it is an equivalence relation (see the Appendix for proofs).

We alsousethe standardnathematicakelationsand operatorson elementsof IE, meaning
pointwise application. For example, Qy>tto we meani(n) > to(n) for everynJ(0,1).

In this paper,we usethe orderedset IELR*, >,[Jto distinguish different orders of
infinitesimals. Note that O lays at the bottom of this structure,andall the elementsof EIOR* at
the top. More precisely, for anMEO and alE*, we have agtandt 3 0 — that is, elementsf
E° areinfinitesimally largerthanO (in the sense 0P ), but infinitesimally smallerthan any real
number. Moreover, if tOEY, we havet >, t andt =, a, that is elementsof E! are

infinitesimally larger then the elementsof E°, and they are of the sameorder as positive real
numbers. (In fact, all real numbersare of the sameorder:a=, b for all a,lIR*; intuitively, no

positive real number is infinitesimally larger than any other.) Appendix A reports more properties.

3 A Belief Function Semantics for Defaults

In this section, weadaptAdams’ e-semanticgo a belief function framework.First, we introduce
the notion of e-belief functions,whosevaluesare either (infinitesimally) closeto O or closeto 1.
Next, we interpret a default rutg - 3; as meaningthat the conditionalbelief bel(Bj|a;) is closeto
1. Finally, wedefinea consequenceelationt in a naturalway: a r (3 follows from a baseof
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class of beliefunctionsthatwe areinterestedn. Our treatmentis groundedin standardanalysis;
technical details are given in Appendix A.

We define first therder of a function and the concept of iafinitesimalas used in this paper.

Definition 1: Let f be a continuous function frol to IR. A non negativeintegerk is calledthe

f
order of { denoted(f), if and only if Iimnqo% OR-{0} when such a limit exists.

If thereis ak that satisfiesthe previousdefinition, thenthis k is unique(to seethis, notethatthe
above limit is infinite for any n >k, and it is zero for any R)< If thereis no suchk, we saythat
the order of f is undefined. We also extend the notion of order to real constantsc [1 R by
postulatingx(c) = 0 if c# 0; andk(0) = (addition,minimum and exponentiatiorare extendedn
order to include infinity in the obvious way).

Definition 2: An infinitesimale is a real continuous function from (0,1) to (0,1) such that :
2) the ordex(g) is defined.

We limit ourselvedo the infinitesimalswith limited domainsandrangesandthat admit an order,
which is a positive integer, since these provide all we meduls paper.Our definition of k(g) fits
with the intuitive idea that the larger tbederof €, the'closer' € is from 0 in the neighborhoodf
0.

We denote b)IEO the set of all infinitesimals so defined.

We then define E1 = {1-¢ | sDIEO}. Intuitively, E! contains elementswhich are
infinitesimally close to 1, i.e., for anEiEl, limp_ot(n) = 1. Finally, we define the s by
E=E°0El0 {0} O{1.

By construction, the elementsBfare functions t off whose value tends &ther0 (for IDIEO) or
to 1 (for 1DIE1) asn tends to 0, plus the 0 and 1 constankbesearethe objectsthat we shall use
as values for our extreme belief functions.

Although the elements @&° are “small” in the above sense, some elements are “smeilter”
g2
others. For instance, dfis an infinitesimal, thee? is smallerthane, meaningthat the ratio; is

itself infinitesimal: we sayhat €2 is negligiblewith respectto €. The ability to rank infinitesimals
into classes of “smallness” will be pivotal to our study. To do scequep the set E° with a total
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of the two piecesof evidenceis representedby the belief function behObeb obtained by
Dempster’s rule of combination, and described by the basic belief assignment

1
mOmz(A) = ¢ Z my(B).my(C) A 0OQ.
BnC=A

where c=1— Z m;(B).my(C) .
BnC=0

The c factor is called the normalizationfactor. Note that the O operatoris commutativeand
associative, so the order in which we combine pieces of evidence is irrelevant.

