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Abstract. We describe a methodology based on a dual Belief Network-
Multilayer Perceptron representation to build Bayesian classifiers. This
methodology combines efficiently the prior domain knowledge and sta-
tistical data. We overview how this Bayesian methodology is able (1) to
define constructively a valuable ”informative” prior for black-box mod-
els, (2) to provide uncertainty information with predictions and (3) to
handle missing values based on an auxiliary domain model. We assume
that the prior domain model is formalized as a Belief Network (since this
representation is a practical solution to acquiring prior domain knowl-
edge) while we use black-box models (such as Multilayer Perceptrons)
for learning to utilize the statistical data. In a medical task of predicting
the malignancy of ovarian masses we demonstrate these two symbiotic
applications of Belief Network models and summarize the practical ad-
vantages of the Bayesian approach.

1 Introduction

The Bayesian approach is becoming more attractive for the machine learning
community because it can cope with the valuable subjective prior information
in a principled way and it provides more detailed information for decision sup-
port. These properties are particularly attractive in medical applications, since
detailed uncertainty information can be vital in a medical decision and frequently
abundant prior domain knowledge is available beside the statistical data. The
appearance of powerful stochastic algorithms further helped the wider applica-
tion of the Bayesian approach, since more complex models became manageable
in a Bayesian way. However, the Bayesian application of such efficient black-box
models is hindered by the fact that the domain knowledge cannot be formulated
directly in terms of such models (i.e., as a prior probability distribution over its
parametrization). To solve this problem, we used Belief Networks to formalize
the prior knowledge in a Bayesian way [3] and suggested an algorithm based on



Belief Networks to derive informative priors for black-box regression models [2].
Since the constructed Belief Network is a complete probabilistic domain model,
it can be attached to regression models as an auxiliary model to handle miss-
ing values frequently occurring in a medical context [1]. The derived informative
prior and the probabilistic auxiliary domain model can be important elements for
the successful application of black-box regression models (for a related overview
on knowledge-based neurocomputing, see [5]). In the paper we summarize these
methods retrospectively from a unified perspective and compare the performance
of these extended black-box regression models with Belief Network models in a
real-life medical problem.

The paper is organized as follows: Section 2 reviews the Bayesian approach
in classification problems. Section 3 recapitulates the medical problem which
will serve as a test case, introduces the data and defines relevant performance
measures. In Section 4 we discuss the applied Bayesian models, particularly the
derived informative prior distributions and the missing value management. In
Section 5 we describe shortly the algorithms used to approximate the Bayesian
performance measures. Section 6 presents the performance of the models and the
comparison of the models in the Bayesian framework. In Section 7 we summarize
the advantages of Bayesianism in this classification problem and the proposed
informative priors.

2 Classification in the Bayesian Context

Starting with a prior distribution expressing the initial beliefs concerning the
parameter values of the model, we can use the observations to transform this into
the posterior distribution for the model parameters expressing the beliefs after
observing the data. Using this posterior distribution over the model parameters,
useful random variables can be defined for functions depending on the model
parameters, like predictions and error measures.

In a binary classification task this rationale means the following. We are
primarily interested in the correct classification of an observation € R'. This
can be achieved by constructing a binary decision function g(x,w) € {0,1}
where w € @ are the model parameters. A more informative predictive model
provides not only a class label, but also the class probabilities, though it is a
more complex task both from a statistical and computational point of view. As
a further step in improving the decision support, uncertainty information can
be provided for the class probabilities, for example the posterior distribution
of class probabilities in the Bayesian framework. In this paper we follow the
Bayesian approach to solve the classification problem for two main reasons: to
incorporate prior background information in a general and principled way and to
provide detailed information with clear semantics for decision support. Therefore
we use a probabilistic regression model P(T = l|z,w) = f(x,w) € [0,1] with
model parameters w € @ and a prior distribution pn(.) over @. We assume
a supervised learning scheme, that is the existence of a labeled training set
d={z,tx}7_,, (xk,tr) € R x {0,1}, where z is a real valued [-dimensional



input vector and ¢ is the corresponding class label. In the paper we use capitals
for random variables, bold indicates a vector and an underline indicates a matrix.

Using the observed data d and applying Bayes’ rule, the prior distribution
can be transformed to the posterior distribution

pa(ld) ro(d)
where L(w|d) denotes the probability of the data given the parameters.

Once we have this posterior distribution for the model parameters, we can
define random variables related to predictions, performance, etc. In classification
problems for example, we are interested, for a given @, in the random variable
f(x, £2) where £2 is a random parameter vector. In this way we have uncertainty
information about the predicted class probability.

