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STOCHASTIC ERROR ESTIMATES FORITERATIVE LINEAR SOLVERSPART 2G. GOLUB1 AND H. MELB�21Computer S
ien
e Department, Stanford University, StanfordCA 94305, USA. email: golub�s

m.stanford.edu2Department of Mathemati
s, Norwegian University of S
ien
e and Te
hnology7491 Trondheim, Norway. email: hallgeir�math.ntnu.noAbstra
t.We 
onsider the problem of estimating the magnitude of the error in the ConjugateGradient method after k iterations. Assuming that the initial error 
an be des
ribedusing a probability distribution we derive l2-estimates for the magnitude of the errorin the average 
ase. In Part 1 of this arti
le the main ideas were presented and appliedto a simple splitting method, while this part extends the same ideas to the ConjugateGradient method.AMS subje
t 
lassi�
ation: 65F20.Key words: Sto
hasti
 error estimates, Conjugate Gradient method1 Introdu
tion.Reliable estimates for the size of the error is relevant to devising a good stop-ping 
riterion for iterative linear solvers. The usual way of stopping is to 
al
ulatethe residual and then stop when some fun
tion of the norm of the residual issmall. Normally, this is a good stopping 
riterion if we are interested in a solu-tion that approximately satis�es the equation. However, it does not ne
essarilygive a good approximation to the exa
t solution. Indeed, if the 
ondition numberof the matrix is large, then it is possible that the magnitude of the residual isnot a good measure of the size of the error; the latter may be mu
h larger.One possibility for estimating the size of the error is to use 
lassi
al upperbounds for the norm of the error ve
tor, derived from the spe
tral radius of thematrix. Unfortunately, these upper bounds typi
ally over-estimate the a
tualerror.Part 1 of this arti
le des
ribed how to make a statisti
ally based estimatorfor the error in a simple splitting method asso
iated with a symmetri
 linearsystem. It also showed how to evaluate the expe
ted value and the varian
eof the estimator. In this part we will show how the ideas 
an be extended tothe Conjugate Gradient method. We will in other words show how statisti
alestimates 
an be used to estimate the l2-norm of the error, in the average 
ase,



2 G. GOLUB AND H. MELB�after k iterations with the Conjugate Gradient method (CG). We will also brie
ylook at how this 
an be done if a pre
onditioner is applied.Our analyti
al observations will be a

ompanied by numeri
al examples.2 CG as polynomials of a matrixThe most 
ommon way of writing up the Conjugate Gradient algorithm is toexpress the new approximate solution as the solution from the previous iterationplus a 
oeÆ
ient times a dire
tion found in the previous iteration. It is howeveralso possible to express it in quite a di�erent form, as the three term re
urren
erelation shown in Con
us et.al.[4℄, whi
h is the formulation we will be using.Consider the equation Ax = b ;where A 
an be split into M �N , A and M are SPD and N is symmetri
. Wewill think of M�1 as a pre
onditioner, meaning thatMz = dis easy to solve and that M�1A is in some sense 
lose to the identity. In theunpre
onditioned 
ase we simply set M = I . Using the formulation in Goluband Van Loan [7℄ we then get the following version of Conjugate Gradients:CG, 3-term re
urren
e1. x�1 = 0; x0 = initial guess, k = 0; r0 = b�Ax02. while rk 6= 03. k = k + 14. Solve Mzk�1 = rk�1 for zk�1.5. 
k�1 = zTk�1Mzk�1=zTk�1Azk�16. if k = 17. !1 = 18. else9. !k = �1� 
k�1
k�2 zTk�1Mzk�1zTk�2Mzk�2 1!k�1 ��110. end11. xk = xk�2 + !k(
k�1zk�1 + xk�1 � xk�2)12. rk = b�Axk13. end14. x = xkUsing this formulation and the relationMzk = rk = A(x� xk) = Aek ;we may subtra
t the exa
t x from both sides of the xk update in the algorithmand obtain



