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le professeur Leo Storme (Department of Pure mathematics and computer algebra of Ghent
University) de Belgique, pour sa participation au jury. Je remercie également Yves Aubry
le plus jeune de tous (parmi les membres du Jury) pour ses nombreuses critiques très con-
structives, pour sa participation au jury, pour un travail qu’il a vu prendre forme et enrichi de
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pas les leurs. Je pense aussi à ce coopérant belge le professeur Michel Duhoux qui a très bien
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Edi, Gayé, Hibo G. Appolinaire, Kikibo Raphael, Bah Tierno B, Amoussou F. André, Ad-
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des classes de prémière et terminale Bli Soignon Jean-Baptiste (qui fit de brillantes études de
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nauer Catherine pour leur gentillesse. Je remercie le professeur Valent Galiano, Myriam Qua-
trini et Tomasz Stanislaw Miernowski qui m’ont permis aussi de profiter de leur expérience
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pas m’être égaré en me détournant un temps soit peu du vrai chemin de Dieu et emprunter
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Je remercie Adjouba Marie-France que j’ai connue pendant 22 semaines 2 jours et Jin-Ah
Maeva pour cette joie qu’elle m’a apportée dans la deuxième moitié de cette thèse. Je remercie
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Introduction

0.1 Rappels sur les Codes Correcteurs

Soit p un nombre premier et q = pa une puissance de p. On note Fq le corps fini à q éléments.
On appelle code (linéaire) de longueur n, de dimension k, un sous-espace vectoriel de Fq

n.
Les éléments de ce sous espace vectoriel C sont appelés les mots du code.
Soit x = (x1, x2, . . . , xn) un mot du code C et J = {1, . . . , n}. Le support de x est l’ensemble
défini par supp(x) = {i ∈ J | xi 6= 0}. Le poids de Hamming de x qu’on note w(x) est le
nombre de composantes non-nulles de x:

w(x) = #supp(x).

Soient x et y deux éléments du code, on définit la distance de Hamming d(x, y) entre x et
y comme étant le nombre de composantes en lesquelles x et y diffèrent. Plus précisement si
x = (x1, x2, . . . , xn) et y = (y1, y2, . . . , yn), alors

d(x, y) = #{xi 6= yi, 1 ≤ i ≤ n}

Et on a la relation :
w(x) = d(x,O)

La distance minimale d(C) d’un code C est la plus petite distance entre deux mots distincts.
Comme d(x, y) = w(x − y,O), on en déduit que la distance minimale est aussi le plus petit
poids; on a:

d(C) = min{w(x), c ∈ C et c 6= O}
Un code C de longueur n, de dimension k et de distance minimale d est noté C=[n,k,d] et on
dit que n,k, et d sont les paramètres du code C.

Deux des objectifs les plus recherchés dans la désignation d’un bon code sont:

Grande efficacité: dans le sens d’avoir un nombre relativement grand de mots du code
pour une longueur donnée.

Grande distance minimale: pour une capacité de correction assez grande. En effet un
code dont la distance minimale est d corrige exactement e = [d−1

2 ] erreurs, et le nombre e est
appelé la capacité de correction du code.
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Un autre but aussi important dans la désignation d’un bon code est l’obtention d’un al-
gorithme de codage-décodage susceptible d’être implémenté sur une machine de façon simple
et de travailler pendant un temps court. Et pour ce troisième objectif, on peut faire appel à
la distribution des poids.
Malheureusement, toutes ces exigences ne vont pas de pair, elles sont contradictoires. Et c’est
pour cela que la désignation d’un bon code ou la recherche d’un bon code découle d’un pro-
cessus difficile.
La théorie des codes correcteurs est née de par la nécessité de transmettre des messages
à travers un canal bruité. Comme exemple nous avons, les conversations téléphoniques, les
télécommunications par satellite, les faisceaux hertziens (la transmission d’image à la télévision),
les radio-communications avec les mobiles, les techniques d’enregistrement. Les problèmes ren-
contrés sont à la base de nature de l’ingénierie, mais très souvent les solutions sont trouvées
en utilisant, l’algèbre, la combinatoire, la géométrie finie et quelques fois d’autres branches
des mathématiques.
Dans cette thèse, nous allons étudier une construction particulière de codes, et les propriétés
qui en découlent.

0.2 Dénombrements dans l’espace projectif Pn(Fq)

On désigne par Pn(Fq) l’espace projectif de dimension n sur le corps fini Fq à q éléments, où
q = pa est une puissance d’un nombre premier.
Le nombre de points de Pn(Fq) est:

πn = #Pn(Fq) = #Πn = qn + qn−1 + ...+ 1.

On note Πr un sous-epace projectif linéaire de dimension r et Φ(r, n, q) le nombre de sous-
espaces projectifs linéaires Πr contenus dans Pn(Fq). On a alors:

Φ(r, n, q) =
n+1∏

i=n−r+1

(qi − 1)/
r+1∏
i=1

(qi − 1).

Soit s ≤ r et X (s, r;n, q) le nombre de sous-espaces projectifs Πr passant par un Πs fixé. Par
le principe de dualité dans l’espace projectif, on montre que:

X (s, r;n, q) = Φ(n− r − 1, n− s− 1, q).

Soit Wi l’ensemble des points de cordonnées homogènes (x0 : ... : xn) ∈ Pn(Fq) tel que xj = 0
pour j < i et xi 6= 0. La famille {Wi}0≤i≤n forme une partition de Pn(Fq).
Soit P = (x0 : x1 : ... : xn) ∈ Pn(Fq) et f(x0, ..., xn) un polynôme homogène en n+ 1 variables
à coefficients dans Fq et de degré d. On a

f(P ) =
f(x0, ..., xn)

xi
d

avec x = (x0 : ... : xn) ∈Wi.
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En 1989, aux 16 ième Journées Arithmétiques qui ont eu lieu à Marseille Luminy (17-21
juillet 1989) M. Tsfasman présenta une conjecture sur la meilleure borne pour le nombre de
points d’une hypersurface dans Pn(Fq). Elle fut résolue d’abord par J. P. Serre dans une lettre
adressée à Tsfasman le 24 juillet 1989 ensuite par A. B. Sørensen un trimestre plus tard en
utilisant une technique différente qui est en faite ”duale” de celle de Serre.

Théorème 0.1. (Tsfasman-Serre-Sørensen)([34, p.351], [36, chp.2, pp.7-10]) Soit
f(x0, ..., xn) un polynôme homogène en n+1 variables à coefficients dans Fq et de degré d ≤ q.
Alors le nombre de zéros de f dans Pn(Fq) satisfait:

#Z(f)(Fq) ≤ dqn−1 + πn−2.

Cette borne supérieure est atteinte quand Z(f) est réunion de d hyperplans contenant une
même variété linéaire de codimension 2.

Définition 0.1. Soit V une variété projective, la dimension maximale g(V) des sous espaces
projectifs linéaires contenus dans V, est appélée l’indice projectif de V.

Nous allons maintenant nous restreindre à l’espace projectif P3(Fq) et définir la notion de
regulus qui se généralise dans tout espace projectif Pn(Fq) de dimension impaire.

Lemme 0.1. Dans P3(Fq) le nombre de droites rencontrant trois droites non concourantes
deux à deux est q + 1.

On montre aussi que ces q + 1 droites sont non concourantes deux à deux.

Définition 0.2. L’ensemble des droites rencontrant trois droites non concourantes (deux à
deux) est appelé un regulus. Ainsi donc, un regulus est constitué de q + 1 droites non con-
courantes, et si l1, l2 et l3 sont trois d’entre elles, le regulus est noté R(l1, l2, l3).

On montre également que les droites rencontrant l1, l2 et l3 rencontrent toute droite de
R(l1, l2, l3) et forment un regulus appelé le regulus complémentaire.

0.3 Introduction du code fonctionnel

Soit X un ensemble fini, X = {P1, . . . , Pn} et F(X,Fq) l’espace vectoriel des applications
définies sur X et à valeurs dans Fq. Soit F̃ ⊂ F(X,Fq) un sous-ensemble .
On définit l’application

c : F(X,Fq) −→ Fn
q

f 7−→ c(f) = (f(P1), . . . , f(Pn))

Le code fonctionnel défini par F̃ et X, et denoté C(X, F̃ ) est l’image de l’application c re-
streinte à F̃ .

C(X, F̃ ) = Imc| eF
Nous avons le résultat suivant:
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Proposition 0.1. Le code C(X, F̃ ) a les paramètres suivants:

lenghC(X, F̃ ) = n, dimC(X, F̃ ) = dim F̃ − dim kerC| eF
distC(X, F̃ ) = n−max

f∈eF cw(f).

Il est évident que pour avoir des codes avec un nombre relativement grand de mots de code,
l’injectivité de l’application c s’impose.

Nous travaillerons plus particulièrement dans cette thèse, le cas où X ⊂ PN (Fq) est un en-
semble algébrique et F̃ est l’espace des formes de degré h sur X que nous notons Fh. On note
alors Ch(X) le code C(X, F̃ ). Dans ce cas particulier, on a :

distCh(X) = #X(Fq)−max
f∈Fh

#XZ(f)(Fq).

D’après cette formule, la distance minimale de Ch(X) est determinée par le nombre de points
#XZ(f)(Fq) de l’intersection de X avec les hypersurfaces f de degré h. Sous la condition de
l’injectivité de l’application c, on obtient par des résultats d’analyse combinatoire que:

dimCh(X) =
(
N + h

h

)
.

Dans les chapitres 1, 2 et 4 (deuxième partie) X aura une structure de variété hermitienne.

0.4 Les variétés hermitiennes et quelques propriétés fonda-
mentales

Les variétés hermitiennes sont définies dans des espaces projectifs sur des corps de Galois de
la forme Fq où q = t2 et t est une puissance d’un nombre premier.

Définition 0.3. Soit h ∈ Ft2. On appelle conjugué de h et on note h = ht.

Définition 0.4. Soit H = (hij)0≤i,j≤N une matrice carrée avec les hij ∈ Ft2. La matrice H
est dite hermitienne si et seulement si hij = hji pour tout 0 ≤ i, j ≤ N .
Soit xT = (x0, . . . , xN ) un vecteur ligne et soit x le vecteur colonne correspondant où x0, x1, . . . , xN

sont des indeterminées, xTHx(t) est un polynôme homogène en les variables x0, x1, . . . , xN de
degré t+ 1.
La forme xTHx(t) est appelée une forme hermitienne si H est une matrice hermitienne et
H est appelée la matrice de la forme. L’ordre et le rang d’une forme hermitienne sont définis
comme étant l’ordre et le rang de H.

Définition 0.5. Soit X̃ un ensemble de points dans PN (Ft2) dont les vecteurs lignes xT =
(x0, . . . , xN ) satisfont l’équation: xTHx(t) = 0. On dit alors que X̃ est une variété hermi-
tienne ssi H est une matrice hermitienne. Elle est non-dégénérée si le rang de H est N + 1
et dégénérée dans le cas contraire (i.e. rang(X̃ ) < N + 1).
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R.C. Bose et I.M. Chakravarti ont donné en 1966 pour la première fois une formule permettant
de déterminer exactement le nombre de points d’une variété hermitienne non-dégénérée. Ils
déduisent de cette formule, le nombre de points d’une variété hermitienne dégénérée de rang
r.

Théorème 0.2. Soit X̃ ⊂ Pn(Fq) une variété hermitienne non-dégénérée. Alors,

(1) #X̃ (Fq) = Υ(n, t2) = [tn+1 − (−1)n+1][tn − (−1)n]/(t2 − 1)

Pour X̃ ⊂ Pn(Fq) une variété hermitienne dégénérée de rang r < n+ 1, nous avons:

#X̃ (Fq) = (t2 − 1)πn−rΥ(r − 1, t2) + πn−r + Υ(r − 1, t2),

où Υ(n, t2) est donnée par (1).

Ils ont aussi étudié la section d’une variété hermitienne non-dégénérée par un hyperplan
tangent. Ils obtiennent le résultat suivant:

Théorème 0.3. [6, p.1173] Soit X̃ une variété hermitienne non-dégénérée dans Pn(Fq) et H
un hyperplan. Si H est tangent à X̃ en P , alors X̃ ∩H est une variété hermitienne dégénérée
de rang n−1 dans Pn−1(Fq). Le lieu singulier de X̃ ∩H est constitué uniquement du point P .

En 1971, I.M. Chakravarti achève tout seul l’étude de la section hyperplane d’une variété
hermitienne non-dégénérée. Il obtient le résultat suivant:

Théorème 0.4. [7, p.272] Soit X̃ une variété hermitienne non-dégénérée dans Pn(Fq) et
H un hyperplan. Si H est non-tangent à X̃ , alors X̃ ∩ H est une variété hermitienne non-
dégénérée dans Pn−1(Fq).

Dans leur article de 1966, Bose et Chakravarti ont également établi des propriétés sur des
variétés hermitiennes dégénérées. Deux d’entre elles retiendront notre attention et auront une
importance capitale dans la dernière partie du chapitre 4.

Théorème 0.5. [6, p.1171] Soit X̃ une variété hermitienne dégénérée de rang r < n+1 dans
Pn(Fq) et Πr−1 un sous-espace projectif linéaire de dimension r − 1 disjoint du lieu singulier
Πn−r de X̃ . Alors Πr−1 ∩ X̃ est une variété hermitienne non-dégénérée dans Πr−1.

Théorème 0.6. [6, p.1171] Soit X̃ ⊂ Pn(Fq) une variété hermitienne dégénérée de rang
r < n + 1. Si P est un point appartenant à l’espace singulier Πn−1 de X̃ et D est un point
arbitraire de X̃ , alors tout point de la droite (PD) appartient à X̃ .

0.5 Le code Ch(X) défini sur la surface hermitienne non-dégénérée

Ici q = t2 et X est la surface hermitienne dans P3(Fq) non-dégénérée d’équation X : xt+1
0 +

xt+1
1 + xt+1

2 + xt+1
3 = 0. D’après le théorème 0.2, on obtient #X(Fq) = (t2 + 1)(t3 + 1).

Injectivité: L’injectivité de l’application c définissant le code Ch(X) est vérifiée sous la
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condition h ≤ t. Et cette condition est elle-même obtenue grâce à la borne de Tsfasman-
Serre-Sørensen pour les hypersurfaces.

Historique du code Ch(X) sur la surface hermitienne:
En 1985, pour h = 2 et t = 2, R. Tobias un étudiant en thèse de I.M. Chakravarti à l’UNC-CH
a étudié ce problème. Par un traitement à l’ordinateur, il donna d’abord la liste des 45 points
de X. Il a ensuite évalué les 10 monônes quadratiques en chacun des 45 points de X, ce qui
lui a permis de determiner la dimension de ce code. Il ne fut pas à mesure de déterminer la
distance minimale de C2(X).
En 1986, pour h = 2 et t = 2, Paul P. Spurr dans sa thèse de master [38, p.28 ] à l’UNC-CH
en Caroline du Nord sous la direction de Ladnor Geissinger détermina grâce à un programme
informatique, non seulement la distance minimale mais aussi la distribution des poids du code
C2(X). Tous les mots du code C2(X) sont de poids pairs. Il obtint d’ailleurs le prix du meilleur
mémoire de master en sciences de son université.
En 1991, pour h = 2 et t = 2, A. B. Sørensen dans sa thèse de doctorat [36, pp.8-9]
sous la direction du professeur J. P. Hansen à Aarhus, montra que l’utilisation d’un ordi-
nateur n’était pas vraiment nécessaire pour déterminer la distance minimale de C2(X). Il
a même décrit la structure géométrique des mots de poids minimaux et en a déduit leur
nombre. Sørensen a généralisé son étude à la variété hermitienne non-dégénérée d’équation
X : xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 = 0 et a formulé une conjecture

pour h ≤ t, #XZ(f)(Fq) ≤ h(t3 + t2 − t) + t+ 1

qui une fois résolue, devrait donner exactement la distance minimale de Ch(X).
En 1993, au colloque A.G.C.T-4 de Marseille-Luminy, G. Lachaud donna une borne supérieure
du nombre de points d’un ensemble algébrique de dimension et de degré donnés. Le résultat
de G. Lachaud appliqué aux hypothèses du problème ci-dessus, conduit à la borne suivante:

pour h ≤ t, #XZ(f)(Fq) ≤ h(t3 + t2 + t+ 1)

qui est malheureusement plus large que celle de Sørensen.
En 2003, F. Rodier étudia également le code Ch(X) défini sur la surface hermitienne non-
dégénérée. Mais il n’apporta ni une amélioration à la borne de G. Lachaud, ni une information
à la conjecture ci-dessus.

Résolution de la conjecture de Sørensen: On remarque que pour h = 1, la conjec-
ture est vraie. Il suffit pour cela d’appliquer les théorèmes 0.3,0.4 et 0.2 pour s’en convaincre.
Dans le cadre de cette thèse nous avons résolu dans le chapitre 1, la conjecture de Sørensen
pour h = 2, en utilisant la classification projective des quadriques dans P3(Fq) et aussi les
propriétés des variétés hermitiennes. De plus, les techniques développées à savoir:

• La structure de deux reguli, chacun engendrant la quadrique hyperbolique et la limite
imposée au nombre de droites non-concourantes contenues dans un regulus pouvant
appartenir à la surface hermitienne non-singulière,

• La section de la quadrique elliptique E3 par X, dans P3(Fq) vu comme une famille de
q + 1 plans passant par une même droite définie par deux points distincts de E3 ∩X,
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• La structure géométrique du cône quadrique de rang 3 qui est en fait une réunion de
q + 1 droites passant par un sommet et la limite imposée au nombre de droites du cône
quadrique pouvant être contenues dans X,

nous permettent non seulement de répondre positivement à la conjecture ci-dessus pour les
quadriques, mais aussi de préciser le premier, le second et le troisième poids, ainsi que la
description géométrique des quadriques donnant ces poids et finalement le nombre des mots
atteignant ces trois premiers poids. En clair, nous obtenons les résultats suivants:

Caractérisation du premier poids w1 et sa multiplicité Aw1

Théorème 0.7. [12, pp.626-627] La distance minimale du code C2(X) est: d = t5−t3−t2 +t.
Les mots de poids minimaux correspondent aux quadriques qui sont réunion de plans, chacun
tangent à la surface hermitienne (i.e. intersectant la surface hermitienne en t + 1 droites
passant par un point), et la droite d’intersection des deux plans intersectant X en t+1 points.
Le nombre de mots de poids minimaux est:

Aw1 = (t2 − 1)[
1
2

(t5 + t3 + t2 + 1)t5].

Caractérisation du second poids w2 et sa multiplicité Aw2

Théorème 0.8. [12, p.627 et 14, pp.4-5] Le second poids du code C2(X) est w2 = t5 − t3.
Les mots de code atteignant le second poids correspondent à trois types de quadriques:
–quadriques hyperboliques contenant trois droites non-concourantes de X,
–quadriques qui sont réunion de deux plans tangents à la surface hermitienne X, se rencon-
trant en une droite contenue dans X,
–quadriques qui sont réunion de deux plans l’un tangent à X, le second non-tangent à X et
la droite d’intersection des deux plans rencontrant X en un seul point.
Le nombre de mots atteignant le second poids est:

Aw2 =
1
2

(t2 − 1)(t5 + t3 + t2 + 1)(3t2 − t+ 1)t2.

Caractérisation du troisième poids w3 et sa multipicité Aw3

Théorème 0.9. [14, pp.8-9] Le troisième poids du code C2(X) est w3 = t5 − t3 + t.
Les mots de code atteignant le troisième poids correspondent aux quadriques qui sont réunion
de deux plans l’un tangent à X, le second non-tangent à X et la droite d’intersection des deux
plans intersectant la surface hermitienne X en t+ 1 points.
Le nombre de mots atteignant le troisième poids est:

Aw3 = (t2 − 1)(t5 + t3 + t2 + 1)(t6 − t5).

On remarque que pour h = 2 et t = 2, on retrouve les résultats de Sørensen et ceux de Spurr
calculés par ordinateur: w1 = 22, Aw1 = 2160; w2 = 24, Aw2 = 2970; w3 = 26, Aw3 = 4320.
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Nous explicitons les quatrième et cinquième poids du code C2(X ), et formulons une con-
jecture sur la structure géométrique des quadriques qui correspondent à ces poids.
Le mardi 27 février 2007, dans mon exposé au séminaire du G.R.I.M (Groupe de Recherche
en Informatique et Mathématiques) de l’U.S.T.V à Toulon, Philippe Langevin (directeur du
dit groupe) me fit remarquer que les cinq premiers poids du code C2(X ) étaient divisibles par
t et que cela pourrait peut être s’étendre à tous les autres poids (ce qui est d’ailleurs le cas
pour t = 2). Nous allons prouver que cette remarque est bien fondée grâce au théorème de
James Ax sur les zéros des polynômes à coefficients dans un corps fini.

Théorème 0.10. [3, p.260] Soient r polynômes Fi(x1, ..., xn) (i = 1, ..., r) à n variables de
degré di sur Fq, alors le nombre de zéros communs des Fi est divisible par qb si n > b

∑r
i=1 di.

Théorème 0.11. Tous les poids du code C2(X ) défini sur la surface hermitienne non-dégénérée
X sont divisibles par t.

Preuve: Nous allons donner une démonstration plus générale dans Pn(Fq).
Si φ est une forme hermitienne à n + 1 variables avec n ≥ 3 sur un corps Fq = Ft2 et F une
forme quadratique, on a

φ(x0, ..., xn) = xt+1
0 + ...+ xt+1

n

Notons α un élément de Fq qui n’est pas dans Ft. On a

Fq = Ft ⊕ αFt.

Décomposons les éléments x de Fq

x = y + αz.

La conjugaison est donnée par x 7−→ xt et transforme α en α. Par conséquent xt = y+αz, et
par suite

xt+1 = (y + αz)(y + αz) = y2 + (α+ α)yz + ααz2.

La forme φ est maintenant une forme de degré 2 en 2(n+1) variables. Et sa nouvelle équation
devient

φ(y0, z0, ..., yn, zn) = y2
0 + (α+ α)y0z0 + ααz2

0 + ...+ y2
n + (α+ α)ynzn + ααz2

n

Soient X et Q les variétés projectives associées aux formes φ et F . Les nouvelles équations
donnant X ∩Q s’écrivent alors{

y2
0 + (α+ α)y0z0 + ααz2

0 + ...+ y2
n + (α+ α)ynzn + ααz2

n = 0
F (y0, z0, ..., yn, zn) = 0

et sont des équations sur Ft. Par le théorème d’Ax, le nombre de zéros communs N à φ et F
(dans F2(n+1)

t ) est divisible par t car 2(n+ 1) > 2 + 2.
D’autre part F et φ sont homogènes, donc N − 1 est divisible par t− 1.
Etant donné que X et Q sont les variétés projectives associées aux formes φ et F , on a
#(Q∩X) = N−1

t−1 . Soit M = N−1
t−1 , on a N ≡ (1−M) (mod. t). Et comme N est divisible par
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t, on en déduit M ≡ 1 (mod. t)
Le poids d’un mot de code associé à la variété quadrique Q sur X est égal à

w = #X −#(Q∩X) = #X −M.

Or, par le théorème d’ Ax encore, le nombre de zéros de φ (dans F2(n+1)
t ) est divisible par t,

donc #X ≡ 1 (mod. t). Par conséquent,

w = #X −M ≡ 0(mod. t).