We can simplify this result to scalar values for the class probabilities P(T =
1|z, d). The optimal step back depends on the cost function attached to the
reported scalar value. Assuming the L, loss function, the optimal strategy is
to report the expectation of the class probability in the posterior parameter
probability space f(z) := Eqq[f(x,w)]. A further simplification is to discretize
this scalar value using some user specified threshold )\, deriving a binary decision

function £ N
_ J1lift Eggalf(z,w)] > A
ga(x) := {0 else.

These three distinct levels (f(x, £2) , f(x) and gy (x)) provide diminishing
possibilities for decision support. This is illustrated by the increasing information
provided by the class labels, class probabilities and distributions of class proba-
bilities, though the burdening statistical and computational complexity should
be considered too.

3 Classification of Ovarian Masses

Ovarian malignancies represent the greatest challenge among gynaecologic can-
cers. A reliable preoperative prediction in terms of benign and malignant ovarian
tumors would be of considerable help to clinicians selecting an appropriate treat-
ment. There are two sources of information to construct such predictive models:
prior knowledge and data.

The available relevant medical literature and expert knowledge is abundant
and very diverse (for an overview, see [7]). In addition to the prior background
information, data were collected prospectively from 300 consecutive patients
who were referred to a single institution (University Hospitals Leuven, Belgium)
from August 1994 until June 1997. The data collection protocol ensure that
the patients had an apparent persistent extrauterine pelvic mass and excludes
other causes that may have similar symptoms such as infection or pregnancy, so
the primary aim is differentiation between benign and malignant masses (for a
detailed description, see [7]). Univariate statistics of data set are presented in
Table 1.



Age |Parity| CA 125 |Color score| RI
E[.|Benign] 47.77] 1.50 | 110.34 198 [0.12
E[.|Malignant] |58.62| 1.57 [1222.299 3.20 0.41
Std[.|Benign]  |15.60| 1.40 | 976.56 | 0.84 0.7
Std[.|Malignant][15.18] 1.73 | 3779.64 | 0.95 [0.46

Table 1. Univariate statistics for the ovarian cancer data set.

Standard statistical studies indicate that a multi-modal approach — the com-
bination of various types of variables — is necessary for the discrimination be-
tween benign and malignant tumors. Therefore Logistic Regression models, Mul-
tilayer Perceptrons and Belief Networks were previously applied [7,3]. These
models predicted the scalar class probabilities and they were developed and
tested in the classical statistical framework.

A natural step to provide more detailed information for medical decision
support is to apply the Bayesian approach to provide the distribution of class
probabilities. We can use the classical statistical performance measures for the
evaluation of the models in the Bayesian framework, since any performance
measure is a function of the model parameters (for fixed observations/test data).
These performance measures then become random variables which provide more
information than a point estimate.

Because in the medical literature the Receiver Operator Characteristics (ROC)
curve was advocated to assess and compare the performance of probabilistic clas-
sifiers, we use three performance measures: the misclassification rate M R(£2,d),
the ROC curve ROC(.,$2,d) and the area under the ROC curve AUC(S2,d)
(for the definition and interpretations of the ROC curve, see [8]). Finally, we
computed the Bayes factors [9] to compare the models in a Bayesian way.

4 Applied Bayesian Models

In the paper a Multilayer Perceptron (MLP) and a Belief Network (BN) model
are discussed. For each model we define and investigate two types of prior dis-
tribution: informative and non-informative priors, depending on the amount of
incorporated prior background knowledge. Additionally, an auxiliary probabilis-
tic domain model is introduced for the MLP models, which are not capable of
coping with incomplete input samples. This auxiliary probabilistic domain model
is not updated by the observed samples and is only used for coping with missing
input values in the original data set!.

! Note that the BN missing value mechanism is fundamentally different from this
in two important respects: first, the mechanism is immediately provided since a BN
model defines a joint probability distribution, second the prior distributions for Belief
Network models (and therefore the underlying mechanism to cope with the missing
values) is updated by the data.



4.1 Belief Network Models

A Belief Network model defines a joint probability distribution over the domain
variables. It is a probabilistic white-box model, since it consists of a graph model
about the conditional independencies of the domain variables and a quantitative
part specifying the conditional probabilities for the domain variables. The prior
knowledge available from experts and the literature can be directly represented
in an informative prior distribution for this model using the following technique:
Assuming that the parameter independence holds, we use the Dirichlet family
to represent the prior distribution [4]. Using a Dirichlet distribution, an expert
can express his belief in parametrizations, instead of giving only a point estima-
tion for the parameters. The non-informative distribution for Belief Networks
is a uniform distribution corresponding to the Dirichlet distribution with all
hyperparameters equal to one.