STOCHASTIC ERROR ESTIMATES FOR ITERATIVE LINEAR SOLVERS, PART 2 3ek = ek�2 + !k�
k�1(�M�1A)ek�1 + ek�1 � ek�2�= (1� !k)ek�2 + !k(I � 
k�1M�1A)ek�1 ;(2.1)with e1 = (I � 
0M�1A)e0 :As we 
an see from the expression, ek is a k'th degree polynomial in M�1Amultiplied by e0, or in the unpre
onditioned 
ase a polynomial in A multipliedby e0. The unpre
onditioned 
ase will be 
onsidered �rst, whi
h means we 
anwrite ek = pk(A) e0 ;with p0(A) = I and p1(A) = I � 
0A :3 Estimates for unpre
onditioned CGTo derive the error estimates for CG, we will pro
eed in exa
tly the same wayas was done in Part 1 of this arti
le. The main di�eren
e is that the error afteriteration k is now expressed as a polynomial that is not known in advan
e in
ontrast to the polynomial �2k whi
h was known in advan
e for the simple solver.As we assume A to be SPD, whi
h is the standard requirement for CG to 
on-verge, we 
an write A = Q�QTjust as was done for the matrix B in Part 1. Further, the initial error e0 
an bespanned as e0 = Q�̂ = nXi=1 �iqi :The �i's are now assumed to be identi
ally distributed random variables arisingfrom some probability distribution. When there 
an be no 
onfusion we willtherefore only write � instead of �i. The l2-norm of the error 
an then beexpressed as kekk2 = (ek; ek)= (pk(A)e0; pk(A)e0)= eT0Qpk(�)QTQpk(�)Qe0= �̂T p2k(�)�̂= nXi=1 �2i p2k(�i) :



4 G. GOLUB AND H. MELB�For simpli
ity we have not distinguished between the pk that takes a matrix asargument and the pk that takes a s
alar as argument. Similar to the simple 
asedis
ussed in Part 1 this leaves us withE(kekk2) = E(�2) nXi=1 p2k(�i)(3.1) V ar(kekk2) = V ar(�2) nXi=1 p4k(�i) + 2Cov(�2i ; �2j )Xi<j p2k(�i)p2k(�j) :(3.2)As in Part 1 we will be looking at two di�erent distributions for the �'s, a normaldistributionN(0; �2), in whi
h the 
ovarian
e is zero, and a Diri
hlet distributionin whi
h the 
ovarian
e is nonzero. In this 
ase the 
ovarian
e term is howeversmall, and as was shown in Part 1 it 
an be negle
ted. The normal distributionis the one most suited for pra
ti
al 
ases, but for tests where lots of di�erentinitial ve
tors are 
hosen the Diri
hlet distribution will be very 
onvenient. Inthe 
ase of � � N(0; �2) we haveE(�2) = �2V ar(�2) = 2�4Cov(�2i ; �2j ) = 0 i 6= j:(3.3)If the �'s are distributed a

ording to a Diri
hlet distribution ( (�21; :::; �2n) �D(1=2; :::1=2) ) it means that the �'s are found as�i = �iqPnj=1 �2j i = 1:::n:(3.4)with � � N(0; �2). This gives a way of normalising the initial error su
h thatdi�erent initial errors are 
omparable. If the 
ovarian
e term is negle
ted wethen have E ��2� = 1nV ar ��2� = 2 (n� 1)n2 (n+ 2)Cov ��2i ; �2j� � 0 i 6= j:(3.5)To estimate the sums we need to evaluate the polynomials. One possibility is tobuild the polynomial by storing the 
oeÆ
ients for ea
h power of the matrix Ain equation (2.1). However, this turns out to be a very unstable pro
ess. Thefollowing is a more stable pro
edure.From equation (2.1) and the fa
t that pk(A)e0 = Qpk(�)�̂ we get the relationek = pk(A)e0 = (1� !k)pk�2(A)e0 + !k(I � 
k�1A)pk�1(A)e0= Qh(1� !k)pk�2(�) + !k(I � 
k�1�)pk�1(�)i�̂ :