0.6 Etude du code C2(X) défini pour X une surface quadrique

Le code C2(X) défini sur X une variété quadrique de Pn(Fq) a été étudié pour la première
fois par Y. Aubry en 1993. Dans le but de déterminer la distance minimale, Aubry étudia
l’intersection de deux quadriques dans Pn(Fq).
Lorsque X est une quadrique qui est une réunion d’hyperplans ou un hyperplan répété,
la détermination de C2(X) se ramène à l’étude de sections hyperplanes de quadriques. Ce
problème a été étudié en plusieurs étapes, selon la dégénérescence de la quadrique.
En 1951, Primrose dans les presses de l’université de Cambridge étudia la section hyperplane
d’une quadrique non-dégénérée. Dans le cas où l’hyperplan n’est pas tangent à X, son résultat
affirme qu’on obtient une quadrique non-dégénérée dans Pn−1(Fq), et une quadrique dégénérée
de rang maximal dans Pn−1(Fq) lorsque l’hyperplan est tangent à X. En 1975, J. Wolfmann
achève l’étude de ce dernier cas, ce qui rend complète l’étude de la section hyperplane d’une
quadrique non-dégénérée.
En ce qui concerne les quadriques dégénérées, il y a eu plusieurs approches:
–En 1986, R. Games a étudié les sections hyperplanes de quadriques dégénérées ayant la taille
d’un hyperplan sans pour autant être des hyperplans.
–En 1990, I.M. Chakravarti étudia les sections hyperplanes de quadriques dégénérées de rang
maximal.
–En 1993, la troisième et dernière approche est donnée par Y. Aubry. Il obtient des résultats
très remarquables dans sa Thèse de Doctorat: il donne des résultats dans le cas général,
i.e. pour des quadriques de rang quelconque. Il a retrouvé des résultats oubliés de H.P.F
Swinnerton-Dyer de 1964. Lorsque j’ai présenté l’article de H.P.F. Swinnerton-Dyer à Y. Aubry
le mercredi 18 janvier 2006, en discutant avec lui il m’expliqua qu’il ignorait l’existence de tels
résultats. Autrement, des tentatives comme celles de Games et Chakravarti n’auraient pas eu
lieu.
Lorsque les deux quadriques X et Q n’ont aucun facteur linéaire (hyperplan) en commun, Y.
Aubry en considérant le résultant des deux polynômes définissant les quadriques et en appli-
quant la borne de Tsfasman-Serre-Sørensen pour les hypersufaces, donna une majoration de
#(X ∩Q), le nombre de points dans l’intersection des deux quadriques X et Q. Il obtint:

#(X ∩Q) ≤ πn−2 + 7
qn−1

q − 1
− 6

qn−2

q − 1
(q ≥ 7).

En 1999, il y a eu une avancée dans la majoration du nombre de points dans l’intersection de
deux quadriques. Cette avancée est venue de D. B. Leep et de son étudiante L. M. Schueller.
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Ils ont amélioré les résultats d’Aubry sous l’hypothèse que les deux quadriques sont de ”plein
ordre”, c’est à dire leur écriture simultanée nécessiterait la totalité des variables x0, . . . , xn.
On a le résultat suivant:

Théorème 0.12. Soient Q1 et Q2 deux quadriques dans Pn(Fq). Supposons que w(Q1,Q2) =
n+ 1.
Si n+ 1 ≥ 4 et n+ 1 pair, alors

|Q1 ∩Q2| ≤ (2qn−1 − qn−2 + 2q
n+1

2 − 3q
n−1

2 + q
n−3

2 − 1)/(q − 1).

Si n+ 1 ≥ 5 et n+ 1 impair, alors

|Q1 ∩Q2| ≤ (2qn−1 − qn−2 + q
n+2

2 − q n
2 − 1)/(q − 1).

Si n+ 1 = 3, alors
|Q1 ∩Q2| ≤ (q2 + q − 2)/(q − 1)

Et ces bornes sont les meilleures possibles.

L’hypothèse de D. B. Leep et L.M. Schueller est très restrictive. Nous donnons dans cette
thèse un résultat similaire à la borne de Tsfasman-Serre-Sørensen tout en s’affranchissant de
cette hypothèse, c’est à dire pour des paires de quadriques ayant un ordre quelconque.

Lemme 0.2. [15, pp.5-6] Soient Q1 et Q2 deux quadriques dans Pn(Fq) et l un entier tel que
1 ≤ l ≤ n− 1.
Supposons que w(Q1,Q2) = n − l + 1 et |Q1 ∩ Q2 ∩ En−l(Fq)| ≤ m où En−l(Fq) = {x ∈
Pn(Fq) |xn−l+1 = ... = xn = 0}. Alors

|Q1 ∩Q2| ≤ mql + πl−1.

Cette borne est optimale dès que m l’est dans En−l(Fq).

Rien que dans le cas de P3(Fq), qui est apparemment simple, quand X est une quadrique
non-dégénérée (elliptique ou hyperbolique), ou dégénérée de rang maximal Aubry n’était pas
en mesure de déterminer précisément la distance minimale de C2(X). Ses résultats conduisent
à la borne:

|Q ∩X| ≤ 2(4q + 1) +
1

q − 1
qui n’est d’ailleurs pas la meilleure possible.
L’amélioration faite par Leep et Schueller donne une borne certes interessante pour la distance
minimale de C2(X) définie sur X, une quadrique non-dégénérée hyperbolique, cependant trop
large lorsque X est une quadrique non-dégénérée elliptique.

0.6.1 X est une quadrique hyperbolique dans P3(Fq)

Ici la borne de Leep stipule que le nombre de points dans l’intersection d’une quadrique
hyperbolique X et toute autre quadrique différente de X, est plus petite que 4q. En réalité il
ne donne pas de façon explicite un exemple où celle-ci est optimale. En exploitant de façon
particulière la structure géométrique de la quadrique hyperbolique, et aussi celle du cône
quadrique de rang 3, nous obtenons les résultats suivants:
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Proposition 0.2. Soit Q′ une quadrique dans P3(Fq) et X une quadrique hyperbolique. On
a:

#XZ(Q′)(Fq) = 4q, 3q + 1 or #XZ(Q′)(Fq) ≤ 3q

Théorème 0.13. Le code C2(X) défini sur la quadrique hyperbolique X est un [n, k, d]q- code
avec:

n = (q + 1)2, k = 9, d = (q − 1)2

Théorème 0.14. Les mots de poids minimaux correspondent à deux types de quadriques:
– les quadriques qui sont réunion de deux plans tangents à X et la droite d’intersection des
deux plans intersecte la quadrique hyperbolique en deux points.
– les quadriques hyperboliques contenant exactement quatre droites de X reparties deux à deux
dans chacun des deux reguli de X.

Théorème 0.15. Le second et le troisième poids du code C2(X) défini sur la quadrique
hyperbolique sont respectivement w2 = q(q − 1), w3 = q2 − q + 1.

Théorème 0.16. Les mots du second poids correspondent à trois types de quadriques:
– les quadriques qui sont réunion de deux plans tangents à X et la droite d’intersection des
deux plans est un générateur X,
– les quadriques qui sont réunion de deux plans, l’un tangent à X, le second non-tangent à
X, et la droite d’intersection des deux plans intersectant X en un seul point,
– les quadriques hyperboliques contenant exactement deux générateurs de X un dans chaque
regulus et les q autres droites d’un regulus sont toutes des bisecantes à X.

0.6.2 X est une quadrique elliptique dans P3(Fq)

Des intersections des quadriques de P3(Fq) avec la quadrique elliptique, l’intersection elliptique-
elliptique est la plus complexe, en ce sens que nous avons à nous détacher de toutes les ap-
proches ayant servi précédemment et l’aborder avec une approche plus géométrique.
Ici plutôt que de regarder Q et X sur Fq, nous regardons Q et X sur Fq. Nous considérons
également C = Q∩X qui définit une courbe que nous décomposons en composantes irréductibles
C =

⋃
1≤i≤t Ci. D’après la caractérisation d’une quadrique non-singulière donnée par I. Sha-

farevitch, à savoir que Q ' P1(Fq) × P1(Fq) via le plongement de Segre, nous donnons une
relation plus raffinée entre le genre arithmétique et le degré des courbes Ci.

Lemme 0.3. [13, p.61] Soit Q ⊂ P3 une surface quadrique non-singulière dans P3et Ci une
courbe irréductible sur Q.
–Si deg Ci = 2l + 2 alors, pa(Ci) ≤ l2 (?)
–Si deg Ci = 2l + 1 alors, pa(Ci) ≤ l(l − 1) (??)

En faisant agir le groupe de Galois Gal(Fq/Fq) sur les composantes irréductibles , on arrive
au résultat suivant:

Lemme 0.4. Soit C =
⋃

1≤i≤tCi la décomposition d’une courbe C ⊂ Pn(Fq) en composantes
irréductibles sur Fq et σ ∈ Gal(Fq/Fq). Alors σ(Ci) et Ci ont le même degré. Si Ci est la
seule composante de degré di, alors Ci est définie sur Fq.
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En utilisant la borne de Weil et les améliorations qu’en ont faites Yves Aubry et Marc Perret
pour le cas des courbes non-lisses, ainsi que les lemmes 0.3, 0.4 on obtient |X ∩Q| ≤ 2(q+ 1)

Proposition 0.3. Soit Q′ une quadrique dans P3(Fq) et X une quadrique elliptique. Nous
avons:

#XZ(Q′)(Fq) = 2(q + 1), 2q + 1 ou #XZ(Q′)(Fq) ≤ 2q

Théorème 0.17. Le code C2(X) défini sur la quadrique elliptique X est un [n, k, d]q- code
avec:

n = q2 + 1, k = 9, d = q2 − 2q − 1.

Remarque 0.1. Ces codes fonctionnels C2(X) définis sur les quadriques elliptiques sont de
bons codes selon les tables de Andries E. Brouwer [4].

En fait pour, q = 3, 4, 5, 7, 8, 9 nous obtenons respectivement les codes suivants: [10, 9, 2]3-
code, [17, 9, 7]4- code, [26, 9, 14]5- code, [50, 9, 34]7- code, [65, 9, 47]8- code, [82, 9, 62]9- code.

0.6.3 X est une quadrique dégénérée de rang 3 dans P3(Fq)

Pour X une quadrique dégénérée de rang maximal, l’hypothèse de Leep pour la détermination
du nombre de points de deux quadriques ne peut s’appliquer en ce sens qu’elle ne prendrait
en compte aucune paire de quadriques dégénérées de rang maximal et d’ordre 3.
Par les trois considérations suivantes:

• En mettant à profit la structure géométrique du cône quadrique de rang 3,

• En déterminant le nombre de droites pouvant être contenues dans l’intersection du cône
avec toute autre quadrique, autre que celle engendrée par deux plans

• En étudiant la section plane du cône par des quadriques qui sont réunion de deux plans
et la description très précise de la droite d’intersection de ces deux plans vis à vis du
cône,

nous obtenons les résultats suivants:

Proposition 0.4. Soit Q′ une quadrique dans P3(Fq) et X le cône quadrique de rang 3. Nous
avons:

#XZ(Q′)(Fq) = 4q + 1, 3q + 1 ou #XZ(Q′)(Fq) ≤ 3q

Théorème 0.18. Le code C2(X) défini sur le cône quadrique de rang 3 X est un [n, k, d]q-
code avec:

n = q2 + q + 1, k = 9, d = q(q − 3)

Nous donnons aussi une description du premier, deuxième et du troisième poids de C2(X),
ainsi que la description des mots atteignant ces poids respectifs.
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0.7 Le code C2(X) défini sur les variétés quadriques dans P4(Fq)

Cette partie est en fait, la première partie du chapitre 4 de cette thèse. Nous allons nous servir
des résultats obtenus pour les surfaces quadriques dans P3(Fq) et aussi du lemme 0.2.
Lorsque X est une quadrique d’indice projectif g(X )=3, la détermination de la distance min-
imale de C2(X) découle directement des résultats de Swinnerton-Dyer, Primrose, Wolfmann
pour le cas r(Q)=1, et de Boguslavsky pour le cas r(Q)=2.
De même pour g(X )=2=r(X ), on déduit également la distance minimale de C2(X) des
résultats de J.W.P. Hirschfeld.
Pour les quadriques X de rang r(X ) ≥ 3, nous jouerons principalement sur leur structure
géométrique combinée avec certaines considérations particulières pour déterminer la distance
minimale de C2(X) ainsi que le second poids. Nous obtenons les résultats suivants:

Théorème 0.19. Soit Q une quadrique dans P4(Fq) et X une quadrique non-dégénérée
(parabolique) dans P4(Fq). Nous avons

#XZ(Q)(Fq) ≤ 2q2 + 3q + 1

et cette borne est la meilleure possible.
Le code C2(X ) défini sur la quadrique parabolique X est un [n, k, d]q-code où
n = (q + 1)(q2 + 1), k = 14, d = q3 − q2 − 2q.

Théorème 0.20. Les mots de poids minimaux du code C2(X ) correspondent aux quadriques
suivantes:
–quadriques qui sont réunion de deux hyperplans non-tangents à X, chacun intersectant X
en une surface quadrique hyperbolique telle que le plan d’intersection des deux hyperplans in-
tersecte X en une conique plane non-singulière.
–quadriques avec r(Q) = 3 (i.e. q + 1 plans passant par une droite) et chaque plan contenant
exactement deux droites de X .
–quadriques non-dégénérées (i.e. paraboliques) contenant deux droites sécantes de X définissant
un plan contenu dans les q + 1 hyperplans où un des hyperplans est tangent à X , les q autres
sont non-tangents à X avec une section hyperplane maximale.

Théorème 0.21. Soit Q une quadrique dans P4(Fq) et X une quadrique dégénérée dans
P4(Fq). Nous avons:
–Si X est dégénérée avec r(X ) = 3, alors

#XZ(Q)(Fq) = 4q2 + q + 1 ou #XZ(Q)(Fq) ≤ 3q2 + q + 1.

–Si X est dégénérée avec r(X )=4 et g(X ) = 2, alors

#XZ(Q)(Fq) = 4q2 + 1 ou #XZ(Q)(Fq) ≤ 3q2 + q + 1.

Théorème 0.22. Le code C2(X ) défini sur la quadrique dégénérée X dans P4(Fq) est un
[n, k, d]q-code tel que:
–Si X est dégénérée avec r(X )=3, alors n = q3 + q2 + q + 1, k = 14, d = q3 − 3q2.
–Si X est dégénérée avec r(X )=4 et g(X ) = 2, alors n = q3+2q2+q+1, k = 14, d = q3−2q2+q.
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On détermine également les mots de poids minimaux du code C2(X ) pour chacune des deux
quadriques dégénérées du théorème ci-dessus et on se référera au théorème 4.2 du chapitre 4.

Théorème 0.23. Soit Q une quadrique dans P4(Fq) et X une quadrique dégénérée dans
P4(Fq) de rang (X ) = 4 et g(X ) = 1. Nous avons:

#XZ(Q)(Fq) ≤ 3q2 + q + 1.

Le code C2(X ) défini sur la quadrique dégénérée X de rang r(X )=4 avec g(X ) = 1 est un
[n, k, d]q-code où n = q3 + q + 1, k = 14, d ≥ q3 − 3q2.

Notons ici que l’application du théorème de James Ax sur les zéros des polynômes à coefficients
dans un corps fini permet de conclure à la divisibilité par q des poids du code C2(X ) défini
sur une variété quadrique dans P4(Fq).

0.8 Le code C2(X) défini sur les variétés hermitiennes non-
dégénérées dans P4(Fq)

Dans cette partie, nous considérons la variété hermitienne non-singulière X d’équation X :
xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 + xt+1

4 = 0.
D’après le théorème 0.2, on en déduit que

#X (Fq) = (t2 + 1)(t5 + 1).

Bose et Chakravarti ont montré que g(X ) = 1.
Pour étudier la section quadratique de X , nous considérons trois cas différents, selon que
l’indice projectif g(Q) est égal à 1, 2, ou 3.
Pour les quadriques Q telles que g(Q)=2, on sait qu’elles sont des réunions de plans et leur
intersection avec la variété hermitienne X ne peut contenir de plans. On en déduit alors que
|X ∩ Q| ≤ t5 + t4 + t3 + 2t2 + 1.
Pour les quadriques Q d’indice projectif g(Q)=3, on sait aussi qu’elles sont des quadriques de
rang r(Q)=1 ou 2. Pour des quadriques de rang 1, les théorèmes 0.3, 0.4 donnent explicitement
le nombre de points dans l’intersection de X ∩ Q. Si r(Q) = 2 et Q est une réunion d’une
paire d’hyperplans, on étudie X ∩ Q selon que les deux hyperplans sont de même nature ou
de nature différente, et en utilisant les deux théorèmes (théorème 0.3 et 0.4) sur la section
hyperplane d’une variété hermitienne non-dégénérée et aussi les théorèmes 0.5, 0.6, on trouve
exactement les cinq valeurs prises par |X ∩ Q|.
Pour les quadriques Q d’indice projectif g(Q)=1, Q est soit la quadrique non-dégénérée (i.e.
parabolique), ou la quadrique dégénérée de rang 4 de type ellitique. Nous distinguons aussi
deux cas, selon que l’intersection de X ∩ Q contient ou n’en contient pas de droites. Dans le
cas où elle ne contiendrait pas de droite, on montre sans difficulté que |X ∩Q| ≤ t5 + t4 + t+1.
Dans le cas où l’intersection contiendrait des droites, seul le cas Q non-dégénérée nécessite
l’utilisation d’arguments plus complexes. On utilise les résultats de la section 0.5, et aussi le
fait que P4(Fq) peut être engendré par q+ 1 hyperplans passant par une même droite (définie
par deux points de X ∩Q).

Finalement on montre le résultat suivant
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Théorème 0.24. Soit Q une quadrique dans P4(Fq) et X une variété hermitienne non-
dégénérée X : xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 + xt+1

4 = 0, on a

#XZ(Q)(Fq) = 2t5 + t3 + 2t2 + 1, 2t5 + t3 + t2 + 1

#XZ(Q)(Fq) = 2t5 + 2t2 + 1, 2t5 + t2 + 1,

et pour t 6= 2, 3 #XZ(Q)(Fq) =


2t5 − t3 + 2t2 + 1

ou
≤ 2t5 − t4 + 3t3 − t+ 1.

Nous explicitons les cinq premiers poids et donnons une description des mots correspondant
à ces poids.

Théorème 0.25. [15, p.26] Le premier poids du code C2(X ) est t7 − t5 − t3 − t2.
Les mots de poids minimaux correspondent aux quadriques qui sont réunion d’une paire
d’hyperplans non-tangents à X tels que le plan d’intersection des deux hyperplans intersecte
X en une courbe plane hermitienne non-singulière.

Théorème 0.26. [15, p.26] Le second poids du code C2(X ) est t7 − t5 − t3.
Les mots de code atteignant le second poids correspondent aux quadriques qui sont réunion
d’une paire d’hyperplans non-tangents à X tels que le plan d’intersection des deux hyperplans
intersecte X en une courbe plane hermitienne singulière de rang 2.

Théorème 0.27. [15, p.27] Le troisième poids du code C2(X ) est t7 − t5 − t2.
Les mots de code atteignant le troisième poids correspondent aux quadriques qui sont réunion
d’une paire d’hyperplans, l’un tangent à X , le second non-tangent à X et telle que le plan
d’intersection des deux hyperplans intersecte X en une courbe plane hermitienne non-singulière.

Théorème 0.28. [15, p.27] Le quatrième poids du code C2(X ) est t7 − t5.
Les mots de code atteignant le quatrième poids correspondent à deux types de quadriques:
–les quadriques qui sont réunion d’une paire d’hyperplans, l’un tangent à X , le second non-
tangent à X et le plan d’ intersection des deux hyperplans est tangent à la surface hermitienne
non-singulière obtenue du second hyperplan.
–les quadriques qui sont réunion d’une paire d’hyperplans tangents à X et le plan d’ intersec-
tion des deux hyperplans intersecte X en une seule droite.

Théorème 0.29. [15, p.27] Le cinquième poids (pour t 6= 2, 3) du code C2(X ) est t7 − t5 +
t3 − t2.
Les mots de code atteignant le cinquième poids correspondent (pour t 6= 2, 3) aux quadriques
qui sont réunion d’une paire d’hyperplans tangents et le plan d’intersection des deux hyperplans
intersecte X en une courbe plane hermitienne non-singulière.

Remarquons que les cinq premiers poids du code C2(X) défini sur la variété hermitienne non-
dégénérée dans P4(Fq) sont divisibles par t2. Cette remarque n’est d’ailleurs pas fortuite. En
fait par l’application du théorème de James Ax sur les zéros des polynômes à coefficients dans
un corps fini tout comme dans le cas de la surface hermitienne au paragraphe §0.5, on montre
la divisibilité par t2 de tous les poids du code C2(X ).
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0.9 Questions ouvertes: deux conjectures à résoudre

Cette thèse se termine par la généralisation des résultats ci-dessus sous forme de conjectures
pour des variétés hermitiennes de dimension supérieure dans Pn(Fq).

0.9.1 Conjecture sur la distance minimale de Ch(X ) dans Pn(Fq)

Soit X la variété hermitienne non-singulière d’équation:

X : xt+1
0 + xt+1

1 + xt+1
2 + ...+ xt+1

n = 0

Si h ≤ t on en déduit d’après le théorème 0.1 que l’application c définissant le code fonctionnel
Ch(X ) est injective.

Conjecture.1
c(f) mot de poids minimum ⇔ f est une hypersurface vérifiant les conditions 1, 2 et 3 suivantes

1. hypersurfaces de Tsfasman-Serre-Sørensen (i.e. des hypersurfaces qui sont une réunion
de h hyperplans passant par une sous-variété linéaire de codimension 2)

2. une condition de contact
–si n = 2l, chacun des hyperplans Hi i = 1, 2, ..., h est non-tangent à X
–si n = 2l + 1, chacun des hyperplans Hi i = 1, 2, ..., h est tangent à X .

3. la sous-variété projective linéaire K = ∩Hi de codimension 2 intersecte X en une variété
hermitienne non-singulière dans Pn−2(Fq).

Remarque 0.2. La conjecture est vraie pour h = 1. On applique en fait les résultats
Bose+Char, 1966 + Char, 1971 .

Elle est également vraie pour h = 2 et n = 3, 4 (voir § 0.5 et 0.6).

0.9.2 Conjecture sur les 5 premiers poids de C2(X ) dans Pn(Fq)

Soit X la variété hermitienne non-singulière d’équation:

X : xt+1
0 + xt+1

1 + xt+1
2 + ...+ xt+1

n = 0

Conjecture.2 Les mots atteignant les cinq premiers poids (wi)1≤i≤5 du code C2(X ) corre-
spondent à des quadriques ayant la configuration géométrique suivante:

1. w1 ≤ w ≤ w5 ⇒ il existe une quadrique Q réunion de deux hyperplans distincts telle
que w(Q) = w.

2. w(Q) = w1 ⇔ Q = H1 ∪H2 + Condition de Contact + Pn−2

–si n = 2l, H1 et H2 sont non-tangents à X
–si n = 2l + 1, H1 et H2 sont tangents à X .
–(H1 ∩H2) ∩ X est une variété hermitienne non-singulière dans Pn−2(Fq)
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3. w5 < w ⇒ aucun mot de code de poids w correspond à une quadrique Q réunion d’une
paire d’hyperplans distincts.

Remarque 0.3. Le point 2 de la conjecture est vraie pour n = 3. Pour n = 3, voir § 0.5.
La conjecture est vraie pour n = 4 (voir § 0.8).
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Discrete Mathematics 13 (1975), 185-211.

27



Chapitre 1

Codes defined by forms of degree 2
on hermitian surfaces and
Sørensen’s conjecture
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Abstract

We study the functional codes Ch(X) defined by G. Lachaud in [10] where
X ⊂ PN is an algebraic projective variety of degree d and dimension m.
When X is a hermitian surface in PG(3, q), Sørensen in [15], has conjectured
for h ≤ t (where q = t2) the following result :

#XZ(f)(Fq) ≤ h(t3 + t2 − t) + t+ 1

which should give the exact value of the minimum distance of the functional
code Ch(X).
In this paper we resolve the conjecture of Sørensen in the case of quadrics
(i.e. h = 2), we show the geometrical structure of the minimum weight
codewords and their number; we also estimate the second weight and the
geometrical structure of the codewords reaching this second weight.

Keywords: functional codes, hermitian surface, hermitian curve, quadric,
Sørensen’s conjecture, weight.

