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t. We des
ribe a methodology based on a dual Belief Network-Multilayer Per
eptron representation to build Bayesian 
lassi�ers. Thismethodology 
ombines eÆ
iently the prior domain knowledge and sta-tisti
al data. We overview how this Bayesian methodology is able (1) tode�ne 
onstru
tively a valuable "informative" prior for bla
k-box mod-els, (2) to provide un
ertainty information with predi
tions and (3) tohandle missing values based on an auxiliary domain model. We assumethat the prior domain model is formalized as a Belief Network (sin
e thisrepresentation is a pra
ti
al solution to a
quiring prior domain knowl-edge) while we use bla
k-box models (su
h as Multilayer Per
eptrons)for learning to utilize the statisti
al data. In a medi
al task of predi
tingthe malignan
y of ovarian masses we demonstrate these two symbioti
appli
ations of Belief Network models and summarize the pra
ti
al ad-vantages of the Bayesian approa
h.1 Introdu
tionThe Bayesian approa
h is be
oming more attra
tive for the ma
hine learning
ommunity be
ause it 
an 
ope with the valuable subje
tive prior informationin a prin
ipled way and it provides more detailed information for de
ision sup-port. These properties are parti
ularly attra
tive in medi
al appli
ations, sin
edetailed un
ertainty information 
an be vital in a medi
al de
ision and frequentlyabundant prior domain knowledge is available beside the statisti
al data. Theappearan
e of powerful sto
hasti
 algorithms further helped the wider appli
a-tion of the Bayesian approa
h, sin
e more 
omplex models be
ame manageablein a Bayesian way. However, the Bayesian appli
ation of su
h eÆ
ient bla
k-boxmodels is hindered by the fa
t that the domain knowledge 
annot be formulateddire
tly in terms of su
h models (i.e., as a prior probability distribution over itsparametrization). To solve this problem, we used Belief Networks to formalizethe prior knowledge in a Bayesian way [3℄ and suggested an algorithm based on



Belief Networks to derive informative priors for bla
k-box regression models [2℄.Sin
e the 
onstru
ted Belief Network is a 
omplete probabilisti
 domain model,it 
an be atta
hed to regression models as an auxiliary model to handle miss-ing values frequently o

urring in a medi
al 
ontext [1℄. The derived informativeprior and the probabilisti
 auxiliary domain model 
an be important elements forthe su

essful appli
ation of bla
k-box regression models (for a related overviewon knowledge-based neuro
omputing, see [5℄). In the paper we summarize thesemethods retrospe
tively from a uni�ed perspe
tive and 
ompare the performan
eof these extended bla
k-box regression models with Belief Network models in areal-life medi
al problem.The paper is organized as follows: Se
tion 2 reviews the Bayesian approa
hin 
lassi�
ation problems. Se
tion 3 re
apitulates the medi
al problem whi
hwill serve as a test 
ase, introdu
es the data and de�nes relevant performan
emeasures. In Se
tion 4 we dis
uss the applied Bayesian models, parti
ularly thederived informative prior distributions and the missing value management. InSe
tion 5 we des
ribe shortly the algorithms used to approximate the Bayesianperforman
e measures. Se
tion 6 presents the performan
e of the models and the
omparison of the models in the Bayesian framework. In Se
tion 7 we summarizethe advantages of Bayesianism in this 
lassi�
ation problem and the proposedinformative priors.2 Classi�
ation in the Bayesian ContextStarting with a prior distribution expressing the initial beliefs 
on
erning theparameter values of the model, we 
an use the observations to transform this intothe posterior distribution for the model parameters expressing the beliefs afterobserving the data. Using this posterior distribution over the model parameters,useful random variables 
an be de�ned for fun
tions depending on the modelparameters, like predi
tions and error measures.In a binary 
lassi�
ation task this rationale means the following. We areprimarily interested in the 
orre
t 
lassi�
ation of an observation x 2 Rl . This
an be a
hieved by 
onstru
ting a binary de
ision fun
tion g(x;!) 2 f0; 1gwhere ! 2 � are the model parameters. A more informative predi
tive modelprovides not only a 
lass label, but also the 
lass probabilities, though it is amore 
omplex task both from a statisti
al and 
omputational point of view. Asa further step in improving the de
ision support, un
ertainty information 
anbe provided for the 
lass probabilities, for example the posterior distributionof 
lass probabilities in the Bayesian framework. In this paper we follow theBayesian approa
h to solve the 
lassi�
ation problem for two main reasons: toin
orporate prior ba
kground information in a general and prin
ipled way and toprovide detailed information with 
lear semanti
s for de
ision support. Thereforewe use a probabilisti
 regression model P (T = 1jx;!) = f(x;!) 2 [0; 1℄ withmodel parameters ! 2 � and a prior distribution p
(:) over �. We assumea supervised learning s
heme, that is the existen
e of a labeled training setd = fxk; tkgnk=1; (xk; tk) 2 Rl � f0; 1g, where x is a real valued l-dimensional