When a new piece of evidence telling thatdctialworld belongsto A becomesvailableto
the agent, his/her belief is revised by the application of the so-called Dempster’s rule of
conditioning. The basic belief mass m(X) tiaas specifically supportingthe subsetX of Q, now
supportsXnA. This transferof belief masses iddescribedby the following relation, where
bel(.|A) and pl(.JA) denote the conditional belief and plausililityctionsobtainedafter revisingm
with the new evidence A:

bel(XOA) — bel(A)
1 — bel(4) !

bel(X|A) =

I(XnA
pI(X|A) = %.

A formal justification of both Dempster'srule of combinationand Dempster'srule of conditioning
can be found in (Smets, 1991997b)and (Klawonn and Smets,1991). Distinctnesss definedin
(Smets, 1992).

2.4. Infinitesimals and the induced negligibility relation

In this work, we consider “extreme” belief functions which values are “infinitesimally closedto 0
to 1, muchin the spirit of Adams’ system. Before we embarkin the descriptionof thesebelief
functions,we needto give precisemeaningto the expressiorfinfinitesimally closeto O orto 1”.
The study of such expressions tise objectof non-standardanalysis:we addresghe readerto
(Robinson, 1965), (Keisler, 1976) and (Nelson, 1977) for some foundational work; and to
(Lehmann and Magidor, 1992), (Weydert, 1995) and (Wilson, 1996) for applic&tipnsbability
theory. For the limited goals of this paper, howeverga@ot needa full theoryof non-standard
analysis. In what follows, we outline the elementghatwe needin orderto preciselydefine the
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where A denotes the set-theoretic complement of A with respeet to

It is importantto emphasizehat our approachis basedon the transferablebelief model
(Smets, 1997a)yandnot on upperandlower probabilities(Walley, 1991). Accordingly, the term
bel(A) should be read as the belief given by the agent ttath#éat the actualworld belongsto A,
andnot asthe lower envelopof a family of probability functions representinghe agent’sbelief
about which world is the actual world.

If all the focal elementsof a basicbelief assignmenare singletonsthenbel is a probability
measureandbel = pl. If thefocal elementsAy,..., A arenested(thatis, A O0...00 Ap), belis
called aconsonant belief functiom which case, for all A,BQ,

bel(AnB) = min(bel(A), bel(B)); and
pl(AOB) = max(pl(A), pl(B)).

In this case,bel is a necessityneasureandpl is a possibility measurgZadeh,1978; Dubois and
Prade, 1988). If m has at most one focal elemeatAA # J, i.e.,

m(A) = s, mQ) = 1-s, m(elsewhere) = 0, [[0,1],
then its related belief function is callegdimple support function

Belief functionscan be partially orderedby their strength.Let bel; and bel, be two belief
functionsover Q. We say that bel; is less committedthan bel, (or beb dominatesbel where
‘dominating’ means ‘more informative’) iffor all A O Q, pl1(A) = ply(A) with at leastone strict
inequality. Whenm1(@) = my(3) = 0, asrequiredin this paper,this definition is equivalentto
bel(A) < beb(A) for all A 00 Q with at leastone strict inequality, Intuitively, bel, poseslessstrin-
gentconstraintghanbelb, on which world could be the actualone. The vacuousbelief function
defined by the basic belief masse€dn€ 1 and m(A) = 0 for all AQ, is theleastcommittedof all
the belief functions of.

Givenafamily % of belief functions,we definethe leastcommitted sef\ i asthosebelief
functions in% that are not dominating another belief functiorfdn

A% ={bel: bel] %, #bell %, bel' less committed than bel}.

The theoryof belief functions providesmechanismgo accountfor the dynamicsof belief
states,that is, the way belief statesare modified in the light of evidence. Let E be a piece of
evidencethatbearson Q. Theimpactof E is representedy a belief function that describeshe

agent’s beliefs 0@ given E (and nothing else). Suppose thatagentreceivestwo distinct pieces
of evidence Eand b, andlet bel; andbel, be the inducedbelief functions. The combinedeffect
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2.3 Belief functions

The semanticdor default reasoningthat we developin this paperis basedon the formalism of
belief functions. In orderto makethis paperself-containedye recall here the basic definitions.
For a more completeexposition, werefer the readerto (Shafer,1976; Smets,1988; Smetsand
Kennes, 1994, Kohlas and Monney, 1995, Smets, 1998).