Mathematics Subject Classification: 05B25, 11T71, 14J29

1 Introduction

After the works of Goppa, in coding theory, the construction of error-
correcting codes from algebraic curves is now classical. From the works
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of renowned scholars in algebraic geometry, such as Manin, Vladut [11], we
are able to consider codes built from higher dimensional algebraic varieties.
Some of such codes have already been studied. Among others, projective
Reed-Muller codes have been studied by G. Lachaud [9], A. B. Sørensen [14]
and Y. Aubry [1]; codes on hermitian varieties have also been studied by
Chakravarti [4], and Hirschfeld, Vladut, Tsfasman [8].
In [10] G. Lachaud has also study the functional codes on a projective va-
riety X of PN of degree d and dimension m. Theses codes have similarities
with the well known projective Reed-Muller codes defined over a projective
variety X of PN .
In this paper, what we have in mind is to study the functional codes Ch(X)
introduced by G. Lachaud in [10] in the particular case where X is the non-
degenerate hermitian surface X : xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 = 0 in PG(3, q)

and q = t2. Indeed, the hermitian surfaces are interesting since they are
maximal with respect to their number of rational points and they have also
a beautiful geometry.
Even in the case of quadric surfaces, Y. Aubry [1] was not able to deter-
mine precisely the minimum distance of the functional codes C2(X), when
the quadrics are non-degenerate (elliptic or hyperbolic) and 1-degenerate
(cones).
Sørensen [15] has also tried to study the functional codes Ch(X), on the her-
mitian surface X; but he was not able to find the minimum distance, even
in the case h = 2. His work was motivated by the paper [3] (of Chakravarti)
which undertake the study of the code C2(X) over F4 by a complete com-
puter search. Thus, he conjectured a result, which will be the main purpose
of our work.
The paper has been organized as follows. First of all, we recall somme nota-
tions and definitions of functional codes. Secondly, we state the conjecture
of Sørensen:

for h ≤ t, #XZ(f)(Fq) ≤ h(t3 + t2 − t) + t+ 1.

Thirdly, by using the projective classification of quadrics in [7], the prop-
erties of the hermitian surface X and the projective classification of the
hermitian plane curves in [7], we give a proof of the conjecture of Sørensen
in the case h = 2. Finally we conclude our work by expressing more clearly
the exact parameters of the functional codes C2(X), the geometrical struc-
ture of the minimum weight codewords and their number, the second weight
and also the geometrical structure of codewords reaching this second weight.
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2 Notations

We denote by Fq the field with q elements, where q = pa is a power of the
prime number p. Let V = AN+1 be the affine space of dimension N + 1
over Fq. We denote also by P = P(V ) = PG(N, q) = PN the corrresponding
projective space of dimension equal to N .
We denote also by Ph(V,Fq) the vector space of forms (that is, of homoge-
neous polynomials) of degree h in V with coefficients in Fq. If f ∈ Ph(V,Fq),
we denote by Z(f), the set of zeros of f in the projective space. Let X ⊂ P
be a subvariety of P, |X| denotes the number of its rational points over Fq;
we call X ∩ Z(f) a degree h section of X, and we denote by XZ(f)(Fq), the
the set of rational points over Fq of the algebraic set X ∩ Z(f).

3 Functional codes defined by forms on projective
varieties

The subject of this section is to recall the construction of the functional
codes defined by forms on projective varieties as it has been done by G.
Lachaud in [10].

Definition 3.1 Let X be a finite set, X = (P1, . . . , Pn).
Let F(X,Fq) the space of all maps from X to Fq. F(X,Fq) is a vector space;
let F̃ ⊂ F(X,Fq) a subspace.
Let c be the map defined by

c : F(X,Fq) −→ Fn
q

f 7−→ c(f) = (f(P1), . . . , f(Pn))

We call functional code defined by F̃ and X, and we denote it by C(X, F̃ ),
the image of the map c restricted to F̃ .

c| eF : F̃ −→ Fn
q

f 7−→ c| eF (f) = (f(P1), . . . , f(Pn))

C(X, F̃ ) = Imc| eF
The functional code we have defined has the following parameters

lenghC(X, F̃ ) = n, dimC(X, F̃ ) = dim F̃ − dim kerC| eF
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Definition 3.2 Let c(f) be a codeword. We call coweight of the word c(f),
and we denote cw(f), the number of zeros digits in c(f).

cw(f) = #{P ∈ X | f(P ) = 0} (3.2.1)

The weight of the word c(f) which we denote by w(c(f)) is

w(c(f)) = n− cw(f)

The minimal distance of the functional code C(X, F̃ ) is

distC(X, F̃ ) = n−max
f∈eF cw(f) (3.2.2)

Definition 3.3 We denote by (x0 : . . . : xN ) the homogeneous coordinates
in the projective space PN .
Let Wi be the set of points with homogeneous coordinates (x0 : . . . : xN ) ∈ PN

such that x0 = x1 = . . . xi−1 = 0 and xi 6= 0.
The family {Wi}0≤i≤N is clearly a partition of PN .
Let ν be a map defined by:

ν : PN −→ V − {0}
(x0 : . . . : xN ) 7−→ (0, . . . , 0, 1, xi+1, . . . , xN )

for (x0 : . . . : xN ) ∈Wi.

If f ∈ Ph(V,Fq) and Q ∈ PN , then

f(νQ) =
f(x0, . . . , xN )

xh
i

with Q ∈Wi

Definition 3.4 Let X ⊂ PN be an algebraic set defined over Fq and h ≤ q.
The code defined by forms of degree h on X is the functional code Ch(X) =
C(X, F̃ ) obtained by taking F̃ as the space of restrictions to X of forms in
Ph(V,Fq).

We have
length Ch(X) = #X(Fq) (3.4.1)

When the map c is injective, we get

dimCh(X) =
(
N + h

h

)
(3.4.2)
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From (3.2.1), we deduce that

cw(f) = #XZ(f)(Fq) (3.4.3)

From (3.4.3), we can conclude that calculating the weights of the code
Ch(X), comes down to the computation of the number of points of degree
h sections of X.

4 Codes defined by forms on hermitian varieties
in PG(3, q)

We now restrict ourselves to functional codes defined in particular algebraic
sets in PG(3, q), where q = t2 and t is a prime power. Thus, we consider
the hermitian surface X defined by :

X : xt+1
0 + xt+1

1 + xt+1
2 + xt+1

3 = 0

We know from (3.4.1) that the length of this code is length Ch(X) =
#X(Fq). In [2](p.1179) Bose and Chakravarti showed that

#X(Fq) = (t2 + 1)(t3 + 1) (4.1).

If h ≤ t the map c is injective and from (3.4.2), we can say that

dimCh(X) =
(

3 + h

h

)
(4.2).

For an estimate on the minimum distance of this code, as usually, a more
careful analysis is necessary.

4.1 Codes defined by linear forms

In [2] we have the following result.

Theorem 4.1 Let H ⊂ P3 be a plane

#XH(Fq) =

{
t3 + 1 if H is not tangent to X,
t3 + t2 + 1 if H is tangent to X.

If H is tangent to X, X ∩H is a singular hermitian curve of rank 2 in
PG(2, t2). More precisely, H ∩ X is a set of t+1 lines passing through a
common point. Thus we get #XH(Fq) = (t+ 1)t2 + 1 = t3 + t2 + 1.
If H is not tangent to X, X ∩ H is a non-singular hermitian curve in
PG(2, t2). Thus, we get #XH(Fq) = t3 + 1.
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4.2 Codes defined by forms of degree two (quadrics)

In the case h = 2 and t = 2, the minimum distance of this code has been
found by Paul P. Spurr in 1986 in his master’s project by using a complete
computer search; thus a [45, 10, 22]-code over F4 has been found.
In 1991, Anders B. Sørensen in [15], in his Ph. D. Thesis, without any
computer programs, only with the geometric properties of quadrics and those
of the non-singular cubic in [5], found the minimum distance of this code
defined over F4.
Sørensen has tried to generalize the problem and conjectured that for h ≤ t
(and t any prime power) we get

#XZ(f)(Fq) ≤ h(t3 + t2 − t) + t+ 1

G. Lachaud has also proved in [10], with the help of proposition 2.3 [10]
that

#XZ(f)(Fq) ≤ h(t3 + t2 + t+ 1)

Unfortunately his bound is larger than that of Sørensen.

Remark 4.2 From theorem 4.1 the conjecture is true in the case of codes
defined by linear forms (h=1). In that case, the code C1(X) (noted C(X))
is a two-weight code of dimension 4 whose weights are t5 and t5 + t2.

We will now resolve the problem of Sorensen, in the case h = 2, and t any
prime power.

5 Resolution of Sørensen’s conjecture in the case
h = 2 and t any prime power

We need to recall the notion of the rank of a quadric Q = Z(f).

Definition 5.1 Let T be an inversible linear transformation defined over
PN . Let i(f) be the number of indeterminates appearing explicitly in F .
The rank r(Q) of the quadric Q is defined by

r(Q) = min
T

i(f ◦ T )

where T ranges over all inversible linear transformations over Fq. A quadric
Q is said to be degenerate if r(Q) < N + 1. Otherwise the quadric is non-
degenerate.

We have a particular property of quadric in [6] p.115.
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Proposition 5.2 A quadric Q is degenerate if and only it is singular.

We recall also the classification of quadrics in PG(3, q) under PGL(4, q)
given by J.W.P. Hirschfeld [7] in table 1; thus we will consider two cases
depending on the degeneration of the quadrics.
In the whole paragraph we will note

s(t) = 2(t3 + t2 − t) + t+ 1 s2(t) = 2t3 + t2 + 1

Rank Description |Q|

1

2

2

3

4

4

q2 + q + 1

2q2 + q + 1

q + 1

q2 + q + 1

(q + 1)2

q2 + 1

repeated plane

pair of distinct planes

line

(quadric) cone

hyperbolic quadric

elliptic quadric

Table.1 Quadrics in PG(3,q)

5.1 Q is a degenerate quadric

Degenerate quadrics in PG(3, q) are quadrics with rank stricly less than 4.
So we need to distinguish four cases.

5.1.1 Rank Q = 1

In this case Q is a repeated plane.
If Q is tangent to X, from theorem 4.1, Q∩X is a singular hermitian curve
of rang 2 in PG(2, t2), and |Q ∩X| = t3 + t2 + 1 < s2(t).
If Q is not tangent to X, from [2], Q∩X is a non-singular hermitian curve
in PG(2, t2), and |Q ∩X| = t3 + 1 < s2(t).

5.1.2 Rank Q = 2 and Q is a line

In this case we have |Q| = q + 1 = t2 + 1, so |Q ∩X| ≤ t2 + 1 < s2(t).
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5.1.3 Rank Q = 2 and Q is a pair of distinct planes

(i) each plane is not tangent to X .
If we write Q = P1∪P2, then P1∩X and P2∩X are non-singular hermitian
curves in PG(2, t2), such that |P1∩X| = |P2∩X| = t3 +1. Hence |Q∩X| ≤
2(t3 + 1) < s2(t).

(ii) one plane is tangent and the second is not tangent to X .
Let us note Q = P1 ∪ P2, with P1 tangent to X and P2 not tangent to X.
The singular hermitian curve of rang 2, P1∩X is in fact a set of (t+1) lines
passing through a point P , see theorem 4.1.
Let l = P1 ∩ P2, then l is not contained in X from theorem 9.1 [3] p.1176.
Since l ⊂ P1, we have l∩X = (l∩P1)∩X = l∩ (P1 ∩X), so that l∩X is a
single point, or a set of t+ 1 points since two distinct lines in the projective
plane have exactly one common point. We know that

|Q ∩X| = |P1 ∩X|+ |P2 ∩X| − |P1 ∩ P2 ∩X| (5.1.3.ii)

Since |P1∩X| = t3+t2+1 and |P2∩X| = t3+1, we get |Q∩X| = 2t3+t2+1 =
s2(t) in the case l∩X is a single point, or |Q∩X| = 2t3 + t2− t+ 1 < s2(t)
in the case l ∩X is a set of t+ 1 points.

(iii) each plane is tangent to X .
Let us note Q = P1 ∪ P2, with P1, and P2 tangent to X. We know that
P1 ∩X and P2 ∩X as singular hermitian curves in PG(2, t2) are each one
a set of t + 1 lines passing through respectively a point P1 and a point P2.
Let l = P1 ∩ P2, then l ∩X is a set of t+ 1 points or a line (in the case l is
contained in X). Since |P1∩X| = |P2∩X| = (t+1)t2 +1, from the relation
(5.1.3.ii) we conclude that either |Q ∩X| = s(t) when l ∩X is a set of t+ 1
points, or |Q ∩X| = 2t3 + t2 + 1 = s2(t) when l is contained in X.

5.1.4 Rank Q = 3 (Q is a cone)

Here, |Q| = q2 + q + 1 = q(q + 1) + 1 and Q consists of the points on q + 1
lines, passing through a vertex S. Thus we can consider two cases.

(i) no line in the cone is contained X .
Let us note Q =

⋃q+1
i=1 Li where Li is a line

Q∩X =
q+1⋃
i=1

(X ∩ Li) (5.1.4.i.1)
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We have also |X ∩ Li| ≤ t + 1, so from the relation (5.1.4.i.1) |Q ∩ X| ≤
(t+ 1)(q + 1). Hence |Q ∩X| ≤ t3 + t2 + t+ 1 < s2(t).

(ii) at least one line of the cone is contained in X .
In PG(3, q) the number of lines passing through a point is q2 + q + 1 =
t4 + t2 + 1.
From the study of the hermitian surface X in [2], we have the following
result.

Proposition 5.3 If C is any point in X, there pass exactly t+1 generators
(i.e. lines lying in X) which constitute the intersection with X of the tangent
plane at C. And through C, there pass t2 +1 lines lying in the tangent plane
at C, among them t+ 1 are generators. The remaining t2 − t lines through
C, which lie in the tangent plane meet X only in the single point C (there
are called tangents to X). Each of the t4 lines passing through C and not
contained in the tangent plane at C intersect X in exactly t+ 1 points, one
of which is C (such lines are called secants to X).

From this proposition, on the hermitian surface X, we can assert first of all
that the maximum number of generators the cone Q can contained is t+ 1.
Secondly, if we suppose that the remaining t2 − t lines of the cone passing
through the vertex S are all secants to X, we get

|Q ∩X| ≤ (t+ 1)t2 + 1 + (t2 − t)t.

And therefore, we have |Q ∩X| ≤ 2t3 + 1 < s2(t).

5.2 Q is a non-degenerate quadric

Non-degenerate quadrics in PG(3, q) are quadrics with rank equal to 4.
Thus, from table 1, p. 7 there are two different types of such quadrics :
hyperbolic quadrics and elliptic quadrics.

5.2.1 Q is a hyperbolic quadric

When Q is a hyperbolic quadric, we have |Q| = (q + 1)2.
Before giving the proof of the conjecture of Sørensen when Q is a hyperbolic
quadric, we need to recall some properties of lines, hermitian surfaces and
hyperbolic quadrics in PG(3, q).

Lemma 5.4 [7] In PG(3,q), the number of lines meeting three skew lines is
q + 1.
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For a proof of this lemma see [7] p.3 .

Definition 5.5 The set of transversals of three skew lines is called a regulus.
So that a regulus consists of q + 1 skew lines, and if l1, l2 and l3 are any
three of them, it is denoted by R(l1, l2, l3).

We have the following theorem, for the proof see [7] p.23 .

Theorem 5.6 In PG(3,q), q > 2, let {l1, l2, l3, l4} and {l′1, l′2, l′3, l′4} be two
sets of four lines such that any two of the same set are skew and such that
15 of the 16 pairs {li, l′j}meet in a point. Then the last pair also does.

The above theorem says that the lines meeting l1, l2 and l3 meet all the lines
of R(l1, l2, l3) = R and form a regulus, called the complementary regulus of
R .
From these results we have a good description of the hyperbolic quadric in
PG(3, q).

Theorem 5.7 The hyperbolic quadric Q consists of (q + 1)2 points, which
are all on a pair of complementary reguli. The two reguli are the two systems
of generators of Q. A hyperbolic quadric whose complementary reguli are R
and R′ is denoted by H(R,R′).
In [7] p.123, we also have an important property on the intersection of a
hyperbolic quadric and the hermitian surface X, in the case the hyperbolic
quadric contained at least three lines of a regulus.

Theorem 5.8 If Q = H(R,R′) has three skew lines on X, then X ∩ Q
consists of 2(t + 1) lines of R0 ∪ R′0 where R0 ⊂ R, R′0 ⊂ R′ and |R′0| =
|R0| = t+ 1.

Remark 5.9 Theorem 5.8 says that, if a hyperbolic quadric contains three
skew lines on the non-degenerate hermition surface X, then it contains ex-
actly 2(t + 1) lines of the surface X, and t + 1 lines in each of the two
reguli.

So that, if X ∩ Q = C, then C = C1 ∪ C2 where C1 and C2 are respectively
the set of simple points, and double points, C2 = {l ∩ l′|l ∈ R0, l

′ ∈ R′0}.
We get |C1| = 2(t+ 1)(t2 + 1− (t+ 1)) and |C2| = (t+ 1)2.
Hence |Q ∩X| = |C| = 2t3 + t2 + 1.

We can consider only one regulus instead of working in the whole hy-
perbolic quadric. Thus, we are now in position to say that the apparently
difficult problem on the intersection of an hyperbolic quadric and the her-
mitian surface is reduced to the four following simple cases.
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(i)A regulus of the hyperbolic quadric H(R,R′) contains at least
three skew lines on the surface X In this case, from the above remark
we have |Q ∩X| = s2(t).

(ii)A regulus of the hyperbolic quadric H(R,R′) contains exactly
two skew lines on the surface X We know that the hyperbolic quadric
Q is generated by q + 1 = t2 + 1 lines of a regulus R. The remaining t2 − 1
lines of this regulus R which are not contained in the hermitian surface
X, each of them, meets the hermitian surface X, in at most t + 1 points.
Therefore we have |Q∩X| ≤ 2(t2+1)+(t2−1)(t+1) = t3+3t2−t+1 < s2(t).

(iii)A regulus of the hyperbolic quadric H(R,R′) contains exactly
one line on the surface X We will suppose now that R is the regulus of
the hyperbolic quadric which contains the only line of intersection. In this
way, there are t2 lines of R which are not contained in X. Each of them,
meeting the hermitian surface in at most t + 1 points, therefore |Q ∩X| ≤
t2 + 1 + t2(t+ 1) = t3 + 2t2 + 1 < s2(t).

(iv) Each regulus of the hyperbolic quadric H(R,R′) does not con-
tain any line on the surface X The hyperbolic quadric generated by
one regulus for instance R, and each line of the regulus meeting the hermi-
tian surface X in at most t+1 points, implies that |Q∩X| ≤ (t2+1)(t+1) =
t3 + t2 + t+ 1 < s2(t), as in the case 5.1.4.i).

5.2.2 Q is an elliptic quadric

When Q is an elliptic quadric, we have |Q| = q2 + 1 = t4 + 1 and no
line is contained in Q (that is the characterization of an elliptic quadric in
PG(3, q)).
We need to distinguish two cases.

(i) X ∩Q = ∅ .
In this case the problem is resolved.

(ii) X ∩Q 6= ∅ .
Let us choose a point P ∈ X ∩Q. We need the following proposition which
can be found in [12].

Proposition 5.10 Let QN be a non-degenerate quadric in PN and H a
hyperplane of PN . Then:
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If H is tangent to QN , then QN ∩H is a degenerate quadric of rank N − 1
in PN−1.
If H is not tangent to QN , then QN ∩ H is a non-degenerate quadric in
PN−1.

Let H1 be the tangent plane to the quadric at the point P . From the
above proposition, we can deduce that Q ∩ H1 is a degenerate quadric in
PG(2, t2) of rank equal to 2. In [6] p.156, table 7.2, J.W.P. Hirschfeld gave
the classification of quadrics in PG(2, q). Thus, we get two cases: Q ∩H1

is either a pair of distinct lines or a point (a pair of conjuguate lines in
PG(2, q) which meet in PG(2, t)). Since the quadric Q does not contain
any line, we can say that Q∩H1 is a point, Q∩H1 = {P} and therefore

Q∩X ∩H1 = {P} (5.2.2.1)

Let us take a line D passing through P and contained in the plane H1. We
consider also all the planes (Hi)i∈I passing through the line D.
From the above proposition, if Hi 6= H1, then Q ∩ Hi is a non-degenerate
quadric and therefore from proposition 5.2 a non-singular curve.
On the other hand X ∩Hi is a hermitian curve (singular or not).
If Hi is not tangent to X, then X ∩ Hi is a non-singular hermitian curve.
Thus, X ∩Hi and Q ∩Hi are two non-singular projective plane curves, so
they are irreducible. From the theorem of Bézout [13] chap.4, 2.1 p.236, we
can say that

|X ∩Q ∩Hi| ≤ 2(t+ 1) (5.2.2.2)

If Hi is tangent to X, then X ∩ Hi as a singular hermitian curve is from
theorem 4.1 a set of t + 1 lines passing through a common point; each line
meeting X ∩Q in at most 2 points. Thus, we get

|X ∩Q ∩Hi| ≤ 2(t+ 1) (5.2.2.3)

We can now conclude that

if Hi 6= H1, then |X ∩Q ∩Hi| ≤ 2(t+ 1) (5.2.2.4)

The point P belong to each X ∩Q∩Hi, and therefore from (5.2.2.4) we get

|X ∩Q ∩Hi − {P}| ≤ 2(t+ 1)− 1 (5.2.2.5)

There are exactly q + 1 planes passing through the line D, and their union
generate the whole projective space PG(3, q). Thus, we get

Q∩X = {P} ∪
q+1⋃
i=2

(X ∩Q ∩Hi − {P}) (5.2.2.6)
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From the relation (5.2.2.6) we get

|Q ∩X| ≤ 1 +
q+1∑
i=2

|X ∩Q ∩Hi − {P}| (5.2.2.7)

And from the relations (5.2.2.5) and (5.2.2.7) we deduce that |Q ∩ X| ≤
1 + q(2(t+ 1)− 1).
Finally we get,

|Q ∩X| ≤ 2t3 + t2 + 1 = s2(t).

It is now possible for us, to answer affirmatively to the conjecture of Sørensen
in the case h = 2 and t any prime power.

5.3 Positive answer to Sørensen’ s conjecture in the case of
quadrics

Theorem 5.11 Let Q be a quadric in PG(3,q) and X the non-degenerate
hermitian surface X : xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 = 0, we have

#XZ(Q)(Fq) = 2(t3 + t2 − t) + t+ 1 or #XZ(Q)(Fq) ≤ 2t3 + t2 + 1

We can now state the following results.

6 The parameters of the functional codes defined
by forms of degree 2 in PG(3, q) on the hermitian
surface

Theorem 6.1 The code C2(X) defined on the hermitian surface X : xt+1
0 +

xt+1
1 + xt+1

2 + xt+1
3 = 0 is a [n, k, d]q-code where

n = (t2 + 1)(t3 + 1)

k = 10

d = t5 − t3 − t2 + t = t(t− 1)(t3 + t2 − 1)

Proof To find d we use the relations (3.2.2), (3.4.3) and the theorem 5.11.

Theorem 6.2 The minimum weight codewords correspond now to the two
planes each intersecting the hermitian surface X in t+1 lines passing trough
a point and the line of intersection of the two planes intersects the hermitian
surface in t+ 1 points.
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Lemma 6.3 Let {P1,P2} and {P1,P3} be two distinct pairs of tangent
planes to the hermitian surface X. Then (P1 ∩ X) ∪ (P2 ∩ X) 6= (P1 ∩
X) ∪ (P3 ∩X).

Lemma 6.4 Let {P1,P2} and {P3,P4} be two distinct pairs of tangent
planes to the hermitian surface X. Then (P1 ∩ X) ∪ (P2 ∩ X) 6= (P3 ∩
X) ∪ (P4 ∩X).