input ve
tor and t is the 
orresponding 
lass label. In the paper we use 
apitalsfor random variables, bold indi
ates a ve
tor and an underline indi
ates a matrix.Using the observed data d and applying Bayes' rule, the prior distribution
an be transformed to the posterior distributionp
(!jd) = pT (t1; : : : ; tnj!;x1; : : : ;xn)p
(!jx1; : : : ;xn)pD(d) / L(!jd)p
(!)where L(!jd) denotes the probability of the data given the parameters.On
e we have this posterior distribution for the model parameters, we 
ande�ne random variables related to predi
tions, performan
e, et
. In 
lassi�
ationproblems for example, we are interested, for a given x, in the random variablef(x;
) where 
 is a random parameter ve
tor. In this way we have un
ertaintyinformation about the predi
ted 
lass probability.We 
an simplify this result to s
alar values for the 
lass probabilities P (T =1jx;d). The optimal step ba
k depends on the 
ost fun
tion atta
hed to thereported s
alar value. Assuming the L2 loss fun
tion, the optimal strategy isto report the expe
tation of the 
lass probability in the posterior parameterprobability spa
e f(x) := E
jd[f(x;!)℄. A further simpli�
ation is to dis
retizethis s
alar value using some user spe
i�ed threshold �, deriving a binary de
isionfun
tion g�(x) := �1 if E
jd[f(x;!)℄ � �0 else:These three distin
t levels (f(x;
) , f(x) and g�(x)) provide diminishingpossibilities for de
ision support. This is illustrated by the in
reasing informationprovided by the 
lass labels, 
lass probabilities and distributions of 
lass proba-bilities, though the burdening statisti
al and 
omputational 
omplexity shouldbe 
onsidered too.3 Classi�
ation of Ovarian MassesOvarian malignan
ies represent the greatest 
hallenge among gynae
ologi
 
an-
ers. A reliable preoperative predi
tion in terms of benign and malignant ovariantumors would be of 
onsiderable help to 
lini
ians sele
ting an appropriate treat-ment. There are two sour
es of information to 
onstru
t su
h predi
tive models:prior knowledge and data.The available relevant medi
al literature and expert knowledge is abundantand very diverse (for an overview, see [7℄). In addition to the prior ba
kgroundinformation, data were 
olle
ted prospe
tively from 300 
onse
utive patientswho were referred to a single institution (University Hospitals Leuven, Belgium)from August 1994 until June 1997. The data 
olle
tion proto
ol ensure thatthe patients had an apparent persistent extrauterine pelvi
 mass and ex
ludesother 
auses that may have similar symptoms su
h as infe
tion or pregnan
y, sothe primary aim is di�erentiation between benign and malignant masses (for adetailed des
ription, see [7℄). Univariate statisti
s of data set are presented inTable 1.



Age Parity CA 125 Color s
ore RIbE[:jBenign℄ 47.77 1.50 110.34 1.98 0.12bE[:jMalignant℄ 58.62 1.57 1222.299 3.20 0.41dStd[:jBenign℄ 15.60 1.40 976.56 0.84 0.77dStd[:jMalignant℄ 15.18 1.73 3779.64 0.95 0.46Table 1. Univariate statisti
s for the ovarian 
an
er data set.Standard statisti
al studies indi
ate that a multi-modal approa
h { the 
om-bination of various types of variables { is ne
essary for the dis
rimination be-tween benign and malignant tumors. Therefore Logisti
 Regression models, Mul-tilayer Per
eptrons and Belief Networks were previously applied [7, 3℄. Thesemodels predi
ted the s
alar 
lass probabilities and they were developed andtested in the 
lassi
al statisti
al framework.A natural step to provide more detailed information for medi
al de
isionsupport is to apply the Bayesian approa
h to provide the distribution of 
lassprobabilities. We 
an use the 
lassi
al statisti
al performan
e measures for theevaluation of the models in the Bayesian framework, sin
e any performan
emeasure is a fun
tion of the model parameters (for �xed observations/test data).These performan
e measures then be
ome random variables whi
h provide moreinformation than a point estimate.Be
ause in the medi
al literature the Re
eiver Operator Chara
teristi
s (ROC)
urve was advo
ated to assess and 
ompare the performan
e of probabilisti
 