Let Q be a finitesetof worlds, one of thembeingthe actualworld. A (normat) basicbelief
assignmenbdn Q is a function m: 2. [0,1] that satisfies,

m(d) = 0,
>y mA) = 1
ALQ

The term m(A), called thiasic belief masgiven to Al Q, represents the part of a togadd finite
amount of belief that supportise fact that the actualworld belongsto A and doesnot supportthe
fact that the actual world belongs to a strict subset of A. Any subse®Aarfwhichm(A) > 0 is
called afocal element

An agent’s belietanbe equivalentlyrepresentedby the functionbel: X2 - [0,1], calleda
belief function defined, for any A1 Q, by

bel(A)= S m(B) . (2)
B: BUA

The relationbetweenm andbel is one-to-oneThe term bel(A) representshe degreeof belief, or
necessargupport,that the actualworld belongsto A. It containsthoseparts of beliefs given to
propositionsthat entail A. Relatedto bel is the function pl: 29 [0,1], called a plausibility
function given by

piA)= 53 m(B)
B: BnAZQ

The term pl(A) quantifiesthe degreeof plausibility, of potential support, that the actual world
belongs to A. It contains those parts of beliefs given to propositions that do not cotratote
that

pI(A) = 1 — bel(R),

4 In the transferablebelief model (Smetsand Kennes,1994), belief functions and plausibility functions are not
necessarilynormalized,i.e., we canhavem(d) > 0. Normalizationis assumedereaswe will only study ratios
between bel(B|A) and b&)A), which corresponds to studying normalized belief functions.

e-Bel-Fct July 24, 2000



problemsof irrelevanceand of inheritanceblocking: in the bird and penguinexample,P cannot
deduce that a giverd bird flies, and it cannot deduce that penguins have legs.

2.2 Probabilistic semantics for default rules

Adams (1966, 1975xndlater Pearl(1988) and Lehmannand Magidor (1992), havesuggested
probabilistic interpretation where a default rale 3 is read ashe constraintP@la) > 1-€, with P

a probability distribution oveR.2 Given a set of defauls and agiven €, they constructa classof

probability distributionsA¢ such that, foeachdistributionP in Ag andeachdefaultaj - (3j in A,

P@Bilai) > 1-€ (recall that wewrite a asan abbreviationfor [a]). WhenA¢ is empty,the default
baseA is inconsistent.For example,A = {a -3, a - -B}is inconsistent.Note that if A is

classicallyinconsistentjt is alsoinconsistentin the main part of this paper,we only deal with

consistent default bases. In that case, a forfhidasaidto be ane—consequencef a with respect
to A, denoted byt ¢[3, if for eachPLA¢ thereexistsa real function O suchthatlimg_ gO(€) = 0

and Pla) > 1-0¢€). Said differentlyf3 is a consequence afwith respecto A if the conditional
probability PB|a) is very high providedthat, foreachdefaulta;j - Bi in A, P(Bjla;) is very high.

Parsonsand Bourne (2000) and Gilio (2000) have computedoptimal bounds associatedwith

proofs for default consequences of Systerdams and Pearl interpretasa quantity that canbe

arbitrary small, while Lehmannand Magidor interpretit as an infinitesimal positive number.In

section 2.4, we give a formal definition of the infinitesimals usedin this paper.In general,
probabilistic semantics for default rules @esedon probability valuesthat are either closeto O or

closeto 1. Pearl(1988) and Duboisand Prade(1995) haveshownthatif we allow arbitrary (not

necessarilyextreme)values, then the correspondingconsequenceelation does not satisfy the

rationality postulates defined by (Kraus et al., 1990). Alternative probabalistic senfilanggstem
P have beerproposedin Snow(1999),Schurz(1998), and standardprobabilistic semanticsfor

SystemP has been proposed in (Benferhat et al., 1999).

Lehmannand Magidor (1992) have shown that e-consequencés equivalentto systemP.3
This meansthat Adams’ constructiongives a (probability-basedsemanticsor P; unfortunately,
this also means that this construction suffers from the same problénsasely,irrelevanceand
inheritance blocking.