The proof of lemma 6.3 and lemma 6.4 are obvious. It is done by a simple
calculation of intersection.

We come now to the computation of the codewords of minimum weight.

Theorem 6.5 The number of codewords of minimum weight is :

(t2 − 1)[
1
2

(t5 + t3 + t2 + 1)t5]

Proof
We know that a codeword of minimum weight is given by a quadric Q =
P1 ∪ P2 where :
– P1 is a tangent plane to the hermitian surface X at a point P1,
– P2 is a tangent plane to the hermitian surface X at a point P2,
and P2 doesn’t belong in P1, (i.e. ∆ = P1 ∩P2 meets the hermitian surface
in t+ 1 points).
We also know from [2], theorem 7.3 p.1172, that there are exactly #X(Fq) =
t5 + t3 + t2 + 1 tangent planes P to the surface X. Thus P1 ∩X as a set of
t+ 1 lines meeting in a common point, has t3 + t2 + 1 points.
Given a tangent plane P1, if we wish that the quadric Q = P1 ∪ P2 gives a
codeword of minimum weight, we get exactly #X(Fq)−(t3+t2+1) = t5 pos-
sibilities to choose the point P2. Thus, we get (t5+t3+t2+1)t5 pairs (P1, P2)
of tangent planes to the hermitian surface X giving a codeword of minimum
weight. Since the two pairs (P1, P2), and (P2, P1) are the same (they give
the same quadric), we get from these tangent planes 1

2(t5 + t3 + t2 + 1)t5

quadrics giving codewords of minimum weight. From lemmas 6.3 and 6.4,
the codewords obtained from these quadrics are all distinct.
Given a quadric Q, from which we get a codeword of minimum weight, the
quadric Q′ = λQ with λ ∈ F?

q , gives a codeword of minimum weight. Thus,
we get finally (t2 − 1)[12(t5 + t3 + t2 + 1)t5] codewords of minimum weight.

Observe that, in the case t = 2 there is exactly 3 × 1
2 × (45 × 32) = 2160

codewords of minimum weight. Thus, we recover the result of Paul P. Spurr
[2] p.120 and the one of Sørensen [15] p.9.
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Theorem 6.6 The second weight of the code C2(X) is t5 − t3.

Proof In fact when Q is not a pair of two tangent planes which intersection
line meets X in t+ 1 points, we get #XZ(Q)(Fq) ≤ s2(t) = 2t3 + t2 + 1.
And this upper bound is reached when Q is either a pair of two tangent
planes meeting in a line contained in X, or a hyperbolic quadric containing
three skew lines of X, or a pair of two planes, one tangent to X and the
second not tangent to X, with the line of intersection of the two planes
meting X at a single point.

Note that, in the case t = 2 we recover the second weight of the code
C2(X) over F4 in agreement with [3] which is 25 − 23 = 24.
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Abstract

We study the functional codes C2(X) defined on a projective variety X, in the case where

X ⊂ P3 is a non-degenerate hermitian surface. We first give some bounds for #XZ(Q)(Fq),

which are better than the ones known. We compute the number of codewords reaching

the second weight. We also estimate the third weight, show the geometrical structure of

the codewords reaching this third weight and compute their number. The paper ends with

a conjecture on the fourth weight and the fifth weight of the code C2(X).

Keywords: arithmetical genus, functional codes, hermitian surface, hermitian curve,

quadric, weight.

Mathematics Subject Classification: 05B25, 11T71, 14J29

1 Introduction

The code Ch(X) over Fq (q = t2, with t a prime power) has been studied
by Sørensen [10] in his Ph.D Thesis in the case where X is a non-singular
hermitian surface and also by G. Lachaud [8]. In fact, the code C2(X) has
previously been studied over F4 by Paul P. Spurr [11] in his master thesis;
by a complete computer search he found the weight distribution of this code.
Sørensen was not able to find the minimum distance, even less the weight
distribution. For f a form of degree h, he only conjectured the following
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result:
for h ≤ t #XZ(f)(Fq) ≤ h(t3 + t2 − t) + t + 1,

which should give the minimum distance. In [4] the author didn’t only prove
the conjecture for h ≤ 2, but determined the second weight and three types
of quadrics giving codewords of second weight.
The purpose of this paper is to express as possible the weight distribution
of the code C2(X). Indeed, the study of the weights is important since they
measure the efficiency of the code, and their notification is useful in the
procedures of decoding.
The paper has been organized as follows. First of all, we give some bounds
for the number of points of the section of the hermitian surfaces with
quadrics of rank 2, quadrics cone, and the elliptic quadrics. These bounds
are better than the ones obtained in [4]. Thus, codewords of second weight
are obtained only from the three types of quadrics found in [4]; we compute
their number. We determine the third weight, the geometrical structure of
codewords reaching it and we compute their number. Finally, we conclude
our work by a conjecture on the fourth and fifth weight of the code C2(X).
We now give a summary of notation and terminology. We denote by Fq the
field with q elements and by Pn = Pn(Fq) = PG(n, q) the projective space
of n dimension over Fq. We use the term forms of degree h to describe
homogeneous polynomials f of degree h; and we denote by Q = Z(f), the
zeros of f in Pn(Fq), which is a quadric when h = 2. Let Q be a quadric, the
rank of Q denoted r(Q) is the smallest number of indeterminates appearing
in f under any change of coordinate system.
Let F be the vector space of forms of degree 2, X ⊂ P3 the non-degenerate
hermitian surface X : xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 = 0 and |X| the number

of rational points of X over Fq. We denote by Wi the set of points with
homogeneous coordinates (x0 : ... : x3) ∈ P3 such that xj = 0 for j < i
and xi = 1. The family {Wi}0≤i≤3 is a partition of P3. The code C2(X) is
the image of the linear map c : F −→ F|X|q , defined by c(Q) = (cx(Q))x∈X ,
where cx(Q) = Q(x0, ..., x3) with x = (x0, ..., x3) ∈Wi.

2 The number of intersection points of the hermi-
tian surface with some quadrics

The subject of this section is to find some bounds for the number of inter-
section points of the hermitian surface and some quadrics which are better
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than the ones of [4]. In what follows we will note:

s(t) = 2t3 + 2t2 − t + 1 s2(t) = 2t3 + t2 + 1 s3(t) = 2t3 + t2 − t + 1

s4(t) = 2t3 + 1 s5(t) = 2t3 − t + 1

2.1 Rank (Q) = 2 and Q is a pair of distinct non-tangent
planes

If we write Q = P1∪P2, then P1∩X and P2∩X are non-singular hermitian
curves in PG(2, t2), such that |P1 ∩X| = |P2 ∩X| = t3 + 1.
Let l = P1 ∩ P2, then l is not contained in X from theorem 9.1 [2] p.1176.
Thus, l∩X is either a single point or a set of t + 1 points. Hence |Q∩X| =
s4(t) when l ∩X is a single point or |Q ∩X| = s5(t) when l is a secant.

2.2 Rank (Q) = 3 (Q is a cone)

Here Q consists of the points on q+1 lines passing through a vertex no three
of which are coplanar. Thus, the intersection of the cone with the hermitian
surface contains at most two generators. If no line of the cone is contained
in X, we get |Q ∩X| ≤ t3 + t2 + t + 1 < s4(t). From proposition 5.3 [4], we
conclude that, |Q ∩X| = t3 + t2 + 1 or |Q ∩X| = t3 + 2t2 − t + 1 according
to the cone contains exactly one or two lines of X.

2.3 Rank (Q) = 4 and Q is an elliptic quadric

When Q is an elliptic quadric, no line is contained in Q. We get two cases:
either |X ∩Q| ≤ 1 or |X ∩Q| ≥ 2.
In the case |X ∩Q| ≥ 2, we will use an analogous technique as the one used
in [4] for the elliptic quadric.
Let us choose two distinct points P1, P2 ∈ X ∩Q. Let H be a plane passing
through the points P1 and P2. In [6] p.156, table 7.2, J.W.P. Hirschfeld gave
the classification of quadrics in PG(2, q). Thus, we get that Q∩H is either
a line or a pair of distinct lines or a point (a pair of conjuguate lines in
PG(2, q) which meet in PG(2, t)) or a conic (a non-degerate quadric). Since
the quadric Q does not contain any line and contains two points, we can say
that Q∩H is a conic (a non-degerate quadric) and H is non-tangent to Q.
Let (D) be the line passing through the two points P1 and P2. We consider
also all the planes (Hi)i∈I passing through the line (D). Then Q ∩Hi as a
non-degenerate quadric is a non-singular curve. On the other hand X ∩Hi
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is a hermitian curve (singular or not). Since Hi is non-tangent to Q, as in
[4] we conclude that:

for each i |X ∩Q ∩Hi| ≤ 2(t + 1) (2.3.1)

The two points P1 and P2 belong to each X ∩ Q ∩ Hi, and therefore from
(2.3.1) we get: |X ∩Q ∩Hi − {P1, P2}| ≤ 2(t + 1)− 2 (2.3.2)
There are exactly q + 1 planes passing through the line (D), and their union
generate the whole projective space PG(3, q). Thus, we get:

Q∩X = (X ∩Q ∩H1) ∪
q+1⋃
i=2

(X ∩Q ∩Hi − {P1, P2}) (2.3.3)

And from the relations (2.3.1), (2.3.2) and (2.3.3) we deduce that |Q∩X| ≤
2(t+1)+q(2(t+1)−2). Thus, we get finally |Q∩X| ≤ 2t3 +2t+2. We have
2t3+2t+2 < s2(t) for t ≥ 3 and for t = 2 we also have |Q∩X| < |Q| < s2(2).
Then when Q is an elliptic quadric we conclude that |Q ∩X| < s2(t).

3 The second weight of the code C2(X)

Theorem 3.1 [4] The second weight of the code C2(X) is t5 − t3.

Theorem 3.2 The codewords of second weight correspond to:
– hyperbolic quadrics containing three skew lines of X,
– quadrics which are union of two tangent planes meeting at a line contained
in X,
– quadrics which are pair of two planes, one tangent to X and the second
not tangent to X and the line of intersection of the two planes meeting X
at a single point.

Proof From paragraph 2.3, we deduce that the codewords of second weight
can not correspond to elliptic quadrics. Therefore the three types of quadrics
found in [4] are the only ones which give codewords of second weight.

Lemma 3.3 Let P1 and P ′1 two tangent planes to X, P2 and P ′2 two non-
tangent planes with P1 ∪ P2 6= P ′1 ∪ P ′2 and such that |P1 ∩ P2 ∩ X| =
|P ′1 ∩ P ′2 ∩X| = 1. Then (P1 ∩X) ∪ (P2 ∩X) 6= (P ′1 ∩X) ∪ (P ′2 ∩X).

Lemma 3.4 Let Q′ be a hyperbolic quadric containing three skew lines of
X. Let Q = P1 ∪ P2 be a pair of disctinct planes, one tangent to X. Then
Q′ ∩X 6= (P1 ∩X) ∪ (P2 ∩X).
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Lemma 3.5 Let Q = P1 ∪ P2 be a pair of distinct tangent planes and
l = P1 ∩ P2 ⊂ X. Let Q′ = P ′1 ∪ P ′2 be two planes, P ′1 tangent to X, P ′2
non-tangent to X and l′ = P ′1 ∩ P ′2 intersecting X at a single point. Then
(P1 ∩X) ∪ (P2 ∩X) 6= (P ′1 ∩X) ∪ (P ′2 ∩X).

The proofs of these three lemmas are obvious. There are analogous to the
proofs of lemma 6.3 and lemma 6.4 [4].

We come now to the computation of the codewords of second weight.

Theorem 3.6 The number of codewords of second weight is:

1
2

(t2 − 1)(t5 + t3 + t2 + 1)(3t2 − t + 1)t2

Proof Since there are three types of codewords of second weight we will
find the number of each of them.
(i) From J.W.P. Hirschfeld [7] p.124, there are exactly nq = 1

2q2(q
√

q +
1)(q + 1) hyperbolic quadrics containing three skew lines of the hermitian
surface. Let Q and Q′ be two distinct hyperbolic quadrics giving code-
words of second weight, we have Q ∩X 6= Q′ ∩X. Thus, there are exactly
(q − 1)[12q2(q

√
q + 1)(q + 1)] codewords of second weight obtained from the

hyperbolic quadrics.
(ii) We also know from [2], theorem 7.3 p.1172, that there are exactly
#X(Fq) = t5 + t3 + t2 + 1 tangent planes to the hermitian surface X. We
want now to determine the number of quadrics Q = P1 ∪ P2 where P1 and
P2 are two distinct tangent planes meeting at a line contained in X. Given
a tangent plane P1, there are exactly t2(t + 1) = t3 + t2 possibilities to
choose the plane P2; so we get (t5 + t3 + t2 + 1)(t3 + t2) couples (P1, P2).
Since the two couples (P1, P2) and (P2, P1) are the same (they give the
same quadric), we get from these tangent planes 1

2(t5 + t3 + t2 + 1)(t3 + t2)
quadrics giving codewords of second weight. And from lemma 6.3 and 6.4
[4], the codewords obtained from these quadrics are all distinct. Thus, we
get (t2 − 1)[12(t5 + t3 + t2 + 1)(t3 + t2)] codewords of second weight.
(iii) Let Q = P1 ∪ P2 be a quadric where P1 and P2 are respectively a
tangent plane to X, a non-tangent plane to X, where l = P1 ∩ P2 with
l∩X = {P1} (l 6⊂ X). Here, we need to find first of all the number of planes
(Hi)i∈I for which we have Hi ∩ P1 = l where l is a line intersecting X in a
single point P1.
We know that there are (t2 − t) lines of such type (lines l).
Given a line l, there pass exactly q + 1 planes through l (P1 is one of these
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planes). Thus, we get at maximum q(t2 − t) planes Hi, i.e. t4 − t3 planes
Hi. In fact, there are exactly t4 − t3 planes Hi, since if H1 and H2 are
respectively planes through l1 and l2 two distinct lines, then H1 6= H2.
We also know that the number of tangent planes to X is #X((Fq) =
t5 + t3 + t2 + 1, so we deduce that there are exactly (t5 + t3 + t2 + 1)(t4− t3)
quadrics Q = P1 ∪ P2 (where P1 is a tangent plane to X, P2 is a non-
tangent plane to X, and l = P1 ∩P2 intersecting X at a single point). And
from lemma 3.3, the codewords obtained from these quadrics are all distinct.
Thus, we get exactly (t2 − 1)(t5 + t3 + t2 + 1)(t4 − t3) codewords of second
weight from these quadrics.
From lemmas 3.4 and 3.5, we deduce that the codewords obtained from (i),
(ii) and (iii) are all distinct.
Therefore we have exactly: (t2− 1)[12 t4(t3 + 1)(t2 + 1)] + (t2− 1)[12(t5 + t3 +
t2 + 1)(t3 + t2)] + (t2− 1)(t5 + t3 + t2 + 1)(t4− t3) = 1

2(t2− 1)(t5 + t3 + t2 +
1)(3t2 − t + 1)t2 codewords of second weight.

Observe that, in the case t = 2, there are exactly 1
2 × 3× 45× 11× 4 = 2970

codewords of second weight. Thus, we recover the result of Paul P. Spurr
[3] p.120 calculated by computer.

4 The Weight distribution of the code C2(X)

In what follows s(t), s2(t), s3(t), s4(t) and s5(t) have the same values as
in section 2. It has been shown in [4] with the help of the relations (3.2.2)
and (3.4.3) that s(t) and s2(t) give respectively the first weight (minimum
distance) and the second weight.
For t > 3, s3(t) > 2t3 + 2t + 2; and for t = 2, the elliptic quadric Q over F4

has |Q| = 17 points, and we have 17 < s3(2) = 19. Therefore, from table
4.2, the third weight is given by s3(t) for t 6= 3.

Theorem 4.1 Let l be a line in PG(3, Fq) and X the hermitian surface
then l meets X at a single point or t + 1 points or is contained in X. This
line is respectively called a tangent, a secant, or a generator.

Proof: See [2], p.1179.

Definition 4.2 A regulus (notion used by Hirschfeld [7] p.4) is the set of
transversals of three skew lines. It consists of q + 1 skew lines.

Theorem 4.3 [7] p.23 A hyperbolic quadric Q consists of (q + 1)2 points,
which are all on a pair of complementary reguli. The two reguli are the

51



two systems of generators of Q. A hyperbolic quadric whose complementary
reguli are R and R′ is denoted by H(R,R′).
Remark 4.4 When Q is a hyperbolic quadric containing exactly two skew
lines on the hermitian surface X (i.e. type 12 in table 4.2), we get:
– for t ≥ 3, #XZ(Q)(Fq) ≤ t3 + 3t2 − t + 1 < s4(t),
– for t = 2, we get #XZ(Q)(F4) ≤ 23 + 3× 22 − 2 + 1 = 19 = s3(2). Let us
suppose in the case (t = 2) that, #XZ(Q)(F4) < 19; therefore it exists a line
l on the considered regulus of Q such that l ∩X is a single point. Thus we
get #XZ(Q)(F4) ≤ 2(t2 + 1) + (t2− 2)(t + 1) + 1 = 17 = s4(2). Therefore we
can assert that

#XZ(Q)(F4) = s3(2) or #XZ(Q)(Fq) ≤ s4(t) (4.4.1)

Theorem 4.5 Let Q be a hyperbolic quadric containing exactly two skew
lines on the hermitian surface X. Then we have #XZ(Q)(Fq) ≤ s4(t).

Proof see appendix.

4.1 Table of the intersection of quadrics with the hermitian
surface

Let us show in a table the geometrical structure of the intersection of
quadrics with the hermitian surface.

Rank (Q) Description Type
1 repeated plane 1, 2
2 line 3, 4, 5
2 pair of distinct planes 6, 7, 8
3 quadric cone 9, 10
4 hyperbolic quadric 11, 12, 13, 14
4 elliptic quadric 15

Type Description
1 a tangent plane to X

2 a non-tangent plane to X

3 tangent to X

4 secant
5 a generator of X

6 two non-tangent planes to X

7 P1 is non-tangent to X
and P2 is tangent to X

Type Description
8 two tangent planes to X

9 no generartor in the cone
10 1 or 2 generators in the cone
11 3 skew generators in R
12 2 skew generators R
13 1 generator in R
14 no generator in R
15 elliptic quadric
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4.2 Table of the weight distribution

Let us show in a table the quadrics (geometrical structure) with the corre-
sponding weights associated to the codewords obtained from them. From
the results of section 2 and those of section 5 [4], we have the following table.

Rank Type #XZ(Q)(Fq) #XZ(Q)(F4) Weight over Fq Weight over F4

1 1 t3 + t2 + 1 13 t5 32
(repeated plane) 2 t3 + 1 9 t5 + t2 36

2 3 1 1 t5 + t3 + t2 44
(line) 4 t + 1 3 t5 + t3 + t2 − t 42

5 t2 + 1 5 t5 + t3 40
6 s4(t) 17 t5 − t3 + t2 28

2 s5(t) 15 t5 − t3 + t2 + t 30
(pair of dis- s3(t) 19 t5 − t3 + t 26
tinct planes) 7 s2(t) 21 t5 − t3 24
Q = P1 ∪ P2 s(t) 23 t5 − t3 − t2 + t 22

8 s2(t) 21 t5 − t3 24
3 9 ≤ t3 + t2 + t ≤ 15 ≥ t5 − t 30 ≤ w ≤ 44

+1 < s4(t)
(cone) 10 t3 + t2 + 1 13 t5 32

t3 + 2t2 − t + 1 15 t5 − t2 + t 30
11 s2(t) 21 t5 − t3 24

4 12 ≤ t3 + 3t2 − t ≤ 19 ≥ t5 − t3 26 ≤ w ≤ 32
+1 ≤ s3(t)

(hyperbolic) 13 ≤ t3 + 2t2 ≤ 17 ≥ t5 − t2 28 ≤ w ≤ 36
H(R,R′) +1 ≤ s4(t)

14 ≤ t3 + t2+ ≤ 15 ≥ t5 − t 30 ≤ w ≤ 40
t + 1 < s4(t)

4 ≤ 2t3 + 2t ≥ t5 − t3 + t2

(elliptic) 15 +2 < s2(t) ≤ 17 −2t− 1 28 ≤ w ≤ 45

Note that, for the code C2(X) over F4, the codewords corresponding to
quadrics of type.1 to type.14 have even weights. It has also been proved by
Spurr (by a computer program) that C2(X) over F4 is an even weight code.

5 The third weight of the code C2(X)

Theorem 5.1 The third weight (for t 6= 3)of the code C2(X) is t5 − t3 + t
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Proof In fact when Q is a quadric not corresponding to the codewords of
minimum weight and second weight, we get #XZ(Q)(Fq) ≤ s3(t).

Note that in the case t = 2, we recover the third weight of the code C2(X)
over F4 in agreement with [3] which is 25 − 23 + 2 = 26.

Theorem 5.2 The codewords of third weight (for t 6= 3) correspond to
quadrics which are union of two planes, one tangent to the hermitian sur-
face X, the second not tangent to X, and the line of intersection of the two
planes intersects the hermitian surface in t + 1 points.

Proof The codewords of third weight are not given by hyperbolic quadrics
of type 12 in table 4.2 from theorem 4.5, nor by elliptic quadrics if t 6= 3.

We come now to the computation of the codewords of third weight.

Theorem 5.3 The number of codewords of third weight (for t 6= 3) is:

(t2 − 1)(t5 + t3 + t2 + 1)(t6 − t5)

Proof Let us write Q = P1 ∪ P2, where:
– P1 is a tangent plane to the hermitian surface X at a point P1,
– P2 is a non-tangent plane to the hermitian surface X ,
and l = P1 ∩ P2 meets the hermitian surface in t + 1 points.
Given a fixed point P1 in P1, there are exactly q + 1 lines passing through
P1 and contained in the same plane. We also know that in a plane, there
pass exactly q2 + q + 1 lines. We wish that the line l of intersection is not
a generator, nor a tangent (the number of generators and tangent lines is
q + 1). Thus, the remaining lines which number is q2 + q + 1− (q + 1) = q2,
is the number of possibilities we can choose the line l such that l intersects
X at t + 1 points. For each line l, it pass exactly q + 1 planes (Pi)1≤i≤q+1

(counting P1). Let us consider the q planes (Pi)2≤i≤q+1; they are not all
non-tangent to X (some of them are tangent to X). For a fixed point P1,
there are q2.q = q3 planes Pi constructed and these q3 planes are all distinct.
In total there are exactly (t5 + t3 + t2 + 1)q3 couples (P1,P2), where P1 is
a tangent plane to the hermitian surface X, P2 is a non-tangent plane to
the hermitian surface X with l = P1 ∩ P2 intersecting the hermitian sur-
face at t + 1 points. We also know from the proof of theorem 6.5 [4] that
(t5 + t3 + t2 + 1)t5 is the number of couples (P1,P2) with P1 and P2 two
tangent planes to the hermitian surface X, with the intersection line meet-
ing X at t + 1 points. Thus, one deduces that (t5 + t3 + t2 + 1)(t6 − t5) is
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the number of couples (P1,P2) giving codewords of third weight. Therefore,
there are (t2 − 1)(t5 + t3 + t2 + 1)(t6 − t5) codewords of third weight.

Observe that, for t = 2, there are exactly 3 × 45 × 32 = 4320 codewords of
third weight in agreement with Spurr [3] p.120.

Remark 5.4 Conjecture on the fourth and fifth weight.
The author has tried to study again #XZ(Q)(Fq) for Q an elliptic quadric
and conjecture that s4(t), s5(t) should give respectively the fourth and the
fifth weight. The codewords of fourth weight correspond now (for t ≥ 3) to
quadrics which are union of two non-tangent planes to X, and the line of
intersection of the two planes meets X at a single point.
The codewords of fifth weight correspond (for t > 3) to quadrics which are
union of two non-tangent planes to X, and the line of intersection of the
two planes meets X in t + 1 points.
Unfortunately no proof is found yet.