We tried to build Belief Networks to formalize the available prior knowledge
from expert and literature in three different ways [3]. In the first phase we exper-
imented with ”biological” models in which various causal models of the disease
are incorporated. The specification of the structure was relatively easy, but the
quantification was not possible from the literature, nor from the expert and we
had a too small data set to quantify additionally introduced hidden variables. In
the second phase we built ”expert” models that reflect the expert’s experience.
The qualitative dependence-independency structure specification was again rel-
atively easy. However the results were too biased because the medical expert
participating in the project previously worked with the same collected data, so
his estimates were largely based on the data set. In the third phase we built
“heterogeneous” models containing biological models of the underlying mech-
anism quantifiable by the literature, parts quantified by a medical expert and
parts quantified by previously published studies. The graphical structure of the
Belief Network model is shown on the left side of Fig. 1.
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Fig. 1. The BN and MLP model structures.

It is worth to note from a computational point of view that all the variables
are discrete in this model class. Because of the extensive and complex usage



of the prior knowledge we used a strict documentation method to track the
route of the prior information from studies into the model. Conversion formulas
were constructed to compile the raw prior knowledge to be compatible with the
conditions of the model and the format of the Bayesian network.

Since a Bayesian network model is inherently capable of performing inference

for incomplete cases, there is no additional technique for handling missing values.
Consequently, we evaluate two Belief Network models: the same structure with
informative and non-informative prior distribution.

4.2 Multilayer Perceptron Models

These probabilistic regression models are defined over a continuous input space
specifying an input-output mapping which can be interpreted as a conditional
probability P(T = 1|z, w) = f(x,w).

The MLP model structure used in the paper is shown on the right of Fig. 1

(for data preprocessing details, input and MLP structure selection, see [7,2]).

Since the Multilayer Perceptron (MLP) model is a black-box model, it is not

possible to specify directly a prior distribution incorporating the available prior
knowledge in a general way. To solve this problem we use the Belief Network
models as a tool to acquire and represent the prior domain knowledge. The
informative prior distribution for the BN is then transformed into a so called
informative prior distribution for the MLP parameters.

Omitting the technical details, it is possible to define a mapping 7 : @8N —

O that transforms a prior distribution pos~(.) over the Belief Network parame-
ter space to a prior probability distribution pg(.) over the black-box model pa-
rameter space?: a black-box regression model f(x,w) is used for approximating
the conditional distribution of the output class P(T = 1|z,wBN) conditioned
on the input «, which is defined by the Belief Network. Thus we can define a
mapping from every Belief Network parametrization wP™ € @BV to the "best”
approximating regression model parametrization w € 6.

The main steps for the application of this technique in the case of Multilayer

Perceptron are the following (see [2] for details ):

1a.

1b.

Generate Belief Network parametrizations {wP", ... wPN} from the Dirich-
let distribution by standard methods.
Generate block of prior samples {d},...,d}} from each parametrization.

It is advantageous to use the prior probabilistic domain model to compute
P(T = 1|z, wBN) for each sample instead of Bernouilli generated class labels
according to this probability.

. Train a Multilayer Preceptron for each block of samples resulting in a block

of MLP parametrizations {w1,...,w;} (we applied the scaled conjugate gra-
dient algorithm [11]).

Estimate the transformed distribution p(.) from the generated MLP parametriza-
tion {wy,...,w;} with a mixture of Gaussians.

3

2 For simplicity, only the Belief Network notations are differentiated with a BN su-

perscript and we use the intact notation for the black-box MLP models.



The non-informative prior for the MLP model is a non-restrictive, complexity
based prior N (0,0%I) (cfr. weight decay for neural networks in the classical
framework).

As mentioned previously, an auxiliary probabilistic domain model for the
MLP models is introduced, which is represented by a Belief Network®. We
use the prior Belief Network described earlier with its most probable a priori
parametrization and assume a fixed data collection procedure with the ignorable
condition [10]. In this case P(X™**|X°* T, Z 6 BN) gives the distribution
of the missing values (for details see [1]) where Z are those variables that oc-
cur in the data set and in the attached auxiliary domain model, but not in the
MLP model. It means that the auxiliary Belief Network model provides a theo-
retically optimal solution to use incomplete samples for learning and inference.
Using these assumptions it can be shown [1] that the posterior and inference
for such an extended regression model can be written as follows with Z a bi-
nary random vector, where Z; denotes the observed or missing status of the t"
variable.

n
pﬂ(w‘tEObS:é:I:BN) = / /pn(w|t7£0687£miss)Hdp(m?”ss‘ti:m;)bs:zi:BN)
) ) i=1

P(T =1z, 2, T, w) = /f(m7w)dP(mmiss|mObs, z)

5 Inference Algorithms

The target random variables to be estimated are hierarchical: the inference
P(T = 1|92, 2°% 2, d) and the performance related AUC(£2,d), M R(£2,d).

