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SUMMARY

It is shown in this note that the Oseen equations have a simple solution when
the body is in the form of a paraboloid of elliptic section in a stream of viscous,
incompressible fluid which at infinity has uniform velocity in the direction of the axis.
Particular attention is given to the case in which the paraboloid degenerates into a
flat plate with a parabolic leading edge, and it is suggested that the solution of the
Oseen equations in this case may throw some light on the corresponding three-
dimensional boundary-layer problem.

1. Introduction
Carrier and Lewis (1) first gave the solution of the Oseen equations for
the half-plane z = 0, z > 0 in a uniform stream. At about the same time
Stewartson, working independently, produced the same solution by a
particularly simple method which also gave the solution in the case of a
parabolic cylinder. Stewartson did not publish this result. A recent paper
by Xaplun (2) contains a solution similar to Stewartson’s.

For the parabolic cylinder the solution of the Oseen equations can be
put in the form

B IR w—o w2l (1)
oty 0% 2

where 2012 _o  ZX Tx_n¥%  p_up,

and u, w > 0 at infinity and ¥« = — U, w = 0 on the cylinder.

Stewartson expresses these equations in terms of parabolic cylinder
coordinates £, n defined by z = £3—%3, z = 2¢7 in which the cylinder is
the coordinate line 7 = constant. He then seeks, and finds, functions ¢, x
which are functions of 7 only.

The question naturally arises: Can this method be extended from the
parabolic cylinder in two dimensions to the paraboloid in three dimensions
by the use of paraboloidal coordinates ? Itisshown below that thisextension
[Quart. Journ. Mech. and Applied Math., Vol. VIII, Pt. 4 (1955))
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is possible for paraboloids of elliptic section with vertices facing into the
uniform stream.

2. The equations
Paraboloidal coordinates (¢,7,{) can be defined as the roots A of the
¢ .equation
A =Y @
a—A b—A

when z, ¢, z are supposed given,a > b > 0and ¢ > a,a >0 > 5,6 > 1.
Then the surface { = {, is the paraboloid of elliptic section

= 4(z—{,) (3)

and by a suitable choice of coordinates in the first place any such paraboloid,
except that with a ciroular section, can be expressed as { = {,if a, b arid {,
are correctly chosen.

The coordinates z, y, z are given in terms of £, , { by

xr = £+77+€_a'-b:

4
"~ (a—b)

¥ (§—a)la—n)(a—17), (4)
2 4

= 5 €= —)6-D).

If the flow has velocity U in the direction of the z-axis of infinity, the Oseen

equations are o 10p Pt u o

UG = — Bt Gt )
U?_v _l@ o v o
o

ol ot ) ©

lap, (o*w K o%w K o'w

;$+v~(_6’+_—6’+—3?)’
ou ov Oow

0=—a+—a+§

U ==

ow
%

with u = —U,1:=w=00n§;§0andu, v, w - 0 at infinity.
In the general three-dimensional problem it is not possible to write the
solution of the equations (5) in a form corresponding to equations (1), but
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in this case a solution is to be sought of the form
10
a¢+ TR
1 3x
2k oy
1 3x
2k oz’

02
oy
w2

+
(6)
+

_ _,,U%,

where =20, Z;‘ﬁ+a'¢ 0, (7)

3, — x iy x
where k¥ = U/2v and in pa.rabolmd&l coordmates

_ {€—a)—b)p
v = e | eae—ong]+

{a—n)n=) & F
Do e S [T )+

{@a—DE—D} o
+ e (D0

o _ (E=a)t=b) 2 (@—n)(n—b) 2  (a—{)b—0) 3
oz E—=0E—n %" E—n)n—0)an (==Y al

The existence of such a set of solutions implies that the vorticity always
lies in a plane perpendicular to the axis of the paraboloid. Moreover, the
form of equations (7) and (8) in paraboloidal coordinates makes it possible
to find solutions of these equations which are functions of { only.

In this case (7) and (8) become

(8)

and

d 98]
Zlta—ve—0p] o, ©)
Ala—0b—0 %] = 2kfa—0) -0
71| ta—D0—0p %] = 2a—ne—0px. (10)
Solutions of these equations may be written as
$ = Alogla/2-+b/2—{+{(a— 06— D}, 1y
{

g2k
=8| G .

where 4 and B are constants.

509232 Ee

970z ‘ST Jequisides Uo (q17 ouered) A1SBAILN 81eIS Uued e /610°s feuuno [pioxo-wew by/:dny woly pepeojumoq


http://qjmam.oxfordjournals.org/

418 J. WILKINSON

Equations (8) can now be written as
_@=Qe=0d(,, 1\
= E=p ()
{a=0b—0 (,  Be)
=D (A5

_ —=d{¢—a)a—n)a—0)} 4
T b0 =D (‘” ) -
=_{(§ a)a—n)(b— ()}i‘ +Be"¢}
(@—b}E=0)(1—0) 2% )’
w

(e D{E—b) b))} &
- L fle g ¥

— (=) —b)a—D)B [, , Be
(@—bHE—D)(7—D) [4+75 )

The conditionsv = w = 0for{ = {,aresatisfied by taking 4 = —
and the condition ¥« = —U is satisfied by taking

o2ks

It is clear that u, v, w > 0 a8 { > —oo0 which corresponds to moving off
to infinite distance from the solid, and it is not difficult to show that the
vortex lines are the plane ellipses

I

Betkl
2k

{ = constant, z = constant.