6 Appendix

Lemma 6.1 Let l be a line defined over Fq in PG(3, Fq) and l = l ∩
PG(3, Fq). Then l is empty, or a single point or a line defined over Fq.

Proof It is a direct consequence of the equation of a line PG(3, q).

Let Q be a non-degenerate quadric over Fq. Note di = degree of the curve Ci
defined on Q. From [9] (chap.4 example 2 p.241), we deduce an interesting
relation between the arithmetical genus of a curve and its degree. Thus, we
get the following result.

Proposition 6.2 Let Q ⊂ P3 be a non-singular quadric surface in P3 and
C an irreducible curve on Q.
–If deg C = 2l + 2 then, pa(C) ≤ l2 (?)
–If deg C = 2l + 1 then, pa(C) ≤ l(l − 1) (??)

Let us recall the result of Yves Aubry and Marc Perret on the Weil theorem
for singular curves, see [1]. With this result we get a bound for the number
of rational points of any irreducible curve not necessary smooth.

Proposition 6.3 Let C be a reduced connected projective algebraic curve
over a finite field Fq, with r irreducible components and of arithmetical genus
pa(C). Then |#C(Fq)− (rq + 1)| ≤ 2pa(C)

√
q.
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Proof of theorem 4.5 From the relation 4.4.1 of remark 4.4, we need to
prove that #XZ(Q)(F4) 6= s3(2). A hyperbolic quadric over F4 is a pair of
two reguli, each regulus containing five skew lines. Let R be the regulus of
Q containing the two skew lines l1 and l2 of the hermitian surface.

r r r r r l1r r r r r l2r b r b r l3A1 A2 A3

l′1 l′2

If each one of the remaining three lines ofR is not secant to X (i.e. meets
X at three points), then the problem is solved. Suppose now that there is
a secant line. Let l3 be a line of R secant to X; l3 meets X at three points
A1, A2 and A3. Let us consider the five planes passing through l3; each of
them is tangent to the quadric Q (since l3 ∩ X = {A1, A2, A3} ⊂ H ∩ Q).
In fact, H ∩ Q as a degenerate quadric of rank 2 in PG(2, q), is a set of 2
lines from J.W.P.Hirschfeld [6] p.156. Thus, we can distinguish two cases:
H ∩Q = {l3, l} where l is a line of Q passing through one of the three points
of {A1, A2, A3} or l does not meet any of the points A1, A2 and A3. Without
loss of generality, we may assume that H ∩Q = {l3, l′1} or H ∩Q = {l3, l′2}.

First case: Suppose that H ∩Q = {l3, l′1}
If H is tangent to X: In this case H ∩ X is a degenerate hermitian curve
of rank 2 consisting of 13 points (a set of three lines meeting at a common
point). But, two of the three points A1, A2 and A3 can not be on a the
same line of H ∩X, otherwise l3 should be contained in X. So we get two
eventualities:

rA2

(l3)
"
"
"
""

rA1

b
b
b
bbrA3

"
"
"
""(l′1)

(a) l′1 ⊂ H ∩X

rA2

(l3)
"
"
"
""

rA1

b
b
b
bbrA3














(l′1)

(b) l′1 6⊂ H ∩X

(a) l′1 ⊂ H ∩X: In this case, Q contains three lines of X among which
two lines are in the same regulus and the third is in the complementary
regulus. We can now write: C = Q ∩ X = l1 ∪ l2 ∪ l′1 ∪ C (where C is a
curve of degree 3 over F4). If C is irreducible, it is defined on F4 and from
proposition 6.2, we have pa(C) = 0 and therefore from proposition 6.3, we
get |Q∩X| ≤ 18. If C is not irreducible and since there is no plane conic on
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X, we deduce that C = C1∪C2∪C2 (union of three lines); at most one line
among them should be defined over Fq. Thus, from lemma 6.1 we deduce
that |Q ∩X| ≤ 18.
(b) l′1 6⊂ H ∩X: Here l′1 ∩H ∩X = 3 points. So that |H ∩X ∩Q| ≤ 5.
If H is non-tangent to X: In this case, H ∩X is a non-degenerate hermitian
curve with |H ∩X| = 9. Here we need to distinguish two cases:
– If l′1 ⊂ H ∩X, we recover the case which has been done previously.
– If l′1 6⊂ H ∩X, then |l ∩ (H ∩X)| = 3; so |Q ∩H ∩X| ≤ 3 + 3 = 6.

Second case: Suppose that H ∩Q = {l3, l′2}
Similary, if H is tangent to X, then H ∩ X is a set of three lines meeting
at a common point, thus |Q ∩H ∩X| ≤ 6. If H is non-tangent to X, then
H ∩X is a non-singular plane curve and therefore irreducible. Here H ∩X
does not contain the line l′2, so l′2 meets H ∩X in exactly three points. Then
|Q ∩H ∩X| ≤ 6.

Summary: When Q is a hyperbolic quadric which regulus R contains ex-
actly two skew lines of the hermitian surface X, Q should contains an other
line l of X, in this case l is contained in the complementary regulus of R
and then |Q ∩X| ≤ 18; or |Q ∩Hi ∩X| ≤ 6 for each one of the five planes
(Hi)1≤i≤5 passing through the line l3, which leads to |Q∩X| ≤ 18, therefore
|Q ∩X| ∈ {13, 15, 17}. This concludes the proof of theorem 4.5.

Acknowledgment: The author would like to thank Mr F. Rodier whose
remarks and patience encouraged him to work on the problem.
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Codes Defined By Forms Of Degree 2
On Quadric Surfaces

Frédéric A. B. Edoukou

Abstract—We study the functional codes C2(X) defined on
projective varieties X , in the case where X ⊂ P3(Fq) is a 1-
degenerate quadric or a non-degenerate quadric (hyperbolic or
elliptic). We find the minimum distance of these codes, the second
weight, and the third weight. We also show the geometrical
structure of the first weight and second weight codewords. One
result states that the codes C2(X) defined on the elliptic quadrics
are good codes according to the table of A. E. Brouwer.

Index Terms—Bézout’s theorem, functional codes, quadrics,
regulus, weight.

I. INTRODUCTION

The code C2(X) over Fq where X is a quadric of Pn(Fq)
the projective space of dimension n has been studied by Y.
Aubry [1]. In order to find the minimum distance of this code,
Aubry determined some bounds for N = |Q∩Q′|, the number
of intersection points of two quadrics Q and Q′ which are
exactly known in the case where one of them is an hyperplane,
the case both are proportionnal, and the case where the two
quadrics have a common factor of degree 1. For the hyperplane
section of a degenerate quadric, he rediscovered the earlier
result of Swinnerton-Dyer [11] p.264. When the two quadrics
have no common linear factor, he proved that:
N ≤ πn−2 + 7 q

n−1

q−1 − 6 q
n−2

q−1 (q ≥ 7). Thus, even in the
case of P3(Fq), when the quadric surfaces X are 1-degenerate
(cones), or non-degenerate (elliptic or hyperbolic) Aubry was
not able to determine precisely the minimum distance of the
code C2(X). His result leads to an upper bound:
N ≤ 2(4q + 1) + 1

q−1 which is not the best possible. From
the result of Lachaud [8] proposition 2.3, we deduce that this
number of intersection points is bounded above by: N ≤ 4(q+
1).
Aubry’s result has been improved by D. B. Leep and L. M.
Schueller [9] corollary 5.4 p.172 in the case, where the pair
of quadrics cannot be written in a fewer number of variables:
if n+ 1 ≥ 4 and is even, then

N ≤ (2qn−1 − qn−2 + 2q
n+1

2 − 3q
n−1

2 + q
n−3

2 − 1)/(q − 1).

Despite this improvement, the problem of the minimum dis-
tance of the code C2(X) in P3(Fq) is only solved for the
hyperbolic quadric.
In this paper we find some bounds for the number of zeros
of a pair of quadrics which are better than the ones known
and we give the exact value of the minimum distance of the
code C2(X) with X respectively a 1-degenerate quadric, or
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TABLE I
QUADRICS IN P3(Fq)

Rank Description |Q|
1 repeated plane q2 + q + 1

2 pair of distinct planes 2q2 + q + 1

2 line q + 1

3 quadric cone q2 + q + 1

4 hyperbolic quadric (q + 1)2

4 elliptic quadric q2 + 1

an elliptic quadric. For each one of the three types of quadrics
mentioned above, we will determine the geometrical structure
of the codewords reaching the first weight; we will compute
the second and the third weight, and show the geometrical
structure of codewords reaching the second weight. Let us
note that the codes defined on the elliptic quadrics are good
codes according to the table of Andries E. Brouwer [3].

II. NOTATIONS AND TERMINOLOGY

We denote by Fq the field with q elements (q ≥ 3). We
use the term forms of degree two to describe homogeneous
polynomials f of degree two, and Q = Z(f) the zeros of f
in the projective space Pn(Fq), is a quadric.
Let Q′ be a quadric, the rank of Q′ denoted r(Q′), is the
smallest number of indeterminates appearing in f ′ under any
change of coordinate system. The quadric Q′ is said to be
degenerate if r(Q′) < n + 1; otherwise it is non-degenerate.
The quadrics of P3(Fq) fall into six orbits under PGL(4, q)
(see lemma 15.3.1 [6]). In [6] p.14 we have Table I of the
quadrics in P3(Fq).
A regulus is the set of transversals of three skew lines in

P3(Fq). It consists of q + 1 skew lines. Thus, a hyperbolic
quadric Q is a pair of complementary reguli (Q = R1 ∪R2).
Let F be the vector space of forms of degree 2 with four
variables, and |X| the number of rational points over Fq of
X . We denote by Wi the set of points with homogeneous
coordinates (x0 : ... : x3) ∈ P3(Fq) such that xj = 0 for
j < i and xi = 1. The family {Wi}0≤i≤3 is a partition
of P3(Fq). The code C2(X) is the image of the linear map
c : F −→ F|X|q , defined by c(Q′) = (cx(Q′))x∈X , where
cx(Q′) = Q′(x0, ..., x3) with x = (x0, ..., x3) ∈Wi.

III. SOME GENERAL THEORY

Now we will recall a general result on non-degenerate
quadric surface which can be found in [10] pp.241-243.
Let Q be a non-degenerate quadric over Fq and Q′ an other
quadric. We denote by Q the points on Fq of the quadric Q
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defined over Fq . Let us write C = Q∩Q′ and C =
⋃

1≤i≤t Ci
the decomposition of C in irreducible components over Fq .
Note di=degree of Ci. Since Q is non-degenerate, then Q
is isomorphic to P1 × P1 on Fq (see [10] chap.4 example 2
p.241). The curve Ci defines a divisor which we denote again
Ci on the non-singular quadric Q. The divisor class group of
Q, denoted by ClQ is isomorphic to Z⊕ Z. Note (m,n) the
class of Ci. The degree and the arithmetical genus of Ci are
such that:

deg Ci = m+ n (3.1) pa(Ci) = (m− 1)(n− 1) (3.2)

When Ci is a line, we get deg Ci = 1 and pa(Ci) = 0.
Except in the case Ci is a line, any irreducible curve has
m > 0, n > 0. Using the two relations (3.1) and (3.2) we
get an interesting relation between the arithmetical genus of a
curve and its degree. Thus we get the following result.

Proposition 3.1: Let Q ⊂ P3(Fq) be a non-singular quadric
surface and Ci an irreducible curve on Q.
–If deg Ci = 2l + 2 then, pa(Ci) ≤ l2 (?)
–If deg Ci = 2l + 1 then, pa(Ci) ≤ l(l − 1) (??)

Lemma 3.2: Let l be a line defined over Fq in P3(Fq) and
l = l ∩ P3(Fq). Then l is empty, or a single point or a line
defined over Fq .

Proof: It is obvious.
Lemma 3.3: Let C =

⋃
1≤i≤t Ci be the decomposition of

a curve C ⊂ Pn(Fq) into irreducible components over Fq and
σ ∈ Gal(Fq/Fq). Then σ(Ci) and Ci have the same degree.
If Ci is the only component of degree di, then Ci is defined
over Fq .

Proof: Let H and H ′ be hyperplanes of Pn(Fq); deg
σ(Ci) = max

H′ 6⊃σ(Ci)
|σ(Ci) ∩ H ′| = max

σ−1(H′)6⊃Ci

|σ(Ci ∩
σ−1(H ′)| = max

H 6⊃Ci

|σ(Ci ∩ H| = max
H 6⊃Ci

|Ci ∩ H|= deg Ci.

The second assertion of the lemma comes from the fact that
{Ci}1≤i≤t are conjugate under Gal(Fq/Fq).
Let us recall the result of Yves Aubry and Marc Perret on the
Weil theorem for singular curves, see [2] pp.415-418. With
this result we get a bound for the number of rational points
of any irreducible curve not necessary smooth.

Proposition 3.4: Let C be a reduced connected projective
algebraic curve over a finite field Fq , with r irreducible
components and of arithmetical genus pa(C). Then

|#C(Fq)− (rq + 1)| ≤ 2pa(C)
√
q

In [5] p.229, we have the following result.
Proposition 3.5: Let C ⊂ Pn(Fq) be an irreducible curve

which does not lie in any hyperplane. Then deg C ≥ n.

IV. INTERSECTION OF TWO QUADRICS IN P3(Fq)

The quadrics of P2(Fq) fall in four orbits under PGL(3, q)
(see Theorem 7.4 [7]). In [7], we have the following table of
quadrics in P2(Fq).

TABLE II
QUADRICS Q IN P2(Fq)

Rank Description |Q|
1 repeated line q + 1

2 pair of distinct lines 2q + 1

2 point 1

3 conic q + 1

A. Plane Sections Of Quadrics

We have the following result which can be found in [1] p.7.
Proposition 4.1: Let Q be a non-degenerate quadric in

P3(Fq) and H a plane. Then:
(i) If H is tangent to Q, then Q ∩H is a degenerate quadric
of rank 2 in P2(Fq).
(ii) If H is not tangent to Q, then Q∩H is a conic in P2(Fq).

From this proposition, we deduce that for any plane section
of a non-degenerate quadric Q in P3(Fq), we get |Q ∩H| ≤
2q+ 1. We also have the same upper bound for a cone, since
three of its q + 1 lines are not coplanar.

B. Intersection Of A Non-degenerate Quadric With A Pair Of
Distinct Planes

Let Q be an hyperbolic quadric. The lines fall in four
classes: the set of generators, tangents, bisecants, and lines
skew to Q. For Q elliptic, there is no generator. The two
planes meet at a line denoted by l. There are two types
of planes with respect to Q: the tangent planes, and the
non-tangent planes (those meeting Q in a conic). Thus the
two planes have the three following configurations:

1) each plane is tangent to Q: For Q hyperbolic, there
is no line skew to Q in each tangent plane; there are only
tangent lines, bisecants or generators. However for a fixed
tangent line, there is only one tangent plane passing through
it. Thus only bisecants and generators are intersection of
two tangent planes. Therefore we get |Q ∩ Q′| = 4q or
|Q ∩Q′| = 3q+ 1 according to l is a bisecant or a generator.
For Q elliptic, in each tangent plane there is no bisecant,
there are only tangent lines and lines skew to Q. However
for any tangent line, there is only one tangent plane passing
through it. Thus only lines skew to Q are intersection of two
tangent planes. Therefore, we get |Q ∩ Q′| = 2.

2) one of the plane is tangent and the second is non-
tangent to Q: For Q hyperbolic, l is either a tangent or a
bisecant; and this gives respectively |Q ∩ Q′| = 3q + 1, or
|Q ∩ Q′| = 3q. For Q elliptic, l is either a tangent line or
skew to Q; thus we get |Q ∩ Q′| ≤ q + 2.

3) each one of the two planes is non-tangent to Q: In this
case the line l is not a generator; l is tangent, bisecant or skew
to Q, this give respectively |Q∩Q′| = 2q+ 1, |Q∩Q′| = 2q
or |Q ∩ Q′| = 2(q + 1).
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C. Intersection Of A Cone With A Pair Of Distinct Planes

Let Q be a quadric cone. We know from [6] p.14 that there
are four types of planes with respect to Q: the set of tangent
planes, planes through a pair of generators, planes through the
vertex S containing no generator, planes meeting Q in a conic.
The lines fall in six classes:
L = L1 ∪ L+

1 ∪ L−1 ∪ L+
2 ∪ L−2 ∪ L3 when q is odd.

L = L1 ∪ L′1 ∪ L′′1 ∪ L+
2 ∪ L−2 ∪ L3 when q is even

and where L3, L1, L+
1 , L−1 , L+

2 , L−2 , L′1 and L′′1 are respec-
tively the set of generators, the set tangents at the simple points
(excluding the generators), external vertex tangents which are
intersection of pairs of tangent planes, internal vertex tangents
which are the remaining lines of Q through S, the set of
bisecants of Q, the set of lines skew to Q, the nuclear line,
and the set of lines through S which are neither generators
nor the nuclear line.
Let Q′ = H1∪H2, where H1, H2 are two distinct planes and
l = H1 ∩H2. Thus, |Q ∩ Q′| takes the following values:
(i) |Q∩Q′| = 4q+1, if each plane contains a pair of generators
with l ∈ L′′1 for q even, or l ∈ L+

1 , l ∈ L−1 for q odd. For
example, for q odd, the cone defined by f1 = x2

0 + x2
1 − x2

2

and f2 = x0x1 have exactly 4q + 1 common points.
(ii) |Q ∩ Q′| = 3q + 1, if each plane contains a pair of
generators with l ∈ L3, or one of the two planes is tangent
to Q and the second plane contains a pair of generators with
l ∈ L+

1 or l ∈ L′′1
(iii) |Q ∩ Q′| ≤ 3q, otherwise.

D. Some Line Sections Of Quadrics

1) Section of Quadrics By A Quadric Q Of Rank 2 And
Q Is A Line: It is obvious that |Q ∩ Q′| ≤ |Q|, therefore
|Q ∩ Q′| ≤ q + 1.

2) Intersection Of An Elliptic Quadric With A Cone
Or A Hyperbolic Quadric: Since there is no line in the
elliptic quadric Q, and each of the q + 1 lines of the cone,
or of one regulus meets Q in at most two points, we get
|Q ∩ Q′| ≤ 2(q + 1).

3) Intersection Of A Cone And A Hyperbolic Quadric:
We will distinguish two cases according to this intersection
contains a line or not.
–IfQ andQ′ have no common line: we get |Q∩Q′| ≤ 2(q+1).
–if Q and Q′ have at least one common line: from the study of
the hyperbolic quadric in [6] pp.23-26, we have the following
result.

Proposition 4.2: If C is any point in Q′, there pass exactly
two generators (i.e. lines lying in Q′) which constitute the
intersection with Q′ of the tangent plane at C. And through
C, there pass q + 1 lines lying in the tangent plane at C,
among them 2 are generators. The remaining q − 1 lines
through C, which lie in the tangent plane meet Q′ only in the
single point C (there are called tangents to Q′). Each of the
q2 lines passing through C and not contained in the tangent
plane at C intersects Q′ in exactly two points, one of which
is C (such lines are called bisecants to Q′).

From this proposition, on the hyperbolic quadric Q′, we can
assert first of all that the maximum number of generators the
cone Q can contain is 2. Secondly, if we suppose that the
remaining q − 1 lines of the cone passing through the vertex
S are all bisecants to Q′, we get |Q ∩ Q′| ≤ 3q.

4) Intersection of two cones: Let C = Q ∩ Q′; since the
degrees of Q and Q′ are 2 and 2, from the Bézout theorem
[5] p.227, C contains at most 4 lines.
–if Q and Q′ have no common line, each one of the q + 1
lines of the cone Q′ meeting Q in at most two points, we get
|Q ∩ Q′| ≤ 2(q + 1).
–if Q and Q′ have exactly one common line, each one of the
remaining q lines of Q′ meets Q in at most two points (the
vertex of the cone is one of the two points). Therefore, we get
|Q ∩ Q′| ≤ (q + 1) + q(2− 1); thus |Q ∩ Q′| ≤ 2q + 1.
–if Q and Q′ have exactly two common lines, each one of the
remaining q − 1 lines of Q′ meets Q in at most two points,
we deduce that |Q ∩ Q′| ≤ 3q.
–if Q and Q′ have at least three common lines: from lemma
3.3, we deduce that Q and Q′ have exactly four common lines;
thus we get |Q ∩ Q′| = 4q + 1.

E. Intersection Of Two Non-degenerate Quadrics Of The Same
Type

From the result of D. B. Leep and L. M. Schueller [9] p.172
which gives an interesting upper bound for the number N of
intersection points of a pair of quadrics in the affine space, we
deduce the following consequence.

Proposition 4.3: Let {g, h} be a pair of quadratic forms
defined over Fq in n + 1 variables with g non-degenerate,
and Q = Z(g), Q′ = Z(h) the corresponding quadrics in
Pn(Fq). If n+ 1 ≥ 4 and is even, then:
N ≤ (2qn−1 − qn−2 + 2q

n+1
2 − 3q

n−1
2 + q

n−3
2 − 1)/(q − 1).

From this result, we deduce that in P3(Fq) the intersection
of a non-degenerate quadric (hyperbolic, or elliptic) with
any quadric is always less than 4q. D. B. Leep and L. M.
Schueller have found some pair of quadrics from which the
upper bound is reached. Their example includes a case where
one of the quadric is hyperbolic. Unfortunately for the elliptic
quadric in P3(Fq) they didn’t find an example; so the problem
of the minimum distance of the code C2(X) defined on the
elliptic quadric remains still unresolved. In what follows, we
will study the section of two non-degenerate quadrics of the
same type in order to improve the result of D. B. Leep and
L. M. Schueller.

1) Intersection Of Two Hyperbolic Quadrics: Let
C = Q ∩ Q′, C is a curve of degree less than 4 from the
Bézout theorem [5] p.227. Therefore C contains at most 4
lines.
(i) If Q and Q′ have at most one common line: Let us
consider the regulus R1 which does not contain the common
line. Each one of the q + 1 lines of R1 meets Q in at most
two points. Therefore, we get |Q ∩ Q′| ≤ 2(q + 1).
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(ii) If Q and Q′ have exactly two common lines, we
get two cases:
–the two lines are in the same regulus; since there is no
intersection line in the complementary regulus, we deduce
that |Q ∩ Q′| = 2(q + 1).
–the two lines are in distinct regulus R1 and R2; we can
consider only the regulus R1. Each one of the remaining q
lines of the regulus R1 meets Q′ in at most two points; we
deduce that |Q ∩ Q′| ≤ 3q + 1.
(iii) If Q and Q′ have at least three common lines:
From lemma 3.3, we deduce that Q and Q′ have exactly
four common lines. In this way we get the three following
configurations:
–the four lines are in the same regulus,
–three lines on a regulus and the fourth in the complementary
regulus,
–two lines in each regulus.
We know that in P3(Fq) the number of lines meeting 3 skew
lines is q + 1; and these q + 1 lines are also skew. Since
the hyperbolic quadric is a pair of complementary reguli,
one concludes that if two hyperbolic quadrics have at least
3 skew lines in common, then they are identical. Therefore
the last configuration is for interest. Let us note that the two
first configurations can be eliminated from the result of D.
B. Leep and L. M. Schueller. We deduce that |Q ∩Q′| = 4q.
For example the two hyperbolic quadrics defined by the
polynomials f1 = x0x1 + x2x3 and f2 = x3x0 + x1x2 have
exactly four common lines for q odd.

2) Intersection Of Two Elliptic Quadrics: Let C = Q∩Q′,
C is a curve of degree less than 4 from the Bézout theorem
[5] p.227. Let C =

⋃
1≤i≤t Ci the decomposition of C in

irreducible components, where Ci are defined over Fq and
Ci = Ci∩P3(Fq). Note di=degree of Ci then

∑
1≤i≤t di = d.