STOCHASTIC ERROR ESTIMATES FOR ITERATIVE LINEAR SOLVERS, PART 2 5The matrix Q 
an
els if we multiply the system by QT from the left, and sin
e� is nonsingular and the equation holds for all �̂'s, the system de
ouples and weobtain the following expression for the polynomial,pk(x) = (1� !k)pk�2(x) + !k(1� 
k�1x)pk�1(x) :Initial values are p0 = 1 and p1 = 1� 
0x :To evaluate the polynomial, start with p0 and p1 evaluated at x and re
ur untilthe desired order is obtained.4 Estimating the sumsAs shown in Part 1, the sums in equations (3.1) and (3.2) 
an be written asintegrals,nXi=1 pmk (�i) = �maxZ�min Æ(�� �j) pmk (�) d� = �maxZ�min ! (�) gm(�) d� :(4.1)Here ! (�) is a weight fun
tion, m = 1 or 2, gm(�) is the fun
tion to be integratedand Æ (� � �j) is Dira
's delta fun
tion whi
h is nonzero ea
h time the variable� hits one of the eigenvalues of A. The integrals 
an then be approximated by aquadrature rule, but due to the unknown polynomials the error terms get very
omplex and it is now diÆ
ult to �nd upper and lower bounds for the integral.Su
h bounds were easily obtained for the simple method dis
ussed in Part 1.Another and mu
h more serious problem is that for matri
es that are not well
onditioned the approximation of the integrals may be very poor. What happenswhen CG 
onverges is that the polynomials be
ome zero when evaluated in theeigenvalues. How these high order polynomials behave away from the eigenval-ues, however, may 
hange a great deal from one matrix to the other. This is
learly seen in Figure 4.1 and 4.2 where the polynomials and the eigenvaluesfrom two di�erent 
ases are plotted. The problem solved isAx = 0;where a �xed initial guess is used. In both examples the matrix isA = K ~AKT ; A 2 R100�100 ;where ~A denotes the 5 point dis
retisation of the two dimensional Lapla
ian ona square, using �nite di�eren
es, and K is a diagonal matrix. In the �rst 
aseK is the identity and in the se
ond 
aseK = diagonal(1; � � � ; 1; 4; � � � ; 4)
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Figure 4.1: The CG polynomial from the �rst example plotted after 10 and 70 iterations.Plot a) and b) show the CG polynomial after 10 iterations, where b) is just a zoom-in on a).Similarly plot 
) and d) show the polynomial after 70 iterations. Note the logarithmi
 axes.with half of the entries in K being unity. From the plots we 
an 
learly see thatin the se
ond 
ase evaluation of the polynomials outside the eigenvalues wouldgive totally wrong estimates even if it may work well in the �rst 
ase. Di�erentintegration methods have been tested out, but sin
e it is probably too expensiveto integrate the polynomials exa
tly we have obtained the best results by sim-ply averaging the polynomials evaluated in the eigenvalues that we assume areknown.As the extreme eigenvalues 
an be well estimated at no extra 
ost we assumethat n0 eigenvalues are known. Letting n denote the total number of eigenvalues,the averaging formula for estimating the integrals, or rather the sums, readsIAvg = nn0 n0Xi=1 pmk (�(i)) ; m = 2 or 4 :
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Figure 4.2: The CG polynomial from the se
ond test 
ase plotted after 10 and 70 iterations.Plot a) and b) show the CG polynomial after 10 iterations, where b) is just a zoom-in on a).Similarly plot 
) and d) show the polynomial after 70 iterations. Note the logarithmi
 axes.Compared to other formulas, averaging is not a very a

urate integration methodfor low order polynomials, but the loss of a

ura
y during the �rst few iterationsis very small 
ompared to what seems to be gained for high order polynomials.As we are only interested in the order of magnitude of the error, averaging seemsto be the best 
hoi
e. What we are suggesting here will obviously be more a
-
urate when more eigenvalues are estimated. As has already has been seen, itis however important that the estimated eigenvalues used are very 
lose to exa
t.In Figure 4.3 we 
an see the 
onvergen
e plots for the two examples when theaveraging rule is applied to estimate the two sums. Only the smallest and largesteigenvalue of A are assumed to be known. The plots show the average resultsover 40 runs with di�erent initial ve
tors. To make all initial ve
tors have lengthone they have been 
onstru
ted by drawing �'s from a Diri
hlet distribution andexpli
itly multiplying them with the eigenve
tors of A. In the �rst 
ase we gotslightly better results with a Gau�-Radau rule than with averaging, but in the
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ases for CG with averaging used as integration rule. Plot a) showsthe results from the �rst test example and plot b) shows the results for the se
ond example.The plots show the average error and the average error plus 2 standard deviations over the 40runs for both the exa
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ted value is used. The standard deviation is 
omputed as the average ofthe square root of the estimated varian
e.
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STOCHASTIC ERROR ESTIMATES FOR ITERATIVE LINEAR SOLVERS, PART 2 9se
ond 
ase a Gau�-Radau rule of order 2 will not show 
onvergen
e. This is ina