las-si�ers, we use three performan
e measures: the mis
lassi�
ation rateMR(
;d),the ROC 
urve ROC(:;
;d) and the area under the ROC 
urve AUC(
;d)(for the de�nition and interpretations of the ROC 
urve, see [8℄). Finally, we
omputed the Bayes fa
tors [9℄ to 
ompare the models in a Bayesian way.4 Applied Bayesian ModelsIn the paper a Multilayer Per
eptron (MLP) and a Belief Network (BN) modelare dis
ussed. For ea
h model we de�ne and investigate two types of prior dis-tribution: informative and non-informative priors, depending on the amount ofin
orporated prior ba
kground knowledge. Additionally, an auxiliary probabilis-ti
 domain model is introdu
ed for the MLP models, whi
h are not 
apable of
oping with in
omplete input samples. This auxiliary probabilisti
 domain modelis not updated by the observed samples and is only used for 
oping with missinginput values in the original data set1.1 Note that the BN missing value me
hanism is fundamentally di�erent from thisin two important respe
ts: �rst, the me
hanism is immediately provided sin
e a BNmodel de�nes a joint probability distribution, se
ond the prior distributions for BeliefNetwork models (and therefore the underlying me
hanism to 
ope with the missingvalues) is updated by the data.



4.1 Belief Network ModelsA Belief Network model de�nes a joint probability distribution over the domainvariables. It is a probabilisti
 white-box model, sin
e it 
onsists of a graph modelabout the 
onditional independen
ies of the domain variables and a quantitativepart spe
ifying the 
onditional probabilities for the domain variables. The priorknowledge available from experts and the literature 
an be dire
tly representedin an informative prior distribution for this model using the following te
hnique:Assuming that the parameter independen
e holds, we use the Diri
hlet familyto represent the prior distribution [4℄. Using a Diri
hlet distribution, an expert
an express his belief in parametrizations, instead of giving only a point estima-tion for the parameters. The non-informative distribution for Belief Networksis a uniform distribution 
orresponding to the Diri
hlet distribution with allhyperparameters equal to one.We tried to build Belief Networks to formalize the available prior knowledgefrom expert and literature in three di�erent ways [3℄. In the �rst phase we exper-imented with "biologi
al" models in whi
h various 
ausal models of the diseaseare in
orporated. The spe
i�
ation of the stru
ture was relatively easy, but thequanti�
ation was not possible from the literature, nor from the expert and wehad a too small data set to quantify additionally introdu
ed hidden variables. Inthe se
ond phase we built "expert" models that re
e
t the expert's experien
e.The qualitative dependen
e-independen
y stru
ture spe
i�
ation was again rel-atively easy. However the results were too biased be
ause the medi
al expertparti
ipating in the proje
t previously worked with the same 
olle
ted data, sohis estimates were largely based on the data set. In the third phase we built"heterogeneous" models 
ontaining biologi
al models of the underlying me
h-anism quanti�able by the literature, parts quanti�ed by a medi
al expert andparts quanti�ed by previously published studies. The graphi
al stru
ture of theBelief Network model is shown on the left side of Fig. 1.

Fig. 1. The BN and MLP model stru
tures.It is worth to note from a 
omputational point of view that all the variablesare dis
rete in this model 
lass. Be
ause of the extensive and 
omplex usage