Without loss of generality we can assume that d = 4. Thus
we get the five following configurations:

(i) t = 1: here C is an irreductible curve of degree 4 defined
over Fq from lemma 3.3, and from part (?) of proposition 3.1
we get pa(C) ≤ 1. Thus we get |Q ∩ Q′| ≤ 1 + q + 2

√
q.

(ii) t = 2 with d = 1 + 3: this case is impossible; in
fact from lemma 3.3 there is a common line defined over Fq
in the two elliptic quadrics.

(iii) t = 3: here C = l1 ∪ l2 ∪ C3, where l1 and l2
are lines and C3 is a curve of degree 2 defined over Fq . From
lemma 3.2, since there is no line on the elliptic quadric, we
get that l1 and l2 contain each one at most one point over
Fq . The curve C3 is also defined over Fq and from part (?)
of proposition 3.1, pa(C3) = 0 so that |C3(Fq)| ≤ 1 + q.
Therefore we get |Q ∩ Q′| ≤ q + 3.

(iv) t = 4: here C = l1 ∪ l2 ∪ l3 ∪ l4 with l1, l2, l3
and l4 lines defined over Fq . From lemma 3.2, we get that
|Q ∩ Q′| ≤ 4.

(v) t = 2 with d = 2 + 2: here C = C1 ∪ C2, where
C1 and C2 are curves of degree 2. Let σ ∈ Gal(Fq/Fq),
then σ(C) = C; σ(C1) ⊂ C, therefore σ(C1) = C1 or
σ(C1) = C2; thus we get two cases:
–(a) σ(C1) = C1 and σ(C2) = C2: in this case the two
curves C1 and C2 are defined over Fq . Therefore for i = 1, 2,
we get |Ci(Fq)| ≤ 1 + q + 2pa(Ci)

√
q with pa(Ci) = 0 from

proposition 3.1. Hence |Q ∩ Q′| ≤ 2(q + 1).
–(b) σ(C1) = C2 and σ(C2) = C1: here we get σ2(C1) = C1

and σ2(C2) = C2; thus we can assert that C1 and C2 are
defined over Fq2 . We will use an analogous technique as the
one used in [4] p.221. Let us remark that:

C1 = σ(C1 ∩ P3(Fq)) = σ(C1) ∩ σ(P3(Fq)) = C2

and C ∩ P3(Fq) = C1.

From proposition 3.5, C1 is a plane curve therefore
it is defined by an irreductible form over Fq2 . The
curve C1 is defined by f(x, y, z) =

∑
fijkx

iyjzk

with fijk ∈ Fq2 . Let {1, α} be a Fq-base of Fq2 :
fijk = rijk + αsijk where rijk and sijk belong in Fq . We
can now write f(x, y, z) = R(x, y, z) + αT (x, y, z) where
R(x, y, z) =

∑
rijkx

iyjzk and T (x, y, z) =
∑
sijkx

iyjzk.
Let us denote by ZFq

(G) the set of zeros of the
polynomial G in the projective space P2(Fq). In this
way we get: C1 = ZFq

(R) ∩ ZFq
(T ) which gives

|C1| = |ZFq (R) ∩ ZFq (T )|. Since there is no line in
the elliptic quadric, we deduce that there is no line in
ZFq

(R) ∩ ZFq
(T ) and finally |C1| ≤ q + 1.

Thus, in this case we have |Q ∩ Q′| ≤ q + 1.

V. CODES C2(X) DEFINED ON THE QUADRIC CONES

Here X denotes a cone quadric. The additional hypothesis
in [9] on the order of the pair of quadrics could not be
satisfied. We apply the results of IV. (A, C, D) to determine
the parameters of the functional code C2(X) defined on the
cone quadric. Thus, we get the following results.

Proposition 5.1: Let Q′ be a quadric in P3(Fq) and X the
quadric cone. We have:

|X ∩Q′| = 4q + 1, 3q + 1 or |X ∩Q′| ≤ 3q

Theorem 5.2: The code C2(X) defined on the quadric cone
X is an [n, k, d]q- code with:

n = q2 + q + 1, k = 9, d = q(q − 3)

The weight structure of the code C2(X) is as follows:
The minimum weight codewords correspond to:
– quadrics which are union of two planes passing through a
pair of generators and the line of intersection of the two planes
intersects the cone at a singhe point,
– quadrics cone containing exactly four lines of X .
The second weight is w2 = q(q − 2) and the corresponding
codewords are given by:
– quadrics which are union of two planes, each passing
through a pair of generators and the line of intersection of
the two planes is a generator,
– quadrics which are union of two planes, one tangent to the
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cone and the second passing through a pair of generators and
the line of intersection of the two planes l ∈ L+

1 or l ∈ L′′1 .
The third weight is w3 = (q − 1)2.

VI. CODES C2(X) DEFINED ON NON-DEGENERATE
QUADRICS

Here X denotes a non-degenerate quadric. Since the pa-
rameters of the code C2(X) vary according to the type of
the quadric X , we need to distinguish two cases: hyperbolic
quadrics and elliptic quadrics.

A. The Parameters Of The Codes C2(X) Defined On Hyper-
bolic Quadrics

As previously indicated, the upper bound in [9] p.172 is
optimal in this case; it gives the minimum distance. In the
other hand it can not describe more than the first weight; this
can be done by applying the results of IV. (A-B, D.1-3, E.1).
Thus, we have the following results.

Proposition 6.1: Let Q′ be a quadric in P3(Fq) and X a
hyperbolic quadric. We have:

|X ∩Q′| = 4q, 3q + 1 or |X ∩Q′| ≤ 3q

Theorem 6.2: The code C2(X) defined on the hyperbolic
quadric X is an [n, k, d]q- code with:

n = (q + 1)2, k = 9, d = (q − 1)2

The weight structure of the code C2(X) is as follows:
The minimum weight codewords correspond to:
– quadrics which are union of two tangent planes to X and the
line of intersection of the two planes intersects the hyperbolic
quadric at two points,
– hyperbolic quadrics containing exactly four lines of X with
two lines in each regulus of X .
The second weight is w2 = q2 − q and the corresponding
codewords are given by:
– quadrics which are union of two tangent planes to X and
the line of intersection of the two planes is a generator of X ,
– quadrics which are union of a tangent plane, and a non-
tangent plane to X , and the line of intersection of the two
planes is tangent to X ,
– hyperbolic quadrics containing exactly two generators of X
in distinct reguli and the remaining q lines of one regulus are
all bisecants to X .
The third weight is w3 = q2 − q + 1.

B. The Parameters Of The Codes C2(X) Defined On Elliptic
Quadrics

Here the upper bound from the result of D. B. Leep
and L. M. Schueller is not the best possible; it cannot give
the minimum distance. The minimum distance and the firsts
weights of the code C2(X), can exactly be determined by a
straight application of IV. (A-B, D.1-2 and E.2). Thus, we get
the following results.

Proposition 6.3: Let Q′ be a quadric in P3(Fq) and X an
elliptic quadric. We have:

|X ∩Q′| = 2(q + 1), 2q + 1 or |X ∩Q′| ≤ 2q

Theorem 6.4: The code C2(X) defined on the elliptic
quadric X is an [n, k, d]q- code with:

n = q2 + 1, k = 9, d = q2 − 2q − 1.

The weight structure of the code C2(X) is as follows:
The minimum codewords correspond to:
– quadrics which are union of two non-tangent planes to X
and the line of intersection of the two planes is skew to X ,
– quadrics cones which vertex doesn’t lie on X , and all its
q + 1 lines are bisecants to X ,
– hyperbolic quadrics with all the q+ 1 lines of a regulus are
bisecants to X .
The second and third weights are respectively w2 = q(q− 2),
w3 = (q − 1)2.

Remark 6.5: These functional codes C2(X) defined on the
elliptic quadrics are good codes according to the table of
Andries E. Brouwer [3].
In fact, for q = 3, 4, 5, 7, 8, 9 we get respectively the following
codes: [10, 9, 2]3- code, [17, 9, 7]4- code, [26, 9, 14]5- code,
[50, 9, 34]7- code, [65, 9, 47]8- code, [82, 9, 62]9- code.
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Abstract

We study the functional codes of second order defined by G. Lachaud on X ⊂ P4(Fq) a

quadric of rank(X )=3,4,5 or a non-degenerate hermitian variety. We give some bounds

for the number of points of quadratic sections of X , which are the best possible and show

that codes defined on non-degenerate quadrics are better than those defined on degenerate

quadrics. We also show the geometric structure of the minimum weight codewords and

estimate the second weight of these codes. For X a non-degenerate hermitian variety, we

list the first five weights and the corresponding codewords. The paper ends with two con-

jectures. One on the minimum distance for the functional codes of order h on X ⊂ P4(Fq)

a non-singular hermitian variety. The second conjecture on the distribution of the code-

words of the first five weights of the functional codes of second order on X ⊂ PN (Fq) the

non-singular hermitian variety.

Keywords: functional codes, hermitian surface, hermitian variety, hermitian curve, quadric,

weight.

Mathematics Subject Classification: 05B25, 11T71, 14J29

1 Introduction

We study the codes C2(X ) defined on the quadric X and on the non-singular
hermitian variety X : xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 + xt+1

4 = 0 in P4(Fq) with
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q = t2 (t is a prime power).
When X is a quadric, we will consider the cases where rank(X )= 3, 4,
5, since otherwise, the computation of the miminum distance of the codes
C2(X ) is reduced to the study of plane or hyperplane sections of quadrics
which is well known.
The case where X is a non-degenerate quadric in P4(Fq) (i.e. rank(X ) = 5,
X is a parabolic quadric), a bound for the minimum distance is given by D.
B. Leep and L. M. Schueller [11, p.172]:

#XZ(Q)(Fq) ≤ 3q2 + q + 1.

It is not optimal. When X is a degenerate quadric of rank 3 or 4, the
hypothesis of D. B. Leep and L. M. Schueller is too much restrictive and we
cannot find the minimal distance. In this case, however, we have a bound
given by G. Lachaud [10, proposition 2.3 ]:

#XZ(Q)(Fq) ≤ 4(q2 + q + 1)

which is not the best possible.
In the case where X is a non-singular hermitian variety, the result of Lachaud
gives an upper bound [14, p.208],

#XZ(Q)(Fq) ≤ 2(t+ 1)(q2 + q + 1)

which is also not optimal.
In this paper we find some optimal bounds excepting the case where X is a
degenerate quadric with rank(X ) = 4 and projective index g(X )=1.
The paper is organized as follows. First of all we recall some generalities
on quadrics and hermitian varieties. Secondly by using the projective clas-
sification of quadrics in [9, p.4] and their geometric structure, we find some
interesting bounds on the number of rational points on the intersection of
two quadrics. Thus, we show that for X a non-degenerate quadric:

#XZ(Q)(Fq) ≤ 2q2 + 3q + 1

is the best possible. We also show that for X degenerate and rank (X ) = 3,
we get

#XZ(Q)(Fq) ≤ 4q2 + q + 1,

and this bound is optimal. Identically, for rank(X ) = 4 and g(X )=2, we
have the optimal bound:

#XZ(Q)(Fq) ≤ 4q2 + 1.
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For X of rank(X ) = 4 and g(X )=1, we get the bound

#XZ(Q)(Fq) ≤ 3q2 + q + 1.

Next, we express the exact parameters of the codes C2(X ), the geometric
structure of the minimum weight codewords and show that the performances
of the codes C2(X ) defined on the non-degenerate quadrics are better than
the ones defined on the degenerate quadrics.
In the section 5, by using again the projective classification of quadrics in [9,
p.4], those of hermitian surfaces in [8, p.112], some properties of hermitian
varieties, we find the first five best upper bounds:

#XZ(Q)(Fq) = 2t5 + t3 + 2t2 + 1, 2t5 + t3 + t2 + 1, 2t5 + 2t2 + 1,

2t5 + t2 + 1, 2t5 − t3 + 2t2 + 1,
on the number of rational points on the intersection of the non-singular
hermitian variety X and any quadric Q. In section 6, when X is a non-
singular hermitian variety, we determine exactly the minimum distance of
the code C2(X ) and the minimum weight codewords. We also list the sec-
ond, third, fourth, fifth weight, and describe the corresponding codewords
reaching these weights.
The paper ends with two conjectures: the first, on the minimum distance
for the code Ch(X ) where X ⊂ P4(Fq) is the non-singular hermitian variety
and the second, on the distribution of the codewords of the first five weights
of C2(X ) when X ⊂ PN (Fq) is the non-singular hermitian variety.

2 Generalities

We denote by Fq the field with q elements. Let V = An+1(Fq) be the
affine space of dimension n+ 1 over Fq and Pn(Fq) = Πn the corresponding
projective space. Then

πn = #Pn(Fq) = qn + qn−1 + ...+ 1.

We use the term forms of degree two to describe homogeneous polynomials f
of degree two, and Q = Z(f) (the zeros of f in the projective space Pn(Fq))
is a quadric.
Let Q be a quadric. The rank of Q, denoted r(Q), is the smallest number
of indeterminates appearing in f under any change of coordinate system.
The quadric Q is said to be degenerate if r(Q) < n+ 1; otherwise it is non-
degenerate. For Q a degenerate quadric and r(Q)=r, Q is a cone Πn−rQr−1
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with vertex Πn−r (the set of singular points of Q) and base Qr−1 in a
subspace Πr−1 skew to Πn−r. For degenerate hermitian varieties we have an
analogous decomposition as for quadrics.

Definition 2.1 For Q = Πn−rQr−1 a degenerate quadric with r(Q) = r,
Qr−1 is called the non-degenerate quadric associated to Q. The degenerate
quadric Q will said to be of type hyperbolic (resp. elliptic, parabolic) if its
associated non-degenerate quadric is of the same type.

Definition 2.2 [11, p.158] Let Q1 and Q2 be two quadrics. The order
w(Q1,Q2) of the pair (Q1, Q2), is the minimum number of variables, after
invertible linear change of variables, necessary to write Q1 and Q2.

Definition 2.3 For any variety V, the maximum dimension g(V) of linear
subspaces lying on V, is called the projective index of V.

First of all, let us recall the classification of quadrics in P4(Fq). It can be
found in the book of J. W. P. Hirschfeld [9, p.4].

r(Q) Description |Q| g(Q)
1 repeated hyperplane Π3P0 q3 + q2 + q + 1 3
2 pair of distinct hyperplanes Π2H1 2q3 + q2 + q + 1 3
2 the plane Π2E1 q2 + q + 1 2
3 the cone Π1P2 (q + 1)(q2 + 1) 2
4 the cone Π0H3(R,R′) q(q + 1)2 + 1 2
4 the cone Π0E3 q(q2 + 1) + 1 1
5 the parabolic quadric P4 (q + 1)(q2 + 1) 1

Table 1: Quadrics in P4(Fq)

From the work of Ray-Chaudhuri [13, pp.132-136] we deduce that a non-
degenerate quadric P4 in P4(Fq) contains exactly αq = π3 lines and there
are exactly q + 1 lines contained in P4 through a given point in P4.
A regulus defined in the work of Hirschfeld [8, p.4], is the set of transversals of
three skew lines in P3(Fq); it consists of q+ 1 skew lines. Thus, a hyperbolic
quadric Q in P3(Fq) is a pair of complementary reguli (each one of the
two reguli generates the whole hyperbolic quadric). It is denoted by Q =
H3(R,R′) where R and R′ are the two reguli.
Let Fh be the vector space of forms of degree h in V = An+1(Fq), X ⊂ Pn(Fq)
a variety and |X| the number of rational points of X over Fq. We denote by
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Wi the set of points with homogeneous coordinates (x0 : ... : xn) ∈ Pn(Fq)
such that xj = 0 for j < i and xi 6= 0. The family {Wi}0≤i≤n is a partition
of Pn(Fq). The code Ch(X) is the image of the linear map c : Fh −→ F|X|q ,
defined by c(f) = (cx(f))x∈X , where cx(f) = f(x0, ..., xn)/xi

h with x = (x0 :
... : xn) ∈ Wi. The length of Ch(X) is equal to #X(Fq). The dimension of
Ch(X) is equal to dimFh − dim ker c. Therefore, when c is injective we get:

dim Ch(X ) =
(
n+ h
h

)
. (1)

The minimum distance of Ch(X) is equal to the mimimum over all f of
#X(Fq)−#XZ(f)(Fq).

3 Intersection of two quadrics

In this section, we will estimate the number of points in the intersection of
two quadrics X and Q in P4(Fq). Some bounds in P4(Fq) have been given by
Y. Aubry [1], G. Lachaud [10], D. B. Leep and L. M. Schueller [11]. These
bounds are not the best possible even in the case of P4(Fq). Here X denotes
a quadric of rank(X ) = 3, 4, 5 in P4(Fq).
Let us recall the result of D. B. Leep and L. M. Schueller [11, p.172] which
gives an upper bound for the number of intersection of a pair of quadrics.

Theorem 3.1 Let Q1 and Q2 be two quadrics in Pn(Fq). Suppose that
w(Q1,Q2) = n+ 1. If n+ 1 ≥ 5 and n+ 1 odd, then

|Q1 ∩Q2| ≤ (2qn−1 − qn−2 + q
n+2

2 − q n
2 − 1)/(q − 1).

From this theorem, we deduce the following result.

Corollary 3.2 Let Q1 and Q2 be two quadrics in P4(Fq) with w(Q1,Q2) =
5. Then,

|Q1 ∩Q2| ≤ 3q2 + q + 1.

In the theorem above the hypothesis on the order of the two quadrics Q1

and Q2 is too restrictive and does not work in general case. Let us state
another property, free from this condition.

Lemma 3.3 Let Q1 and Q2 be two quadrics in Pn(Fq) and l an integer such
that 1 ≤ l ≤ n− 1.
Suppose that w(Q1,Q2) = n− l+1 (i.e. there exists a linear transformation
such that Q1 and Q2 are defined with the indeterminates x0, x1, ..., xn−l) and
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|Q1 ∩ Q2 ∩ En−l(Fq)| ≤ m where En−l(Fq) = {x ∈ Pn(Fq) |xn−l+1 = ... =
xn = 0}. Then

|Q1 ∩Q2| ≤ mql + πl−1.

This bound is optimal as soon as m is optimal in En−l(Fq).

Proof If w(Q1,Q2) = n − l + 1, then there exists a linear transformation
such that Q1 and Q2 are defined with the indeterminates x0, x1, ..., xn−l.
Let m0 ≤ m such that |Q1 ∩ Q2 ∩ En−l(Fq)| = m0. From the fact that
Q1 ∩Q2 has exactly m0 projective zeros in En−l(Fq), we deduce that it has
exactly m(q− 1) + 1 affine zeros in Ẽ(Fq) (the corresponding affine space of
dimension n− l + 1).
Let ỹ = (y0, y1, ..., yn−l) be a zero of Q1 ∩ Q2 in Ẽ(Fq). We get that
y = (y0, y1, ..., yn−l, xn−l+1, ..., xn) is a zero of Q1 ∩ Q2 in An+1(Fq) for any
(xn−l+1, ..., xn) ∈ Fl

q. And reciprocally every zero of Q1 ∩ Q2 in An+1(Fq)
comes from a zero of Q1 ∩Q2 in Ẽ(Fq). Therefore, we deduce that Q1 ∩Q2

contains exactly {m0(q−1)+1}ql affine zeros in An+1(Fq). Thus, in Pn(Fq),
we get |Q1 ∩Q2| = ({m0(q − 1) + 1}ql − 1)/(q − 1) = m0q

l + πl−1.

Lemma 3.4 For Q1 and Q2 two quadrics in Pn(Fq), we get

w(Q1,Q2) ≥ sup{r(Q1), r(Q2)}.

Proof We have r(Qi) ≤ w(Q1,Q2) for i = 1, 2.

3.1 Plane section of the quadric X : g(Q)=2

Here we study the section of the quadric X by a quadric Q with g(Q)=2.
We have three cases: Q = Π2E1, Q = Π1P2 and Q = Π0H3(R,R′). Here
Q = Π1P2 and Q = Π0H3(R,R′) are respectively a set of q + 1 planes
through a common line or a common point.

3.1.1 Q is a quadric with r(Q)=2: Q = Π2E1
Here Q consists of one plane of P4(Fq). If this plane is not contained in X ,
then Q∩X is a plane quadric. In the book of J. W. P. Hirschfeld [7, p.156],
we have the following classsification of plane quadrics.

Therefore we deduce that if Q is a plane of P4(Fq):
– If it is contained in X , we get |X ∩ Q| = q2 + q + 1.
– Otherwise, we get from the table above that |X ∩ Q| ≤ 2q + 1.
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r(Q′) Description |Q′| g(Q′)
1 repeated line Π1P0 q + 1 1
2 pair of lines Π0H1 2q + 1 1
2 point Π0E1 1 0
3 parabolic P2 q + 1 0

Table 2: Plane quadrics in P2(Fq)

3.1.2 Q is a quadric with r(Q)=3,4: Q = Π1P2 and Q = Π0H3

For X a non-degenerate quadric, there is no plane in X . Thus each of the
q+1 planes of Q intersects X in at most 2q+1 points. Therefore, we deduce
that |X ∩ Q| ≤ 2q2 + 3q + 1.

For X degenerate of r(X ) = 3, 4, let us consider the order w(X ,Q) of the
pair {X ,Q}. We have three possibilities w(X ,Q) = 3, 4, 5 :

(i) If w(X ,Q) = 5, from the corollary 3.2 we get |X ∩ Q| ≤ 3q2 + q + 1.

(ii) If w(X ,Q) = 4, then there exists a linear transformation such that X
and Q are defined with the indeterminates x0, x1, x2, x3.
Suppose rank(X )=3. From [5, IV-D-3,4 ], we get |X ∩ Q ∩ E3(Fq)| =
4q+1 or |X ∩Q∩E3(Fq)| ≤ 3q. From lemma 3.3 we deduce that either
|X ∩ Q| = 4q2 + q + 1 in the case where X and Q have exactly four
common planes through a line or |X ∩ Q| ≤ 3q2 + 1 otherwise.
If rank(X )=4 and g(X ) = 1, from [5, IV-D-2] we get |X ∩Q∩E3(Fq)| ≤
2(q + 1). Therefore lemma 3.3 gives |X ∩ Q| ≤ 2q2 + 2q + 1.
If rank(X )=4 and g(X ) = 2, [5, IV-D-3 and IV-E-1] give |X ∩ Q ∩
E3(Fq)| = 4q or |X ∩ Q ∩ E3(Fq)| ≤ 3q + 1. In fact, in the case
|X ∩ Q ∩ E3(Fq)| = 4q, X ∩ Q ∩ E3(Fq) is exactly a set of four lines
with two lines in each regulus of H3. Therefore, from lemma 3.3 and
the geometric structure of X and Q, we get |X ∩Q| = 4q2 + 1 when X
and Q have the same vertex Π0 and contain four common planes with
the following configuration:
(the first two planes Π2

(1) and Π2
(2) meet at the point Π0, and the

two others Π2
(3) and Π2

(4) also meet at the point Π0,
the plane Π2

(1) meets Π2
(3) and Π2

(4) respectively at two distinct lines
D1,3 and D1,4,
the plane Π2

(2) meets Π2
(3) and Π2

(4) respectively at two distinct lines
D2,3 and D2,4,
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each one of the four lines D1,3, D1,4, D2,3 and D2,4 passes through
the point Π0). For example, for the two quadrics defined by fX =
x0x1+x2x3 and fQ = x3x0+x1x2 we have |X∩Q| = 4q2+1. Otherwise,
we get |X ∩ Q| ≤ 3q2 + q + 1.

(iii) If w(X ,Q) = 3, necessary from lemma 3.4, we get r(X )=r(Q)=3.
Here Q ∩ E2(Fq) and X ∩ E2(Fq) are two irreducible curves (conics).
Therefore from the theorem of Bézout (the fact that two plane conics
have exactly four common points or less than three points) and lemma
3.3, we deduce that |X ∩ Q| = 4q2 + q + 1, or otherwise |X ∩ Q| ≤
3q2 + q + 1.