ordan
e with Figure 4.2.Figure 4.4 shows the average upper bound for the Conjugate Gradient methodin the two previous examples. The upper bound is 
omputed as (see e.g. [7℄)kekkA � 2 �p�� 1p�+ 1�k ke0kA ;(4.2)where � = �max=�min. Sin
e this bound is given as the A-norm of the error,everything in the plot is measured in that norm and it is therefore not dire
tly
omparable to Figure 4.3. However, one 
an 
learly see that the upper bound isa poor estimator for the error. Even if the 2-norm of the initial ve
tor is unity,its A-norm may 
hange from one run to the other. That explains why we takeaverages also in this 
ase.5 Estimates for pre
onditioned CGIn pra
ti
e the method of 
onjugate gradients is often used with a pre
ondi-tioner and we would like to make the estimator work also in the pre
onditioned
ase. The problem with using pre
onditioned CG as it is usually derived, is thatit leads to polynomials in the matrix M�1A, whi
h may not be symmetri
. Ingeneral that means M�1A 6= Q�QT , and the previous arguments do not work.It is however possible to get around this problem.Consider the equation Ax = b ;where the pre
onditioner M = LLT is assumed to be known and A 
an be splitinto A =M �N:If we apply a split pre
onditioner, the system 
an be written as~Au = ~b ;where ~u = LTx; ~b = L�1b and~A = L�1AL�T = I � ~N;with ~N := L�1NL�T . We may now use the same 
onjugate gradient algorithmas before on this system, and sin
e ~A is symmetri
 we may write~A = ~Q~� ~QT ;and thereby the same estimates apply with the ~�'s in the resulting formulasbeing ~�( ~A).



10 G. GOLUB AND H. MELB�Although we need split pre
onditioning to get through the argument, it is wellknown that left pre
onditioning and split pre
onditioning are equivalent, so inpra
ti
e we 
an use the standard CG algorithm. This is easily seen from thefollowing:Using a similarity transform immediately shows that M�1A and ~A have thesame eigenvalues,�(M�1A) = �(L�TL�1A) = �(L�1AL�T ) = ~�( ~A) :To see that the CG polynomials are also the same, �rst note that~rk = L�1b � L�1AL�Tu = L�1rk, and that Mzk = LLT zk = rk . From thealgorithm \CG, 3-term re
urren
e" in Se
tion 2 we then get
k = (zk�1;Mzk�1)(zk�1; Azk�1)= (M�1rk�1; rk�1)(M�1rk�1; AM�1rk�1)= (L�T ~rk�1; L~rk�1)(L�T ~rk�1; AL�T ~rk�1)= (~rk�1; ~rk�1)(~rk�1; ~A~rk�1)= ~
k :On
e again doing the same manipulation as was done in the numerator in theabove equations, we immediately get !k = ~!k, whi
h shows that the polynomialsare identi
al, and therefore split pre
onditioning and left pre
onditioning giveexa
tly the same method.The only di�eren
e from the unpre
onditioned 
ase turns out to be that weare no longer estimating kekk22 but rather kekk2M . Sin
e we are solving ~Au = ~bwith ~A = ~Q~� ~QT and ~e0 = ~Q ~̂�, we get (as in Se
tion 2),~ek = (1� !k)~ek�2 + !k(I � 
k�1 ~A)~ek�1 ;and k~ekk2 = nXi=1 ~�2i ~p2k(~�i) ;~ek = u� uk = LT (x� xk) = LT ek ;k~ekk2 = (~ek; ~ek)= (LT ek; LT ek)= (ek; LLT ek)= kekk2M :