Equation (3) cannot represent a paraboloid of circular section unless
a = b, when the coordinates become degenerate and the method fails.
However, a result due to Howarth may be employed in this case. The
coordinates £, 7 are introduced, where

z=§£—n% Yyt = 4fty?
A solution of the type given in equations (8) can then be found with ¢
and y functions of 5 only. The equations corresponding to (9) and (10) are

the equations

d ( d"‘) 0 (15)

dn\"dy

d{ dy dy
—4kn?
and 2o (1) =~ g 16)
coe_m,

with solutions ¢ = Alogn, X = Bf . ds. (17)

n
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The boundary conditions can then be satisfied by taking 2k4 = Be-%7,

Bj—d.s U,

where the paraboloid of revolutlon is the surface y = 7,.

The solution of the Oseen equations specified in equations (11), (12), (13)
and (14), will in particular apply to the degenerate paraboloid { = {, = b,
which is a flat plate with a parabolic leading edge. In dealing with this case
it is convenient to take b = §0 = 0, when the parabolic plate 13 z2=0,
dazx > yt.

0
esds \7' Ueka Ue-Tis
Then B=U — | = = ,
(_w{—s(a—s»*) K (ka) ~ K (R[%)
where R is a Reynolds number defined as

2aU

1 4

R — =4ak,

2a being the semi-latus rectum of the parabola.

The fluid velocity u given by the approximation may then be written

u = U+u,4u,,

where U = (U,0,0), u; = (—x,0,0), and u, is a vector of magnitude
2aUe R4  (1—e—2K)
REL(RID{E—D(n—Dp
to the curve £ = constant, » = constant in the direction of { increasing.
The yector u, influences only the z-component of the flow and is a pure
boundary layer term. As R increases it is significant in a smaller and
smaller region round the plate. The secondary flow—the three-dimensional
effect induced by the presence of the plate—is given by the term u,. The
magnitude of this term is zero on the plate and at infinity and decreases
like 1/R% a8 R — oo0. The direction of u, is always away from the plate and
in the limit, as the plate is approached, is normal to the plate.

This secondary velocity u, may be considered as due to a source distri-
Ue-Rite-{ _[(a— )}t
B (RIDE—D(n—D
is always positive.

Again, in this case it is a simple matter to show that on the plate

Gl Gl

so that, although the flow is strictly three-dimensiondl, the akin friction is
in the direction of the flow at infinity. Moreover, when { = 0 equations

directed in the [-direction—i.e. along the tangent

bution of density per unit volume; and this density
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(4) can be used to show that {7 = }(4az—y3) so that
w\ 2B UeHM
%)ic0 (daz—yd)t T~ alZK(R[4)’
where £ = (z—y?3/4a) = distance from edge of plate measured parallel to
the z-axis.

It is interesting to compare this result with the values of (du/dz),.,
obtained from other methods of approximation. If the boundary-layer
equations are taken in the form

ou ou ou oy
Ym T 't % T

o
=y

(18)

v o
ua—2= va—y+w (19)

RS
I

u

I

+
ou
o

¥

v
= 0,
+ot

Moore (3) has shown that there will be a solution with v = 0 and on the
plate (au) _ 0-332URY
=0

— Sigia (20)

0z

The ratio of this value to the value given by equation (18) is independent
of position on the plate.

However, the simplest approximation to the skin friction on the plate is

obtained by taking Rayleigh’s value for the skin friction (4), starting the

solution from the leading edge of the plate. The value of (éu/dz),., obtained

8 vy _ UR
(?a?)m T 2lgigizt’
The ratio of this value to the value obtained from the Oseen equations
in equation (18) is independent of position on the plate and is a function
only of the Reynolds number R. The way the ratio varies with R is shown
in Fig. 1. Beginning at zero for R = 0 it is greater than 0-9 when R = 4
and rapidly approaches its limiting value of unity. Thus, except for very
small values of the Reynolds number, the Oseen equations provide almost
no information about the skin friction that cannot be obtained far more
easily from thissimple Rayleigh approximation. Noris this result altogether
surprising, for the equations which determine the Rayleigh approximation
are obtained by forming boundary-layer equations like equations {19) from
the Oseen equations instead of the full equations of motion. What is of
interest is the fact that the omission of the 83/2y* terms from these equations
should have so little effect at large distances from the axis of the parabola:
for it would be expected that far from the axis, where the direction of the

(21)
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tangent to the leading edge approaches the direction of the axis, ‘edge
effects’ would become important and the terms in 8%/dy* would not be
negligible in comparison with the 9%/3z? terma.
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Fi6. 1. Ratio of skin friction from Rayleigh approximation to skin
friction from Oseen equations.

The fact that edge effects are of so little significance in this approximation
suggests that equations (19) may give a valid approximation to the skin
friction over the whole plate. Equations (19) ignore edge effects, but as
they bear the same relationship to the full equations of motion as the
equations determining the Rayleigh approximation do to the Oseen equa-
tions, it seems reasonable to suppose that edge effects will have very little
effect on skin friction for high Reynolds numbers. If this is the case,
equation (20) should give a much better approximation to the skin friction
than equation (18) for high Reynolds numbers, for the limitations of the
Oseen equations are well known.
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