3.2 Hyperplane section of the quadric X : g (Q)=3

This paragraph deals with the section of X by Q in the case g(Q)=3 i.e. Q
contains a hyperplane. We have two cases: r(Q)=1 (i.e. Q is a repeated
hyperplane), or r(Q)=2 with Q a pair of hyperplanes.

3.2.1 Q is a quadric with r(Q)=1: Q = Π3P0

Here Q is a repeated hyperplane H . Let us recall three general results on
hyperplane section of quadrics in Pn(Fq).

Lemma 3.5 Swinnerton-Dyer [18, p.264], Let X̃ ⊂ Pn(Fq) be a degenerate
quadric of rank r and H an hyperplane. Then X̃ ∩H is a quadric in Pn−1(Fq)
of rank r, r − 1, or r − 2.

Lemma 3.6 Primrose [12, pp.299-300], Let X̃ be a non-degenerate quadric
in Pn(Fq) and H a hyperplane. If H is tangent to X̃ , then X̃ ∩ H is a
degenerate quadric of rank n − 1 in Pn−1(Fq). If H is not tangent to X̃ ,
then X̃ ∩H is a non-degenerate quadric in Pn−1(Fq).

Let H ⊂ P4(Fq) be a hyperplane. If X is a non-degenerate quadric, from
lemma 3.6, we get

(?) #XH(Fq) =

{
(q + 1)2, q2 + 1 if H is not tangent to X ,
q2 + q + 1 if H is tangent to X .

If X is a degenerate quadric, from lemma 3.5, we get

#XH(Fq) ≤ 2q2 + q + 1. (2)

The third important result on hyperplane section of a quadric is:
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Lemma 3.7 J. Wolfmann [19, pp.191-192], Let X̃ be a non-degenerate
quadric in Pn(Fq) and H a hyperplane. If H is tangent to X̃ , then X̃ ∩H
is of the same type as X̃ (in the sense of the definition 2.1).

3.2.2 Q is a quadric with r(Q)=2 and Q is a pair of hyperplanes

Let H1 and H2 be the two distinct hyperplanes generating Q. We have
Q = H1 ∪ H2. Let P = H1 ∩ H2 be the plane of intersection of the two
hyperplanes. We have

|Q ∩ X | = |H1 ∩ X |+ |H2 ∩ X | − |P ∩ X |. (3)

Let X̂1 = H1 ∩ X , and X̂2 = H2 ∩ X . We have

P ∩ X = P ∩ X̂1 = P ∩ X̂2. (4)

3.2.2.1 If X is non-degenerate (i.e. parabolic)

(i) In the case where each hyperplane is tangent to X , we know that X̂1,
and X̂2 are quadric cones of rank 3. We get that |X̂1| = |X̂2| = q2+q+1.
From lemma 3.5 and table 2, we deduce that |P ∩ X̂1| ≥ 1. Therefore,
from relation 3, we deduce that |X ∩ Q| ≤ 2q2 + 2q + 1.

(ii) In the case where one hyperplane H2 is tangent to X , and the second
hyperplane H1 is non-tangent to X , X̂1 is a non-degenerate quadric
surface in P3(Fq): elliptic or hyperbolic.
–If X̂1 is an elliptic quadric, from lemmas 3.6, 3.7 and table 2, we
get that P ∩ X̂1 is either a plane conic (parabolic), or a single point
according to P being non-tangent or tangent to X̂1. Therefore, from
relations (4), (3) and table 2, we deduce that |X ∩ Q| ≤ 2q2 + q + 1.
–If X̂1 is an hyperbolic quadric, from lemmas 3.6, 3.7 and table 2,
we get that P ∩ X̂1 is either a plane conic (parabolic), or a pair of
two distinct lines according to P being non-tangent or tangent to X̂1.
Therefore, from (4) and (3), we deduce that |X ∩ Q| ≤ 2q2 + q + 1.

(iii) In the case where each hyperplane is non-tangent to X , we know that
X̂1, and X̂2 are non-singular quadric surfaces: elliptic or hyperbolic.
They can be of the same type or of different types.
–If one of the two quadrics is elliptic, from lemma 3.6 and table 2,
we deduce that |P ∩ X̂1| ≥ 1. Therefore from (3) and (?) we get that
|X ∩ Q| ≤ 2q2 + 2q + 1.
–If the two quadrics are hyperbolic, from lemmas 3.6, 3.7 and table 2,
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we deduce that |P ∩ X̂1| ≥ q + 1. Therefore, from (4) and (3), we get
|X ∩ Q| ≤ 2q2 + 3q + 1. And this upper bound is reached when P is
non-tangent to X̂1 and X̂2. For example, for the two quadrics defined
by fX = x0x1 +x2x3 +x2

4 and fQ = (x0 +x1)(x2 +x3) with car(Fq) 6= 2

3.2.2.2 If X is degenerate (i.e. rank (X )=3,4) .
Here we have w(X ,Q) = 3, 4, 5 :

(i) If w(X ,Q) = 5, from corollary 3.2 we get |X ∩ Q| ≤ 3q2 + q + 1.

(ii) If w(X ,Q) = 4. Suppose rank(X )=3. From [5, IV-C ] we get |X ∩Q∩
E3(Fq)| = 4q + 1 or |X ∩ Q ∩ E3(Fq)| ≤ 3q + 1. From lemma 3.3 we
deduce that either |X ∩Q| = 4q2 + q+ 1 in the case where Q is union
of two hyperplanes (non-tangent) each through a pair of planes of X
and the plane of intersection of the two hyperplanes intersecting X in
a line or |X ∩ Q| ≤ 3q2 + q + 1 otherwise.
If rank (X )=4 and g(X ) = 1 from [5, IV-B] we get |X ∩Q∩E3(Fq)| ≤
2(q + 1). Therefore lemma 3.3 gives |X ∩ Q| ≤ 2q2 + 2q + 1.
If rank (X )=4 and g(X ) = 2, the result of [5, IV-B ] gives |X ∩ Q ∩
E3(Fq)| = 4q or |X∩Q∩E3(Fq)| ≤ 3q+1. Therefore from lemma 3.3, we
get either |X ∩Q| = 4q2+1 when each hyperplane is tangent to X with
the plane of intersection meeting X at two lines or |X ∩Q| ≤ 3q2+q+1
otherwise.

(iii) If w(X ,Q) = 3, necessary from lemma 3.4, we get r(X )=3. Here, the
quadric Q describes a pair of lines in E2(Fq). The number of points
in the intersection of two secant lines with a conic (non-singular plane
quadric) is exactly four or less than three. From table 2 and lemma
3.3 we get that either |X ∩Q| = 4q2 + q + 1 or |X ∩Q| ≤ 3q2 + q + 1.

3.3 Line section of the quadric X : g(Q)=1

In this section we estimate the number of points in the intersection of X
and a quadric Q with g(Q) = 1. In this case Q is the degenerate quadric
Π0E3 or the non-degenerate quadric (i.e. parabolic) P4.

3.3.1 Q is a quadric with r(Q)=4: Q = Π0E3
(i) For X non-degenerate quadric, we get two possibilities:

– If there is a line of X∩Q through the vertex Π0 of the coneQ = Π0E3,
it is obvious that this vertex is a point of X . Therefore there are
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at most q + 1 lines of the cone Q through Π0 contained in X ; the
other lines of Q meet X in at most two points each. Thus, we get
|X ∩ Q| ≤ 2q2 + 2q + 1.
– If there is no line of X ∩Q through the vertex of the cone Q = Π0E3,
each line of Q intersecting X in at most two points, we deduce that
|X ∩ Q| ≤ 2(q2 + 1).

(ii) For X degenerate quadric (i.e. r(X ) = 3, 4).
From lemma 3.4, we have w(X ,Q) = 4, 5. The case w(X ,Q) = 5
follows from corollary 3.2. Let us consider now that w(X ,Q) = 4.
If r(X )=3,4 and g(X )=2, or r(X )=4 and g(X )=1, from [5, IV-D-2,
IV-E-2] we get |X ∩ Q ∩ E3(Fq)| ≤ 2(q + 1). Thus, we deduce from
lemma 3.3 that |X ∩ Q| ≤ 2q2 + 2q + 1.

Remark 3.8 Let Q be a non-degenerate quadric (i.e. Q = P4) and r(X )=3,4.
The cases r(X )=3,4 and g(X )=2, correspond to the first part of 3.1.2. with
Q at the place of X . In the same way r(X )=4 and g(X )=1, corresponds to
3.3.1.(i).

3.3.2 Intersection of two non-degenerate quadrics

Here we study the number of points in the intersection of two non-degenerate
quadrics X and Q.

Proposition 3.9 Let X and Q be two non-degenerate quadrics in P4(Fq).
If there is no line in X ∩Q, then |X ∩ Q| ≤ 2(q2 + 1).

Proof We use the fact that αq is the number of lines of X , each one of them
meeting Q in at most two points. Moreover there pass exacly q + 1 lines
through each point contained in X .

Now we will study the section of two non-degenerate quadrics containning
a common line. Let us consider a line D contained in X ∩Q and P a plane
through D. By the principle of duality in the projective space [15, pp.49-
51], or [7, p.33, theorem 3.1 p.85], we deduce that there are exactly q + 1
hyperplanes (Hi) through P. These q+1 hyperplanes (Hi) generate P4(Fq).
For i = 1, ..., q + 1, we denote X̂i = Hi ∩X and Q̂i = Hi ∩Q. Thus, we get:

|X ∩ Q| ≤ |X̂1 ∩ Q̂1|+
q+1∑
i=2

|(X̂i ∩ Q̂i)−D|. (5)
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From lemma 3.6, we deduce that X̂i and Q̂i are quadrics of rank 3 or 4 in
P3(Fq). Since they contain the line (D), they can not be elliptic. They are
either hyperbolic or cone quadrics (of rank 3). Thus one has to study the
three types of intersection in P3(Fq) given by the table 3.

Types X̂i ∩ Q̂i

1 (hyperbolic quadric) ∩ (quadric cone)
2 (quadric cone) ∩ (quadric cone)
3 (hyperbolic quadric) ∩ (hyperbolic quadric)

Table 3: Intersection of X̂i ∩ Q̂i in P3(Fq)

Lemma 3.10 Let X and Q be two non-degenerate quadrics in Pn(Fq), and
K a linear space of codimension 2. Then there exists at most two hyperplanes
Hi, i = 1, 2 through K such that X̂i = Q̂i.

Proof Let

Q =
∑

0≤i≤j≤n

aijxixj and X =
∑

0≤i≤j≤n

a′ijxixj .

Without loss of generality, we can choose a system of coordinates, such that
H1 = {xn = 0}, H2 = {xn−1 = 0}. For H1 ∩ X = H1 ∩ Q, we get that
aij = a′ij except may be for (i, n) with i = 0, ..., n. For H2 ∩ X = H2 ∩ Q,
we get that aij = a′ij except may be for (i, n − 1) with i = 0, ..., n − 1 and
(n− 1, n). Therefore, we deduce that aij = a′ij except for (i, j) = (n− 1, n);
and there exists (α, β) ∈ F2

q (α 6= β) such that:{
Q = Q0(x0, x1, ..., xn−1, xn) + αxn−1xn

X = Q0(x0, x1, ..., xn−1, xn) + βxn−1xn.

Let us suppose that there is a third hyperplane H3 through K such that
H3 ∩ X = H3 ∩ Q. We can suppose that H3 = {axn−1 + bxn = 0} and
b 6= 0, therefore xn = −a

bxn−1. From the above system and the fact that
H3 ∩ X = H3 ∩ Q we deduce that −αa

bx
2
n−1 = −β a

bx
2
n−1. Since α 6= β, we

deduce that a = 0, which leads to H3 = H2.
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Proposition 3.11 Let X and Q be two non-degenerate quadrics in P4(Fq)
containing a line (D). There is a plane (P) containing (D) such that X̂i 6=
Q̂i for i = 1, ..., q + 1.

Proof We know from lemma 3.10 that there exists at most two hyperplanes
Hi, i = 1, 2 such that X̂i = Q̂i. There are also at most 2(q + 1) planes
through (D) contained in H1 ∪H2. Since there are exactly q2 + q+ 1 planes
through (D), we conclude that there are at least q2 − q − 1 > 0 possibilities
of choice for the plane (P) such that X̂i 6= Q̂i for i = 1, ..., q + 1.

Lemma 3.12 Let D1, D2 be two secant lines of the non-degenerate quadric
X ⊂ P4(Fq) and P =< D1,D2 > the plane defined by these two lines. Let
(Hi) i=1,...,q+1 be the q+1 hyperlanes containing P. If there exists a hyper-
plane H1 tangent to X , then it is unique (i.e. the remaining q hyperplanes
are non-tangent to X ).

Proof Let H1 containing P, be a hyperplane which is tangent to X at a
point P1. Then from lemma 3.6, X̂1 is a quadric cone of rank 3 in P3(Fq):
X̂1 is a set of q + 1 lines through P1 (D1 and D2 are two of them).
Let H2 containing P be another hyperplane which is tangent to X at a point
P2. Then X̂2 is a set of q + 1 lines through P2 and (D1 and D2 are two of
them). The lines (D1) and (D2) intersect at P1 and P2, therefore we deduce
that P1 = P2. Thus, there exist a unique hyperplane H1 tangent to X at
the point P = D1 ∩ D2.

Remark 3.13 We also know from [5,§IV-D-4 and IV-E-1] that if the inter-
section of two quadrics cone (of rank 3) or two hyperbolic quadrics in P3(Fq)
contains three lines, it contains exactly four common lines.

From the results of [5, §IV] and table 3 above, we deduce the following table
4.

Let us explain the table 4. For the type 1, the intersection of a hyper-

Types 4 lines 2 lines 1 line
1 3q 2q + 1
2 4q+1 3q 2q + 1
3 4q 3q + 1 2(q + 1)

Table 4: Number of points and lines in X̂i ∩ Q̂i

bolic quadric and a quadric cone, contains at most two lines; therefore 3q
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and 2q + 1 are respectively the maximum number of this intersection when
containing (exactly or) at most two lines or exactly one line. From the above
remark, the types 2 and 3 are describe as before.

Now an estimation on the number of points in the intersection of the two
non-degenerate quadrics X and Q containning a common line is reduced to
the two following simple cases.

If X ∩ Q contains exactly one common line: Each X̂i ∩ Q̂i contains
exacly one line, and from the table 4, we get for i = 1, ..., q + 1 |X̂i ∩ Q̂i| ≤
2(q+ 1). Therefore from relation (5), we deduce that |X ∩Q| ≤ q2 + 3q+ 2.

If X ∩ Q contains at least two common lines: We distinguish two
following cases:

1. In the case where X ∩Q contains only skew lines: from table
4, we get for i = 1, ..., q+ 1 |X̂i ∩ Q̂i| ≤ 2q+ 1 for the types 1 and 2. Indeed,
if X̂i ∩ Q̂i contains more than one line, from the fact that one of the two
quadrics X̂i or Q̂i is a quadric cone, they are secant. For type 3, if X̂i ∩ Q̂i

contains exactly four common lines, then it contains necessarily two secant
lines. This is a contradiction. From remark 3.13, X̂i ∩ Q̂i can only contain
at most two lines. Thus, from table 4, 3q + 1 is an upper bound for the
number of points in X̂i ∩ Q̂i. The lines of X̂i ∩ Q̂i are skew; so they belong
to the same regulus. From [5, IV-E-1] we get |X̂i ∩ Q̂i| ≤ 2(q + 1). Finally,
from relation (5) we deduce that |X ∩ Q| ≤ q2 + 3q + 2.

2. In the case where there exist some secant lines in X ∩Q, let
{D1,D2} denote a pair of secant lines and P be the plane generated by this
pair of secants. Let

Q =
∑

0≤i≤j≤4

aijxixj and X =
∑

0≤i≤j≤4

a′ijxixj .

(i) If there are exactly two hyperplanes Hi i = 1, 2 such that X̂i = Q̂i,
then we can choose a system of coordinates, such that H1 = {x4 = 0}
and H2 = {x3 = 0}. From the proof of lemma 3.10, there exists
(α, β) ∈ F2

q (α 6= β) such that:{
Q = Q0(x0, x1, x2, x3, x4) + αx3x4

X = Q0(x0, x1, x2, x3, x4) + βx3x4.
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Thus, we have X ∩Q = (H1 ∩X )∪ (H2 ∩X ) and from the relation (3)
we get that |X ∩ Q| ≤ 2q2 + 2q + 1.

(ii) If there is exactly one hyperplane H1 such that X̂1 = Q̂1, then by
the same reasoning as above, we can choose two distinct linear forms
h1(x0, x1, x2, x3, x4) and h2(x0, x1, x2, x3, x4) such that:{

Q = X0(x0, x1, x2, x3) + x4h1(x1, x2, x3, x4)
X = X0(x0, x1, x2, x3) + x4h2(x1, x2, x3, x4).

We have X ∩Q = (H1∩X )∪ (H2∩X ∩Q) where H2 is the hyperplane
defined by the linear form h1−h2. We also have |H2∩X ∩Q| ≤ 4q+1
from table 4 and |H1 ∩ X | ≤ q2 + 2q + 1. Therefore we get that
|X ∩ Q| ≤ q2 + 6q + 2.

(iii) If for i = 1, ..., q + 1 we get X̂i 6= Q̂i, one has two possibilities: If the
q + 1 hyperplanes Hi are all non-tangent to X , X̂i are non-degenerate
quadrics and only the types 1 and 3 of the table 3 can appear. From
table 4 and remark 3.13, we deduce that |X̂i∩Q̂i| ≤ 4q. If there exists
a hyperplane Hi tangent to X , then from lemma 3.12, it is unique.
Let H1 be this tangent hyperplane, X̂1 is a quadric cone and X̂1 ∩ Q̂1

is of type 1 or 2. Therefore we get |X̂1 ∩ Q̂1| ≤ 4q + 1. Finally from
relation

|X ∩ Q| ≤ |X̂1 ∩ Q̂1|+
q+1∑
i=2

|(X̂i ∩ Q̂i)− (D1 ∪ D2)| (6)

we deduce that, |X ∩ Q| ≤ 2q2 + 3q + 1.

4 The parameters of the code C2(X ) defined on the
quadric X

When X = Z(f ′) ⊂ Pn(Fq) is a quadric, the linear map c : F2 −→ F|X |q is
not injective because ker c = {λf ′|λ ∈ Fq}. Therefore we deduce that:

dim C2(X ) =
(
n+ 2

2

)
− 1 =

n(n+ 3)
2

From the results of section 3, we deduce the followings results.
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Theorem 4.1 Let Q be a quadric in P4(Fq) and X the non-degenerate
(parabolic) quadric in P4(Fq). We get

#XZ(Q)(Fq) ≤ 2q2 + 3q + 1

and this bound is the best possible.
The code C2(X ) defined on the parabolic quadric X is a [n, k, d]q-code where
n = (q + 1)(q2 + 1), k = 14, d = q3 − q2 − 2q.

Theorem 4.2 The minimum weight codewords of the code C2(X ) corre-
spond to:
–either quadrics which are union of two (non-tangent) hyperplanes each in-
tersecting X at a hyperbolic quadric such that the plane of intersection of
the two hyperplanes intersects X at a plane conic.
–or quadrics with r(Q) = 3 (i.e. q+ 1 planes through a line) and each plane
containing exactly two lines of X .
–or non-degenerate (i.e. parabolic) quadrics containing two secant lines of
X defining a plane contained in the q + 1 hyperplanes which has one tan-
gent hyperplane, the q other non-tangent to X , and with maximal hyperplane
section.

Theorem 4.3 Let Q be a quadric in P4(Fq) and X a degenerate quadric in
P4(Fq). We get :
–If X is degenerate with r(X ) = 3, then

#XZ(Q)(Fq) = 4q2 + q + 1 or #XZ(Q)(Fq) ≤ 3q2 + q + 1.

–If X is degenerate with r(X )=4 and g(X ) = 2, then

#XZ(Q)(Fq) = 4q2 + 1 or #XZ(Q)(Fq) ≤ 3q2 + q + 1.

Theorem 4.4 The code C2(X ) defined on the degenerate quadric X in
PG(4,q) is a [n, k, d]q-code where:
–If X is degenerate with r(X )=3, then n = q3+q2+q+1, k = 14, d = q3−3q2.
–If X is degenerate with r(X )=4 and g(X ) = 2, then n = q3 + 2q2 + q + 1,
k = 14, d = q3 − 2q2 + q.

Theorem 4.5 The minimum weight codewords of the code C2(X ) corre-
spond :
For X degenerate with r(X )=3 to:
–quadrics which are union of two hyperplanes (non-tangent) each through a
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pair of planes and the plane of intersection of the two hyperplanes intersect-
ing X in a line.
–quadrics with r(Q) = 3 and a plane containing exactly four lines of X .
For X degenerate quadric with r(X ) = 4 and g(X ) = 2:
–quadrics which are union of two tangent hyperplanes to X and the plane of
intersection of the two hyperplanes meeting X at two secant lines.
–quadrics with r(Q) = 4 and g(Q) = 2 containning exactly four common
planes of X with the following configuration: (the two first planes Π(1)

2 and
Π(2)

2 meet at the point Π0, and the two others planes Π(3)
2 and Π(4)

2 meet at
the point Π0,
the plane Π(1)

2 meets Π(3)
2 and Π(4)

2 respectively at two distinct lines D1,3 and
D1,4,
the plane Π(2)

2 meets Π(3)
2 and Π(4)

2 respectively at two distinct lines D2,3 and
D2,4,
each one of the four lines D1,3, D1,4, D2,3 and D2,4 pass through the point
Π0).

Theorem 4.6 Let Q be a quadric in P4(Fq) and X a degenerate quadric in
P4(Fq) of rank (X ) = 4 with g(X ) = 1. We get :

#XZ(Q)(Fq) ≤ 3q2 + q + 1.

The code C2(X ) defined on the degenerate quadric X of rank(X )=4 with
g(X ) = 1 is a [n, k, d]q-code where n = q3 + q + 1, k = 14, d ≥ q3 − 3q2.

Remark 4.7 From the study of the parameters of these codes, we can assert
that the performances of the codes C2(X ) defined on the non-degenerate
quadrics are better than the ones defined on the degenerate quadrics.

5 Quadratic section of the non-degenerate hermi-
tian variety

In this section Fq denotes the field with q elements, where q = t2 and X
denotes the non-degenerate (i.e. non-singular) hermitian variety of P4(Fq)
of equation X : xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 + xt+1

4 = 0.
In [3, p.1175] Bose and Chakravarti proved the following result:

Theorem 5.1 Let X̃ ⊂ Pn(Fq) be a non-degenerate hermitian variety. Then,

#X̃ (Fq) = Υ(n, t2) = [tn+1 − (−1)n+1][tn − (−1)n]/(t2 − 1) (7)
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For X̃ ⊂ Pn(Fq) a degenerate hermitian variety of rank r < n+ 1, we have:

#X̃ (Fq) = (t2 − 1)πn−rΥ(r − 1, t2) + πn−r + Υ(r − 1, t2),

where Υ(n, t2) is given by (7).

From theorem 5.1 we get that

#X (Fq) = (t2 + 1)(t5 + 1).

It has been shown by Bose et al. [3, p.1176] that g(X ) = 1 (i.e. X contains
lines and does not contain a plane). In the work of Hirschfeld [9, p.60] we
get that there are t3 + 1 lines contained in X through each point of X .