STOCHASTIC ERROR ESTIMATES FOR ITERATIVE LINEAR SOLVERS, PART 2 11The expe
ted value and the varian
e of k~ekk 
an then be 
omputed as previouslydes
ribed.6 Numeri
al test for pre
onditioned CGTo test the pre
onditioned version we will solveAx = 0 ;where A = K ~AKT ; A 2 Rn�n ; n = 225 ;and ~A is again the �nite di�eren
e dis
retisation of the two dimensional Lapla-
ian on a square. The matrix K is 
hosen asK = diagonal (0:1; : : : ; 0:1 ; 1; : : : ; 1 ; 10; : : : ; 10):The length of the argument ve
tor for the diagonal matrix is n, and the two�rst parts of the ve
tor have n=4 elements ea
h while the last part has n=2elements. As pre
onditioner we use in
omplete Cholesky fa
torisation with zero�ll-in, redu
ing the 
ondition number from � = 3:3 � 105 to � = 9:95, whi
h
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12 G. GOLUB AND H. MELB�makes CG a lot more e�e
tive. We do 40 runs where the �'s are drawn froma standard Diri
hlet distribution. The results are shown in Figure 6.1, and theestimator 
learly works very well in this 
ase.7 Numeri
al experiments, single runFinally we will test the estimator on two realisti
 examples. The �rst test isan unpre
onditioned 
ase while the se
ond test in
ludes pre
onditioning.In the unpre
onditioned 
ase the matrix is again the two dimensional Lapla
ian,whi
h has already been des
ribed, but this time with a nonzero right-hand side.Two of the entries in the solution ve
tor x are set to 1, while the shadow 
ellsoutside the boundaries are zero. This means the problem is a two dimensionalheat equation with two sour
es in the interior of the domain and with homoge-neous Diri
hlet boundary 
onditions. The mesh is 30 � 30 nodes, making thesize of the matrix 900� 900 and its 
ondition number � = 328. As initial ve
torwe use a ve
tor of all zeros. There are no sour
es in the domain, ex
ept for thetwo �xed points, so the solution takes on a maximum value of 1 in the interiorand the 
onstant value 0 along the boundary. The exa
t solution will thereforebe in the interval [0; 1℄. We assume the �'s to be normally distributed, and sin
eour initial ve
tor is all zeros, it seems reasonable to guess that � � N(0; 1). Inthis example we assume that the two smallest and the two largest eigenvaluesare known.With these assumptions and guesses we get the result shown in Figure 7.1.Plot a) shows the 
omputed solution, and as previously plots b) and 
) showhow good the estimate is and how tight the upper bound is, respe
tively. Thereis now only one run, so there are no average values. We 
an see that even if theestimated value is not as 
lose as in the tests with averages, we still get quite agood estimate.Turning to the pre
onditioned 
ase, we use a larger version of the same matrix,adding inner interfa
es. Now the mesh is 50 � 50, so A 2 R2500�2500, and thedomain is partitioned into 3 strips of di�erent 
ondu
tivity. The �rst strip has
ondu
tivity 10, the se
ond has 
ondu
tivity 1 and the third strip has 
ondu
tiv-ity 100. The two �xed points in the interior now fall into the two domains withthe highest 
ondu
tivity, and this time we are dis
retising the true heat equationinstead of multiplying by a diagonal matrix from ea
h side to form the interfa
es.This problem produ
es a matrix with 
ondition number � = 2:4 � 104. In
om-plete Cholesky fa
torisation with zero �ll-in is used as a pre
onditioner, and thepre
onditioned matrix has 
ondition number � = 50. The Diri
hlet boundary
onditions from the unpre
onditioned 
ase are applied and again the two pointsin the interior are �xed. The initial guess, x0, is the ve
tor of all zeros. Now the�'s a
tually des
ribe the \pre
onditioned" initial error LT e0, or equivalently theinitial error measured in M -norm, whi
h makes it harder to make an intuitive
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Figure 7.1: Experiment with unpre
onditioned CG, single run. Plot a) shows the 
omputedsolution to the problem. In plot b) the estimated error is shown together with the exa
t error.\std" means \standard deviation". Note that the estimated varian
e is negligible. In plot 
)the upper bound is 
ompared to the a
tual error, both measured in A-norm.guess for the probability distribution. We �rst make a rough guess of a smallervarian
e than last time, 
hoosing � � N(0; 0:252):Figure 7.2 shows the resulting solution and estimates. In plot a) is shown the
omputed solution, and the interfa
es 
an be seen 
learly. What is more inter-esting, however, is that the estimate in plot b) lies very 
lose to the a
tual error.
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Figure 7.2: Experiment with pre
onditioned CG, single run. Plot a) shows the 
omputedsolution to the problem. In plot b) the estimated error is shown together with the exa
t error.\std" means \standard deviation". In plot 
) the upper bound is 
ompared to the a
tual error,both measured in A-norm. Note the label on the verti
al axis in plot b), k~ekk ~A = kekkA.For this last example we have also performed a robustness test with regard to theguessed standard deviation of the �'s. The exa
t same experiment was run, �rstin
reasing the guess for � by a fa
tor 10 
ompared to the initial guess, and laterde
reasing the guess by a fa
tor 10. That means we are guessing � � N(0; 2:52)in the �rst 
ase and � � N(0; 0:0252) in the se
ond 
ase. The result is shownin Figure 7.3. The result is as expe
ted sin
e � only takes part in the 
onstantin front of the estimated sum. The estimate is therefore not very vulnerable to
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Figure 7.3: Over- and under estimating the varian
e relative to the initial guess. In plot a)the guess is � � N(0 ; 2:52), while in plot b) the guess is � � N(0 ; 0:0252).the guessed varian
e.Note that in all our test 
ases ex
ept the \single run for unpre
onditioned CG",we have only assumed �min and �max to be known, while in pra
ti
e we usuallyhave very good estimates for more eigenvalues, whi
h makes the estimation ofthe integral a lot more a