of the prior knowledge we used a stri
t do
umentation method to tra
k theroute of the prior information from studies into the model. Conversion formulaswere 
onstru
ted to 
ompile the raw prior knowledge to be 
ompatible with the
onditions of the model and the format of the Bayesian network.Sin
e a Bayesian network model is inherently 
apable of performing inferen
efor in
omplete 
ases, there is no additional te
hnique for handling missing values.Consequently, we evaluate two Belief Network models: the same stru
ture withinformative and non-informative prior distribution.4.2 Multilayer Per
eptron ModelsThese probabilisti
 regression models are de�ned over a 
ontinuous input spa
espe
ifying an input-output mapping whi
h 
an be interpreted as a 
onditionalprobability P (T = 1jx;!) = f(x;!).The MLP model stru
ture used in the paper is shown on the right of Fig. 1(for data prepro
essing details, input and MLP stru
ture sele
tion, see [7, 2℄).Sin
e the Multilayer Per
eptron (MLP) model is a bla
k-box model, it is notpossible to spe
ify dire
tly a prior distribution in
orporating the available priorknowledge in a general way. To solve this problem we use the Belief Networkmodels as a tool to a
quire and represent the prior domain knowledge. Theinformative prior distribution for the BN is then transformed into a so 
alledinformative prior distribution for the MLP parameters.Omitting the te
hni
al details, it is possible to de�ne a mapping T : �BN !� that transforms a prior distribution p
BN (:) over the Belief Network parame-ter spa
e to a prior probability distribution p
(:) over the bla
k-box model pa-rameter spa
e2: a bla
k-box regression model f(x;!) is used for approximatingthe 
onditional distribution of the output 
lass P (T = 1jx;!BN ) 
onditionedon the input x, whi
h is de�ned by the Belief Network. Thus we 
an de�ne amapping from every Belief Network parametrization !BN 2 �BN to the "best"approximating regression model parametrization ! 2 �.The main steps for the appli
ation of this te
hnique in the 
ase of MultilayerPer
eptron are the following (see [2℄ for details ):1a. Generate Belief Network parametrizations f!BN1 ; : : : ;!BNl g from the Diri
h-let distribution by standard methods.1b. Generate blo
k of prior samples fdp1; : : : ;dpl g from ea
h parametrization.It is advantageous to use the prior probabilisti
 domain model to 
omputeP (T = 1jx;!BN ) for ea
h sample instead of Bernouilli generated 
lass labelsa

ording to this probability.2. Train a Multilayer Pre
eptron for ea
h blo
k of samples resulting in a blo
kof MLP parametrizations f!1; : : : ;!lg (we applied the s
aled 
onjugate gra-dient algorithm [11℄).3. Estimate the transformed distribution p
(:) from the generated MLP parametriza-tion f!1; : : : ;!lg with a mixture of Gaussians.2 For simpli
ity, only the Belief Network notations are di�erentiated with a BN su-pers
ript and we use the inta
t notation for the bla
k-box MLP models.



The non-informative prior for the MLP model is a non-restri
tive, 
omplexitybased prior N (0; �2I) (
fr. weight de
ay for neural networks in the 
lassi
alframework).As mentioned previously, an auxiliary probabilisti
 domain model for theMLP models is introdu
ed, whi
h is represented by a Belief Network3. Weuse the prior Belief Network des
ribed earlier with its most probable a prioriparametrization and assume a �xed data 
olle
tion pro
edure with the ignorable
ondition [10℄. In this 
ase P (XmissjXobs; T; Z; BN) gives the distributionof the missing values (for details see [1℄) where Z are those variables that o
-
ur in the data set and in the atta
hed auxiliary domain model, but not in theMLP model. It means that the auxiliary Belief Network model provides a theo-reti
ally optimal solution to use in
omplete samples for learning and inferen
e.Using these assumptions it 
an be shown [1℄ that the posterior and inferen
efor su
h an extended regression model 
an be written as follows with I a bi-nary random ve
tor, where Ii denotes the observed or missing status of the ithvariable.p
(!jt;xobs; z;I ;BN) = Z ::: Z p
(!jt;xobs;xmiss) nYi=1 dP (xmissi jti;xobsi ; zi;BN)P (T = 1jxobs; z; I ; !) = Z f(x;!)dP (xmissjxobs; z)5 Inferen
e AlgorithmsThe target random variables to be estimated are hierar
hi
al: the inferen
eP (T = 1j
;xobs; z;d) and the performan
e related AUC(
;d);MR(
;d).In the 
ase of Belief Network predi
tion we sample the posterior distributionp
(!jd) by dire
t sampling from the updated Diri
hlet (see [6℄) and 
omputethe 
onditional probabilities of malignan
y for the drawn parametrizations by anexa
t inferen
e algorithm using a join tree (see [4℄). Based on these predi
tionsthe 
orresponding AUC and MR values 
an be 
omputed.In the 
ase of MLP predi
tion, at �rst we sample the unknown input variables
onditioned on all the known variables using the auxiliary probabilisti
 BN model(i.e., a