We will study here the section of X by any quadric Q of P4(Fq). An
approach to this problem has also been considered by F. Rodier in [14,
pp.207-208]. He used the result of G. Lachaud [10, proposition 2.3] which
gives an upper bound for the number of rational points of an algebraic set
of a given degree. He found a bound which is not optimal.
We will use a different method depending mainly on the geometric structure
of the quadric Q and the hermitian variety X .
Let us recall the classification of hermitian varieties in P3(Fq), table.5, which
can be found in the work of J.W.P. Hirschfeld [9,p.60].

r(V) Description |V| g(V)
1 repeated plane Π2U0 t4 + t2 + 1 2
2 t+ 1 collinear planes Π1U1 t5 + t4 + t2 + 1 2
3 a cone Π0U2 t5 + t2 + 1 1
4 non-singular hermitian surface U3 t5 + t3 + t2 + 1 1

Table 5: Hermitian surfaces in P3(Fq)

5.1 Plane section of the non-degenerate hermitian variety X :
g(Q)=2

We are interested in the case where g(Q)=2 for the quadric Q. These are the
cases where Q = Π2E1, Q = Π1P2 or Q = Π0H3(R,R′). In the book of J.
W. P. Hirschfeld [7, p.160], we have also the classification of plane hermitian
curves.
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r(V) Description |V| g(V)
1 repeated line Π1U0 t2 + 1 1
2 cone Π0U1 t3 + t2 + 1 1
3 non-singular hermitian curve U2 t3 + 1 0

Table 6: Plane hermitian curves

From the table above, for the section of the non-singular hermitian variety
X by a plane Q we get |X ∩Q| ≤ t3+t2+1. In the case r(Q) = 3 or r(Q) = 4,
(Q is a union of q + 1 planes) we get |X ∩ Q| ≤ t5 + t4 + t3 + 2t2 + 1.

5.2 Hyperplane section of the non-degenerate hermitian va-
riety X : g(Q)=3

In the case g(Q)=3, i.e. when Q contains a hyperplane, we have two possi-
bilities: r(Q)=1 (Q is a hyperplane), or r(Q)=2 and Q is a pair of distinct
hyperplanes.

5.2.1 Q is a quadric with r(Q)=1: Q = Π3P0

Here Q is a repeated hyperplane H. Let us recall two general results of
Bose and Chakravarti on hyperplane section of a non-degenerate hermitian
variety.

Theorem 5.2 [3, p.1173] Let X̃ be a non-degenerate hermitian variety in
Pn(Fq) and H a hyperplane. If H is tangent to X̃ at P , then X̃ ∩ H is a
degenerate hermitian variety of rank n− 1 in Pn−1(Fq). The singular space
of X̃ ∩H consists of the single point P .

Theorem 5.3 [4, p.272] Let X̃ be a non-degenerate hermitian variety in
Pn(Fq) and H a hyperplane. If H is not tangent to X̃ , then X̃ ∩ H is a
non-degenerate variety in Pn−1(Fq).

From theorems 5.1, 5.2 and 5.3, we deduce the following result.

Theorem 5.4 Let H ⊂ P4(Fq) be a hyperplane

#XH(Fq) =

{
t5 + t3 + t2 + 1 if H is not tangent to X ,
t5 + t2 + 1 if H is tangent to X .
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If H is tangent to X , then X ∩H is a singular hermitian surface of rank 3
in P3(Fq). More precisely, X ∩H is a set of t3 + 1 lines passing through a
common point P . If H is non-tangent to X , then X ∩H is a non-singular
hermitian surface in P3(Fq); thus we get #XH(Fq) = t5 + t3 + t2 + 1.

5.2.2 Q is a quadric with r(Q)=2 and Q is a pair of hyperplanes

Here we will also use two important results of Bose and Charkravarti on
degenerate hermitian varieties in Pn(Fq).

Theorem 5.5 [3, p.1171] Let X̃ be a degenerate hermitian variety of rank
r < n + 1 in Pn(Fq) and Πr−1 a linear projective space of dimension r −
1 disjoint from the singular space Πn−r of X̃ . Then Πr−1 ∩ X̃ is a non-
degenerate hermitian variety in Πr−1.

Theorem 5.6 [3, p.1171] Let X̃ ⊂ Pn(Fq) be a degenerate hermitian variety
of rank r < n+1. If P is any point belonging to the singular space of X̃ and
D is an arbitrary point of X̃ , then any point of the line (PD) belongs to X̃ .

Now let H1 and H2 be two distinct hyperplanes generating Q. We have
Q = H1 ∪ H2. Let P = H1 ∩ H2 be the plane of intersection of the two
hyperplanes. Let X̂1 = H1 ∩ X , and X̂2 = H2 ∩ X .

(i) In the case where each hyperplane is tangent to X , we know that X̂1

and X̂2 as singular hermitian surfaces are sets of t3 + 1 lines passing
respectively through the point P1 and P2 (P1 6= P2). From theorem
5.2, we deduce that P1 and P2 are the singular spaces of X̂1 and X̂2.
–If the plane P does not pass through at least one of the two points P1

and P2, without loss of generality we can suppose that P does not pass
through P1. Since P1 is the singular space of X̂1, from theorem 5.5
we deduce that P ∩ X̂1 is a non-singular curve in P2(Fq). Therefore,
we get |P ∩ X̂1| = t3 + 1, which with the relations (3) and (4) give
|X ∩ Q| = 2t5 − t3 + 2t2 + 1.
–If the plane P passes through P1 and P2, then it is obvious that P1

and P2 belong to P ∩ X̂1 and P ∩ X̂2 respectively. From the relation
(4), we deduce that P2 ∈ P ∩ X̂1. Therefore P2 ∈ X̂1. Since P1 is the
singular space of X̂1, from theorem 5.6 we deduce that the line (P1P2)
is contained in X̂1. The line (P1P2) is also contained in P. Therefore
(P1P2) is contained in P ∩ X̂1 and from table 6, we get that P ∩ X̂1

is a degenerate hermitian curve in P2(Fq). Here P ∩ X̂1 cannot be a
set of t + 1 lines through a common point, because it would imply

85



P1 = P2. Thus, P ∩X̂1 is the line defined by the two points P1 and P2.
Therefore, from the relations (3) and (4) we get |X ∩Q| = 2t5 + t2 +1.

(ii) In the case where one hyperplane (H2) is tangent to X and the second
hyperplane (H1) is non-tangent to X , X̂2 and X̂1 are singular and non-
singular hermitian surfaces respectively. From theorems 5.2, 5.5 and
relation (4) we deduce that the following two conditions are equivalent:
–the plane P is non-tangent to X̂1

–the plane P is disjoint from the singular space {P2} of X̂2

Therefore, from the theorems above and relation (3) we get either
|X ∩ Q| = 2t5 + 2t2 + 1 when P is non-tangent to X̂1 or |X ∩ Q| =
2t5 + t2 + 1 when P is tangent to X̂1.

(iii) In the case where both hyperplanes are non-tangent to X , we know
that X̂1 and X̂2 are both non-singular hermitian surfaces. From the
relation (4) and the fact that P ∩ X̂1 (resp. P ∩ X̂2) is singular if
and only if P is tangent to X̂1 (resp. X̂2), we deduce that P is either
tangent to X̂1 and X̂2, or non-tangent to X̂1 and X̂2.
–If the plane P is tangent to X̂1 (i.e. it is also tangent to X̂2), then
from theorem 5.2, P ∩ X̂1 is a singular hermitian curve of rank 2 in
P2(Fq). Therefore, we get |P∩X̂1| = t3+t2+1, which with the relation
(3) give |X ∩ Q| = 2t5 + t3 + t2 + 1
–If the plane P is non-tangent to X̂1 (i.e. it is also non-tangent to
X̂2), P ∩ X̂1 is a non-singular hermitian curve in P2(Fq). Therefore,
we get |P ∩ X̂1| = t3 + 1, which with the relation (3) give |X ∩ Q| =
2t5 + t3 + 2t2 + 1.

5.3 Line section of the non-degenerate hermitian variety X :
g(Q)=1

We will now study the section of the non-degenerate hermitian variety X by
Q with g(Q)=1. In this case Q is the non-degenerate quadric (parabolic) or
the degenerate quadric Π0E3.
For the section of X by Q we need to distinguish two cases.

5.3.1 Q∩ X does not contain any line

When Q is degenerate (i.e. Q = Π0E3) and Q ∩ X does not contain any
line, every line of Q intersects X in at most t+ 1 points. From the fact that
Q consists of q2 + 1 lines through the point Π0, we deduce that |Q ∩ X | ≤
t5 + t4 + t+ 1.
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When Q is non-degenerate, it contains exactly αq lines and there are q + 1
lines of Q through any point of Q. Therefore, we deduce that |Q ∩ X | ≤
αq(t+ 1)/(q + 1) i.e. |Q ∩ X | ≤ t5 + t4 + t+ 1.

5.3.2 Q∩ X contains a line

First, we will study the simple case of the section of X by the degenerate
quadric. Next, we will treat the more technical case, section of X by the
non-degenate quadric.

5.3.2.1 When Q is degenerate: We get two possibilities:
– If there is no line of X ∩Q through the vertex Π0 of the cone Π0E3, as in
5.3.1 we deduce that |X ∩ Q| ≤ t5 + t4 + t+ 1.
– If there is a line of X ∩Q through the vertex Π0 of the cone, it is obvious
that Π0 is a point of X . Therefore, there are at most t3 + 1 lines of Q
contained in X . Each one of the other t4 − t3 lines of Q intersects X in at
most t+ 1 points. Thus, we deduce that |Q ∩ X | ≤ 2t5 − t4 + t2 + 1.

5.3.2.2 When Q is non-degenerate: We will use the same technique
as in §3.3.2 (intersection of two non-degenerate quadrics). Let us consider
a line D contained in Q ∩ X , P a plane through D and (Hi) the q + 1
hyperplanes passing through P which generate P4(Fq). As in §3.3.2, for
i = 1, ..., q + 1 Q̂i = Hi ∩ Q are either hyperbolic quadrics or cone quadrics
in P3(Fq). From theorems 5.2, 5.3 we get that for i = 1, ..., q+1, X̂i = Hi∩X
are hermitian surfaces of rank 3 or 4 (non-singular hermitian surfaces) in
P3(Fq).
Thus, one has to study the four types of intersection in P3(Fq) given by the
table 7.

Type Q̂i ∩ X̂i

1 (hyperbolic quadric) ∩ (non− sing herm surf)
2 (quadric cone) ∩ (non− sing herm surf)
3 (hyperbolic quadric) ∩ (sing herm surface)
4 (quadric cone) ∩ (sing hermitian surface)

Table 7: Intersection of Q̂i ∩ X̂i in P3(Fq)

From the paragraphs 4.1 and 4.2 of [6], we can be more precise about
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#X̂iZ(Q̂i)
(Fq) for the types 1 and 2 of table 7 (section of the non-singular

hermitian surface X̂i by a cone or hyperbolic quadric Q̂i). Thus, we have
the following table 8.

r(Q̂i) Type L(X̂i ∩ Q̂i) #X̂iZ(Q̂i)
(Fq)

3 2 2 t3 + 2t2 − t+ 1
(cone) 1 t3 + t2 + 1

4 3 2t3 + t2 + 1
(hyperbolic) 1 2 ≤ t3 + 3t2 − t+ 1
H3(Ri,R′i) 1 ≤ t3 + 2t2 + 1

Table 8: Number of points and lines in Q̂i ∩ X̂i

In table 8, X̂i and L(X̂i ∩ Q̂i) denote respectively the non-degenerate
hermitian surface and the number of lines contained in X̂i ∩ Q̂i. In the case
where Q̂i is a hyperbolic, we consider L(X̂i ∩ Ri) (where Ri is a regulus of
the hyperbolic quadric Q̂i) instead of L(X̂i ∩ Q̂i).

From the tables above, we deduce that an estimation on the number of
points in the intersection of X ∩ Q where X and Q are respectively a non-
degenerate hermitian variety and a non-degenerate quadric variety with a
common line, is resolved by considering the two following simple cases.

(a) If Q∩X contains exactly one common line: From table 8, we
get |Q̂i ∩ X̂i| ≤ t3 + 2t2 + 1 for the types 1 and 2 of table 7.
Likewise, for the type 3, if Q̂i and X̂i contain exactly the only common line
D, a fortiori there is a regulus Ri of the hyperbolic quadric Q̂i containing
D. Each one of the q other lines of Ri intersects X̂i in at most t+ 1 points.
We deduce that |Q̂i ∩ X̂i| ≤ t3 + 2t2 + 1.
For the type 4, the quadric cone Q̂i consists of q+1 lines through a common
point. The fact that there is only one line of Q̂i in X̂i, implies that each one
of the q other lines of Q̂i intersects X̂i in at most t+ 1 points (the vertex of
the cone is one of them). We deduce that |Q̂i ∩ X̂i| ≤ t3 + t2 + 1.
Finally, when Q∩ X contains exactly one common line, we get:

for i = 1, 2, ..., q + 1 |Q̂i ∩ X̂i| ≤ t3 + 2t2 + 1. (8)

In this way, by using the relations (5) and (8) we conclude that |Q ∩ X | ≤
t5 + t4 + t3 + 2t2 + 1.
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(b) If Q∩X contains at least two common lines: We distinguish
two cases: Q ∩ X containing only skew lines or some secant lines. We will
use an important property on the intersection of a hyperbolic quadric and
a non-singular hermitian surface in P3(Fq).

Lemma 5.7 [8, pp.123-124] Let Q̂i = H(Ri,R′i) and X̂i denote respectively
the hyperbolic quadric and the non-singular hermitian surface in P3(Fq). If
Q̂i = H(Ri,R′i) has three skew lines on X̂i, then X̂i ∩ Q̂i consists of 2(t+ 1)
lines of R0 ∪R′0 where R0 ⊂ Ri, R′0 ⊂ R′i and |R′0| = |R0| = t+ 1.

Remark 5.8 Lemma 5.7 says that, if a hyperbolic quadric contains three
skew lines on the non-singular hermitian surface X̂i, then it contains exactly
2(t+ 1) lines of the surface X̂i, and t+ 1 lines in each of the two reguli.

We will also use the following result.

Lemma 5.9 Let D1, D2 be two secant lines of the non-degenerate hermitian
variety X ⊂ P4(Fq) and P =< D1,D2 > the plane defined by these two
lines. Let (Hi) i=1,...,q+1 be the q + 1 hyperlanes containing P. If there
exists a hyperplane H1 tangent to X , then it is unique (i.e. the remaining q
hyperplanes are non-tangent to X ).

The proof of this lemma is analogous to the one of lemma 3.12.

(i) If Q∩ X contains only skew lines.
For the types 2 and 4 of table 7, since the quadric cone consists of
q + 1 lines through a common point, we deduce that Q̂i ∩ X̂i contains
exactly one common line. And therefore from table 8, we get that
|Q̂i ∩ X̂i| ≤ t3 + t2 + 1 for the type 2. For the type 4, we also have
|Q̂i ∩ X̂i| ≤ t3 + t2 + 1 as in the subparagraph (a) above.
For the type 3, since the singular hermitian surface X̂i is a set of
t3 + 1 lines through a common point, we also deduce that Q̂i ∩ X̂i

contains exactly one common line. Thus, as in subparagraph (a), we
get |Q̂i ∩ X̂i| ≤ t3 + 2t2 + 1.
For the type 1, from remark 5.8, we deduce that Q̂i as a hyperbolic
quadric in P3(Fq), cannot contain three skew lines of X̂i. Otherwise
Q̂i would contain two secant lines of X̂i. Thus, under the condition of
the non-existence of secant lines in Q∩X , any regulus of Q̂i contains
at most two skew lines of X̂i and therefore from the table 8, we get
|Q̂i ∩ X̂i| ≤ t3 + 3t2 − t+ 1.
Finally, when Q∩ X contains only skew lines, we get:

for i = 1, 2, ..., q + 1 |Q̂i ∩ X̂i| ≤ t3 + 3t2 − t+ 1. (9)
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In this way, by using the relations (5) and (9) we conclude that |Q ∩
X | ≤ t5 + 2t4 − 3t2 + 1.

(ii) If Q∩X contains some secant lines, let (D1) and (D2) be two of them
(which are not skew) and P the plane generated by them. One has
two cases:
– The q+1 hyperplanes Hi are all non-tangent to X : in this case X̂i is
a non-singular hermitian surface. From the four types of table 7, only
the first two types appear in this case. From the table 8, we deduce
that

for i = 1, 2, ..., q + 1 |Q̂i ∩ X̂i| ≤ 2t3 + t2 + 1. (10)

Thus, from (6) and (10) we get |Q ∩ X | ≤ 2t5 − t4 + 2t3 + t2 + 1.
– If the q + 1 hyperplanes are not all non-tangent to X , from lemma
5.9, there is a unique tangent hyperplane to X , say H1. Now, Q̂1 ∩ X̂1

can be of the types 3 and 4.
For the type 3, Q̂1 and X̂1 contain exactly two common lines. Each one
of the remaining t3− 1 lines of X̂1 intersects Q̂1 in at most two points
(the vertex of X̂1 is one of them). We deduce that |Q̂1∩X̂1| ≤ t3 +2t2.
For the type 4, let t ≥ 3, from the Bézout theorem, we deduce that
deg(Q̂1 ∩ X̂1) ≤ 2(t+ 1). Therefore Q̂1 ∩ X̂1 contains at most 2(t+ 1)
lines. Without loss of generality we can assume that Q̂1 ∩ X̂1 contains
exactly 2(t + 1) lines. If we suppose that each one of the remaining
t2 − 2t − 1 lines of the quadric cone Q̂1 intersects X̂1 at t + 1 points,
we get that |Q̂1 ∩ X̂1| ≤ 3t3 − t + 1. For t = 2, we get obviously
|Q̂1 ∩ X̂1| ≤ |Q̂1| = t4 + t2 + 1.
Thus, when there is a unique hyperplane tangent to X , from (6) we
get that:

|X ∩ Q| ≤
{

2t5 + t2 + 1 if t = 2,
2t5 − t4 + 3t3 − t+ 1 if t ≥ 3.

6 The parameters of the code C2(X ) defined on the
non-degenerate hermitian variety X

From the results of section 5, we deduce the following results.

Theorem 6.1 Let Q be a quadric in P4(Fq) and X the non-degenerate her-
mitian variety X : xt+1

0 + xt+1
1 + xt+1

2 + xt+1
3 + xt+1

4 = 0, we get

#XZ(Q)(Fq) = 2t5 + t3 + 2t2 + 1, 2t5 + t3 + t2 + 1
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#XZ(Q)(Fq) = 2t5 + 2t2 + 1, 2t5 + t2 + 1,

and for t 6= 2, 3 #XZ(Q)(Fq) =


2t5 − t3 + 2t2 + 1

or
≤ 2t5 − t4 + 3t3 − t+ 1.

Theorem 6.2 (Serre-Sørensen)([16, p.351], [17, chp.2, pp.7-10]) Let
f(x0, ..., xm) be a homogeneous polynomial in m+1 variables with coefficients
in Fq and degree h ≤ q. Then the number of zeros of f in Pm(Fq) satisfies:

#Z(f)(Fq) ≤ hqm−1 + πm−2.

This upper bound is attained when Z(f) is a union of h hyperplanes passing
through a common linear space of codimension 2.

Theorem 6.3 The code C2(X ) defined on the hermitian variety X : xt+1
0 +

xt+1
1 + xt+1

2 + xt+1
3 + xt+1

4 = 0 is a [n, k, d]q-code where
n = (t2 + 1)(t5 + 1), k = 15, d = t7 − t5 − t3 − t2.

Proof: Here we need to prove that the linear map c : F2 −→ F|X |q is injective.
In general, when f is an homogeneous polynomial of degree h in the affine
space A5(Fq), by the Serre-Sørensen’s bound on hypersurfaces, we deduce
that #Z(f)(Fq) ≤ ht6+t4+t2+1. From the fact that #X (Fq) = t7+t5+t2+1
we deduce that for h ≤ t, the map c is injective. From the relation (1), we
get that k = 15. From theorem 6.1 and the defintion of d at the end of
section 2, we deduce that d = #X (Fq)−(2t5 +t3 +2t2 +1) = t7−t5−t3−t2.

Observe that theorem 6.3 gives the exact parameters (i.e. the minimum
distance) of the codes C2(X ) which cannot be found by F. Rodier in [14,
pp.207-208].

Theorem 6.4 The minimum weight codewords correspond to quadrics which
are pair of hyperplanes non-tangent to X such that the plane of intersection
of the two hyperplanes intersects X at a non-singular hermitian plane curve.

Theorem 6.5 The second weight of the code C2(X ) is t7 − t5 − t3.
The codewords of second weight correspond to quadrics which are pair of
hyperplanes non-tangent to X and the plane of intersection of the two hy-
perplanes intersecting X at a singular hermitian plane curve of rank 2 (i.e.
a set of t+ 1 lines through a common point).
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Theorem 6.6 The third weight of the code C2(X ) is t7 − t5 − t2.
The codewords of third weight correspond to quadrics which are pair of hy-
perplanes, one tangent to X , the second non-tangent to X and such that the
plane of intersection of the two hyperplanes intersects X at a non-singular
hermitian plane curve.

Theorem 6.7 The fourth weight of the code C2(X ) is t7 − t5.
The codewords of fourth weight correspond to:
–quadrics which are pair of hyperplanes, one tangent to X , the second non-
tangent to X and the plane of intersection of the two hyperplanes is tangent
at the non-singular hermitian surface obtained from the second hyperplane.
–quadrics which are pair of tangent hyperplanes and the plane of intersection
of the two hyperplanes intersecting X at a single line.

Theorem 6.8 The fifth weight (for t 6= 2, 3) of the code C2(X ) is t7 − t5 +
t3 − t2.
The codewords of fifth weight (for t 6= 2, 3) correspond to quadrics which
are pair of tangent hyperplanes and the plane of intersection of the two
hyperplanes intersecting X at a non-singular hermitian plane curve.

7 Conjectures

7.1 Conjecture on the minimum distance of the code Ch(X )
in P4(Fq)

The author has tried to generalize the study of the code C2(X ) to Ch(X )
where X is the non-degenerate hermitian variety defined by xt+1

0 + xt+1
1 +

xt+1
2 + xt+1

3 + xt+1
4 = 0 in P4(Fq) (q = t2) and conjecture that:

Conjecture 1

For h ≤ t #XZ(f)(Fq) ≤ h(t5 + t2) + t3 + 1.

This upper bound is the best possible. The minimum weight codewords cor-
respond to hypersufaces which have the following configuration:
–hypersurfaces reaching the Serre-Sørensen’s upper bound for hypersurfaces
(i.e. union of h hyperplanes Hi passing through a common plane P)
–each hyperplane Hi is non-tangent to X
–and the plane P of intersection of the h hyperplanes intersecting X at a
non-singular hermitian plane curve.
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Unfortunately no proof has been found yet. In general, it seems that when
we use this strategy of code-construction, the combinatorical complexity of
finding the minimum distance increases drastically with the degree h.

Remark 7.1 The preceding conjecture is true for h = 1 (theorem 5.4) and
for h = 2 (theorems 6.1, 6.4) .

7.2 Conjecture on the first five weights of the code C2(X ) in
Pn(Fq)

The author has also tried to generalize the study of the code C2(X ) to X
the non-degenerate hermitian variety defined by xt+1

0 +xt+1
1 + ...+xt+1

N = 0
in PN (Fq) (q = t2) and conjecture that:

Conjecture 2

1 If wi (1 ≤ i ≤ 5) are the first five weights of the code C2(X ), then
there exist degenerate quadrics Q reaching the Serre-Sørensen’s upper
bound for hypersurfaces (i.e. Q is a pair of distinct hyperplanes Q =
H1 ∪H2), giving codewords of weight wi.

2 The mimimum weight (i.e. w1) codewords are only given by degenerate
quadrics which are pair of distinct hyperplanes (Q = H1 ∪ H2) such
that (H1 ∩ H2) ∩ X is a non-singular hermitian variety in PN−2(Fq)
and:
–If N is even, the two hyperplanes H1 and H2 are non-tangent to X
–If N is odd, the two hyperplanes H1 and H2 are tangent to X .

3 For i > 5, there is no quadric which is a pair of distinct hyperplanes,
giving codewords of weight wi.

Unfortunately no proof has been found yet.

Remark 7.2 The second part of conjecture 2 is true for N = 3 (see [6, §
4.1-4.2]). The conjecture is also true for N = 4: theorem 6.1, theorems 6.3
to 6.8 give the result.
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