In the case of Belief Network prediction we sample the posterior distribution
po(w|d) by direct sampling from the updated Dirichlet (see [6]) and compute
the conditional probabilities of malignancy for the drawn parametrizations by an
exact inference algorithm using a join tree (see [4]). Based on these predictions
the corresponding AUC and MR values can be computed.

In the case of MLP prediction, at first we sample the unknown input variables
conditioned on all the known variables using the auxiliary probabilistic BN model
(i.e., according to P(Xmiss\X"bs, T, Z, BN)). Then we sample from the pos-
terior distribution based on the completed data set po(w|t, z°%%, 2™%) by the
Hybrid Monte Carlo method [13,12]. Finally we compute the predictions and the
corresponding AUC and MR values for the drawn parametrization on the test set
by averaging over the missing input variables sampling P(X™**|X°** Z BN).

6 Results

We report results for the four models described in Section 4.1 using the algo-
rithms summarized in Section 5. We partitioned the data set described in Section

% Note that the applied Belief Network is discrete valued, so we use additional proba-
bilistic models for transformation between discrete and continuous values.



3 randomly to a test (30%) and training (70%) set, the reported results are based
on the test set. This was repeated 50 times to eliminate dependency on sepa-
ration. The model classes are denoted as follows: Multilayer Perceptron model
with informative prior (MLP-I) and with non-informative (MLP-N) and Belief
Network model with informative prior (BN-I) and with non-informative prior
(BN-N). The performance of the models are shown in Table 2. Note that most
of the outliers for models with non-informative prior are omitted to focus on the
most interesting region. Figure 2 shows the more detailed effect of the prior for

varying sample size.

T4 T4+ 7+ .| EUNal)] MR | ROC
1H B & T N MLP-N [0.1019/0.0007|0.9361/0.0006
1T 7 1T d8 8 MLP-I [0.0964/0.0010{0.9362/0.0010
17 4 THIT 77 BN-N  |0.0980/0.0008|0.9485/0.0006
. RN BN-T  [0.0944/0.0006|0.9371/0.0006

Table 2. The distributions of the area under the ROC curve, of the misclassification
rates and the corresponding means and variances.
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Fig. 2. Learning curves of MLP-N, MLP-I, BN-N, and BN-I models.

The Bayes-factors against the less probable model class (BN-N) are 1.29
(MLP-N), 1.45 (MLP-I) and 1.19 (BN-I) assuming uniform prior probabilities

for the model classes®.

4 To eliminate the effect of the sample size we take the n'" root of the likelihoods

where n = 300 is the size of the sample (i.e., we estimate [, 3/ %dPg (w)
by the Monte Carlo method).



7 Discussion

As can be seen from Table 2 the Belief Network models have the best per-
formance, which is the consequence of the larger number of input variables (a
more extensive comparison including Logistic Regression models can be found
in [2]).Using the same input set as for the MLP models, the performance lags
behind the performance of the MLP models, as Figure 2 shows (for details please
see [2]).

Figure 2 illustrates clearly the subtle advantages of the Bayesian incorpora-
tion of prior domain knowledge through informative priors: it has a large ad-
vantageous effect in the small sample region ([0 — 0.4]) and it has no restrictive
effect in the large sample range.

The Bayes factors indicate that the posterior probability of MLP model with
informative priors is the highest, but the Bayesian model comparison needs fur-
ther investigation, such as the selection of appropriate priors for the models.

Beside numerical comparison, we performed a manual evaluation of the pre-
dictions. The application of the Bayesian approach, particularly for the MLP
models, shows that when the model misclassifies a sample, the distribution of
the predicted class probability is widespread. Therefore the introduction of an
”uncertain” label can have important consequences on performances and thus
on medical decision support. A further interesting medical result that all the
models are regularly ”uncertain” for a well-determined subset of patients, which
suggests that the currently used input features are not enough to achieve reliable
classification for these patients.

8 Conclusions

In the paper the applicability of complex regression models, Multilayer Percep-
tron models, in the Bayesian context was examined. We summarized a tech-
nique that derives informative prior distributions for such black-box models and
overviewed the application of Belief Networks as auxiliary probabilistic models
to handle incomplete cases for probabilistic regression models. We performed a
retrospective analysis to predict malignancy in ovarian masses in which various
Bayesian models were investigated: Multilayer Perceptron and Belief Network
models. We reported standard performance measures in the Bayesian frame-
work, investigated the usability of the more detailed predictions of Bayesian
models and compared the models in the Bayesian framework.

Currently we are investigating a hybrid Belief Network model composed of
a prior Belief Network and a probabilistic regression model, where we treat
the prior Belief Network (including the auxiliary model) and a probabilistic
regression model together in the Bayesian framework.
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