urate and robust. Another thing to note is that everytime the upper bound has been plotted we have used the exa
t value of ke0kA inequation (4.2). In pra
ti
e we do not know this value, and it has to be guessed.On the other hand, guessing it within an order of magnitude is usually not toohard.It is easy to 
onstru
t test matri
es where the upper bound does mu
h worsethan in this last example, while the estimate does about as well as here, but aswe have to guess the distribution of the �'s, we have 
hosen test 
ases where theequation has a physi
al interpretation whi
h makes it easy to 
ome up with areasonable guess for the standard deviation.



16 G. GOLUB AND H. MELB�REFERENCES1. Z.Bai and G.H.Golub. Bounds for the Tra
e of the Inverse and the Determi-nant of Symmetri
 Positive De�nite Matri
es. SCCM-96-06, Stanford Uni-versity. http://www-s

m.stanford.edu/reports.html#start-19962. C.Cheney. Introdu
tion to Approximation Theory. M
 Graw Hill, NY, 1966.3. P.Con
us and G.H.Golub. A Generalized Conjugate Gradient Method forNonsymmetri
 Systems of Linear Equations. In Le
ture Notes in E
onomi
sand Mathemati
al Systems, number 134, ed. M.Be
kmann and H.P.K�unzi,Springer-Verlag, NY, 1976.4. P.Con
us, G.H.Golub and D.P.O'Leary. A Generalized Conjugate GradientMethod for the Numeri
al Solution of Ellipti
 Partial Di�erential Equations.In Sparse Matrix Computations, ed. J.R.Bun
h and D.J.Rose, A
ademi
Press, NY, 1976, pp 309-332.5. P.J.Davis and P.Rabinowitz. Methods of numeri
al integration.A
ademi
 Press, 1984, pp 14-19, 109-112.6. G.H.Golub and G.Meurant. Matri
es, moments and quadrature.SCCM-93-07, Stanford Universityhttp://www-s

m.stanford.edu/reports.html#start-1993.7. G.H.Golub and C.F.Van Loan. Matrix Computations. The Johns HopkinsUniversity Press, 3rd edition, 1996.8. N.L.Johnson and S.Kotz. En
y
lopedia of statisti
al s
ien
es, Volume 2. JohnWiley & Sons, 1982, pp 386-387.9. Y.Saad. Iterative methods for sparse linear systems. PWS Publishing Com-pany, Boston, MA, 1996.