2 Interestingly, Dubois and Prade (1995) pointed the similarity betweena defaultrule a — B andthe conditional
objectf|a, which can be seen as a symbolic counterpart to the conditional probalf|ay. P(
3 The equivalence holds only for consistent default bases. In thetasmnsistenciesAdamshasalso considereca
further rule "'from ak Oinfers Br~3" (which cannotbe recoveredfrom SystemP). In our paper,we have only
consideredfinite and consistentdefault basesand hencethe technical differencesbetween Adams proposal and
Lehmann's framework (concerning the handling of inconsistent default bases) disappear.
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d=a - 3, we denoteby @ the formula of &£ obtained by replacing — by the material
implication, that isgq = ~aB. If E is a set of defaults, we lgt = [];;z@y. A default basés a
multisetA = {a;j - Bj, i=1,...,n} of defaults. We emphasizehat a defaultbaseis a multisetrather
than a set, i.e.,o{ - B} is different from {a - 3, a - [3}.

A default base can contagtefaultsthat hint at oppositeconclusionggiven the samepremise.
For example, considghebaseA = {b -f, p-b, p- -f} (where“b” stands for “bird”,“f” for
“flies”, and“p” for “penguin”); given the fact b[p, the first default supportsthe conclusion“f”,
while the third onesupports‘=f” — in fact, the formula @,U(b[jp) is classicallyinconsistentWe
say that the defaulia A areconflicting If the formula @, is itself inconsistentwe saythatA is

classically inconsistent In general,no non-trivial result can be derived from a classically
inconsistent default base.

We usedefaultbasedo represenbackgrouncknowledgeaboutwhat is normally the case.
Given abaseA, we areinterestedn defining a consequenceelationt 5 betweenformulaeof &£.

that tells us which consequences we can “reasonably” draw from givergigetsthe background
knowledgeA. Ourgoalis to defineh 5 sothatit fulfils the desideratdisted in the Introduction.
For example,given the baseA above,we wouldlike to haveb  f and bOp k =f, but not
b(p k f (we omit theA subscriptwhenthis is clearfrom the context). This exampleshowsthat
k- should be non-monotonic; other desiraloliemal propertiesfor the ~ consequenceelation have
been discussed, for instance, by Gabbay (19883us, Lehmannand Magidor (1990), Lehmann
and Magidor (1992) and Gardenfors and Makinson (1994).

In particular, Kraus, Lehmann and Magidor (1990) have proposecé gestulatesknown
as the KLMpostulatesthat are commonlyregardedasthe minimal core of any “reasonablenon-
monotonic system, and defined a non-monotonic system, éa(fed “Preferential”), based othe
following six postulates:

1. Reflexivity: ok a

2. Left Logical Equivalence (LLE): froma = a', a'=a andah 3 deducen'™ 3
3. Right Weakening (RW): from 3 = ' anda ~ (3 deducen b 3

4. OR: froma  yand b ydeducex OBy

5. Cautious Monotony (CM): froma b B anda b ydeducex OBy

6. Cut: froma OB K yanda (3 deducex by

From these rules consequenceelationtp canbe definedfor any givenA by: @ ~p U if
and only ifg b ¢ canbe derivedfrom A usingthe rulesof systemP. Unfortunately,systemP
turned out to be too weak to be satisfactory:for instance,it suffersfrom the above mentioned
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our desiderata, and we devote the rest of the paper towaydto strengthernit. In Section4, we
use the least-commitment principle, and obtasystemequivalentto Pearl’'ssystemZ. In Section
5, we useDempster'srule of combination,and obtaina family of systemsthat includessystems
equivalentto severalpopular non-monotonicsystems.Theseresultsare important, becausethey
show thagt-belief functions provide a general framework for default reasahiigzapturesseveral
existing systemdgand possiblyothers)as particularcases. Eachsystemis obtainedby imposing
certainconstraintover the e-belief functions. In Section6, we studythe systemobtainedwhen
these constraints confimm two generalprinciples:leastcommitmentand auto-deductionWe call
LCD this newsystem.In Section7, we analyzethe behaviorof LCD, andshowthatit correctly
addresses the problems of specificityjroglevance of inheritanceblocking, ofambiguity,and of
redundancy. Section 8 devotedto a comparisorof LCD with otherpopularsystemswe show
thatLCD is strictly stronger than Kraus, Lehmann and Magidor’s sy$§tefmut it is incomparable
with all of the major extensions Bfcurrently found in thditerature.Section9 containssomefinal
remarks and suggestions for future work. More technical details are collected in two appendices.