ording to P (XmissjXobs; T; Z; BN)). Then we sample from the pos-terior distribution based on the 
ompleted data set p
(!jt;xobs;xmiss) by theHybrid Monte Carlo method [13, 12℄. Finally we 
ompute the predi
tions and the
orresponding AUC and MR values for the drawn parametrization on the test setby averaging over the missing input variables sampling P (XmissjXobs; Z; BN).6 ResultsWe report results for the four models des
ribed in Se
tion 4.1 using the algo-rithms summarized in Se
tion 5. We partitioned the data set des
ribed in Se
tion3 Note that the applied Belief Network is dis
rete valued, so we use additional proba-bilisti
 models for transformation between dis
rete and 
ontinuous values.



3 randomly to a test (30%) and training (70%) set, the reported results are basedon the test set. This was repeated 50 times to eliminate dependen
y on sepa-ration. The model 
lasses are denoted as follows: Multilayer Per
eptron modelwith informative prior (MLP-I) and with non-informative (MLP-N) and BeliefNetwork model with informative prior (BN-I) and with non-informative prior(BN-N). The performan
e of the models are shown in Table 2. Note that mostof the outliers for models with non-informative prior are omitted to fo
us on themost interesting region. Figure 2 shows the more detailed e�e
t of the prior forvarying sample size.
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Fig. 2. Learning 
urves of MLP-N, MLP-I, BN-N, and BN-I models.The Bayes-fa
tors against the less probable model 
lass (BN-N) are 1:29(MLP-N), 1:45 (MLP-I) and 1:19 (BN-I) assuming uniform prior probabilitiesfor the model 
lasses4.4 To eliminate the e�e
t of the sample size we take the nth root of the likelihoodswhere n = 300 is the size of the sample (i.e., we estimate R� nqP (dj!; M=:)P (djBN�N) dP
(!)by the Monte Carlo method).



7 Dis
ussionAs 
an be seen from Table 2 the Belief Network models have the best per-forman
e, whi
h is the 
onsequen
e of the larger number of input variables (amore extensive 
omparison in
luding Logisti
 Regression models 
an be foundin [2℄).Using the same input set as for the MLP models, the performan
e lagsbehind the performan
e of the MLP models, as Figure 2 shows (for details pleasesee [2℄).Figure 2 illustrates 
learly the subtle advantages of the Bayesian in
orpora-tion of prior domain knowledge through informative priors: it has a large ad-vantageous e�e
t in the small sample region ([0� 0:4℄) and it has no restri
tivee�e
t in the large sample range.The Bayes fa
tors indi
ate that the posterior probability of MLP model withinformative priors is the highest, but the Bayesian model 
omparison needs fur-ther investigation, su
h as the sele
tion of appropriate priors for the models.Beside numeri
al 
omparison, we performed a manual evaluation of the pre-di
tions. The appli
ation of the Bayesian approa
h, parti
ularly for the MLPmodels, shows that when the model mis
lassi�es a sample, the distribution ofthe predi
ted 
lass probability is widespread. Therefore the introdu
tion of an"un
ertain" label 
an have important 
onsequen
es on performan
es and thuson medi
al de
ision support. A further interesting medi
al result that all themodels are regularly "un
ertain" for a well-determined subset of patients, whi
hsuggests that the 
urrently used input features are not enough to a
hieve reliable
lassi�
ation for these patients.8 Con
lusionsIn the paper the appli
ability of 
omplex regression models, Multilayer Per
ep-tron models, in the Bayesian 
ontext was examined. We summarized a te
h-nique that derives informative prior distributions for su
h bla
k-box models andoverviewed the appli
ation of Belief Networks as auxiliary probabilisti
 modelsto handle in
omplete 
ases for probabilisti
 regression models. We performed aretrospe
tive analysis to predi
t malignan
y in ovarian masses in whi
h variousBayesian models were investigated: Multilayer Per
eptron and Belief Networkmodels. We reported standard performan
e measures in the Bayesian frame-work, investigated the usability of the more detailed predi
tions of Bayesianmodels and 
ompared the models in the Bayesian framework.Currently we are investigating a hybrid Belief Network model 
omposed ofa prior Belief Network and a probabilisti
 regression model, where we treatthe prior Belief Network (in
luding the auxiliary model) and a probabilisti
regression model together in the Bayesian framework.A
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