2 Background
2.1 Default reasoning
We are interested in representoigfault rulegor, simply,defaultg of the form
normally, if we haver, thenf is the case, Q)

wherea andp are formulae of some underlying langudfe In this paper, we assume tltis a
classicalpropositionallanguageconstructedrom a finite setV of propositionalsymbols(denoted
by lower case letters p, g...) andthe usualconnectived (conjunction),l] (disjunction),and -
(negation).The elementsof &£., or formulae will be denotedby Greek letters a, B, J,.... An
interpretation for &£ is an assignmentof a truth-valuein {T, F} to eachformula of &£ in
accordancevith the classicalrules of propositionalcalculus;we denoteby Q the set of all such
interpretationgalso called worlds). We say that a world w satisfiesa formula a, and write
w k= a,iff aistruein w. We denoteby [a]qg the setof all the worlds in Q that satisfy a.
Throughout this paper, we shall normally work wathyectsof the type [a] (whereQ is fixed and
understood), and identify] with the propositiondenoted by the formula. We sometimesusea
as a shortcut forof] when the context prevents any ambiguity. Finally, we sayothexttailsp, and
write a = B iff all the worlds that satisfa also satisfyB, i.e., o] U[B].

We write the default rule (1) as— B, wherea andp are formulae off.. Note that>.” is a
non-classicakrrow, and it should not be confusedwith material implication. Given a default
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. Syntaxindependencethe consequencesf a knowledge base should not dependon the
syntactical form used to represent Hwailableknowledge. In particular,they shouldnot be
sensitive to duplications of rules in the knowledge base; faitude this is referredto asthe
problem ofredundancy

Since Reiter’s paper(1980), many proposals forreasoningwith default information have
appearedn the literature. Someof them are basedon the use of uncertaintymodels such as
probability theory (Adams, 1975; Pearl, 1988), or possibility theory (Dubois & Prade, 1988;
Benferhat et al., 1992). Up to now, however, no single system has been repoffigtiishall of
the desiderata above. In this paper, we show how we can uselnetigbns, originally developed
for modelinguncertainty(Shafer,1976; Smets,1988; Smetsand Kennes,1994), to build a non-
monotonic system that gives a satisfactory answer to all of the above issues.

There have already been a few works on representingdefault information with belief
functions, e.g., (Hsia, 1991; Smetsand Hsia, 1991). Theseworks require the assessmenof
numerical values, whose originagten an openquestion.Finding a representatioffree from such
assessments would somehawoid the problemof the origin of the numbers.The representation
thatwe developin this paperaddresseshis problem. Our starting point is an interpretationof
default information that usesa class of infinitesimal belief functions, called e-belief functions,
whose non-null masses are either infinitesimally close to O or to 1.

Theideaof using extremevaluesis not new in plausiblereasoning.For instance,Adams
(1975) uses extreme probabilities to encode default informddekleer (1990) and Poole(1993)
apply extreme probabilities to diagnostm®blems;and Wilson (1993) representslefaultrules by
limits of belief functions.In this paper,we show that Adams' resultsfor reasoningwith default
information based on probability functions can also be obtained with belief functions. Thamis
greaterexpressivepower and the greaterflexibility of belief functions, we are able to build a
powerful frameworkthat can be specializedto captureany oneof severalexisting systems. In
particular, this framework encompasse®fAdams' system, the P system, the Z system, the
possibilisticlogic, the penaltylogic, the lexicographicapproach, Geffner’sonditionalentailment,
and Brewka's preferred sub-theories.Moreover, we proposea new system based on this
framework, called LCD, which is different from all these existing systems. LCD correctly
addresses the problems of specificityjroglevance of inheritanceblocking, ofambiguity,and of
redundancy, that are encountered among the other systems.

The restof this paperis organizedasfollows. The next sectionfixes the notation, recallsa
few notionsof the theoryof belief functions,andreviewsAdams’ e-semanticsin Section3, we
introducee-belief functions,and show how to use them to define a non-monotonicconsequence
relationthatis equivalentto Adams’ e-semanticsThis relationturnsout to be too cautiousgiven
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flies. If we later learn that it is penguin,however,we shouldwithdraw this conclusion. Similar
problems are encountered in diagnostic settings (e.g., De Kleer, 1990). The desadttesfor
a consequenceelation that capture default reasoninghave beendiscussedat length in the Al
literature. They can be summarized as follows.

. Rationality the consequenceoperator used to generate plausible conclusionsfrom a
knowledgebaseshouldsatisfy the rationality postulatesproposed byKraus, Lehmannand
Magidor (1990)(see section 2.1)

. Specificity resultsobtainedfrom more specificclasseshouldoverridethoseobtainedfrom
more generic ones (Touretzky, 1984). For example, frondefeultbaseA = {“Birds fly”,
“Penguins do not fly”, “Penguins are birds”}, one should dedbhaeTweety,who is botha
penguin and a bird, does not fly, since penguins are a subclass of birds.

. Irrelevance: if a formulad is a plausible consequencempfandif a formula is “irrelevant”
to the problem) thed shouldalso be a plausibleconsequencef a [ 3. For example,given
the default rule “birds fly”, we shouldalso deducethat “red birds fly” since beingred is
irrelevantto the propertyof flying, meaningthat no conditionalassertionn the defaultbase
deals with red things. This intuitive notion of being “irrelevant” is prefciselydefinedin the
NMR literature — in fact, the very use of the word “irrelevant” here may be criticizethis
paper, we consider a narrow definition of irrelevance, and say that a f@nsulaelevantto
a default basA if B is composed of propositional symbols that do not appéear in

. Property inheritance:a sub-class that is exceptional with respect to qmoyertyshouldstill
inherit the other properties frosuper-classesjnlessthereis a contradiction. For example,
from the defaultbaseA aboveplus therule “Birds havelegs”, one shoulddeducethat pen-
guins havelegstoo, sincehavinglegsis not a conflicting property— the only conflicting
propertyis flying. Failure to perform thesedeductionsis referredto as the problem of
inheritance blocking

. Ambiguity preservatiann a situationwherewe have arargumentin favor of a proposition,
and an independent argument in favor of its negation, we shotimncludeanythingabout
that proposition. The mostpopularexampleis the so-calledNixon diamond:knowing that
Quakers are pacifists, that Republicans are not pacifistshatidixon is both a Quakerand
a Republican, one should not deduce that Nixon is a pacifist, nor that hé is not.

1 Note that this is different from the situation in which the sameargumentsupportsboth a conclusionand its
contrary. For example, given the rules-5 3" and “a - -3", the argumentr supports botf and its contrary f. In
the latter case, we are in the presendeasnsistency
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Abstract. We present a new approach to deal with default information bagéé theory
of belief functions. Our semanticstructures,nspired by Adams’ epsilon semantics,are
epsilon-belief assignments, where mass values are either close to 0 or tlokettee first
part of this paper, we show that these structures casdito give a uniform semanticgo
several popular non-monotonic systeimsjuding Kraus, Lehmannand Magidor’ssystem
P, Pearl'ssystemZ, Brewka's preferredsub-theoriesGeffner’s conditional entailment,
Pinkas’ penalty logic, possibilistic logic and the lexicographic apprdadhe secondpart,
we useepsilon-beliefassignmentso build a new system,calledLCD, and show that this
system correctly addresses the well-known problems of specificélgvance blocking of
inheritance, ambiguity, and redundancy.

1 Introduction

Default reasoningis a form of non-monotonic reasoning (NMR) that consistsin drawing
conclusions from (i) a setf generalruleswhich may haveexceptionglike “birds fly”), and(ii) a
set of factgepresentinghe availableinformation (which is oftenincomplete).The conclusionsso
drawn are only plausible, and they can be subsequently revidiesllight of the new information.
In the canonicalpenguinexample,if we know that Tweetyis a bird, thenwe canconcludethat it

* A preliminary short version of this paper appeared in the Proceedings of the Conference on Unceftdifityain
Intelligence, Montreal, CA, 1995, pp. 19-26.
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